QUARTERLY OF APPLIED MATHEMATICS 467
JANUARY 1974

COUPLED PAIRS OF DUAL INTEGRAL EQUATIONS WITH TRIGONOMETRIC
KERNELS*

By
R. KHADEM** (Université Laval, Quebec)
AND

L. M. KEER (Northwestern University, Evanston, Illinois)

Abstract. The solution is given to a system of two pairs of dual integral equations
with constant coefficients involving trigonometric kernels. The method is analogous
to that applied to Bessel function kernels and involves reduction to a single Wiener—
Hopf equation for which a solution is available. The example of an indenter moving
with friction present is worked out by this method and also by means of equivalent
reduction of the system of equations to a singular integral equation.

1. Introduction. This paper deals with the following system of coupled pairs of
dual integral equations with trigonometric kernels:

[ " P af() + asg()] cos at dt = h(x),  « <1, (1.1a)
fo T laf() + ag®] cos 2t dt = k), x> 1, (1.1b)
[ TS + b sinatdl = s&),  w <1, (1.1¢)
fo " [bof(0) + bug(D)] sin ot dt = s,(2), e> 1, (1.1d)

where h;(z), s;(x) ( = 1, 2) are known functions and a; , b; (z = 1, 2, 3, 4) are known
coefficients. If a; and b; (z = 1, 3) arc assumed to be non-zero or if the system defined
by (1) can be so transformed that the latter condition is satisfied, then the above system
is analogous to one with Bessel function kernels [1], and the same method applies. The
number of constants in (1.1) can be reduced without loss of generality by dividing the
equations respectively by a, , a; , b, and b; or a, , a, , b, and b, , and redefining the func-
tions h;(z) and s.(x) accordingly. However, inasmuch as some of the above constants
may be zero, and in the interest of comparing the analysis of the present work with
[1], the authors prefer to maintain the constants as in (1.1).

Solutions f(¢) and g(¢) are sought belonging to the class L'(— o, «). To this end the
system (1.1) is reduced to the single integral cquation of the Wiener-Hopf type
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00 = o) + 8, [ g+ Ddut gy [ gebw—du, >0, (12

where k() = sin ¢/xt, c¢(f) is a known function expressed in terms of A;(z) and s,(x)
(¢ = 1,2)in (1.1) and B, , B, are known constants.

The system (1.1) is suitably transformed so that 8, = 0, for which case Spence [2]
gives a solution for c(f) of a particular form and for real coefficients; in [1] the solution
has been modified for complex coefficients. Hence, by using the known solution of (1.2)
with 8, = 0, the system of coupled pairs of equations (1.1) is resolved.

Application. The solution obtained in this paper is applicable to a number of
problems arising from elasticity. Recently, therc have been several solutions to problems
involving the steady motion of indenters developed by means of the complex variable
technique by Craggs and Roberts [3] and Roberts [4], [5]. The solution techniques
presented herein give a slightly different approach which may be more useful when more
difficult problems, such as those involving layered media, are considered. The authors
note that others have solved related problems by use of Fourier transforms to reduce
the physical problem to a singular integral equation. Brilla [6] has solved adhesion
problems for anisotropic halfplanes and Alblas and Kuipers [7], [8], [9], and [10] have
solved several problems for the identation of clastic layers. Keer and Freedman [11]
have used a method similar to that presented here to determine static compliances for
a rigid strip bonded to an elastic layer.

The particular case of a rough identor in steady motion with velocity ¢ (¢ < velocity
of Rayleigh waves) on an elastic halfspace is solved in detail. The boundary-value
problem may be formulated in terms of a pair of simultaneous dual integral equations
of the form given by (1) with a, = b, = d, a, = —b, = p, a, = b = 0 and h,(x) =
s;(x) = 0, where h,(z) and s,(x) are appropriate for a cylindrical and a wedge punch,
which are the two specific gecometries studied. By use of (1.2) the problem is solved and
appropriate physical quantities calculated. It is shown that in the special case ¢ = 0
the wedge solution reduces to that given by Mushkhelishvili [13].

By writing f(f) and ¢(¢) in the form

f(©) = (:—r)w j: a,(x) cos (tz) dx, g(t) = (ﬁ)m _/: a,() sin (tx) dx, (1.3)

it is also easy to show that the system of coupled pairs of dual integral cquations may
be written in the form of the singular integral cquation given below:

_ g ‘f’_(t)_ﬂ - _<g>] 2(h’ +s7), || <1 (1.4)

at—= T

pe(x)

The integral equation (1.4) may be solved by standard solution techniques and the
results are in agreement with those obtained by the method of reduction to the Wicner—
Hopf equation (1.2).

The problem solved by Spence for Bessel function kernels is also reduced to a singular
integral equation by an alternate procedure. An appropriate selection of integral trans-
forms in a form similar to (1.3) is found to reduce his coupled pairs of dual integral
equations to the form of (1.4) with p and d appropriately defined.

2. The Wiener-Hopf equation. Formal differentiation of (1.1a) and (1.1¢c), which
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can be shown to be justified, leads at once to the following sine and consine transform

equations:
1
F.(p) = ~a R(p) — Z—TG.(p), p <1,
©@.1)
1 b
= b_382(p) - b_: G,(p), p < 1’
and
1 b
Fc(p) = b_lsl,(P) - Fj Gc(p)) p < 1)
2.2)

_1 _ W
= ha(p) o G.(p), p <1,

where F,(p), F.(p), G.(p) and G.(p) denote the Fourier sine and cosine transforms of
the function f(¢) and g(¢). Inversion of (2.1) and (2.2) followed by interchange of orders
of integration (which can be proved to be justified) leads to Eq. (2.3) below for ¢ > 0.
The only difficulty in this process arises from the integrals of the form [,” cos ut du
fo" g(x) cos zu dx which can be reduced to the Fourier single-integral formula upon
treatment of the integral as limy... [o' cos ut du [," g(z) cos zu du. Hence, if it is assumed
that g(z) is continuous and satisfies the condition ¢ € L'(— «, =) and that g(z) is of
bounded variation [12], the result below is immediate:

0 = 2{L o - Lo

+ (’,;— - %) f T gk — ) — ku + 0] du - 2‘ 900, ©3)
YA 3 2.3
) = 1% {bll D\(t) + a—ls‘Hz(t)}
+ Z_: B %) fow gk — &) + k(u + O] du — Z_: o0,
where
H(t) = fl h'(p) sin pt dp;  Ho(t) = fm halp) cos ot dp, 2.4
\ : 2.

1 @©
Dy(t) = f s/(p) cos ptdp;  Dilt) = f 52(p) sin pt dp.

Eliminating f(¢) from Eqs. (2.3), we obtain
o = 2o+ 2 [ b+ g+ [ gke-ga 1>0 @)

where

= (as/as) — (bs/by), w#0,

w =

= 2[Ep+Lmo - Lpo+ Lo,

(2.6)




470 R. KHADEM AND L. M. KEER

and

a4 _ b b as by by | a

= _ == 62__—__

a3 b, b, a,’ B Qa3 b, b, a,

B = (27)

An equation of the type (2.5) has been solved by Spence [2] for the case 8, = 0, 8, and w
real coefficients. In the next section it will be shown how the system (1.1) can be trans-
formed so that 8, = 0.

3. The equivalent system. Define two functions ¢,(f) and ¥,(¢) as follows:

() =10, ¥ = g + 5O 3.1)

where § is a parameter to be determined. By means of (3.1) system (1.1) is transformed
into the cquivalent system

[ 14000 + 290 cos ot dt = hi(o) (3.20)
[ TA) + Aa(0] cos pt it = (o) (3.2b)
[ " B (D) + Bata(d)] sin pt dt = 5:(p) (3.2¢)
fo [Botn(t) + Botu(D)] sin ¢ dt = s,(p) (3.2d)
where
Al = q, — 0a,, A2 = a,, As = a3 — 6a, , A4 = a4, (3'3)
B1=bl_6b27 Bz=b2y Ba=b3—5b4, B4=b4-

In view of its similarity to the system (1.1), the system (3.2) would obviously reduce
to a Wiener-Hopf integral equation

) = oo + 2 [ st + 0 du + 2 [ Dk — O du, (>0 (3.4)

similar to (2.5), and to

fo T L@k — O +  + 0] du

=_l_{&‘/’(t)*‘!l/(f)—g[—l—])(f)_FLH(t)]} t>0 35
(4_2 &) 45 e L N , (35)
A; B,

similar to (2.3), where

,_Bs By A, A, ,_As B, B, A,
=% "B ta4, ~ 4, =4 "B " Bta 5.6
w = As — B, w #£0, B= -8/,
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C(t)=,—2r[ DO + 4 Hald) = 3 Do) + o H(t)]- (3.7)

It can be shown that 8,” = 0 if § satisfics the quadrat.lc
A"+ 2B+ C' =0 (3.8)
where
A’ = a,a,b,by — a,a;b.b, — aa.bybs + a,a.b5b,
B’ = a,a3b,b; — a,a,b,b, 3.9
C" = a,a3b,by — a,a:b:b; — a,a30,b; + a,a,b,b; .
The parameter § is generally complex. Hence the coefficients 4; , B; (t = 1 — 4) as

well as B,’ and «’ become complex.

4. Solution. There always exists a solution to (3.8); therefore the transformation
(3.1) always succeeds in producing an equivalent system for which 8, = 0. In [1] Spence’s
results for the Wiener-Hopf equation with complex coefficients were quoted; we use
those results in this paper. Let ¢,(f) = 0 for ¢ < 0; then (3.4) can be extended over
—o <z < o as follows:

o) = $a@) + 8 [ yathlu — 2) du — 1 00, )

where e(x) is an unknown function which must be zero for > 0. Replacing z by —«
in (4.1) and adding the resulting equation to (4.1), one finds for x > 0

e(—2) = Yo(2) + 8 [ kG + 2) + b — )] du — { D\(x) + z(x)}'
4.2)
Now, upon substitution from (3.5), one gets
by = <2 {[1 448 00— + 2 (14 2 E D+ L | am
where
v = (44/4;) — (Bo/By). (4.4)

The solution of the system (3.2) consists in solving (4.1) for y.(z) and e(z) and using
(4.3) to find ¢,(x). The functions f(t) and ¢(t) can then be determined from (3.1).
Let C(¢) be of the form

o = (L)) + (Lo (.5

where P and @ are Nth degree polynomials in the operator d/dt, and I(t) = (1 — cos ¢)/t.
The function C(¢) is of the form (4.5), for example, when A, (p) and s,(p) are polynomials
and hy(p) = si(p) = 0. It can be shown [1] that the L'(— , ») solution of (4.1) is

¥a(t) _ ii smh * f [U(w) cos ¢ + wV(w) sin ¢] dw (4.6)

e(—1)
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where ¢ = k6(w) + wx (the 4 sign corresponds respectively to y.(f) and e(—t)), « is
the known complex parameter

c=llga+p, o) =Flg1 Y, <1 @7

and

Uw) = 2*3( sinh = mc){B W)W, &) + B )X, 1)}
4.8)

— 35 [S@) = S(=u)) + 35 [R(w) + R(—w),
U = — ( sinh 1 «K){Bz(w)¢<w, 0 + B, (w)x(w, ]

28w (4.9)

+ 5 [S() = S(=w)] = 5ot (R@) — R(=w))

The parameter \ used above is defined by A\ = 1/«’. The definitions of other symbols
in (4.8) and (4.9) are as follows:

¢(w’ K) = cosechlfk fl/Z Sinh Ky COty 2 dy 2 .+ 2 (4.10)
(@, ©) 2 0 cosh xy cos” y + w”sin® y

and
B, (w)
B, (w)

The functions R(w) and S(w) in (4.8) and (4.9) arc polynomials. The method of con-
structing them from P(—iw) and Q(—7w) is described by Spence. In the case of the

SeCOIld-d(Bgl‘ee pOI y 1( )mlalS

R(w) and S(w) are found to be

} = QUw) £ Q(—ww).

Rw) = po + kp: + 'p: — pow® — tw(p, + «p,),
0 ) (4.11)
S(w) = ;sinh §m<(q,L, + ¢.I, — twg.ly),

where

I() = K\p(l, K), Il = _ hd _KIO . (4.12)

5. Punch in steady motion. Let a punch be in steady motion on an elastic halfspace
y <0, —o» < z < =, where the z-coordinate is relative to the center of the region
of contact which moves with a velocity ¢. It is assumed that the normal contact stress
is always compressive and that there is friction between the punch and the halfspace
on y = 0. The boundary conditions are:
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0, =1, =0, x| > b, (5.1)
T = —fo, , [z] < b, (5.2)
v = l(x), x| < b, (5.3)

where o, , ¢, , 7., , U, v are stresses and displacements appropriate to a state of plane
strain and f is a coefficient of kinetic friction. It is easily shown that

SR "UNE Y RV

o ' ay’ T 9y ox (5.4)

will satisfy the equations of equilibrium if

0w ) = [ A© o (lay — @&, 9 y) = [ BO exp (8] e — ko) d
(5.5)

where o> = 1 — ¢*/¢.> (i = 1, 2). Here ¢,” = (A 4+ 2u)/p, ¢, = u/p, where \, u are
Lamé constants. By writing

@2r)'*FAA = (1 + a,")tC — 2ia, |E] D, (27)'*EAB = 2ia, |t| C — (1 4+ &”)(D, (5.6)

where A = (1 + a,)® — 4oy, , and using the boundary condition (5.2), one obtains
D = —fC. The function C(¢) may be written in the form C = E + iF where E and F
are even and odd functions respectively. The above relations allows the displacements
and stresses to be written as sine and cosine transforms thus:

v = —(7%)”2 a | T el — a)E + 2 — (L4 P coske d,  (5.7)
b = (?r)m A fo T~ 20 — (L + @E 4+ a(l — a)F) sintrdt,  (5.8)
ovlu = (1%)1,2 [ "B cos ko d, (5.9)
opln = (1%)/ [ " Fsin gz d, (5.10)

where in (5.7)-(5.10) it is assumed that the boundary conditions can be written as
even and odd functions. If this is not the case, then the same results can be developed
directly from the exponential transforms as in Brilla [6].

Two types of indentors are considered, a cylindrical and a wedge punch; thus the
boundary conditions will enter into (5.3) as

I(x) = —v, + (6 — 2)®°/2R  (cylindrical punch), (5.11)
l(x) = —a + ar (wedge punch). (5.12)

In the next section we will look into these specific examples.

6. Cylindrical punch. Use of the boundary conditions (5.1)—(5.3) and Egs. (5.7)-
(5.10), with I(x) defined by (5.11), leads to the following system of coupled pairs of
dual integral equations appropriate for the cylinder:
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[ F6EQ + pF@) costr &t = b, =<1,
0 (6.1)

me(E) costr dt = 0, x> 1,

[ 1-pE® + dF@Isintr &t = 5,@),  z <1,
o 6.2)

f F(¢) sin ¢x dt = 0, x> 1,
o
where the change of variable has been made so that the point z = 1 corresponds to

z = b in the physical situation. The coefficients d and p and the functions A,(z) and
s,(x) are defined below:

d = a,(1 — ), p = f2aa, — (1 + %],

we =3 6 -] =20 CR) oo

Comparing Egs. (6.1) and (6.2) with the system (1.1) shows that in the former case the
coefficient b; = 0, which was not allowed. However, the following transformation
removes that difficulty. Let

EEF) = E®F), FE = EF — P®); (6.4)
then (6.1) and (6.2) become

[ £ + PE® — pPO) cosfr dt = @), @ <1,

(6.5)
f E@¢) costéx dt = 0, x> 1,
[ €'t - e — aP@sing dt = s, v <1,
V]
(6.6)
| 1B® — P@1sin ot a = o, e > 1,
0
where, in comparing these equations with (1.1) and (1.2), one finds
a =d+p, a, = —p, a; = 1, a, = 0, ©.7)
b] = d b p, b2 = _d, b3 = 1, b4 = —1,
The above coefficients give § = —(1 = 7) as the solution of (3.8). Either value of &
may be used to obtain the solution. Using § = —(1 + 1), onec finds (from 3.3)
Al =d - ILP; A2 = —-p, A3 = ly A4 = 07 (68)
B, = —i(d — ip), B, = —d, B, = —1, B, = —1.
Egs. (3.6), (3.7) and (4.4) give
2d , _ . da
B__d——lp' w _1; Y = ’L(d—Zp) (69)
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and (4.3) gives

W@ = S1@ —e-2)), >0, (6.10)

where the functions ¢, and ¢, are related to E(¢) and P(¢) above according to the following
relationship:

EE) = ¢:(®), PE) = ¢:(8) + % (®). (6.11)
The functions ¢.(¢) and e(—£) are defined by Eq. (4.6), where
1/2
v = & (0) o+, v - -2 (1) ©6.12)
where
= Zlog 1+ = Llog (-H) 6.13)

which can be written in the form

k= —1 4+ 2a 4+ 2m)z, d+ip =

o8 7o €XP (Fina). (6.14)

The integer m takes values 0, &1, £2, -.- . On using Eqgs. (6.10)-(6.14), (6.4) and
(4.6) we find

1/2
B = (1-2;) I%lsmh -

1
-{i(— 8o + 1xb) f cos k0 cos wE dw + b f w 8in k6 cos wE dw} , (6.15)
(1] 5

1/2
F@¢) = (1%) RA—dSlnh ™

-{(— 8o + xb) f sin «0 sin w¢ dw + b2 f w cos kB sin w§ dw} , (6.16)
0 0

which completes the solution of the coupled pairs of dual integral equations for the
cylinder.

The normal stress. The normal stress can be computed from the formula
afu = @ry [ @+ F) exp (—ika) de (6.17)

which can be written in the form

=22 { [ eEQsine i~ [ R conte ds} (6.18)

T

Substitution of E(¢) and F(¢) from (6.15) and (6.16) into (6.18) gives

o./n = Rd L sinh 3rr{(— 8 + ixb) + bE} exp [—ui8(E)]. (6.19)
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Since k = — (1 + 2a + 2m)7, we find that sinh imx = —7 cos (e + m)w and
o,/u = Rd cos mla + m)

1+¢
— ¢

From the physical standpoint it is known that the normal stress must not be singular
at £ = =+1. Hence, since 0 < a < %,

= 42ab + 2mb, —3 <m < 3}. (6.21)

1/2—-a-m
{[ 8 + 2ab + 2mb]( ) + b1 + &1 — s)"““*'"}. (6.20)

Being an integer, therefore, m can be only zero, leading at once to the result (after the
transformation ¢ = xz/b)

a,/u = I%i cos ma(b + 2)'*7%(b — x)'***, —b <z <hb (6.22)

7. Wedge punch. For a wedge punch the same coupled pair of dual integral equa-
tions is used with the boundary conditions

A o 1/2
which leads to
P 1/2
~2(5)"
Clx) = pok(x), po = B 7. (7.2)

The functions U(w) and V(w) become
A T 1/2
U(w) = d (5) € V(w) =
resulting in the following solution of the system of dual integral equations:

A 2\ !
E(x) = 7 (;r) ¢t sinh 1wk f cos k6 cos wx dw,

0

(7.4)
A 2 1/2 1
Fx) = < (—) € sinh 3w« f sin «6 sin wx dw.
d T 0
Use of this solution and « = — (1 4+ 2a + 2m)7 gives
(1/2+a+m)
o _ A cos (e + m)(l + E) (7.5)
7 d £
where m is an integer. Physical considerations permit that the normal stress be singular
at£ = —1but not at £# = +1, thus demanding that m < 1 4+ «, or simply that m < 1

(as 0 < a < 3). Moreover, the normal stress (7.5) must be integrable, which requires
m > —1. Being an integer, therefore, m can be only zero. Hence the normal stress
becomes
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o/ = S cosmad + )b — 2 (7.6)
which agrees with Muskhelishvili [13] when ¢ = 0.

8. Singular integral equation approach. Now consider Eqs. (6.1) and (6.2) from the
point of view of writing the system as a singular integral equation rather than a Wiener-
Hopf equation. It is convenient to write

E@) = (2)1/2 fo l 71(x) cos tx dE,

T

8.1)

F) = (1%)1/2 j: 75(2) sin £z dt,

where 7, and 7, are even and odd, respectively, and (8.1) satisfies the second of (6.1)
and (6.2) respectively. The following relations [14] are noted:

fw £ costscostr dt = —3 log |(x + s)x — )| + ¢,
0

[m £ 'singssin tr di = 3 log |[(x + s)/(x — 9)|,
° (8.2

fw £ costssin tx df = irH(z — ),

f“ £ 'sints cos tx df = irH(s — ),

where ¢ is an arbitrary constant. Substituting (5.5) and (5.6) into (5.1) and (5.3), dif-
ferentiating, and making use of the symmetric properties of =, and 7, , we obtain the
following equation:

gf_ll mOE_ prw) - (;2;)1/2’»1'(96), le] < 1.

s —

(8.3)

1 1/2
—p7(x) + d . %‘S = (%) 8/ (x), lxl < 1.

Since ¢, = ¢,. + 0,, , it is clear that,
¢ = o,/u = 1.(x) + 72(2) (8.4)

and the two equations in (8.3) are added to obtain
d (e dt _ (2)”2 ,
po@) - [ T2 (%) s k<L 8.5)

Now let

_ 1t e(t)dt
Q(z) N 27ri -1 t—z

) (8.6)

where according to the Plemelj relations
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et e L [le@wdt . -
¢(t)—CI> cI)y - _1t—2_q> +¢; (87)

and Eq. (8.5) is reduced to a Hilbert problem

o A M ’ ’
where
g=—(d—1p)/(d + ip) = — exp (Qira). (8.9)
A. Cylindrical punch. For this case
. 1/2 - 1/2
h'(x) = —(5) Ax/R, s/ (x) = (;) Ado/R, (8.10)

and it is easy to verify that a solution to (8.8) and (8.10) bounded at the end points is

6(x) = c";—R"" A 4 )b — ) —b<a<b (8.11)

where §, = 2ab in agreement with (6.22).
B. Wedge punch. The boundary conditions for this casc are

() =0, s'() = —(g)m Ae, (8.13)

and the solution to (8.8) and (8.13) bounded at the point z = b is

o) = T Acb + )7 — ) (8.14)

in agreement with (7.6).
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Appendix: Axially-symmetric case. In observing the relationship between the
Wiener-Hopf and singular integral cquation techniques for plane problems, one finds
that similar results hold for the axially-symmetric case such as that treated by Spence.
Indeed, if the indentation of a halfspace z > 0 is described by the coupled system

2u,r,0) = [ [~ — 20D + 20 — BV d = 2w, £ <1, ()

2ui(r,0) = [ 20 =)D — (1 — WIS & = 20, <1, ()
0
rulr, 0) = — [ EDI @) dE = O, r>1 0 ®
Jo
rr,0) = = [ e8I & = 0, r>1, @
0
it can be easily shown that the representation
1 1
D= f o) con @ dt, B = [ y(@)sin @) dt ®)
0 0
will satisfy (3) and (4) identically. Egs. (1) and (2) can be transformed to the following:
d [ . ’
Ll ma-2p 20 E B E - o [ e @, ©
£ma—op—u—%mﬁ?“&=m%z;%%mm=q@. @

Use of (5) and the relations in (8.2) gives, provided that ¢(t) = ¢(—t) and ¢(t) = ¢(—1),
— ) P edt 2

(¢’ — ip), -1 <z2<1, 8

21 — »@@) + &

T at—z -
where
d=¢— 1y 9)

Eq. (8) can be solved easily by the techniques in [13] for polynomial indenters.
When v = 0,v = ¢, then p = 0 and ¢ = 2ue. Let [13]

* - L[ 20d x" 4+ x (10)

1|'7r _1t_‘x
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Then
. _ 4
B — 4’ —x"= 7 pe (11)
for which the solution is
_ 2 e _
where
X =+ )% —n?, =GB (13)
Then, using (10), we get
4 +
o) = —w e X). (14)
Since
P = 21rf T,rdr = —m Re{ &(t) dt} , (15)
0 -1
the load is obtained as
_ Ape _
—P = — 3 log 3 — 4v), (16)

in agreement with Spence [15]. The approach used here is somewhat analogous to that
given in [16], although one arrives at the pertinent results in a more straightforward
manner by the present method.




