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Coupled Dynamics of a
Rotor-Journal Bearing System

Equipped with Thrust
Bearings

The rotordynamic coefficients of fixed-pad thrust bearing are introduced and calcu-
lated by using the out-domain method, and a general analysis method is developed to
investigate the coupled dynamics of a rotor equipped with journal and thrust bearings
simultaneously. Considerations include the effects of static tilt parameters of the rotor
on rotordynamic coefficients of thrust bearing and the action of thrust bearing on
system dynamics. It is shown that thrust bearing changes the load distribution of
Journal bearings and the static deflection of the rotor and delays the instability of the
system considerably in lateral shaft vibration. © 1995 John Wiley & Sons, Inc.

INTRODUCTION

Hydrodynamic thrust bearings are used in rotat-
ing machinery not only to support the axial load,
but also to suppress various forces acting in the
axial direction. As these exciting forces have in-
creased in recent years, prediction of the static
and dynamic characteristics of hydrodynamic
thrust bearing is becoming more and more impor-
tant. Knowledge of exact performance of hydro-
dynamic thrust bearings applicable to practical
design is still limited at present.

Literature dealing with the static performance
of thrust bearing can be found in Etsion (1978)
and in Jeng and Szeri (1986). A few studies that
described the rotordynamic coefficients of thrust
bearing have been reported in Someya and Fu-
kuda (1972) and in Zhu Qin et al. (1990). It must
be noted that in the above research, effects of the
static tilt of the runner are not considered in all
the studies and those methods in the above men-
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tioned articles cannot be used to investigate the
interaction relationship between the static tilt of
the runner and the thrust bearing performance.
In the pioneering research of Mittwollen et al.
(1990), a series of rotordynamic coefficients of
thrust bearing are defined and used for the inves-
tigation of the action of thrust bearing upon the
lateral vibration in a rotor system. However, in
their research the static tilt of the runner is also
neglected.

The present article focusses on the analysis of
the effects of static tilt of the runner on bearing
performance and the discussion of coupled dy-
namics of a rotor system equipped with journal
and thrust bearings.

Although there exist various numerical meth-
ods to solve two dimensional lubrication prob-
lems, the boundary element method (BEM) has
an advantage due to the reduction of freedom
and is widely adopted in engineering. However,
this method has a serious disadvantage in that
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the singularity of the fundamental solution is
taken on the boundary of the problem domain,
which requires the evaluation of a series of singu-
lar integrals that incur a sizable computational
overhead. In the present work, the out-domain
method, which is a modified method described
by Trefftz (1926) and Patterson and Sheikh
(1982), is used to solve the Reynolds equation in
order to avoid the singularity in the integrals.
Another purpose of the present research is the
investigation on system dynamics.

When a rotor is supported by journal bearings
in a radial direction and thrust bearings in an ax-
ial direction, thrust bearings play a significant
role on system behavior as important as that of
journal bearings. They provide oil film forces and
moments to the rotor, stiffen or relax the rotor,
change both static and dynamic boundary condi-
tions of system, and also change the critical
speed of the rotor and system stability.

The interactions among the rotor, the journal,
and thrust bearings are quite complex. While
considering the rotor, the journal bearings, and
the thrust bearings as a whole system, determina-
tion of the performance of thrust bearing requires
a priori knowledge of the motion of the rotor.

In the static equilibrium state, existence of
thrust bearings renders the solution for the load
distribution statically indeterminate. In the dy-
namic state, although dynamic behavior of thrust
bearings can be described by a series of rotor-
dynamic coefficients, these coefficients depend
strongly on tilt parameters of the rotor and must
be precalculated. Simultaneously, the coupling
action of the thrust bearings on the system makes
it necessary that an effective numerical and itera-
tive method is found in order to predict system
behavior.

Based on the above mentioned principle, this
article presents a general analysis method in
which the coupling actions among the rotor, the
journal bearings, and the thrust bearings are duly
taken into account. As an example of the applica-
tion of this method, static and dynamic behavior
of a rotor equipped with journal and thrust bear-
ings are calculated and discussed in detail.

TILT PARAMETERS OF RUNNER

A sketch of a flat sector pad thrust bearing in
operation is shown in Fig. 1a. The motion of the
runner can be described by its translational ve-
locities x, y, and Z and rotating angular speeds w,
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FIGURE 1 (a) Thrust bearing in operation and (b)
motion of the runner.

¢, and \[: by taking (x, y, z) as the principal coor-
dinate system. The origin of the coordinate sys-
tem (x, y, z) coincides with the center of the run-
ner, and the axis z coincides with the rotor center
line. ¢ is defined to be the angle, measured in the
yz plane, by which axis z leads axis z; and axis y
leads axis y;. Similarly ¢ is measured in the xz,
plane by which axis z; leads axis z, and axis x
leads axis x, [Fig. 1(b)].

ROTORDYNAMIC COEFFICIENTS OF
THRUST BEARING

Although the Reynold’s equation has its general-
ized form,

i(ﬁi@_) +i(h_’6_17) _@dh 3
dy \12u ay ax \12u ax 206 ot
where p is the oil film pressure, 4 the oil film
thickness, w the dynamic lubricant viscosity,
the shaft angular speed, ¢ the time, and x, y, and 6
are the coordinates shown in Fig. 2.

The oil film thickness & now is not only the
function of pad parameters, but also the function
of tilt parameters ¢ and s, and & varies in both
radial and circumferential directions. Tilting an-
gles ¢ and ¢, which may result from shaft de-
formation or from misalignment of the rotor,
changes the oil film thickness, the moment due to
oil film forces, and the boundary conditions of
the system. Usually the oil film thickness at any
arbitrary point (r, 8) in a local coordinate system
0 — x;yrZ can be expressed as follows (Fig. 2):

h(r, 8) = 2o + or sin(6, — 6)
2

— Yr cos 6 — ¢, r sin 0
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FIGURE 2 (a) Thrust bearing and (b) oil film thick-
ness.

where z; is the oil film thickness at the position of
pitch line ops, «p the pad parameter, 6, the angu-
lar coordinate of pitch line ops, r; and r; the inner
and outer radii, B the width of thrust pad, 6, the
angular extent of pad, r and 6 the radial and an-
gular coordinates. ¢, and yy represent the tilt
parameters for the kth pad in the local coordi-
nate system o — x;¥.2x, Which can be obtained
by a rotation of the principal coordinate system
o — xyz, and oy is the rotating angle of the coordi-
nate system. For a thrust bearing consisting of
multiple pads, calculation for each pad can be
performed in its local coordinate system. When
the rotor has tilting angles named ¢ and ¢ in the
principal coordinate system, tilt parameters ¢y
and s, for the kth pad in the 0 — x;y,z; system
can be found by using the following equation:

—sin oy

DOk COS ay

i

©
¥

Letr = BF, x = BX,y = By, 20 = h.Zy, h = h.h,
B = pofk, p = poP, p = (mewB M) P, t = (1/w) T,

¢ = (h/B) @, ¥ = (h/B) ¥, ¢x = (h./B) B, Yy =
(h./B) Y. h., wo, and p, are the reference film

€)

sin ay CoS oy
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thickness, lubricant viscosity, and lubricant den-
sity, respectively. Introducing two new variables
a and U into Eq. (1) and dimensionalizing Eq. (1)
yields

VZUS =f;‘ + gS US

’ 7 ! (4)
(fors =0, z, 0, 9,2, ¢, §)

with the operator

0
2 — + —
v ax?  ay?
— ,2p 3 12, p
U =a Px+§a a, Py
_ — da
a=u Bh, Uy=d"?Py; a,= o

In the above expressions, the subscript s stands
for the small perturbation about the equilibrium
position of the runner. When s = 0, Eq. (4) de-
scribes the static pressure distribution Uy. For
s=2z,9," ", ¢ ,and ', variables U, U,, ...,
U, , and Uy, stand for the derivatives of U with
respect to perturbations z, ¢, ..., ¢’, and {'. The
superscript "—" represents the dimensionless
variable, and ”,” stands for the derivation with
respect to T.
The boundary conditions for Eq. (4) give

Uo'[‘ = ES/ZF()'F (fOI' S = 0)
or
3,0k
Usirzihl/zé;P()'F (f()rS:Z, o, ll‘, Z', sol’ d’l)
)

The coefficients f; and g, are listed in Appen-
dix A.

Static Performance: Single Pad

The load capacity of a single pad in the local
coordinate system o — x; yr2 gives

Wo = Weol + Woj + Wk ©)
with the components

Weo sin ¢y Px
W,o| = Wy [cos ggsin iy | = Wo | @)
W COS @ COS Yy, 1.0
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where

Wo = [ [ pordrdo. @®)

Besides W, what we pay more attention to is the
moment due to the normal pressure p,,

M5 = M2yl + M2,j + M2k ©)
with
2
M, f fnpor cos 6 dr do
M%| = —f f Por’sin 6 dr d (10)
Q
M%

M5 or — Mgo 7"

Rotordynamic Coefficients: Single Pad

The increment of W in the case of small perturba-
tion can be expressed by linear force stiffness
and damping coefficients

AW = AW,i + AW,j + AW,k (11)
with

AW, lkx kL k| Az

AW,| = |k K&, K| |Ae

aw, ke ko k4 1Ay,
dy, di, do| |7

+ |dy: dy, dy| o' (12)
dy dy dyl W

Similarly introducing the moment stiffness and
damping coefficients yields the increment of the
moment due to normal pressure.

AMP = AM2T + AM2) + AMZE  (13)
with
AME|  lkmoKTOKD| |Az
AMS| = |k, Ky, koy| |Ae
AMEL kg kg kgl 1A,
di, dy, dy| |7
t|de &yl e (14)

dz di, dgl W'l

In Eq. (12), k}; is defined as the force stiffness
coefficients in the i direction, corresponding to
the displacement or the angular displacement
perturbation s; d}; is the force damping coeffi-
cients, corresponding to the velocity perturba-
tion s’, k% the moment stiffness coefficients, and
d’; the moment damping coefficients (i = x, y, z;
s = z, ¢, ¥). Formulas of k};, dj;, ki;, and d7 are
listed in Appendix B.

Static and Dynamic Characteristics of
Multipad Thrust Bearing

For a thrust bearing consisting of multiple pads,
calculation for each pad can be performed in its
local coordinate system for the sake of simplic-
ity, and then these characteristics calculated can
be transformed into the principal system by using
the following formulas. For the force and mo-
ment components,

(W = [A)d{W (15)

M7} = [AQM " (16)
For the force stiffness and damping coefficients,

K% = [A L AK ;s {D¥% = 1A {D

Kok = [Asle (K o Dok = [Aslk {D otk
an

For the moment stiffness and damping coeffi-
cients,

(K™, = [A2)e {K s {DTh = [A2) {D ke

{Knh = [As]i {K ks DI = [Asli {D k.
(18)

In the above equations, vectors {W}, = (W,,,
Wyoa Wzo)g, {Mp}k = (Mgo’ Mgoa Mgo)l{a {K;V}k =
(k2> kips K2)es {D Y = (dyy, iy, dip)b, {KSJc =
(k;’u k:ipa :’l[l! k;’z’ k;zp, k;:[a)l{, {D;va}k = (d.;vz9 d;ipa
d;)du d;)z, d;:p’ d;)dl)lz, {K;n}k = (kg;’ kg:ﬂ’ kg’:ﬁ)l{,
{DIY = (dy, diy,, Ak, {Koh = (K%, Ky, Ky,
k}rﬁ.’ kZZp9 kglll)’{’ {D),g’}k = (d,’;, d;cnq)’ )rcrllby d;nz, d;/r:py
dr)f, and the transfer matrixes
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cosa;, sing;, 0 1 0 0
[Ailk = |—sinay cosa; 0| [A)r= |0 cos a; sin ay
0 0 1 0 -—sina; cos a;
COS ay 0 0 sin ay 0 0
0 cos? a; (sin a; cos ay) 0 (sin a; cos a;) sin? a,
0 (—sin a; cos ay) cos? gy 0 (—sin? a) (sin a; cos a;)
[Asl =
—sin a; 0 0 COS a; 0 0 (19)
0 (—sin a; cos ay) —sin? a; 0 cos? gy (sin a; cos ay)
0 sin? ay (—sin a; cos a;) 0 (sin a; cos ay) cos? ay

It must be pointed out that for a multipad thrust
bearing, it is difficult to calculate so many coeffi-
cients for all the pads one by one. In fact, this
principle provides a new method that can be used
to accelerate the calculation procedure. When all
the pads have the same pad parameters except
the tilt parameters of the runner, only a single
pad needs to be calculated with a range of tilt
parameters in the local coordinate system. Now
the problem is to find a way of using the known
data sufficiently for the calculation of pads. For
certain tilt parameters ¢ and i, of the runner, ¢;
and i for the kth pad can be found by using Eq.
(3). Because the only difference among all the
pads, from the point of the local coordinate sys-
tem, is ¢, and ¢, the known data mentioned
above now can be used to find all the static and
dynamic characteristics by using the curve-fitting
method according to ¢, and ;. Furthermore,
formulas (15)-(19) can be used to transfer these
data into the principal coordinate system, then
the static characteristics and rotordynamic coeffi-
cients for the whole bearing can be obtained by
simply putting those quantities for each pad to-
gether.

OUT-DOMAIN METHOD BY
FUNDAMENTAL SOLUTION

In order to avoid the integral singularity along
the boundary, this article uses the out-domain
method to solve Eq. (4). Similar to the indirect
BEM, it is necessary to use the fundamental so-
lution for the general solution of Eq. (4).

I
Hp, 0)

*

20

where p is the point under consideration, Q is the
source point, and r(p, Q) is the displacement be-
tween p and Q.

The special solution of Eq. (4) can be written
as

u=1] - % . + g Uu* d¥g). 21)

Assuming that there exists a source field with a
density function —(1/27) (f; + g,U;) overall the
domain Q, Eq. (21) represents the contribution of
the whole field to a certain point p. The differ-
ence between the BEM and the present method
lies in that in the BEM, no matter whether the
direct or indirect BEM is adopted, the linear inte-
gral is always performed along the real boundary
I' of the domain considered. In the present re-
search, the source function w(Q) is distributed
not along the real boundary I but along an auxil-
iary boundary I"*, which involves the domain Q
considered (Fig. 3).

The solution of Eq. (4) is considered to be
the superposition of the common action of the
real field with the density function —(1/2)
(f; + g, U,) and the imaginary field with the den-
sity function w(Q) to be determined. For each
point p (including the point on the boundary T'),

U.P) = [, o(Qu* (pi, Q)dT(Q)
@)

[~ % (fy + & Uou*dQ.

In Eq. (22), the linear integral is only along the
auxiliary boundary I'*. It follows that the dis-
placement r(p, Q) is not always equal to zero, so
the singularity of the linear integral can be
avoided, which follows an obvious computa-
tional advantage over the BEM in that it requires
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FIGURE 3 The out-domain method by using funda-
mental solution.

much less effort to set up the system equations,
and the singular quantities need not be handled.

Choice of function w(Q) must satisfy the nec-
essary boundary conditions on boundary I'. Nu-
merical implement is the same as that in the
BEM. When the auxiliary boundary I'* is divided
into M boundary elements and the domain €} is
divided into S quadrilateral elements, the dis-
cretized form of Eq. (22) gives

M
Udp) = X, |, o(@u* (b, Q) dT(Q)

S
1 *
s3], 5w n @ @)

+ g:(q@)Us(q)) d.

By introducing the shape functions #, for the lin-
ear element (/ = 1, 2) and m, for the quadrilateral
element (r = 1, 2, 3, 4), Eq. (22) can be rewritten
as

Ui = 3 {3 biut} + 3 {3 et

with coefficients

bi= [ mut (pi, Q) dT(Q)

eS)
=[] -5 mut (pi, ) dg)

where w’ represents the value of density of the
Ith local node at the jth boundary element, f*, the
value of f;(g) at the rth local node on the kth
quadrilateral element, and gX the value of
2:(q)U,(q) at the rth local node on quadrilateral
element k, respectively. The shape functions

nl=%(fz—§)

1 (26a)
n; = l_j & — &)

mi= (1= 61 -

ma =21+ &)1 )

) (26b)

my=—2(1+&)1+n)

|

my =7 (1= X1 + ).

Applying Eq. (24) to all inner nodes and bound-
ary nodes, we obtain the system equation in ma-
trix form:
{Ulnx1 = {Blnxwv {@ln,xa + {Chnsn{F v
+ {CInxn{GInxn{U s
= {B}nxn, o}, <1 + {CF}nx
+ {D}nxn{Ulnx

@7

where coefficients matrices {B} and {C} are
formed by Egs. (25) and (26), vector {F} consists
of the values of f;(q) at each node, matrix {G}is a
diagonal matrix with the diagonal elements gy,
82, - - - 5 &sN-

Vector {w} is determined by the boundary con-
dition (5). Taking the first boundary value prob-
lem as an example, let {U,} represent the values
known on boundary I' and {U,} the unknowns to
be found. Reordering Eq. (27), we obtain

o~ Lol ler * [on o)1
= [w] + + ,
U, B, CF, Dy Dn] U,

28)



The density distribution {w} can be solved by the
following equation:
{w} = [B; + Dix(I — D)~ 'By] [l — Dy

— DI — Dy)~'Dy1U; (29)
— [CF\] — Di;(I — Dy)™'CF3}

when {w} is found, {U,} can be solved by using

Eq. (30):

{Us} = (I — Dyp) 'Br{w} + (I — D) {CF3}
30

+ (I = Dypn)~'Dy{U,;}. G0

The Neuman problem of the mixed boundary

value problem can be handled in a similar
manner.

COUPLED DYNAMICS OF A ROTOR
SYSTEM EQUIPPED WITH JOURNAL AND
THRUST BEARINGS

Equilibrium Equation of Rotor Shaft

When the rotor is divided into n elements by us-
ing the method in Myklestad (1944), the equation
for the kth shaft element in the xz plane is written
as (Fig. 4)

i ; 12 13
x| 2E] 6EI | x| 0
0 T S 0
1Y EI 2EI M + SM
Sle 10 0 1 1 | |Sha  [3FE
0 0 1 |
(31)
and in the yz plane
| I? B3
v 2EI ~ 6El| |y 0
A S T S i 0
Nl = El 2E] N + SN
Ok [0 0 1 =l Q-1 [ZF
00 O 1 ik

(32)
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where x, y are the displacements, ¢ and ¢ the
tilting angles of shaft, M and N the moments in xz
and yz planes, S and Q the shear stresses, [ the
length of shaft element, E the modulus of elastic-
ity, and 7 the inertia moment. 2M and 2N repre-
sent the external moments acting on xz and yz
planes, respectively, that result from the gyro-
scopic moments and the moments due to thrust
bearing acting on mass point k. 2F, and 3F, are
external forces in x and y directions.

Static Balance and Load Distribution in
Journal Bearings

Because of the effects of thrust bearing on rotor
behavior, the solution of the load distribution in
journal bearings becomes a statically indetermi-
nate problem even in simple cases. Under static
balance conditions, the load distribution can be
found by using Eqgs. (31) and (32) expressed as

2 3
(U TeE| |y
@ [ e
o1 5 -
ul = ET T 2E
Sk oo 1 -1 |{s|,
0 |
0
0
+ (33)
_Mgo
Flo — Waolk
2 3
L,
v 2EI ~ GEI| |y |
2
I
NI = EI 2EI N
oan 0 0 1 —1 Qlk-1
0 0 1
0
0
+ (34)
M£%,
Flo— Py — Wyolx

where M%, and MY, represent the moment com-
ponents of thrust bearing in xz and yz planes,
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FIGURE 4 Balance of shaft element k.

respectively, W,y and W, the force components
of thrust bearing in x and y directions, and F,
and F}, the support forces supplied by journal
bearing. P, is the gravity.

As shown in Egs. (33) and (34), the behaviours
of journal and thrust bearings are coupled with
the behavior of the rotor. Forces and moments
Wi, Wyo, M%, and MY, involved in Egs. (33)
and (34) are functions of static tilt parameters ¢
and . Similarly, the supporting forces F, and
F}q are also functions of the displacements x and
¥. So solution of Egs. (33) and (34) needs an iter-
ation procedure.

Offset-Load Effects of Journal Bearings

As the thrust bearing acts on a rotor, support
forces supplied by journal bearings must balance
not only the gravity of the rotor but also the mo-
ments of thrust bearings acting on the xz and yz
planes. The components of oil film forces in the x
direction is no longer zero. Unfortunately, these
static and dynamic characteristics predicted
from the vertically loaded case cannot be applied
for the offset-loaded case and they must be recal-
culated except in special cases. When journal
bearing under consideration is a 360° journal

cosla, Sin axCcos ay
—sin a;cos a cos? g
[A] = . -
—sin a;cos a; —sin? gy

sinZay

Free Vibration of System

In the case of free vibrations, the moments in
Eqgs. (31) and (32) become

—SIN CoS dy

bearing, let e represents the eccentricity, ¢ the
radial clearance, and the eccentricity ratio & =
e/c, the rotordynamic characteristics in an off-
set-loaded case can be deduced directly from the
data obtained in a vertically loaded case (Fig. 5).
Let Fyo and F,, represent the components of sup-
port force of journal bearing in x and y directions
under the offset-loaded situation.

F = Wisin a;
. (35)
F,o = W/ cos ay

where W/ is the load capacity in the vertically
loaded case and q; is the load attitude angle. As-
suming isotropic properties, the relationships be-
tween the rotordynamic coefficients for the off-
set-loaded case and that for the vertically loaded
case can be expressed as

K| = AL |Ky|; |Du| = |Aul D] (36)
where [K,] and [D,] are, respectively, stiffness
and damping coefficient vectors of journal bear-
ing in the offset-loaded case. [K,] and [D,] are
the stiffness and damping vectors in the verti-
cally loaded case. [K,] = (kw ki kye kyy)T,
[D,] = @y dvy dye dyy)T, . . . . The transfer
matrix is

sin a4Cos ay sin?ay

—sin? gy sin axcos a
. : 37)
cos? ay sin ay cos ay
—sin aq;Cos a;  cos?a,
M M, ~AM?
= + (38)
SN e [N, AM? ],



FIGURE 5 Offset-loaded cffects of 360° journal
bearing.

with the gyroscopic moments
Lo sl 7L
= Lt .
Ng k 0 Ox l/l k OZw 0 k l!l k
(39)
and the moments due to thrust bearing can be

expressed by using the rotordynamic coeffi-
cients.

o iR M el (M
amzl, Lk kpdlele  Lan dmlel e
(40)

Forces involved in Eqgs. (31) and (32) give
EFy k 0 m i y k
ki kyy| [Xx dex dyy] [X
+ + . 41)
kyx kyy kLY k dyx dyy kLY lk
ko Kylelwle Ly dilelvle

so the equations of motion for the kth mass point
are of the form

m 0 0 O X
0O m 0 O

+
0 0 6 0 @
0 0 0 6 J Lyl

do dy — —d¥
dyx dyy _d;:p
0 0 —am
0 0 6b+d
kxx kxy _k;:p
ky k, —Kk”
+ Y. Yy Yo
0 0 -k
0 0 K
[ 12E1 _6EI
13 0 12
12E1
0 5 0
6B —2EI
2 ]
6EI
0 = 0
-
12E1 6EI
ER
12E1
0 = 0
6Bl —2EI
IZ ]
—6EI
0 7 0
" 12E1 6EI
0
12E1
0 S 0
+
SEI ., 4EI
B I
6EI
0 F o
12EI —6EI
13 0 12
12EI
0 = 0
6Bl 4EI
B I
—6EI
o S

Rotor-Journal Bearing System
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—d, W %
—dy, y
*'d;,"‘l, - GZ(D (p
mo by i
—_ ;V‘I‘ x-
—ky | |y
—ku | | e
ke di Ly dy
o |
—-6E1 X
3
! y
0 12
—2EI e
[
0
6E1 X
2
0 ¢
21| L¥dia
R
0
6ET X
—1_2
0 @
2 I
L P
o |
—6ET X
B
= Q.
0 @
20
I«
42)
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FIGURE 6 Rotor system equipped with journal and
thrust bearings.

When applying Eq. (42) to all mass points, we
have the system equation in matrix form given by

[M][xX] + [Cllx] + [K]x] = 0 43)

where [M], [C], and [K] are the mass, damping,
and stiffness matrixes, respectively, and [x] is
the displacement vector.

EXAMPLE AND DISCUSSION

A rotor system shown in Fig. 6 is used to verify
the theoretical analysis. The rotor is supported
by a 360° journal bearing at the right end and a
combined journal and thrust bearing at the left
end. The combined journal and thrust bearing
consists of a 360° journal bearing and two fixed
eight-pad thrust bearings on either side with iden-
tical parameters. Parameters of the rotor are also
shown in Fig. 6. Two 360° journal bearings have
the same parameters with the diameter Dy = 50
mm, the length of journal bearing L = 25 mm, the
radial clearance ¢ = 0. 025 mm and the clearance
ratio ¥ = (2¢/Dy) = 0.001.

Each thrust bearing consists of eight pads
evenly distributed in the circumferential direc-
tion with pad parameters: r; = 25 mm, B = 50

mm, 0 = 40°, ay = 0.002, 8, = 64/2, h./B = 0.001,
and the total axial clearance 2k, = 0.1 mm. The
dynamic viscosity of the oil, u. = 0.02706 Ns/m?2.

The external axial thrust acting at the right end
of the rotor is Fy, = 0.0. Because there is no
external axial thrust axial thrust acting on the
rotor, components of forces produced by two
thrust bearings are self-balanced in the x, y, and z
directions. Besides the gravity of the rotor and
the support forces of the journal bearings, the
rotor is subjected to the moments of the thrust
bearings in the static balance state. In the present
study, performances of the thrust bearing are cal-
culated by the out-domain method, and the theo-
retical solutions, which are based on the short
bearing theory in Pinkus and Sternlicht (1961),
are adopted to find the characteristics of 360°
journal bearing for the vertically loaded case, and
Eqgs. (35-37) are used to take into account the
offset-loaded effect.

A generalized inverse iteration method de-
scribed in Zheng et al. (1989) is used to solve the
quadratic eigenvalue problem (43). Numerical
results include the characteristics of journal and
thrust bearings, the deflection curves, the load
distributions, and the eigenvalues of the system
for a range of rotating speeds from N = 3000 rpm
to N = 9064 rpm.

Influence of ¢p and sy on Thrust Bearing Perfor-
mance. In Table 1 are listed the static moments
and the dynamic coefficients with various ¢, and
¥o. The importance of the static tilt of the runner
is obviously shown. Taking the data with g, = 0
and y = 0 as standard, in the case of g, = 0.4
and sy = 0.2, the dimensionless moment stiffness
coefficient k7, is about 3.3 times as large as the
value with @, and y; = 0. Similar conclusions can
be obtained for the discussion on other parame-
ters. So the tilt parameters change thrust bearing
performance greatly.

Table 1. Effects of Tilt Parameters on Thrust Bearing Performance

M, M ko kmoo o dwmo dn, ke K 5, dyy
—
f 0.0 0.0 0.094 0.388 0.001 0.19 —0.388 0.094 -0.190 0.001
¥=0
=01
_ 0.049 —0.03 0.109 0.413 0.004 0.196 —0.410 0.085 —0.196 —0.002
¥ =01
=104
_ 0.152 —0.194 0.311 0.638 0.036 0.242 —0.851 —0.047 -0.295 —0.033
¥ =02
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FIGURE 7 (a) Eccentricity ratio curves versus rotating speed and (b), (c) variation of
stiffness coefficients due to offset-loaded effects of journal bearings.

Effects of Thrust Bearing on Journal Bearings.
Figure 7(a) shows the variation of eccentricity
ratio e of journal bearings versus varied rotating
speed. In this example, thrust bearings lead to an
increase in eccentricity of journal bearing 1, and
a decrease in that of journal bearing 2 at a certain
speed. Effects of thrust bearings on the rotor-
dynamic coefficients of two journal bearings are
illustrated in Figs. 7(b, ¢). Taking N = 9064 rpm
as an example, when the effects of thrust bearing
are considered (case B), &1, &, &{}) all increase
nearly by a factor of 20% compared with the val-
ves while considering journal bearings alone
(case A). For the second journal bearing, &;, k%,

Table 2. Static Deflection of Rotor

and &® decrease by a factor of 32-37% because
of the action of the thrust bearings.

Static Deflection of Rotor. In Table 2, case C
represents the rotor with rigid support, and case
B represents the rotor with journal and thrust
bearings attached. Three sets of data of deflec-
tion of the rotor are given. Because M%, and M%,
are all functions of rotating speed, it follows that
parameters x;, y1,. . . , @3, and ys; are all varied
with N. Generally, with increased N, M% and
M?, make the static deflection of the rotor de-
crease. Taking N = 9064 rpm as an example,
static deflection y, at the mass center decreases

Case y1/Dyg ¥2/Dy ¥3/Dy ¥ ¥ U3
C 0.0 0.56 x 1073 0.0 0.16 X 10~* 093 x 10~* —0.12 x 103
B
(n=3000rpm) 0.31 x 1075 023 x 1073 —039x 1077 036 x 10* 0.49 x 10°*  —0.53 x 10~4
B
(n=9046 rpm) 038 X 1075  0.17 x 1073 =020 x 107  0.14 x 10~* 0.42 X 10~* —0.42 X 104
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Table 3. Logarithmic Attenuation Ratio of Eigenvalue y,

N(rpm) 3000 5010 7020 9030 10,000 13,000 14,000
U)o (case A) 0.027 0.015 0.010 0.003 -0.006 — —
Ui/e (case B) 0.019 0.011 0.007 0.005 0.004 0.001 —0.002

with a factor of 70% when compared to the value
in the case of the rigid support. Thrust bearings
change the static deflection of the rotor to a great
extent because of their constraining effects.

System Stability. In order to analyze system sta-
bility, eigenvalues of the system are found by
solving Eq. (43). The results show that the first
damped critical speed of the system is N = 5653
rpm when considering journal bearings alone,
and the first damped critical speed is N = 10445
rpm when both journal and thrust bearings are
considered. It can be seen that N is nearly 1.85
times as large as N... Thrust bearings lead to a
considerable increase in the damped critical
speed of the system. As to the system stability,
the results show that thrust bearings have little
influence on the whirl frequency of the first ei-
genvalue v (y; = — U, + iV;), the whirl ratio
(Vi/w) is close to 0.5 and remains almost un-
changed. This may be because the journal bear-
ings operate with a small eccentricity in the
present case. On the other hand, action of thrust
bearings changes the logarithmic attenuation ra-
tio U,/w. The logarithmic attenuation ratios are
listed in Table 3.

The threshold speed of stability of the system
is about 9400 rpm when the rotor is supported by
journal bearings alone (case A); while the same
system remains stable until N reaches 13220 rpm
after the rotor is equipped with thrust bearings
(case B), which is about 1.41 times larger than
the value in case A. Action of the thrust bearing
delays the instability of the system considerably.

CONCLUSIONS

Rotordynamic coefficients of thrust bearing were
introduced and calculated by using the out-do-
main method. A general analysis method, in
which the coupling action among the rotor, the
journal, and thrust bearings is taken into ac-
count, was developed. The effects of the thrust
bearing were shown in many respects such as the
load redistribution and the offset-loaded effects,
especially in the static deflection of the rotor, the
damped critical speed, and the system stability.
It must be pointed out that in the present re-
search, although the fixed-pad thrust bearings are

considered only, similar analysis can be applied
to pivoted-pad thrust bearing and was omitted
here for brevity. So it is necessary to consider
the effects of thrust bearing on system dynamics
when a rotor is equipped with journal and thrust
bearing simultaneously.

APPENDIX A

In Eq. 4), V?U, = f, + g,U,, the coefficients
give

s=jer |G ()]

2 2
3 [Mﬂ_a}

2 axz  ay?
6a‘3’2 %% z3 (fors =0)
3 —2{ [(?ﬂ)z ((’L“)z]
A G AT AR P
3a aza]} _sp 0a
[afz T o)) Vo9 5
(for s = 2)

e ron |2+ (2]
2,u a~*rsin fa P + o

da (ala aza)}
P + rsin 0 i Uy

+ 6Fa‘3’ZB a!sin @ %% — cos 0]

(for s = ¢)

5 mPa4 \F cos Ba £ + s
da (aza d%a )}
e ' + Fcos B Prs) Up

+ 6Fa‘3’2[% a“'cos 0 -55 + sin 0]

(for s = )
124737 (fors = z')
~12a32 Fsin § (for s = ¢')
| —12a2 Fcos  (fors = ¢').
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Definition of dimensionless rotordynamic coeffi-
cients:
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k= g (M;st) Il j 2% 72 cos 0 dF df
km = km (ﬂ:fB) ”—rzcosedrdo
k7, = k7, (m}«fB ) f f ¥ 72 cos 6 dF d6
an = dn (M’;és = g—f 72 cos 6 dF do

J
=ff;7{_3,r'20039dr'd0
J

= jir'z cos 0 dr do
'’

3
E;"z=k§"z< fe ) ffn~%gfzsin0dr‘d0

powB?
l;;’;=k;';(ﬂolfB) fj -——r251n6drd6
= %(Mo}fm):f Q—g—gfzsinadr‘da
d;”z=d;"z<m)35) [ I —Frzsmedrde

—m ([ B oP _, . _
dy‘P:dy“’(,u.oB(’) =[fﬂ—-5-‘-ﬁ—,rzsm0drd0

dz —(pody; + Yodyy)
dzg| = | —(podxe + Podyy,)
41 —(podzy + Podyy)

owB?
K ) oP
W _ W € — -
kY= k¥ <uowB5 =[] oz 7 dF do
_ K ) oP _ _
w o w € —_ -
k= kY, (MwB5 = [ [ = rdrds
_ h ) oP _ _
Wo_ W e ) or
av = ay (MB,, = L5z 7P do
h oP _ _
av =av (MB5> = Wb T 4P do
- h oP _ _
dm:dm(MOB5>=f Qa—lprdrde
kY Pokl, dy, d¥
kﬁ'; = QOOkw + W() dz, = ¢o dz:
kr{b <Pokzvtvh dm d!.',’,
kyy ok dy dz
kyo| = | okl dyo| = o |diy
kyy Yok + Wol 1d}y, dz,
—m m( H oP _, . _
W= y¢(m)=ffﬂ—a—d7rzsm0drd0
K7 —(pokyz + Wokyy)
kipl = | —(pokdy + Yokyy + M)
W —(poky + Pokyy + M)
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