
The ewrgy level structure, relative l ine strengths, and ~ande' 

&-factors of two-electron configurations are discussed for four im- 

portan* types of pure coupling fS, WC, JK(JL), and JJ. Transitions 

f r o m  on@ type of coup1- to another are discussed i n  detail, using 

the cosll9Qpamtion pf as an example. The appmprlateness of fS- and 

33-eoqpling notation in two-elec*mn spectra is quite limited for atoms 

01 medium atomic vet*t, +ere nearly all excited eoniigurations show 
.I 

a stmng tendency toward h r  (IdC to jX) coupling. For other atoms, 
-7- ' 
' pair wugling occurs lainLy for hi& values of orb iw  angular momen- 

tum of the; excited electron; the coupling may be near LK for small 
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I 

I values of the  pr inc ip le  quantum number of t h i s  e lect ron,  and it approaches 

. , pure jK a s  t h i s  quantum number increases. It is emphasized t h a t  LK o r  jK 
. . 

notat ion would bes t  be used only when the  coupling conditions approximate 

I,, o r  jK coupling, respectively; e i t h e r  notation can serve t o  unambigously 

iden t i fy  l eve l s  throughout the range of intermediate p a i r  couplings, but 

w i l l  not  cor rec t ly  designate the nature of t he  quantum s t a t e s  because of 

. . . . 
reversale  of the  L and j coqosifions of ce r t a in   state^ as the coupling 

conditions change from pure LK to pure JK. 



" .  

'i. . 

i. 

I. Introduction 

For many years the  analysis  and in te rpre ta t ion  of atomic spectra  

were based almost e n t i r e l y  on the  concepts of LS and j j  coupling. More 

recent ly  there  has been increasing recognition of t h e  importance of o ther  

types of coupling, pa r t i cu l a r ly  i n  the  m r e  highly excited configurations. 

Racah, especial ly ,  has emphasized the  d e s i r a b i l i t y  of denoting observed 

.energy leve l6  i n  terms of the  pure-coupling scheme which most nearly 

a p p m x k t e s  the  coupling .conditions ac tua l ly  pres'ent .' I n  s p i t e  of t h i s ,  

q e r e  seems t o  have been a great  deal  of reluctance to  give up LS notation 

even when c l ea r ly  inappropriate. There a l so  has developed some confusion 

i n  terminology i n  the  l i t e r a t u r e ,  and the  unwary user may e a s i l y  misin- 

t e r p r e t  what he reads. Both of these a r e '  probably due p a r t l y  t o  r e l a t i ve  

unfamil iar i ty  with the  exact nature of the  newer coupling schemes and 

.. %, . the i r  r e l a t i on  to LS and jJ coupling. One of the  main purposes of t h i s  

paper i s  to t r y  to r e c t i f y  t h i s  s i t ua t i on  by undertaking a thorough dis-  

cussion of coupling considerations i n  two-electron configurations,  with 
,., . , 

., , . . . eruphasis on p a i r  coupling. The theo re t i ca l  background material  required 
I 

i s  l a rge ly  o ld  and well-known to workers i n  theore t ica l  atomic s t ruc ture ,  

bu t  it i s  widely sca t te red  i n  the  l i t e r a t u r e  and d i f f i c u l t  f o r  the  unin- 



i t i a t e d  t o  dig out. Accordingly, we have provided a f a i r l y  complete 

bibliography and discussed the older couplings a s  well as  the new ones f o r  

I 

coxparative p.urposes and orientation of the experimental spectroscopist. 



11. Q u a l i t a t i v e  Considerations 

The s imples t  poss ib le  complex atomic s p e c t r a  a r e  those a r i s i n g  from 

e l e c t A n i c  conf igura t ions  cons i s t ing  o f  only two e l e c t r o n s  ou t s ide  of  

c losed s h e l l s , o r  subshel ls .  Although comparatively simple, the  number 
. * 

, of  atoms exh ib i t ing  b a s i c a l l y  two-electron spec t ra  i s  by no means t r i v i a l ,  

s ince  t h e s e  include not  only He and the  a l k a l i n e  e a r t h  elements (ground 

conf igura t ion  ns2); b u t  a l s o  t h e  four th-per iod  e lenen t s  C ,  S i ,  Ce, Sn, 

and Pb (ground conf igura t ions  ns2np2, most exc i t ed  conf igura t ions  leaving 

t h e  ns2 subshe l l  i n t a c t ) ;  t h e  r a r e  gases o t h e r  than He (whose exc i t ed  con- 

f i g u r a t i o n s  a r e  very  s i m i l a r  t o  p i ) ;  t h e  t h i r d  spec t ra  of  T i ,  Z r ,  Hf, 

and Th (ground conf igura t ion  d2); s p e c t r a  such as those  of  Cu 11, Pd I ,  . 

Ag 11, and AQ I1 (whose exc i t ed  conf igura t ions  d91 a r e  s i m i l a r  t o  dl ); 

Ce 111 (ground conf igura t ion  3); and of course ions  i s o e l e c t r o n i c  t o  a l l  

v 
o f  the  above. In add i t ion ,  any conf igura t ion  o f  t h e  type lafB fn1, 

a b  

. . 

(where t h e  e l e c t r o n  1 i s  weakly bound t o  t h e  core 1 z1: *-• 1 i) bears  
2 

many s i m i l a r i t i e s  t o . t h e  two-electron conf igura t ion  l l P 2 ,  t h e  r e s u l t a n t  

va lues  Ll and S1 f o r  t h e  core  replac ing I and s much of t h e  discu'ssion 
1 1' 

of t h i s  paper is  app l i cab le  by  simple genera l i za t ion  t o  a l l  such configu- 

rat ions. 



! ,, 
1 

. f ,  ' 
: ..- 

For the  ground and low excited configurations it i s  well known t h a t  
I. . 

. . .. 
, : .  . the  coqpling o f  t he  four angular mmentwn vectors 1 =s11 *s2 i s  usually 

bes t  iiescribed for elements of l o w  and medium atomic number by LS coupling 

2 .  , .  . 
. i i  

. . .  and f o r  elements of high atomic number by j j  coupling 

t h a t  i s  t o  say, f o r  the  low- and medium-Z elements the  e l ec t ro s t a t i c  

- in te rac t ion  between electrons  i s  predominant, whereas f o r  high-Z elements . 
it i s  the  magnetic in teract ion between the . sp in  of each e lectron and i t s  

' own o r b i t a l  m t i o n  which predominates. 

When the  ou te r  e lect ron i s  more highly excited,  and par t icular ly  

. . when it has a high value of 1, the coupling i s  usually no-longer close 

to e i t h e r  LS o r  jj. One should not be su rp r i s ed ' a t  t h i s ;  a f t e r  a l l ,  the  

couplings ( l ) , a n d  (2 )  a re  symmetric i n  the  two electrons  whereas the 

configurations i n  question a re  obviously highly asymmetric. Along w i t h  

the  departures from LS and j j  coupling conditions, there  a re  pronounced 

changes i n  t he  l eve l  s t ructures .  Observed s t ruc tures  frequently show a 

s t r i k ing  tendency of the  leve ls  to occur i n  pa i r s ,  with the J-values of 

the  l eve l s  o f '  each p a i r  differing by unity; an exn-qle was ear ly  pointed 

out  by shenstone2 i n  connection with the  analysis  of t he  dBg, and to a 



v 

- . l e s s e r  ex ten t  dBf, conf igura t ions  of Cu 11. Tnis pa i r ing ,  together  with 

t h a t  of  ' similar case8 i n  the  rare-gas conf igura t ions  psd and p5f, was ex- 

p la ined  t l l e o r e t i c a l l y  by Shor t l ey  and ~ r i e d , ~  using t h e  S l a t e r  -theory of 

atomic s t r u c t ~ r e ~ , ~  with s impl i f i ca t ions  now known a s  t h e  Shor t ley-yr ied  

.approximation. Close p a i r i n g  of energy l e v e l s  has  more recen t ly  been 

observed i n  conf igura t ions  such a s  pf and  pg i n  N 11,' S i  IJ7  S l  111,~ 
/ 

P 11,' Ge 1,'' As 11,11 and Sn I," &.and  dh i n  T i  111,'~ f g  i n  Ce I I I , '~  

p2f i n  N 115 and 0 11,". and p4f and p4g i n  A II',~ and C 1  I*; i n  seve ra l  

cases  the  l e v e l  s t r u c t u r e  has been discussed i n  terms of the  "pair-coupling 

approximation," which is a l e s s  extreme approximation tiIan t h e  Short ley-  
. , 

F r i e d  treatment. 

~ a c a h "  pa in ted  ou t  many years ago t h a t  tine condi t ions  responsible 

. 
f o r  t h i s  p a i r i n g  were f requent ly  such a s  t o  approximate a t h i r d  type of  

vec to r  coupling 

That i s ,  when t h e  o u t e r  e l ec t ron  i s  s u f f i c i e n t l y  h ighly  exc i t ed  i t s  

i n t e r a c t i o n  with t h e  inner  e l ec t ron  becomes so small t h a t  the  sp in -o rb i t ,  

i n t e r a c t i o n  ( l l s l )  of t h e  inner  e l ec t ron  predominates; a t  t h e  same time, 

t h e  sp in -o rb i t  i n t e r a c t i o n  of t h e  o u t e r  e l ec t ron  (1 2s2) i s  so  weak 

( e s p e c i a l l y  f o r  l a r g e  1 ,  going roughly a s  (%1 ,)-3) 20 tinat t h e  (1 '12) 

i n t e r a c t i o n  i s  t h e  second-most important one. This condit ion we s h a l l  

,' 

r e f e r  to as jK coupling by analogy with LS and j J coupling -- j and K 



. . -  
being the  two intermediate quantum numbers whose values, together with 

, 
' t hose  of J and M, completely specify the  (pure-coupling) s t a t e  of any 

given two-electron .confimration.  Though Racah introduced t h i s  cou2ling 

i' over twenty years ago (under the  name jl coupling, which i s  the terminology 

. . usual ly  used i n  t h e  l i t e r a t u r e ) ,  it has become widely known and used only 

. . within the  last decade. 

, . 

Outside the  spectroscopy group a t  Lund, it s t i l l  appears to be 

p rac t i ca l l y  unrecognized t h a t  i n  the  l i g h t  elements the  spin-orbit  i n t e r -  

, act ion (1181) may be so small t ha t  f o r  not-too-highly excited s t a t e s  the  

in te rac t ion  (1 may be the  la rger  of t h e  two, the  ( 1  and (s1s2) 
/ 

in te rac t ions  atill being small. We have then a fourth important type of 

coupling, 

LK-coupling notation has been used very l i t t l e  i n  the l i t e r a t u r e  ,'?* , 15?1e 

and then sometimes when JK notation.would be ra ther  more appropriate (see  

Sec. V I ) .  

Because of the weak s2 in te rac t ions  there i s  a pronounced pair ing of 

energy l eve l s  under LK-coupling conditions, s imi la r  to t h a t  of the jK case. 

Indeed, both (3)  and (4)  are  j u s t  specia l  cases of the more general coupling 



in which the  coupling of 6, to  K is  weak so t h a t  K i s  a good quantum 

1 :  . . . 
. 

, 
number, but i n  which the  r e l a t i ve  importance of the  interact ions  (f1f2s1) 

. i s  arbi t rary .  Such a s i t ua t i on  e x i s t s  whenever the (f2s2) and ( s  s ) 
& 1 2  

i - '  

: I :  . , in te rac t ions  a r e  small compared with (1112) and (1 ,s1). Throughout the 

range of "intermediate p a i r  coupling"  condition^^^ in which ne i ther  

( i l l z )  nor ( l l s l )  i s  large compared with ' the other ,  we s t i l l  have a 
. ,, . . 

- .  paired l eve l  structure.  This aris'es so le ly  because of the as~urned weak 

coupling of s, to K, and i s  simply a generalization of the s i t ua t i on  

. . " . exis t ing  in any single-electron doublet spectrum (where .the analogs of 

the  quantum numbers K,s2,J a r e  l , s , J ) .  ,- 

- .  Because the  concept of LK coupling i s  so new, the  term "pa i r  

coupling" has- frequently been used synonymously with " J K  coupling, ,l7 )21)22 

. \ 

even in the  qui te  recent l i t e r a tu re .  This i s  c lea r ly  an unnecessarily 

r e s t r i c t ed  use of "pa i r  coupling," which should in the  future  be con- 

sidered synonymous Kith .the more general coupling ( 5 )  and with " the  pair-  

couplin& approximation" ( (1 2s2), and s1s2) negligible).  It  i s  r ea l l y  " the 

Shortley-Fried approximation" ( (l 2s2) and s1s2) negl igible ,  p lus  (1 1f 2 )  
I .  

small compared with (1  which corresponds spec i f i ca l l y  t o  jK coupling. 

It i s  convenient t o  discuss the  de ta i led  re la t ionships  among the 

four above types of coupling by means of spec i f ic  numerical examples. To 

, . do t h i s  it i s  necessary t o  obtain expressions f o r  the  transformation and 

. . 
.. energy m t r i c e a  involved. 



I 

111. Basis  T r a n s f o m t i o n s  

We f i r s t  introduce f o u r  s e t s  of  b a s i s  wavefunctions 

each s e t  corresponding to one of t h e  pure-coupling cases ( 1 ) - ( 4 ) ,  a n d  

each wovefunc t i o n  being an eigenfunction of  the  four a G l a r - m o m e n t ~ n  

opera tors  indicated.   he a c t u a l  wavefunction f o r  any s t a t e  1 ~ ~ i . l )  can 

then be expanded i n  terms of  one of these  four .  s e t s ;  f o r  example, 

where i n  t h e  absence o f  ex te rna l  f i e l d s  J i s  a r igorous qdantun nwnber, 

and where orthonormalization of  the  J~JI/I) requi res  t h a t  the  expansion 

coef f i cen t s  (LSJIPJ) be elements of a u n i t a r y  (usua l ly ,  r e a l  orthogonal)  

mtrix U. We have assumed here  the c o m n  approximation i n  which t h e  
--. 

b a s i s  s e t 8  (6) include only  t h e  s t a t e s  of a s i n g l e  configurat ion f 1 f 2  of 

i n t e r e s t ,  and w i l l  m s t l y  drop t h e  M quantum number. 2 3 



. . . , 
iJ-; . .  ' I n  par t icular ,  (7)  can represent the expansion of one s e t  of basis 
+ .  . ,.. _ 

, . ,  . , 
. I  I 

. . 
functions i n  terms of another, and t h e  corresponding transformation 

, ,. 

e , .  
matrices a re  of special interest .  The simplest to  calculate are  .t;hose 

. , : :  . 

. .  . between the jK and j j  representations and between the LK arid LS representa- 
. . - .. 

t ions,  because'each corresponds to a simple recoupling of three angular . . 
. : .  . .  , 

momenta; the matrix elements have been calculated by ~ a c a h , ~ *  and i n  terms 

of 6- j s y m b o r ~ ~ ~ - * ~  are: 

where 
. .  

. . .  . .  . 8 .  . . . :  ,, . . . 

[K] = 2 K  + 1 , etc. 

Using the Clebsch-Cordon-coefficient phase relation2* 



. , . '  . 
..< . . we obtain  similarly 
. , / . . ._ .' ' . .  ' 

The remaining transformat,ion matrices a r e  given by appropriate matrix , 

pmducts of the  above expressions. 
U ~ ~ ,  J,K 

and U prove to be 
L",JlJ2 

simple pmducts of (12) - w i t h  (9) and (8), respectively. Tne LS- j j 

. . 
.. * .  transformation matrix may be"wri t ten 

. " .  .b 



. . 
wher,e use has been made of the  f a c t  t h a t  2(5 + s2 + K) i s  an even number; 

*+'$ . t h i s  i s  the  usual expression f o r  , the  transformation between the  LS and JJ 
. ,. . . .  - 
., . :. 

. . . . 
. . 

representations i n  terms of a 9-3 symbol. 25-27 (Note: I n  the  case of 
. , 

. . . . 
; ' I '  . 

equivalent electrons,  ha l f  of the  othenrlse-possible s t a t e s  with j1 # J2 
'., 

, . 
. . ' . a r e  forbidden by the Paul i  pr inciple ,  a s  a re  odd-J s t a t e s  with jl = j2 

.. and a l l  s t a t e s  f o r  wt1:ich L + S i s 'odd;  all  remaining matrix elements (13) 

f o r  j, # J2 n h 6 t  be multiplied by an addit ional f ac to r  2. to  precerve 

normalization. LK and jK coupling a r e  physically meaningless since they 
- .  
. .. 

. . t r e a t  t he  two electrons  d i f fe ren t ly ,  and so a l l  o ther  transformation 
.' . 

1 . .  matrices a r e  to be ignored.) 



IV. Calculat ion of E n e r a  Matrices 

, "  
? ( .  ::; . , , 

!,,. < , ,  

. .  , The problem o f  c a l c u l a t i n g  the  l e v e l  s t r u c t u r e  of t h e  conf igura t ion  
' , 
I 

i.'. is that o f  f ind ing  t h e  eigenvalues of t h e  e l ec t ron- in te rac t ion  ~ a m i l t o n i a n *  
. .  . 

. . .  >. . 
. 

I 

where the  sums are c a r r i e d  out  over a l l  e l ec t rons  ou t s ide  of c losed (sub-)  

, . 
z .. s h e l l s ,  and smaller  terms concerned with o r b i t - o r b i t  and spin-other-orbi t  

. . 
magnetic i n t e r a c t i o n s  have been omitted. I n  the  usual  matr ix formulation, 

one f i n d s  the eigenvalues of t h e  m t r i x  corresponding to  (14)  i n  some 

s p e c i f i c  r ep resen ta t ion  (one such matrix f o r  each value of  J, the matrix 

, . being v a l i d  f o r  each of t he  25 + 1 values of  M ) ,  t h e  components of  t h e  

. . 
. . eigenvectors  being the  expansion c o e f f i c i e n t s  , i n  the  example (7).  

. . 

The e l e c t r o s t a t i c  por t ion  of  (14) i s  most e a s i l y  evaluated i n  the  LS 

. . representa t ion ,  where f o r  a two-electron conf igura t ion  t h e  matrix i s  

.. . 
ctli~lple~t;ely ill~ofled. wit11 diagolral eleniei~ts 



k 
Here the  F '  and G a re  ce r t a in  r ad i a l  in tegrals4> '  re la ted  respect ively  

; I 
. .  t o  t he  magnitudes of the  (1  and (s,s,) aspects of the  e l e c t r o s t a t i c  

t ' 

, * I - *  
I ,  , '  , interaction; they a r e  commonly t r ea t ed  a s  empirically adjustable parame- 

- ters .  The coef f ic ien ts  of theee parameters m y  be written21 

25-27 where t he  six-component quant i t i es  i n  parentheses a re  3-3 sycibols. . 

k 
Note t h a t  though the  G a r i s e  from elec ' t ros ta t ic  in teract ions ,  the  energy 

dependence on the G~ is  di f fe ren t  f o r  d i f f e r en t  t o t a l  spin; t h i s  i s  the  

r e s u l t  of electron-correlation e f f ec t s  a r i s i ng  from the  Paul i  exclusion 

principle. 

The magnetic por t ion of (14) i s  e a s i l y  evaluated i n  the  jg repre- 

sentation,  where ( f o r  two-electron configurations) the matrix i s  diagonal 

with diagonal elements 

, The Ci a r e  r a d i a l  in tegrals4 measuring t he  s t rength of the  spin-orbi t  



in te rac t ions  ( 4  s1 ), and a re  customarily t rea ted  a s  addi t ional  empirical 

. parameters; the  values of the  coeff ic ients  are4 

8 6 
I n  the  case of configurations ill2 where f1 is  a complete subshell  

minus one electron,  t he  coef f ic ien ts  ? and d, a r e  the  negatives of those 

k 
f o r  1 ,f,,4 end the  coef f ic ien ts  g are29,z7: 

k 
The f a c t  t h a t  most of the g a re  thus zero r e s u l t s  i n  a strong tendency 

toward p a i r  coupling i n  t he  spectra of the noble gases (configurations p51) 

and of Cu 11, etc. (dsl ). 

Using av'ailable t ab les  of the  3-j and 6-3 symbols27 and of the  9- j 

, there  i s  no problem i n  pr inciple  i n  evalunting by hand the  
C +. '  . 

coef f ic ien t  matrices (16), (17), ( l g ) ,  ( 2 0 ) ~ ~  and t he  transformation 

.' . matrices (8)-(13), and i n  using the  l a t t e r  to transform the  former to any 

o f  the  desired four  representations. However, t h i s  procedure i s  tedious 



and subject to human error. To avoid these we have developed a Fortran 
1 

code (henceforth cal led RcE~) to  Bo the detailed calculations on IEM 7094 

.:computers; t h i s  code evaluates from standard algebraic expressionsn the 

3n-3 symbols required, printing out a l l  matrices f o r  hand use, and also 
, I "  " " . . .  

" . -  
w r i t h g  them on magnetic tape f o r  fur ther  computer work. 

> f~ . 

As examples f o r  use i n  l a t e r  sections of t h i s  paper, we l i s t  in  
a B 

Tables &I-AIII the traneformation and Hamiltonian matrices f o r  the con- 

figurations pf and ~ ' f .  l he  constant term Fo, occur rbg  wi th  unit co- 
:n ) .,, , 

% . * ,  , . ., , e f f i c i en t  i n  every diagonal element has been omitted f o r  brevity, and 

k 
the coeff ic ients  8 and g have been converted to coeff icients  of the 

parametere Fk end Gk by multiplication with the usual constant factors  
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V, Coupling Considerations i n  pf 
, b t ' 5 .  . .  " 

I .  

" i d  

RC.-,. i t i t  A s  a quantitative example to i l l u s t r a t e  the qual i ta t ive discussion 

I '  

i 7 ;  
of Sec, 11, we consider i n  some d e t a i l  the  configuration pf,  fo r  which we 

r ,  
Ln' t b  

.. I r ? l  . hwre the e lec t ros ta t ic  parameters F,, G,, and G,, and the spin-orbit 

. 3 . . . , parameters $ and Cf. Since the effects  of G, are usually s d l  compared 
7 e' - .  , (  . . 

t - %  
w l t h  those of Gz, G, K i l l  for  simplicity be neglected throughout the 

1 
' "  4 f o l l o w l n g ~ d i s c u s s i o ~  ?, _- 

Fa- - 
1 

- . I n  Fig. 1 we i l l u s t r a t e  the development of the level  s t ructure of . i 

", 
- b~ pf i n  both L6 and LK c o u p l w ,  the energies shown having been calculated 

from the matrices of Table AII f o r  the indicated values of the parameters. 

I 

; A t  the.extreme l e f t  of the figure i s  shown the e f f ec t  of F, (=1) i n  pro- 

). . -  

ducing a separation into three quadruply- degenerate23 levels  characterized 
+ ' , i  . . . . ,  

. ?  
I I ,  by L quantum numbers D, F, and G. Where the value of the abscissa 

5 6 6d(50G2 + Cp) i s  zero (pure LS coupling), we see the ef fec t  of 

i ~, (=0.06)  i n  ep l i t t i ng  each of these L l eve ls  in to  a s inglet  and a 
t 

' p .  j (degenerate) t r ip l e t .  Finally, f o r  s l igh t ly  larger  values of 5 ,  non-zero 
:..4-:q'4>* - 4  , 

n ! : values of $ remove the remaining degeneracy of the t r i p l e t s  (cf. Eq. ( l ) ) .32 
I -  - . 1 0 L- *" 

Similarly, a t  t h e  right-hand edge of the f igure where 5 i s  u n i t y  

( a p ' p ~ ~ t e  LK cot&pling), we see the e f f ec t  of Cp(-3) i n  s p l i t t i n g  each 
,. - 



t l e v e l  into two sub-levels with K = L f 4, each sub-level being doubly 

degenerate. Finally,  fo r  5 < 1, non-zero values of G2 remve the f i n a l  
. . 

& .  
degeneracf2 to produce the paired leve l  structure character is t ic  of 

LK-(or of any pair-)  coupling. (cf. Eq. (4).  ) , 
3 :;. + 

,> a 
The t rans i t ion  from LS to LK coupling end the correlation of J- levels  

I 

' n 

" i n  the tn, extremes i s  shown i n  the central  portion of the figure 0 < 5 < 1, 
" a t , . + : +  

\ 

which has been dram f o r  the case 50G2 + 6 = constant = 3, The numbers 
P 

, 

J , ; L s  ', 
50 and 3 are a rb i t r~s 'y ,  chosen simply t o  provide convenient ve r t i ca l  scales. 

. . 
' C .  .~ * _ .  * " , .  

, . . T I  4 28 
. :,. . . , , ' -Analogously t o  the method frequently used i n  drawing similar figures r 

. . . . A 
. .. 

the non-linear r e s t r i c t ion  ( ( 5 ~ ~ ) ~  + cp2]2 = constant could have been 
. . 

- .  
. .. ', . .  *used, but we have here preferred the "linear" p lo t  (cf. reference 22, pp. 

. . 

l l3  f f )  f o r  two reasons: 
. -  ? 

. . . . (1) Levels which do not in te rac t  with any others (J = 1 and J = 5 

i n  the present case) a re  s t ra ight  lines. 

, . 
(2) More importantly, i f  the energy dependence on 5 were neglected 

P 

the t r i p l e t s  would remain degenerate fo r  a l l  5 ,  and the s inglets  and 

t r i p l e t s  would appear a s  s t ra ight  l i nes  converging t o  zero s ing le t - t r ip l e t  

s p l i t t i n g  a t  5 = 1. Similarly, i f  the energy dependence on G, were 

neglected, the degenerate doublets characterized by quantum numbers LK a t  

-2 5 = 1 would be (approximately) s t ra ight  l i nes  converging to zero K-split t ing 

<..f" 2 

. ,. a t  5 P 0. The method of plot t ing used here thus shows much more clear ly 

than would the non-linear method the disappearance of the S (s inglet-  

c.. . . 
. t r i p l e t )  s p l i t t i n g  and the appearance of the K s p l i t t i n g  as  one pasees 



l i ' .  - .. . 
. - -  I 

\#  . * I '  *- . c '  ..: ; t1 ! 
I n  Fig. 2 we how similarly the development of the character is t ic  

;.;.':< : . 

: , . ' r ' l eve l  s t ructure under J J-coupling conditions, 5 E 5i/(5~= + CJ e 1, and 
'- . . 

, t i 4  ; * J ,- - 
[ !Lac  . c -  . 
,., . .% - ;L::-. ' be  development of the paired leve l  s t ructure of JK coupling, 5 = 0. .- ,&. - % :.1 

> .' ..-. . ,, r . . '  : 
* I  * : ,r- 7;.;t' 

,* *,%#;?a . % l 

+ Again, the method of p lo t t ing  used shows f a i r l y  c lear ly  the disappearance 
4," .*:. .*< '5- , . 

!:f,fi ,c';hO~ ,\ J . 
ti- l y ; , . . - .  , . . * of the'J2 s p l i t t i n g  and the appearance of the K s p l i t t i n g  as one passes 
!ti-* ' # +  

I : - *  ,- .' .,, 
. I  . . f r o m  JJ to JK coupl iw conditions. 

1 " " ,. 6;. ,;*if 
- 4  ' ' 

.?,& ?t.:i: 
A feature which appears c lear ly  i n  Fig. 2 (not apparent i n  Fig. 1) 

I. . , 
1 1 ,  . ! - -  

1 ', - I 

f r ; . : . . .  . J '  'is an obvious interact ion between the two upper J = 4 levels  and also between . 
' I  ; I ;,>. .. , * * '%2: j4  q-!  

I .  4 ;  the two lower J = 3 levels. For each pa i r ,  the general trend of the leve ls  
-, . I ,.. . . ;. 

* r ' ;  
..I. . 

* , .  ' - 1  ' . . i s - c l ea r ly  such t ha t  they vould cross i f  they were not prevented from doing 
r t  ' 

).' . - 
I .  

. .; C 

,.- - , so by the interaction between them; t h i s  behavior of energy levels  i s  
$,: -4  . . * 
1 .. -a,$ ' i. 

I .  
, I ,  - 2 

well known. However, it i s  perhaps not commonly realized tha t  the l imit ing 

. ' ... 

* .  compositions of the  corresponding quantum s t a t e s  a re  a s  though the leve ls  
A , .  . . . . 
- . .  . ' did cross. Consider, f o r  example, the eigenvectors of the two highest , 
' i. , - 

- 
. ,, 

' i -  . #  . . J  = 4 l eve ls  i n  the Jj representation: I n  the l imi t  5 = 1, these vectors 

; 7-'.  

-:, . L 
, 

a re  pure ($ and (3 r) states;  as 5 decreases, the pu r i t i e s  of the 
2 2 4  

.t - 
t . . ~  . .  vectors decrease u n t i l  at  S, 1. 0.4 each vector has nearly equal components . Y.. 

I * 
, -7 : * ' 

.+ . 
I ,  . * _  

of the two basis  s ta tes ;  as f approaches 0, the vectors appear to become 
+ .. , . 

6 
I '  . .  . increasingly pure again, but ( a t  first t h o w t ,  somewhat surprisingly) the 

. 
. f '  . 
'- vector associated with the highest J = 4 l eve l  i s  now primarily (3 2) 

2 2 4  
* . -  
t + r,;. . ,. whereas It was initially (% z)4. Similarly, i f  we use the  JK representn- 
. . { . l a  I - ;,I,*,:? ' .  . . , - I .  

t ion,  we f ind  that the  eigenvector belonging to t he  upper J = 4 l eve l  i s  
, J '. I @ , ' :  
- .  . +  

. , . p  
. . ; s b t *  , almost pure K = f f o r  small 5 ,  but becomes mainly K = 5 for  f 2 1. Thus . 3'. 

\'i <-.:.- 
,* ? n 'h following along tbe two continuous energy levels  with J = 4, we see a 
; +  



. - .  
I S .  

6.7 rapid interchange of the  composition of the corresponding eigenvectors, ( .  . ," , . ,  . . , 

, ? , i  v: :,.:,:, :. ,' . % ,,.- ,,/, . . - 
P > . ' * :V ,  .. , - .* 2 

: .  . . ." , 
: ;with a &tonic change in the  real This behavior is  a 

B. . . V i  
. . :- ...$ , \  < . . , ' ,  
I.:?.: .;..,, . t -  . , :; . , , . :. ,' . ," . , .  !str&htforward pmperty of the eigenvalues and vectors of a nntr ix  i n  

~. , . 
. . . - _ *  I . .  , . 
,. . , -. ,:..,.;;a,. .. . - -. 
. ,:t' :; : ' - ?>  ' 

, . . . 
, , 

:, . , $. :which the values of the  diagonal elements i n  a given representation cross 

.;,?Z!;' " ; ,> ?&*:.$ ,*?",?,>, . . 
' 

" h:... . 
.,, .:;as' the pertinent parameters a re  varied. &en when we do not have a case 

::.+:t:: : . f .  . ; .  , . . ,  
,-:? . %.. '. ' .. : . 

, " , < - " '  . '. - . y.,".'.+'. . .  . --. ,,<. .,-,r . .  -,. . . ,  . ?. . . ' .' . . In  ;which the diagonal elements cmss  and produce the above type of in te r -  
.,:.:;+ : *;; 

: . ,  ? -; .' ,.:+= !.:;.,!,:":+" .:. 
, : : ,  . . , change of eigenvector composition, the diagonal elements may s t i l l  
. .* : . .. i.:' ,,." 
f,,;: < :..;.4;:.; , 2-t , 3.. . 

:: ;: *.: :> - . ,  * 
' , I  

. . 
' .  . .'. *.. . '. . .(, . .;. approach equality (as  i n  several cases i n  Fig. l ) ,  producing very strong 
.;.. . .: r-- :qq t;: 

,, < . : . - c .  
;c . ,  .~:>s ,, :: k;:: ?!{!, 

4,: ;  .:.. v , ..;mixing of pure-basis s t a t e s  as the coupling conditions become l e s s  
, , * - - ' ? , : - q : .  , ... . > , : 

. . . '  f ,., . .  . " .  
, I ._.. ,  

6,t, . .,- ": .. " .. , , .  . . appropriate to the representation used. This points up the f a c t  t h a t  no . . ;* ;;:::. .;.,<: 
(,.,:,..,; >$ ,:,' ". .: ' , 
* ,.!L ' . " .  ? s a l e ,  representation can logical ly  be used to designate the nature of , . ; , ' . ' .  * 

: , ~  - . .  . . 
G,.%'- 

, . .  
, L,, . , . 

I ; : !*. . ., 
. ,  . , .  . :: quantum s t a t e s  under vary* coupling conditions, a s i tua t ion  commonly 
, ' . + < . ,;< < . . 

' . ! ,... - : '  * 2 $ . . . 
' . 
a. ,,.#',.;. : . 1 . . :met within any single  spectnua 

. , I : c  'j . . (. . I .  , . - - . , . 1 , . . :' . . '  . ..".:' . !. .' . : .  1 . . 
. ' -. * '  . 

c ,  . . . .  , ., . . .  : 
One fur ther  comment should be made i n  regard t o  these figures. One 

! .* 
'.."', :, ' . I : -  . . 
, I ,  

. , 
' , ;;:,,. ., , .. -' 

, : . .  ; I  . . \  ' :  . . . l i m i t  of ,Fig. 1 has been labeled pure LS coupling, and the other only 
, .,..., :. 
I . I  2 . .'< . . .; a' 

;, ‘. approximately E - L K  coupling; the limits of Fig. 2 are  pure Jj coupling 
i .  

i .,. , . _ . . . . . , .  
. s., . *;, ;' ' .. b . '  , 

<. , , #... . ~ 
:and approximate jK coupling. The 'reason f o r  t h i s  i s  c lear  from expressions 

" ! i.'~ , . . .  .. % 6 ; .  .. 
? - .  ,, - 

'? : - ; . +  ':., '-':-+ . . . ('3) and (4). I n  the l a t t e r ,  the (tlsL) interaction required to define a .';'.,,;:.- " . , - <  . 
, . 8 .  . . ',, . 

< 

- ,. * I '  . .  *unique value of the*quantum number K simultaneously destroys the absolute 
, ', 
;14 . i 

: $ :  * !  va l id i ty  of the  quantum number L; and in the former, the (f l f2)  in te r -  
. . 1 
. <. , .. I . * 

)*..:% , ;,,. -. . .  3 . 
# . .  
''. <". 

( L- . , ,$ , -~ I  $':;:; ::<, 
act ion reqvired to define K destroys the va l id i ty  of dl. Thus i n  a sense 

- *  ., . . 
i' u;..'+ 3 .;,, - 2  . . 
*.;..,,* + 

, . . , there i s  no such thing as  pure LK nor pure JK coupling, but only pure 
.., ** .. 

t , ' ,  , , . 
L. . ,> . + .'. . * ' ,  . , 

1 .  ,:: 
1; ,,;,4 : . . , ' . , 

pair  coupling (5): K well defined by v i r tue  of zero (t,s2) and (sls2) , 

, 1 . I . >  I . , . . . 
- 2  . , ,~ !. ., 

IS . / -  , 
, . + :  + : . . . . .  ' ,., ilnteracti:oas. However, t h i s  i e  somewhat academic since pure LK o r  jK 

. . . . . . .  5 ,. . , i .  . - . .  - 
. . 

. ~ 
. .  . 

, - 
, , .  

, -. ,. f 

-, I ,  : 

, l . ,  - , , .. .- . . : , ., . 
. * . . .  - . . 

. I  , :, ;:< * . .  . . 
- .C'.,' . . ... I .  ( .  . . 

. . . . , . 
. . .  ..:. , . 

j . - . . 
. , 

. . 21 
. .,. . . .  . 

. . .  , . . . , . . , .. *, $ 
. c  .. 1 .: . . 



: 'coupling conditions can i n  pr inciple  be approached a r b i t r a r i l y  closely, 

and since one i n  pract ice never has pure IS nor j j  coupling because of 

the non-zero interactions between the two vectors. 

I n  Figs. 3-5 we show some de ta i l s  of the t rans i t ion  from LK to jK 
, 4 .  

coupling. We s h a l l  discuss only the pure-pair-coupling case i n  which 

there is  no s p l i t t i n g  of the pa i rs  into levels  J = K f 2, and so need 
' .  

consider only the  ( I  I )  and ( I  lsl) interactions -- i. e., the parameters 

Fz and Cpr in terms of which we define an absciesa 
* " ,  

the constant "18" being chosen so as to give equal t o t a l  s p l i t t i n g  i n  

the l imi t s  5 = 0 and 1. I n  Fig. 3 we show the sfx energy levels,  each 

* " .  . 
. . .  labeled by the appropriate value of K, and of course each doubly degener- 

a t e  with respect to J. I n  the l imi t  5 -* 0, these s i x  levels  coalesce i n  

pa i rs  into the three quadruply-degenerate levels  shown a t  the extreme 

.. ., 
.. . 

r ight  of Fig. 1, and we approach pure LK coupling. ~ o t e '  t ha t  this l i m i t  

. . i s  - not the same' as  t h a t  at  the extreme - l e f t  of Fig. 1. I n  the present 

case the s ingle ts  and t r i p l e t s  a re  not only degenerate but also highly 

Q mixed: ' r 3 ~ ,  a re  mixed in the  proportion 40-60 f o r  the [%I, s t a t e  and 
I 

e ' 
i '. 

* .  . 60-40 f o r  the [%I2 state, and the mixing is  wen  m r e  complete i n  the 
t"  5 .  

- cases and 1¶3~4 ( c f .  the IS-LK transformation matrices i n  Table AI); 

. c l ea r ly  the  spin quantum number has no meaning. Similarly, in the  l i m i t  

6 - 1 we have w e l l  defined values jl = 4,; and approach pure JK coupling, 



. . . '  - 
. . + .  

* '  !., . . I ;  
' .  - 

4 .  
- 

. . , . ' . C 
I ,  ,-.a 

. "  , . . . . > . , ,  ' ., :' ;a:. . 
,+ : . 
I - , - v , . .  

' +- 
<*-: . i  / '  * . t - .  ? ,?.i ,- 

.t:.", * s :  - .  
, ,but there  i s  mUng of J, a 3 and g; though the J, mixing here i s  much 

' \ I., . ' ' 

i ; $ .  . 
.\'..;I,%',. , . 

l e s s  severe than i n  the  case of S a t  5 a 0, the  quantum number j2 a l so  
$ 2  , , . * .  

1 i;: ,* 
.. .; 6 . 

i r  - . 
' t,:;.. ..c v- 

-has r e l a t i ve ly  l i t t l e  significance under pair-coupling conditions. 
. a  

;*; *; ; -< ,! .? < '1; 
i Zhroughout t he  intermediate-pair-coupling region 0 < 5 < 1, K re- 

< i ! -? :~  $ ..;,y $4, ' - 
t . i  '. . I: ' , . mains a good quantum number i n  a l l  cases. I n  the  present approximation, 

C - ., 3 

;- I:;+, , - ' *  . L and j1 a l so  remain good quantum numbers f o r  t he  two curves K = 2 and 
' , ,{.! .,* 3 a!. 

,- ;.q , 3 ,  a s  cen be seen from the matrices of Table AX1 and a l so  from the f a c t  
,'* .. :. 

$ .  , '  

, 
' ' , ' t ha t  the curves i n  Fig. 3 a re  s t r a igh t  l ines.  However, fo r  the  p a i r  of r 3  . .. * . ( 

. . ., , t ,  . . *  . , .  . 
t ' .curve8 with K = 5 the  corresponding eigenvectors show strong mixing of 
, . "A,' 8 $ .  

.f: ?: . # .  + the LK basis-states ~[z] ,F ' [ f ]  and also strong W i n g  of the JK basis-  
&.' ,"- I .  

** . :-,-;-: . states ' ~ [ 3 ]  ,$[HI, 9th a corresponding lo s s  i n  significance of the 
'., . . ' . 

2 .  
0 :  +.- 

: I*.. ." .. ' i  
quantum numbers L and 3,. This is  i l l u s t r a t e d  i n  Fig. 4 which shows the  

>.- , 2 

* composition of the  low-energy K = 5 s t a t e s  ( e i t h e r  J value); 1. e., the 
J* . - 

9 ' I  
I .  - (. . 

. ., 

. . 
squares of the  non-zero components of the  eigenvector i n  the indicated 

, --i "... 
3 :..: representation. Note that the two s t a t e s  [$I,,, which a r e  p rac t i ca l ly  

i * .  - 
' $ + ' ' .  . . 

pure F s t a t e s  when 5 i s  small a re  mch more strongly G than F when 5 i s  
. .: 3 .  ' 

* ." 
' L - 3 ..:: A b 

.,,,+& - large,  and t h a t  the  s t a t e s  which a re  pure G f o r  small 5 a re  mainly F f o r  
' . -  

# :.. . ' 
i . .. 
. s .:* 

: l a rge  5;  likewise, the  s t a t e s  which a re  almost completely Jl = 2 f o r  
! 

3 u 

. ' ...",,. ' 

+ Z : l a r g e  5 are mainly J1 = when 5 is  amal l ,  and vice  versa. A similar 

*' . 
' R. 

- 
' reversal  of composition ex i s t s  f o r  t he  [:] s t a t e s ,  though t o  a considerably . . . . 

i ' 
C . , . . .  + .  . ' 9 .  

C .  

1 , i j 2 x v . *  t:, , 4 

smaller extent -- the  "purity"33 ( i n  e i t h e r  the  LK o r  JK representation) 

T 
is?( .  t f P -*:r 

.1 . . changing from uni ty  to 4 instead of f r o m  uni ty  to -$ i n  going from one 
2 .  $;<tJt:* 1 -  t: . ,  - . .  
8 .; ' ..... 

r L ,  

? - b  ;-, a 

coupling extreme to  the  other  (cf. the  LK-JK transformation matrices of 
I .  4 . - -  

, .J ..- - : . , ,Table-A1I). 'Ihese are of course Jus t  fu r ther  exsmples l i k e  those discussed 



' f o r  Fig. 2, where energy level6 do not cross because of t h e i r  mutual 

interact ion,  but where the quantum-state compositions behave as  though 

the  leve ls  did  cross. - 
I 

Similar reversals  and corresponding changes in pur i ty  a r e  of course 
+ .  , ., . 

' C .*. . - 
. . .'.. "S 

a a l so  present when the eigenvectors corresponding to Fig. 3 are expressed 
... . 
., ' 

in the  LS o r  JJ repreeentations. This is  summarized i n  Fig. 5, where 
" , ,  8 .  

f o r  each of t h e  four  representations we show the average pur i ty  of the  

. , 
(equally-weighted) ten  s t a t e s  J # 1,5 ( the  s t a t e s  J = 1 and 5 being 

. . , ; . '  . . 1 , ;  

.omitted from the  average, since they a re  always 100 percent pure i n  the 

one-configuration approximation). The decreases in puri ty ,  using the LK 

- .  _ ( .  and JK representations, a s  we depart from 5 = 0 and 1, respectively, 

correspond t o  mixing of the type shown i n  Fig. 4. For the LS and J j  

representations, we have addit ional s i n g l e t - t r i p l e t  and j2 = $,$ mixing 

such a s  t h a t  discuseed in connection w i t h  Fig. 3; these result i n  

correspondingly lower p u r i t i e s  than f o r  LK and JK. 

The point of a l l  t h i s  is  t h a t  the wavefunctions of some s t a t e s  

~. 
. : 
. ' P  

exhibi t  very la rge  composition changes as  i s  varied,  and it is  con- 

._ : sequently qu i te  inappropriate t o  use a s ingle  coupling notation f o r  a l l  
c .  

values of 5. I n  the  present case it i s  t r u e  t h a t  one can unambiguously 

dist inguish between the two [%I, s t a t e s  ( f o r  example) by using e i the r  

t he  LK notation F[$],,G[$], o r  the  JK notation $[$I,,$[$], i f  one reads 

thebe to mean " the  s t a t e  which i n  the  limit 5 4 0  becomes an F s t a t e , "  

o r  " in  t h e  limit 5 4 1 becomes a j, = 2 s ta te ,"  etc. However, though 

' e i t h e r  the LK o r  the JK notstion is adequate regardlees of the value of 



.,, . . 

, S  f o r  purposes of simply dist inguishing between the  two s t a t e s  involved, 
: ~ .  . 
I. .I _ 
* "  

> - 

. % . .  , . no s ing le  notation always denotes the exis t ing  type of coupling and the 
Q ,., 
, . . .. 2' . " .  7 

: t r ue  nature of the  s ta te .  I n  order t h a t  the  notation have the  l a t t e r  

s t .  desirable  property to the  grea tes t  possible degree, it i s  necessary t o  

t :  ' . 
use t he  LK notation only f o r  small and the  JK notation only f o r  l a rge '  

. . 
5 -- the dlviding line in the present case being a t  about f = 0.45 (Cp = 

I .* . 



. Machine Calculation of Coupling Type 

, 

* . +  - - I n  t h i s  section we discuss some i l l u s t r a t i o n s  of the  coupling con- 

. , 

. .  <<. 
. . .  

di t ione which may be found i n  pract ice ,  calculated with a second Fortran 

. . . : : 
. . .  code RCE2. This code uses the  coef f ic ien t  matrices from RCEl  i n  the  

representation of i n t e r e s t ,  and var ies  the  values of t he  S l a t e r  parameters 

I 6 to give the  bes t  ( least-squares) agreement between the observed 
Pk' Gk' i 

energy l eve l s  and the  computed eigenvalues of t he  energy matrices. The 

f i n a l  eigenvectors are printed out i n  each of the  four  representations,  

giving an Indication of the pur i ty  of the wavefunctions i n  each case. 

The code aleo ca lcu la tes  the  standard deviation of the  energy l eve l  f i t :  

STDEV = 
I, 

no. l eve l s  - no. parameters (22 l 

the r a t i o  of STDEV t o  t he  maximum width of the configuration gives a 

measure of t he  accuracy of t he  f i t  and thereby some idea of the  probable 
3 .  

... , ,  

,,,> . , accuracy of the  calculated wavefunctions. Further d e t a i l s  of the  code 
, . 

.wil l  be described eleewhere. 

A s  a f i r e t  example, we have i n  p lo t ted  i n  Fig. 3 the  energy l eve l s  of the  2&f, 



5f ,  6f configurations of N 11.' The p a i r  degeneracy i s  here removed by 

small non-zero values of the  Gk, but the  s p l i t t i n g  i s  60 small t h a t  con- 
, . . 

r .  . . dl t ions  a r e  s.till very c lose  to pure p a i r  coupling. The values of 5 used 

> \ 
in p lo t t i ng  the  da ta  were calculated from (21) using the  least-square 

J 

$5 . . - .  . . . .* 

parameter values (which a r e  p rac t i ca l l y  equal to those given by ~ r i k s s o n ~ ) ;  

however, it is  a l so  c l e a r  from the  experimental energies themselves t h a t  t h e  

4f l eve l s  l i e  to t he  l e f t  of the crossing point  of the  K = 2 and % curves, 

and t h a t  t he  5f and 6f l eve l s  l i e  to the  r i g h t  of t h i s  point. Thus f o r  

t h e  4f configuration LK-coupling notation i s  preferable  (as used by 

Eriksson in h i s  f i n a l  paper); however, jK notation would de f in i t e ly  be 

preferable  f o r  the  higher configurations (cf. Figs. 4 and 3). 

It cannot be emphasized too strongly t h a t  when pair-coupling condi- 

t ions  a r e  approximated, a s  i n  these N I1 configurations, LS notat ion i s  

prac t i ca l l y  meaningless and therefore qui te  misleading. For example, the 

.; . four low l eve l s  of t he  N I1 4f configuration have been l i s t e d  as34: 
. "  . . 

. . 

._ . m s i g m e n t s  which have been d ic ta ted  by the  orderinge 
- < 



which e x i s t  under LS coupling conditions. The "actual" compositions of 

the  J = 3 s t a t e s  (calculated Kith the RCE2 code) a re  given in Table I f o r  

both the LS and LK representations. These r e su l t s  show tha t ,  i f  anything, 

t he  low-energy l e v e l  (K = %) should be the  3 ~ 3  and the  high-energy leve l  

(K = 5 )  the  'F, (cf. a l so  Table AI). However, the  p l a in  f a c t  of the  

matter is  t h a t  t he  separation of the  txo leve ls  i s  a K s p l i t t i n g  and not 

an S s p l i t t i n g  a t  all; LS notation r e a l l y  should never be used a t  all i n  

: - 
such a case. 

. . It should be c l ea r  fmm t h i s  exaxrrple t h a t  t ab les  which have been 

prepared35 f o r  conversion of (empirical)  LS notation i n  the  l i t e r a t u r e  

to  the  appropriate ..JK notation should be used only f o r  the  spec i f ica l ly  

designated purpose. Only with care  can they be applied to s imi la r  con- 

f igurat ions  of other  spectra,  and they ought never t o  be used f o r  tine 

' reverse  purpose of in fe r r ing  the  LS composition of l eve l s  tabulated e l se -  

where in j K  notation! 

A s  a fu r the r  example of the  care  which should be exercised i n  l eve l  

c l a s s i f i ca t i on ,  we consider the  3p4f configuration of P 11, i n  which the  

l eve l s  were primarily labeled i n  IS notation,  but a l t e rna t ive  jK designa- 

, t i ons  a l s o  given because of a s t rong tendency toward leve l  pairing.' 

Actually, the  coupling is  c loser  to LK than to e i t h e r  LS o r  j K ,  a s  shown 
.' . 

by the  f a c t  that t h e  (11 l eve l s  l i e  below the [s] l eve l s ,  and by 
4 ,= 2>3 



<> 4 > .  ; V . , 
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-. 

' .  
, . ,. 

3 . . 0 
. , 

a ,  . . -. 
, . . . t h e  calculated average p u r i t i e s  80, 88, 65, and 59 percent (and minimum 

. - 
3 .. . , . , 

' ' (  

; { -  a e '  ' >  p u r i t i e s  55, 69, 47, end 39 percent) i n  LS, LK, j K ,  and J j  coupling, 
. . 

t '  . 
U .  . respectively. The f a i r l y  large value of G~(G,/F, = 0.061 f o r  P- I1 4f a s  

: compared with 0.014 f o r  N 11 4 f )  r e s u l t s  i n  considerable departure froia 

p a i r  coupling (see  Fig. 3) and some tendency toward LS coupling, but LK 

i s  c l ea r ly  the  best. [ ~ o t e :  The l a rge  leve l  s h i f t s  from the pair -  

& .  

coupling posi t ions  shown i n  Fig. 3 are due only to departure from p a i r  

coupling and not to perturbations,  a s  shown by the  Cact t h a t  t he  maximum 
. . . . '  

, . . . , e r r o r  i n  the  least-square f i t  of t he  energy leve ls  i s  27 cm-l (0.02 on 

the  sca le  of Fig. 3 ) ,  which i s  only 1.8 percent of the  width of t he  con- 

. . f iguration.]  The f e c t  t h a t  the  coupling i s  close t o  LK ra ther  than jK 

explains t he  f a c t  t h a t  t he  observed (D-G)/(G-F) r a t i o  of 0.377 i s  

"surpr is ingly close to t h e  value 0.350 predicted by Russell-Saunders 

coupling theory. 'Ie 

. .  
Finally,  we show i n  Table I1 some calculated r e s u l t s  f o r  the  Ge I 

spectrum,l0 including: the  number of l eve l s  and parameters ( including 

"F " )  used i n  the  least-square f i t ,  the  f i t  e r ro r  (22) ,  the  r a t i o  of STDh'V 
0 

to the  maximum widtrl of the  configuration, the  least-square parameter values, 
. . . , 

and the  average percent pur i ty  of the  wavefunctions (average of the  

squares of the  l a rges t  eigenvector c o ~ u p o n e n t s ~ ~ )  i n  each representation 

'(always omitting eigenvectors f o r  which there  are no others  of the  same 

. . J). We note the  following general fea tures  of the tabulated resu l t s :  

(1)  The value of 6 is  roughly independent of t he  con- 
4P 



I 

. . 

, - +fiaurat ion ( a s  is to be emected from i ts  def in i t ion  a s  a . 

radial integralJ4 since the  outer  e lect ron has r e l a t i ve ly  
" I ' '  

P l i t t l e  e f f e c t  on t h e  integrand), and approximates t he  l i m i t -  

ing value 1178.24 cm" derived from the  G e  I1 spectrum. 

4 .  . , 

.. ' (2) For configurations n1i3n212 w i t h  variable  %$ all  pa- 
. . 

. , rameters F k, Gk' C2 decrease with increasing n2, as is  t o  be 

expected from t h e i r  d e f i n i t i ~ n s . ~  This means t h a t  a s  n2 in- 

" .  . , *  creases, the  coupling conditions tend away from LS o r  LK 

coupling and toward j K  o r  jj coupling. 

(3) For the  configurations 4pns it follows from (2 ) - (4 )  t ha t  

LK, j K ,  and Jj coupling a re  identical .  From the table ,  it i s  

seen t h a t  i n  G e  I t he  coupling is closer  to these than to LS, 

even f o r  the  lowest of the ps  configurations. 
d 

(4)  A l l  parameters Fk, Gk, C decrease a s  1, increases,  so 
2 

t h a t  t he  coupl iw tends away from LS-LK toward JK-JJ. More- 

I 

" .  - .  
over, the G and c2 tend t o  decrease f a s t e r  than F,, EO t h a t  

k 

. . 
. . 

one tends m r e  and &re c losely  toward the  pair-coupling 

approximation. (The ra ther  l a rge  values of C2 i n  t he  pd con- 

f igura t ions  a r e  probably spurious, resu l t ing  from perturba- 
' \ ~  ' 

t i o n s  suggested by the  ra ther  l a rge  e r ro r s  i n  the  energy f i t . )  

. . 

: '. (5) The average p u r i t i e s  are of course approximate, the  
, '  . . .. . 

..,! I eigenvectors being sometimes subdect to coneiderable f luctu-  



, . . ' ./'. , . ' .  
. . , . .  . 

, .  . 
9,. . 

, " . * .  
- v a t ions  as t he  r e s u l t  of perturbations from o ther  configura- 

. . 

tions. However, vith the  possible exceptions of the  5d and - 

1 q 6d configurations, the  accuracy of the  energy f i t s  indicate's 

. , .  t h a t  t he  eigenvectors a r e  pmbably not too f a r  off. I n  the  
I *, . .- . . . 

!. . . ,. ,: 3 '. . 
: .  . . . . cases of 5p and 4d, the  coup'ling is  ra ther  hopelessly mixed 

I <. . up. I n  a l l  o ther  cases the  coupling i s  f a i r l y  d i s t i n c t ,  
, ' - I . I .  . . 

. and moetly indicates  a de f in i t e  tendency to  jK coupling. The 

I o l d  standby LS notation i s  c l ea r ly  appropriate only f o r  bp2 
I '  . 

I $ '  - and perhaps 4 ~ 5 6 ,  4p5p, and 4p4d. 

(6) Theoretical values of the parameters F 6 have been 
k J  Gk' i 

calculated f o r  all  these configurations, using Hartree-Fock- 

S l a t e r  rad ia l  wavefunctions obtained with an adaptation of 

t he  SHARE program developed by Herman and Skillman. 37 With 

the  exception of 6 ,  f o r  the  pd configurations, where a s  al- 

ready indicated t h e  empirical values a re  probably perturbed, 

t h e  theore t ica l  and empirical values show the same general 

trends,  even though the  former tend t o  be ten  t o  f i f t y  per- 

cent l a rge r  than the  l a t t e r .  Since the  theore t ica l  values 

cannot be expected to have high absolute accuracy (nor,  per- 

, . 
. , . . haps, can the  empirical ones, i n  the  one-configuration appro- 

. . . -. 8 %  

. . 
, I  , I I ximation), this generally good agreement provides confirmation 

3 -  3 :  

! :. 
of the conclusions drawn i n  t h e  preceding paragraph. 



, -  . 

, . . . . . .  
<<.,!'. . 

It should be noted t h a t  Ge I is  eomewhat unusual i n  the  extent t o  
. _  . " '  . ' a 
! . . *  . ' 

which JK coupling applies. With lncreaaing atomic number, t h e  Fk and Ck 
, . .  . . .  . . 
i '  i . 
. . .  

, . tend to decrease slowly whereas the  c1 increase rapidly." Thus ' f o r  low 
' b ; * ' - * .  . 
! . . . ' , ." ' atomic number the  e l ec t ro s t a t i c  parameters predominate and r e s u l t  i n  LS 

.* . r : ,  ) 

' * * ? , t ; <  ' ,  ' 

. 4 

, ', t 

* 4 .  . , . 
coupling except f o r  high values of n21, (where there  is  a tendency toward 

. ' .  
' , ,  , . , . 

> , 

LK o r  JK coupling); f o r  high atomic number both of the Ci a re  large and 
* 

. . 2 

r e s u l t  i n  Jj coupling except f o r  high %f2 (where the  coupling may be jK). 

It is  only f o r  intermediate 2 t h a t  conditions a r e  such, i n  neutral-atom 

Y I . .  
" spectra,  as t o  produce approximate jK coup l iw  i n  nearly all  exci ted con- 

. < 

. . figurations;  or the  spectra of ions, these conditions pmbably occur 
- .  

- . 
,. . f o r  lower Z t he  higher  the  s tage of i o n i ~ a t i o n . ~ )  
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V I I .  In t ens i t i e e  and Selection Rules 

'. . ,  
In t ens i t y  re la t ions  and eelection ru l e s  have been derived i n  the 

l i t e r a t u r e  f o r  JK coupling,39 but apparently not f o r  LK coupling. For 

, ,. ,.' , - 
completeness, we derive per t inent  equations f o r  dipole radiat ion i n  a l l  

four  couplings, following ~ o h r l i c h ~ ~  but  using' modern 3n- j notation. 

With wavefunctions of the type (7) f o r  one configuration and similar 

I - 
functions I B ' J ' M ' )  f o r  a second configuration, the  t r ans i t i on  probabi l i ty  

between s t a t e s  of the  two configurations i s  proportional to  the square of 

the dipole moment: 

4 

18 the  ~ l a s s i c a l  dipole vector,  P(') i a  the  correapond- 
9 



: 
. - 

I 

I ' ; ,  , ing i r reducible  tensor  (of rank 1),4' and the  f i n a l  form of (23) involving 
, . 
8 .  

I a reduced matrix element and a 3-3 symbol follows f r o m  the  Wigner-Eckart 

theorem.41)2s-27 We s h a l l  not be concerned here with the  MM' dependence 

of t h i s  expression, and consider only the  sum of (23) over all the  magnetic 

. . f l  . 
. . .. sub-states,  which gives 

since t h e  MM' sum of the  square of the  3-3 function i s  9 ,  independently 

. . 

o$ J, J', and q. 

0 B r I  
We consider only t rans i t ions  of t h e  type nllln,b - nllln,l, i n  which 

f 4 

n212 # n i l  2. Then only the term -er, of contributes to (24) )  and f o r  t h i  s 

S is diagonal i n  the  quantum numbers a1S1L1 characterizing the  states of 
(H , 

the  eubconfiguration 1:. For expansions of the type (7), the  reduced 

. . .  
dipole-matrix element i n  (23) o r  (24) can be expanded i n  terms of s imi la r  

matrix elements f o r  pure-coupling wavefunctions: 

,. , . ; . . .  

' where &b = LS,LK,JIK, d r  JIJZ. The eigenvector components B' a re  given, 
aW 

f o r  example, by the energy-level-fi t  ca lculat ion described i n  Sec. VI. The 

pure-coupling matrix- elements f o r  the  four representations a r e  e a s i l y  





In these expression8 P i s  the reduced matrix element4= 



- '  .the general eelectlon ru le  

a r i s e s  from propert ies  of the  3-j symbol i n  (30). Other se lec t ion  r$les 

w i s e  very eimply from a property of 6-3 symbols such t h a t  

unless each of the  t r i a d s  (abc), ( ae f ) ,  (dbf),  and (dec) s a t i s f i e s  the 

t r i ang le  re la t ion  (i .e. ,  no element of the t r i a d  .is greater  than the sum 

of the other  two). I n  this way we f ind  the select ion ru le  

h J = O , * l  (J = J' = 0 not allowed) 

holding i n  a l l  cases (26) to ( 2 9 ) ,  and f ind  the  following select ion ru les  

ho1dA.q whenever the quantum number in question i s  relevant to the pure-  

coupling case involved: 

A I , = O , f l  (L = L' = 0 not allowed) 

A K = O , f l  (K = K' = 0 not allowed) 

= 0 , f 1 (J,  = j: = 0 not allowed) 



, . 

Of course, the  addi t ional  se lect ion rules  hS = 0 and CLTl = 0 follow from 
. ..A 

:'j  . 
the  d e l t a  functions i n  the  per t inent  equations. Most of these se lec t ion  

. , 

r u l e s  a r e  well known, but we have f e l t  it worthwhile to point  out how 

. . I  , , simply t31.e~ follow from the  Racah treatment and the t r iangle-rule  property 
. j ,  . 

% _ .  . 1 

of the 6-3 symbol. I n  instances where the  coupling is  not close to one 

- ., , 

of the four  pure cases, the select ion m l e s  of course become inval id  to 
. . _ ( .. , .  . . 

. . grea te r  o r  l e s s e r  'extent because of the mixing of pure-basis s t a t e s  

impl ic i t  i n  (25). 
" c I .  . , 

' . ' i^ =. . '.I Under pure-coupling conditions it follows from Eqs. (24) and (25) t h a t  

l i n e  strengths a re  proportional to the  square of t he  appropriate expression 

(26)-(29). Various sum rules ,  some well known and some not, then follow 

., . very simply from a normalization property of 6-3 f o r  example, 
-. . 

from which a l so  

Repeated use of expressions analogous to (36) shows t h a t  i f  2 

ovkr J, J' and all intermediate quantum numbers, then we f i nd  

is  summed 

f o r  t he  t o t a l  



1 -  . 
" l ine s t rength of a l l  t r ans i t i ons  between the  two configurations 

!I , 
which, a s  it should be, i s  independent of the  coupling. 

1 
A s  an example of r e l a t i ve  l i n e  strengths i n  p a i r  coupling, we snow 

!I - i n  Tables I11 and IV values f o r  the t r ans i t i on  pf - pg (or  p5f - p5g) i n  

both pure LK and pure jK coupling. (The l eve l  scheme f o r  pg is  quali-  

I , ,  

t a t i v e l y  iden t ica l  with Fig. 3 except t h a t  a l l  values of L and K a re  

grea te r  by unity.) For simplicity,  we have considered only sums [of t he  

squares of (27) and (28)] over J and J', which i s  consis tent  with the  

absence of J s p l i t t i n g  i n  pure pa i r  coupling, and have multiplied by a 

1 convenience f ac to r  of 223472/$ t o  give in tegra l  resul ts .  Certain sums 
7 

f! over various intermediate quantum numbers are  shown i n  parentheses i n  

*various  blocks of the  tab les  and opposite the  r o w s  and columns of the  

, . tables ;  they a r e  examples of various sum re la t ions  derivable s imi la r ly  

I . to (35). 

Note t h a t  the  i n t ens i t y  pat terns  i n  these tab les  a r e  su'ch t h a t  there  

, . .  
a r e  very few s tmng  l i n e  p a i r s  avai lable  f o r  f inding constant wavenumber 

. . 
differences,  thus making it d i f f i c u l t  to locate  l eve l s  of such configura- 

t i ons  under p a i r  coupling conditions. Moreover, t he  pa t te rns  i n  the two 1 -.'. 

I 
7 .  

l imi t ing  couplings a r e  not su f f i c i en t ly  d i f f e r en t  to provide a de f in i t e  

ba s i s  f o r  decision on the  type of p a i r  coupling ex i s t j ag  i n  a given case, 

on the  bas i s  of i n t ens i t y  considerations alone. This is  wre e a s i l y  done 



on the basis of the re la t ive  positions of the energy levels (cf. t h e  
I 

1: 
l eve ls  K = 5 and K = 5 III ~ i g .  3). I : -  t 

I - .  ' 



, . 

fur ther  

VIII. Weak-field Zeeman Effect  

t e s t  of the accuracy of wavefunctions such those calcu- 

l a t e d  i n  connection with Table I1 can be made by using them t o  compute 

values of the  ~ a n d b  g-factor. 

1 ,  , .  ' *  

I f  the  atom l i e s  i n  a magnetic f i e l d  of ' in tens i ty  X, then there  must 

. be added to  (14) a magnetic energy 

I n  t h i s  f i e l d  only M i s  a constant of the motion and, i n  pr inciple ,  con- 

I - p l e t e  wavefunctions are obtained only a s  l i n e a r  combinations of the  

. ,  1 . : .  functions (7)  f o r  f ixed M but all  J Z M; however, i n  the  limit of very 

I .  . "  . . 
I 

' weak f i e l d s  the  added terms a r e .neg l ig ib l e  and we can use the  functions 

1 . '  (7) without change. It  i s  e a s i l y  seen t h a t  the  magnetic energy f o r  the  

1 .  . . .  

1 . .  s t a t e  k = BJPi I 6  given i n  un i t s  of ~ / 2 m c  by the  matrix product 
(i', , '  



k 
h e r e  g (not to be confused with the  quanti ty defined i n  (15) 1 )  i s  the  

k 
g-factor of the  s t a t e  k, and the Bi a r e  the  eigenvector components (co- 

e f f i c i en t s  in the  expansion (7)), f o r  any spec i f ic  representation. A s  i s  

w e l l  known, the g-matrix 

. " 

I " 

* 

. . 

. . .~ . 

. - . ' ,  . ' .  
< ,  ; ' . 

A .  
i s  e a s i l y  evaluated i n  the  LS representation) where it i s  completely 

, *  . 
I .  

diagonal with diagonal elements 

Values of the  g-factors f o r  each s t a t e  k can ' readi ly  be found from 

(39) by using (41) and, i f  necessary, transforming the eigenvectors in to  
, 

the  IS representation by means of the  appropriate matrix from Sec. 111. 

However, it i s  ins t ruc t ive  t o  instead transform the matrix (41) in to  the 

i t  
I . f-epresentation of In t e r e s t  by means of the  transformation U gU. (T'nis i s  

the  procedure ac tua l ly  followed i n  the RCE code.) Then i f  the  coupling i s  

k 
pure, we see from (39) t h a t  the  g a re  just  the  corresponding diagonal 

element. & of the  g-matfix; if' the coupling is not pure, the  degree of 

aeparture from pur i ty  i s  indicated by the degree ta which t h e  gk depart 
. . 

f r o m  the gyr.44 Unfortunately, there  ex i s t  almost no experimental data  on 



! . .  . I .,. .) g-factors i n  pf configurations; consequently, we use pp' ( o r  ra ther  p5p') 

'. ( .,+ 
t . .  

I i 
as an example: I n  Table V a r e  shown the  complete g-matrices f o r  J = 1 i n  

I . . . '  . .  . the four  representations. I n  Table V I  we l i s t  the  diagonal elements Q 

. . 
- .  f o r  all l eve l s  J # 0 i n  each representation. The cor re la t ion  of s t a t e s  

- I .  

!. . . . i p  the  d i f fe ren t  representations has been made according t o  the  dominant 
t :. 

, . elements of the  three  transformation matrices LS + LK, LK + j K ,  JK - JJ ;  
L .  

. . ,  

t h i s  corre la t ion r e s u l t s  i n  close correla t ion of the  values gkkbetween 

d 

representations. I f  the  correla t ion of s t a t e s  had been made on the  bas i s  

I .  

+ ' of the  continuity of energy leve ls  ( i n  going from LK to j K  coupling) 
. .  . 

s imilar ly  t o  Fig. 3 f o r  pf ,  then a l l  P and D s t a t e s  would have been corre- 

l a t e d  w i t h  Jl = 4 and 2, respectively; t h i s  would have reversed the  corre- 

' .  . l a t i ons  f o r  'D and 'P(K = $,J = 1 )  and f o r  'D and 3 ~ ( ~  = $,J = 2 )  f o r  

. . reasons en t i r e ly  analogous to  Fig. 4,  and would have spoiled the correla- 

@ I  t i on  between the  g f o r  LS o r  LK coupling and those f o r  jK o r  J j  coupling. 
kk 

. 1.5 

. . 
~ l s o  6 h 0 ~ 1  i n  Table V I  are  experimental values of the  gk f o r  the  two 

lowest p5p' configurations of the r a r e  gases,45 together with correspond- . 

'i 
?- . . 
.. . ing values calculated from ( 3 9 )  using wavefunctions derived a s  described 

in Section V I  from least-square f i t s  of t he  energy levels.  We note -the 

I 

- ,. , . . . ' 
(1)  Calculated g-factors agree reasonably well w i t h  the  ob- 

. .-I 
, .  i 

I r 

, i .  served values. 
* .. 

. .  
.r- ! . (2) Both the%-factors  and the calculated average p u r i t i e s  

indicate  strong departures f r o m  LS coupling in a l l  cases, and 



a de f in i t e  tendency toward JK ceupling -- especial ly  f o r  the  

higher configuration (smaller Fk, Gk, and C r )  and f o r  higher 
P 

. . Z ( l a rge r  6 ). 
P 

. , . .  . ,  .. . . .  
(3)  I n  the  case of Ne I 3p, .where the coupling may be ex- 

. 
petted t o  be c loses t  to LS o r  LK and f a r t h e s t  from JK-jj,  

. the  observed g values c l ea r ly  indicate  incorrect  assignments 

f o r  the  four K = 2 levels.  This i s  because the  g values were 

. . 
.entered i n  Table V I  according t o  the  jK assignments l i s t e d  i n  

, :  
AELa; i f  the  more appropriate LK notation had been used, then 

the  l eve l  with g = 0.999 would have been designated P[:] ra ther  
-' . 

than $[g], etc. ,  and all g values would have come out  i n  the  

v .  

proper order. Here we see d i r e c t  experimental confirmation 

of composition reversals  l i k e  those shown i n  Fig. 4,48 and 

. . see again t he  danger i n  exclusive use of one type of coupling 

notation t o  designate the  nature of a s t a t e  even though t h i s  

t may be adequate to iden t i fy  an e n e r a  l eve l  (cf .  the remarks 

at  the end of Pec. V). 
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3 .  

Table I. Calculated Composition of the Low-Energy J = 3 Sta t e s  

. , 
of N I1 2p4f. (Values i n  parentheses a r e  f o r  the pair-  

. . 
6 .  . 
. . . . '  . - 
.., . . i . coupling approximation, G2 = G, = Cf = 0.) 

. < . (  
I . .  * 

Level (cm") 1- f3 Gs 
3 
FJ 

3 
D3 

3 

. . 
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Table 11; Least Square Parameter Values and Coupling m e  i n  G e  I 

(STDEV and .parameter values i n  cm") 

(From Ge I1 4s21rp, l i r n  = 1178.24 c m - l  . ) 
, 

4 P 

Conf'. - 

4 ~ 5 s  

4 6 6  

4 ~ 7 s  

4 ~ 8 s  

4 ~ 9 s  

4p2 

4 ~ 5 ~  

4p6p 

4 ~ 7 ~  

4p4d 

4p5d 

4p6d 

4p4f 

4p5f 

4 ~ 6 f  

Ave. Purity (percent) 
Is M - - L K  jj 

87 94 94 94 

74 99 99 99 

72 loo loo 100 

70 loo loo loo 

69 loo loo loo 

99 -- -- 65 

73 72 77 73 

65 71 86 87 , 

63 68 86 91 

71 63 73 74 

64 68 85 84 

3 6  59 83 92 

50 66 % 92 

52 70 99 94 

52 71 99 95 

STDEV No. No. 
Lev. Par. STDEV ---- 

4 3 1.2 0.05% 

4 3 86.8 4.3 

4 3 44.7 2.3 

4 3 7.6 0.41 

4 3 42.7 2.4 

5 3 40.6 0.25 

10 6 2 0.42 

10 6 14.6 0.60 

10 6 9.3 0.41 

12 6 135.0 3.1 

12 6 214.3 7.9 

12 6 95.4 4.1 

1'2 6 3.1 0.16 

12 6 2.4 0.13 

9 6 0.2 0.01 

F2 - G,-l 6 G p  C, -- - - 
- - -- 576 1110 -- 

- - -- 158 12i3 --  

- - -- 116 1203 - - 
- - -- '62 1178 ' - - 
- - -- 51 1149 - - 

1016 - - - - 906' - - 

148 915 14 1144 105 

48 303 5 1155 34 

22 160 6 1173 10 

196 172 7.6 1190 40.6 

9 58 3.6 1129 69.6 

19 3 5 1.0 1206 57.6 

8.5 0.2 0.0 1176 -0.4 

4.1 0.1 -0.1 1175 -0.0 

2.2 0.1 -0.0 1180 -0.2 
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. . 
'% 

I .  . . . ., .. 

Relative Line -Strengths f o r  pf - pg ( o r  p5f - p5g) Tr&sitions i n  LK,Coupling 



Table IV. Relative Line Strengths for pf - pg (or p5f - pSg) Transitions in j~ Coupling' 



. . 

,. Table V. J a 1 g-Matrices for pp' or p5p' in the Representations LS, 

LKf JK, 33 



\ 

T&le VI. ~ a n d 6  g-Factors, Least-Sqare h rm.? te r s ,  and ~oupl ing  b e  i n  pSp' 

Level 

SIJ J ~ K  j, _ _ _  
3 ~ 1  *($I 

lp, s[$] 

3p1 $2) g 

3s1 s[+] $ 

l ~ ,  $[$I 2 

=D, 2[$] 

3 ~ 2  ;[$I $ 

3 ~ 3  $[$I , $ 

% 

LS LK jK JJ - - - - 

0.500 0.500 0.611 0.667 

1.000 1.167 1.0% 1.333 

1.500 1.333 1.556 1.500 

2.000 2.000 1.778 1.500 

1.000 1.067 1.067 1.167 

1.167 1.100 1.167 1.167 

1.500 1.500 1.433 1.333 

1 . 3  1 . 3  1 . 3  1 3 3  

167 45 178 4a 176 4 5 

768 239 693 218 650 204 

40 15 42 13 42 13 

378 518 921 . 947 35% 35% 

-10 -3 24 14 153 60 

59 18 38 12 46 17 

1.2 1.0 1.1 0.5 0.6 0.3 

84 60 63 60 60 60 

89 79 74 75 74 74 

61 91 83 96 96 : - 9 6  

56 80 74 84 86 89 

F2 

parameter 

Values C2 

(--=I 
% 

iCp1 

ST? (cm-') 
€ l l  I 

S T E E V / V I D ~  ($) 

LS 

Average Purisy 
LK 

1 

(percent) 

Ne 

22% 

obs calc 

0.999 1.108 

0.669 0.558 

1.340 1.340 

1.984 1.994 

1.137 1.145 

1.301 1.419 

1.229 1.102 

1.329 1.333 

K r  

4pS5p - 
obs calc - - -  

0.647 0.645 

1.001 1.005 

1.452 1.457 

1.898 1.893 

1.099 1.110 

1.181 1.181 

1.386 1.375 

1.336 1.333 

JK 

I 

2p54P 

obs calc - - -  
0.685 0.707 

0.974 0.964 

1.397 1.400 

1.929 1.929 

1.112 1.122 

1.184 1.187 

1.360 1.358 

1.328 1.333 

I 

I - 

- 4p56p 

obs calc - 
,0.648 0.648 

1.034 1.031 

1.401 1.494 

1.834 1.828 

1.107 1.119 

1.158 1.169 

1.403 1.379 

1.333 1.333 

\ J J  

A 

& 

obs calc 

0.819 0.877 

0.838 0.786 

1.380 1.362 

1.985 1.985 

1.112 .1.120 

1.260 1.265 

1.305 1.332 

1.338 L. 333 

I 

Sp55~ 

obs calc 

0.61 0.645 

1.01. 1.007 

1.45 1.456 

1.90 1.892 

1.09 1.108 

1.18 1.180 

1.42 1.379 

-- 1.333 



Table AI. Transformation Matrices for pf, p5f, or f13p. (Matrices for the LS - JK, LK - jJ, and LS - jJ transformations are 

readily obtainable by multiplication of those given here. ) 



Table AII. Coefficient Matrices for pf , 

(coefficients are for F2, C2, C4, Cp, cf, in that order) 

LS Coupling 

LK Coupling 

. 



Table AII (continued). 

JJ.  Coupling 

@+12/6+60J6+0+0 6 
- 7  7 7 

12+47 108 1 - -  - - - + -  2 2 4 B -  ti+ O+ O+ 0 
7 7  7 2  

o + 7 + 0 -  1- 2 



. . Table AIII. Coefficient Matrices for p5f Coefficients for FZ, 6p, and Cf 
' a , $  .. . 

C .  
. . are respectively -1, -1, and +1 times those for pf. The only non- 

, . . . .,: ;, ". : . 

I; 
zero coefficients for G, and G4 are as shown below. 

, t *  

LS Coupling JK Coupling 

LK Coupling j;) Coupling 
. . 

12 
. , 

' .  . 



Figure Captions 

. 
Fig. 1. The development o f  the  l e v e l  s t r u c t u r e  of  t h e  conf igura t ion  pf 

f o r  both LS-coupling ( 5  '. 0)  and LK coupling ( 5  2 1 )  condit ions,  and t h e  

t r a n s i t i o n  from one extreme to t h e  o t h e r  f o r  t h e  s p e c i a l  case  F2 = 1, 

50G2 + Cp = 3, G4 = Cf = 0. Note the  inver t ed  3 ~ ,  and t h a t  a s  5  i nc reases  

.._, t h e  t r i p l e t  l e v e l  which s p l i t s  o f f  to p a i r  with t h e  s i n g l e t  i s  t h e  l e v e l  
( 

J = L + 1 f o r  3~ and t h e  l e v e l  J = L - 1 f o r  3~ and 'F. 

Fig. 2. The development o f  the  l e v e l  s t r u c t u r e  of  t h e  conf igura t ion  pf 

f o r  jK-coupling ( 5  z 0) and j j -coupling (5 2r 1 )  condit ions,  and t h e  

t r a n s i t i o n  between t h e  two extremes f o r  t h e  s p e c i a l  case 5 = 1, jF2 + 
P 

Sf = 0.15, G, 3 G4 = 0. Note t h a t  t h e  two h ighes t  J = 4 l e v e l s ,  and the 

two lowest J = 3 l e v e l s ,  would cross  i f  it were not  f o r  the i n t e r a c t i o n  

between them. 

- . ;  .( 

Fig. 3. The energy-level  s t r u c t u r e  o f  t h e  conf igura t ion  pf i n  p a i r  

coupling ( G ~  =. Cf = 0). The twelve J - s t a t e s  o f  t h i s  conf igura t ion  
4 '  - 

.. . . .. correspond t o  SIX doubly-degenerate l e v e l s ,  each charac ter ized  by a 

value  o f  [K] and with J = K f 3. I n  the  l i m i t  5 -+ 0 ,  pure LK-coupling 

. '. 
7 .  . . e x i s t s  and t h e  t h r e e  quadruply-degenerate,levels correspond to L = F, G, 



D; i n  t h e  l i m i t  5 4 1 ,  t h e  coupling i s  pure j,K, with one quadruply- 
\ 

, . 
. degenerate j1 = 5 l e v e l  and one e igh t - fo ld  degenerate jL 3 2 l eve l .  A s  

example's, t h e  pos i t ions  of  t h e  l e v e l s  of  P I1 3p4f and of N I1 2p4f-6f 
. . 

. . . , are p l o t t e d  a t  t h e  appropr ia te  5 values. 

. . 
> ,  . 

Fig. 4. The composition of the  lower-energy K = $ s t a t e s  ( e i t h e r  J = 3 

o r  4, and auy M value)  o f  the  conf igura t ion  pf. The s o l i d  curves g ive  

t h e  composition when using t h e  LK r ep resen ta t ion  (e. g. , a t  5 = 0.2, 

t hese  states are each 96 percent  F[$] and 4 percent  G [ $ ] ) .  Simi la r ly ,  

. 
t h e  dashed curves g ive  t h e  composition h e n  using j K  b a s i s  f u n c t i o ~ s  

(e. g. , a t  5 = 0.2 t he  s t a t e s  a r e  40 percent  $[$I and 60 percent  $[$I ). 

(The compositions of  the  higher-energy 'K = 5 s t a t e s  a r e  t h e  complements 

of the, low-energy compoeitions; i . e . ,  t hey  are given by interchanging 

t h e  F and G l a b e l s ,  and interchanging t h e  jl values ,  i n  t h e  f igure . )  

Fig. 5. The average p u r i t y  of the  eigenvectors  of t h e  pf conf igura t ion  

(averaged over  t h e  t e n  l e v e l s  3 # 1,5) ,  f o r  each of  the four  representa-  

t i o n s  LS, LK, j K ,  jj. 
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