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Coupling Online and Offline
Analyses for Random Power
Law Graphs

Fan Chung and Linyuan Lu

Abstract.  'We develop a coupling technique for analyzing online models by using offline
models. This method is especially effective for a growth-deletion model that gener-
alizes and includes the preferential attachment model for generating large complex
networks which simulate numerous realistic networks. By coupling the online model
with the offline model for random power law graphs, we derive strong bounds for a
number of graph properties including diameter, average distances, connected compo-
nents, and spectral bounds. For example, we prove that a power law graph generated
by the growth-deletion model almost surely has diameter O(logn) and average distance
O(loglogn).

[. Introduction

In the past few years, it has been observed that a variety of information networks,
including Internet graphs, social networks, and biological networks among others
[Aiello et al. 00, Aiello et al. 02, Barabdsi and Albert 99, Barabdsi et al. 00,
Jeong et al. 00, Kleinberg et al. 99, Lu 01], have the so-called power law degree
distribution. A graph is called a power law graph if the fraction of vertices with
degree k is proportional to ki@ for some constant § > 0. There are basically two
different models for random power law graphs.

The first model is an “online” model that mimics the growth of a network.
Starting from a vertex (or some small initial graph), a new node and/or new
edge is added at each unit of time following the so-called preferential attachment
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scheme [Aiello et al. 02, Barabési and Albert 99, Kleinberg et al. 99]. The
endpoint of a new edge is chosen with the probability proportional to their
(current) degrees. By using a combination of adding new nodes and new edges
with given respective probabilities, one can generate large power law graphs with
exponents [ greater than 2 (see [Aiello et al. 02, Bollabds and Riordan 03] for
rigorous proofs). Since realistic networks encounter both growth and deletion of
vertices and edges, we consider a growth-deletion online model that generalizes
and includes the preferential attachment model. Detailed definitions will be
given in Section 3.

The second model is an “offline” model of random graphs with given expected
degrees. For a given sequence w of weights w;, a random graph in G(w) is
formed by choosing the edge between v and v with probability proportional to
the product of w, and w,. The Erdds-Rényi model G(n,p) can be viewed as
a special case of G(w) with all w; equal. Because of the independence in the
choices of edges, the model G(w) is amenable to a rigorous analysis of various
graph properties and structures. In a series of papers [Chung and Lu 02a, Chung
and Lu 02b, Chung et al. 03, Lu 01], various graph invariants have been examined
and sharp bounds have been derived for diameter, average distance, connected
components, and spectra for random power law graphs and, in general, random
graphs with given expected degrees.

The online model is obviously much harder to analyze than the offline model.
There has been some recent work on the online model beyond showing that the
generated graph has a power law degree distribution. Bollobas and Riordan
[Bollabds and Riordan 03] have derived a number of graph properties for the
online model by “coupling” with G(n,p), namely, identifying (almost regular)
subgraphs whose behavior can be captured in a similar way as graphs from
G(n,p) for some appropriate p.

In this paper, our goal is to couple the online model with the offline model
of random graphs with a similar power law degree distribution so that we can
apply the techniques from the offline model to the online model. The basic idea
is similar to the martingale method but with substantial differences. Although
a martingale involves a sequence of functions with consecutive functions having
small bounded differences, each function is defined on a fixed probability space
Q). For the online model, the probability space for the random graph generated
at each time instance is different in general. We have a sequence of probability
spaces where two consecutive ones have “small” differences. To analyze this, we
need to examine the relationship of two distinct random graph models, each of
which can be viewed as a probability space. In order to do so, we shall describe
two basic methods that are not only useful for our proofs here but also interesting
in their own right.
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e Comparing two random graph models. We define the dominance of

one random graph model over another in Section 4. Several key lemmas
for controlling the differences are also given there.

e A general Azuma inequality. A concentration inequality is derived

for martingales that are almost Lipschitz. A complete proof is given in
Section 5.

The main goal of this paper is to show the following results for the random
graph G generated by the online model G(p1, p2, p3, P4, m) With p; > p3, p2 > pa,
as defined in Section 5:

1.

Almost surely the degree sequence of the random graph generated by
growth-deletion model G(p1,p2,ps3,ps,m) follows the power law distrib-
ution with exponent 8 =2+ (p1 + p3)/(p1 + 2p2 — p3 — 2p4).

. Suppose m > log' "¢ n. For py < p3+p4, we have 2 < § < 3. Almost surely

a random graph in G(pi,ps,ps, ps, m) has diameter ©(logn) and average
distance O(%). We note that the average distance is defined to be
the average over all distances among pairs of vertices in the same connected

component.

. Suppose m > log'™“n. For p, > ps + ps, we have § > 3. Almost surely

a random graph in G(pi,ps,ps, ps, m) has diameter ©(logn) and average
distance O(ll%g—Z) where d is the average degree.

g
Suppose m > log' ™ n. Almost surely a random graph in G (p1, pa, p3, pa, m)
has Cheeger constant at least 1/2 + o(1).

Suppose m > log' ™ n. Almost surely a random graph in G(py, p2, ps, pa, m)
has spectral gap A at least 1/8 + o(1).

We note that the Cheeger constant hg of a graph G, which is sometimes called
the conductance, is defined by

o BaA)
min{vol(A),vol(A4)}’

where vol(A) = > _, deg(xz). The Cheeger constant is closely related to the
spectral gap A of the Laplacian of a graph by the Cheeger inequality

2he > A > hi /2.

Thus, both hg and A are key invariants for controlling the rate of convergence
of random walks on G.
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2. Strong Properties of Offline Random Power Law Graphs

For random graphs with given expected degree sequences satisfying a power law
distribution with exponent 3, we may assume that the expected degrees are
w; = ¢i” T for i satisfying i9 < i < n + ip. Here ¢ depends on the average
degree, and iy depends on the maximum degree m, namely, ¢ = %dnﬁ and

(A=
YT M\m-y)
2.1.  Average Distance and Diameter

Fact 2.1. ([Chung and Lu 02b]) For a power law random graph with exponent 3 > 3
and average degree d strictly greater than 1, almost surely the average distance
is (1 + 0(1))11%2% and the diameter is ©(logn).

Fact 2.2. ([Chung and Lu 02b]) Suppose a power law random graph with exponent
0B has average degree d strictly greater than 1 and maximum degree m satisfying
logm > logn/loglogn. If 2 < B < 3, almost surely the diameter is ©(logn)
and the average distance is at most (2 + 0(1))% .

For the case of 8 = 3, the power law random graph has diameter almost surely

O(logn) and has average distance ©(logn/loglogn).
2.2.  Connected Components

Fact 2.3. ([Chung and Lu 02a]) Suppose that G is a random graph in G(w) with
given expected degree sequence w. If the expected average degree d is strictly
greater than 1, then the following hold:

1. Almost surely G has a unique giant component. Furthermore, the volume of

the giant component is at least (1 — \/Ld—e +0(1))Vol(G) ifd > 2 =1.4715. ..

and is at least (1 — %Ld +0(1))Vol(G) if d < 2.

2. The second largest component almost surely has size 0(11323).

23.  Spectra of the Adjacency Matrix and the Laplacian

The spectra of the adjacency matrix and the Laplacian of a non-regular graph
can have quite different distribution. The definition for the Laplacian can be
found in [Chung 97].
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Fact 2.4. ([Chung et al. 03])

1. The largest eigenvalue of the adjacency matriz of a random graph with a
given expected degree sequence is determined by m, the maximum degree,
and d, the weighted average of the squares of the expected degrees. We
show that the largest eigenvalue of the adjacency matrixz is almost surely
(1 + o(1)) max{d, /m} provided that some minor conditions are satisfied.
In addition, suppose that the kth largest expected degree my, is significantly
larger than d2. Then the kth largest eigenvalue of the adjacency matriz is
almost surely (1 + o(1))/my.

2. For a random power law graph with exponent 3 > 2.5, the largest eigenvalue
of a random power law graph is almost surely (14 0(1))y/m, where m is the
maximum degree. Moreover, the k largest eigenvalues of a random power
law graph with exponent B have power law distribution with exponent 20 —1
if the maxzimum degree is sufficiently large and k is bounded above by a
function depending on B, m, and d, the average degree. When 2 < 3 < 2.5,
the largest eigenvalue is heavily concentrated at cm>~? for some constant
¢ depending on B and the average degree.

3. We will show that the eigenvalues of the Laplacian satisfy the semicircle
law under the condition that the minimum expected degree is relatively large
(> the square root of the expected average degree). This condition contains
the basic case when all degrees are equal (the Erdos-Rényi model). If we
weaken the condition on the minimum expected degree, we can still have the
following strong bound for the eigenvalues of the Laplacian which implies
strong expansion rates for rapidly mizing:

2
max |1 — )| < (1 —|—0(1))i_ + M,
70 \/E Wmin
where w s the expected average degree, wmi, S the minimum expected
degree, and g(n) is any slow growing function of n.

3. A Growth-Deletion Model for Generating Random Power Law Graphs

One explanation for the ubiquitous occurrence of power laws is the simple growth
rules that can result in a power law distribution (see [Aiello et al. 02, Barabési
and Albert 99]). Nevertheless, realistic networks usually encounter both the
growth and deletion of vertices and edges. Here we consider a general online
model that combine deletion steps with the preferential attachment model.
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Vertex-growth step. Add a new vertex v and form a new edge from v to an
existing vertex u chosen with probability proportional to d,.

Edge-growth step. Add a new edge with endpoints to be chosen among
existing vertices with probability proportional to the degrees. If existing
in the current graph, the generated edge is discarded. The edge-growth
step is repeated until a new edge is successfully added.

Vertex-deletion step. Delete a vertex randomly.

Edge-deletion step. Delete an edge randomly.

For nonnegative values pi, p2, p3, p4 summing to 1, we consider the following
growth-deletion model G(p1, p2, ps, p4):

At each step,
with probability p;, take a vertex-growth step;
with probability ps, take an edge-growth step;
with probability ps, take a vertex-deletion step;
with probability ps = 1 — p1 — p2 — p3, take an edge-deletion step.

Here we assume that p3 < p; and ps < pg so that the number of vertices and
edge grows as t goes to infinity. If p3 = py = 0, the model is just the usual
preferential attachment model that generates power law graphs with exponent
8 =2+ p—l_{g—m. An extensive survey on the preferential attachment model
is given in [Mitzenmacher 05] and rigorous proofs can be found in [Aiello et
al. 02, Cooper and Frieze 03].

This growth-deletion model generates only simple graphs because the multiple
edges are disallowed at the edge-growth step. The drawback is that the edge-
growth step could run in a loop. It only happens if the current graph is a
completed graph. If this happens, we simply restart the whole procedure from
the same initial graph. With high probability, the model generates sparse graphs
so that we could omit the analysis of this extreme case.

Previously, Bollobas considered edge deletion after the power law graph is
generated [Bollabds and Riordan 03]. Very recently, Cooper, Frieze, and Vera
[Cooper et al. 04] independently consider the growth-deletion model with vertex
deletion only. We will show (see Section 6) the following.

Suppose that ps < p; and py < pa. Then almost surely the degree sequence
of the growth-deletion model G(p1, p2, ps3,ps) follows the power law distribution
with the exponent
P1+ D3

/8:2+ .
D1+ 2p2 —p3 — 2py
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We note that a random graph in G(p1,p2,ps3,ps) almost surely has expected
average degree (p1 + p2 — p4)/(p1 + p3). For of p;s in certain ranges, this value
can be below 1 and the random graph is not connected. To simulate graphs with
specified degrees, we counsider the following modified model G(p1, p2, p3, Pa, M),
for some integer m that generates random graphs with the expected degree
m(p1 + p2 — pa)/(p1 + p3):

At each step,
with probability p;, add a new vertex v and form m new edges from v
to existing vertices u chosen with probability proportional to d,;
with probability ps, take m edge-growth steps;
with probability ps, take a vertex-deletion step;
with probability ps = 1 — p; — ps — p3, take m edge-deletion steps.

Suppose that ps < p; and py < p2. Then almost surely the degree sequence of
the growth-deletion model G(p1, p2, p3, P4, m) follows the power law distribution
with the exponent § the same as the exponent for the model G(p1, p2, p3,ps):

B=2+ P1+ D3 .
P1+2p2 —p3 — 2pa
Many results for G(p1,p2,ps,ps, m) can be derived in the same fashion as for

G(p1,p2,p3,p1). Indeed, G(p1,p2,p3,p4) = G(p1,p2,p3,pa,1) is usually the
hardest case because of the sparseness of the graphs.

4. Comparing Random Graphs

In the early work of Erdés and Rényi on random graphs, they first used the
model F(n,m) that each graph on n vertices and m edges is chosen randomly
with equal probability, where n and m are given fixed numbers. This model is
apparently different from the later model G(n, p), for which a random graph is
formed by choosing independently each of the (g) pairs of vertices to be an edge
with probability p. Because of the simplicity and ease to use, G(n, p) is the model
for the seminar work of Erdés and Rényi. Since then, G(n,p) has been widely
used and often been referred to as the Erdés-Rényi model. For m = p(g), the
two models are apparently correlated in the sense that many graph properties
are satisfied by both random graph models. To precisely define the relationship
of two random graph models, we need some definitions.

A graph property P can be viewed as a set of graphs. We say that a graph
G satisfies property P if G is a member of P. A graph property is said to
be monotone if whenever a graph H satisfies A, then any graph containing H
must also satisfy A. For example, the property A of containing a specified
subgraph, say, the Peterson graph, is a monotone property. A random graph G
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is a probability distribution Pr(G = -). Given two random graphs G; and G5 on
n vertices, we say that G1 dominates G5 if, for any monotone graph property A,
the probability that a random graph from G satisfies A is greater than or equal
to the probability that a random graph from Gy satisfies A, i.e.,

Pr(G; satisfies A) > Pr(G; satisfies A).

In this case, we write G; > G2 and G2 < G;. For example, for any p; < po, we
have G(n,p1) < G(n,p2).

For any € > 0, we say that G; dominates G, with an error estimate ¢ if, for
any monotone graph property A, the probability that a random graph from G,
satisfies A is greater than or equal to the probability that a random graph from
G- satisfies A up to an € error term, i.e.,

Pr(G; satisfies A) + ¢ > Pr(G» satisfies A).

If G1 dominates G2 with an error estimate € = ¢,, which goes to zero as n
approaches infinity, we say that (G; almost surely dominates Gs. In this case,
we write almost surely G; = G5 and G2 = G;.

For example, for any § > 0, we have almost surely

G (n,(l - 5)%) < F(n,m) < G <n,(1 +5)%> .

We can extend the definition of domination to graphs with different sizes in the
following sense. Suppose that the random graph G; has n; vertices for ¢ = 1,2,
and n; < ny. By adding no — n; isolated vertices, the random graph G; is
extended to the random graph G} with the same size as G3. We say that Ga
dominates G; if G2 dominates Gf.

We consider random graphs that are constructed inductively by pivoting at
one edge at a time. Here we assume the number of vertices is n.

Edge-pivoting. For an edge e € K,,, a probability ¢ (0 < ¢ < 1), and a random
graph G, a new random graph G’ can be constructed in the following way.
For any graph H, we define

(1-¢q)Pr(G=H) iteg E(H),

Pr(G'=H) = {Pr(G_H)+qPr(G—H\{e}) if e € B(H).

It is easy to check that Pr(G’ = -) is a probability distribution. We say
that G’ is constructed from G by pivoting at the edge e with probability q.
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For any graph property A, we define the set A. to be
A, ={HU{e}|H € A}.
Further, we define the set Az to be
As; ={H\ {e}|H € A}.

In other words, A, consists of the graphs obtained by adding the edge e to the
graphs in A; Az consists of the graphs obtained by deleting the edge e from the
graphs in A. We have the following useful lemma.

Lemma 4.1. Suppose that G’ is constructed from G by pivoting at the edge e with
probability q. Then for any property A, we have

Pr(G' € A) =Pr(G € A) +q[Pr((AN A.)s) — Pr(An Ap)].
In particular, if A is a monotone property, we have
Pr(G' € A) > Pr(G € A).

Thus, G' dominates G.

Proof. The set associated with a property A can be partitioned into the following
subsets. Let A; = AN A, be the graphs of A containing the edge e, and let
As = AN A; be the graphs of A not containing the edge e. We have
PI‘(G/ S A) = PI‘(GI S Al) + PI'(G/ S Ag)
= Y Pr(G'=H)+ ) PG =H)

HeA, HeA;
= > (Pr(G=H)+qPr(G=H)\{e}))
HeA,
+ > (1—q)Pr(G = H)
HeA;

= Pr(Ge A))+Pr(Ge Ay)+qPr(G € (A1)z) — qPr(As)
= Pr(Ge A)+qPr((ANA.)s) — Pr(AN Az)].

If A is monotone, we have Ay C (A1)z. Thus,
Pr(G' € A) > Pr(G € A).

Lemma 4.1 is proved. O
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Lemma 4.2. Suppose that G is constructed from G; by pivoting the edge e with
probability q;, for i = 1,2. If ¢ > g2 and G1 dominates G2, then G} domi-
nates Gb.

Proof. Following the definitions of A, and letting A; and A5 be as in the proof of
Lemma 4.1, we have

Pr(G, e A) = Pr(Gs € A)+ ¢2[Pr(G2 € (A1)s) — Pr(Gs € A3)]
= Pr(Gz € A) + @2 Pr(G2 € ((A1)e \ A2))
> Pr(Gy € A)+ ¢ Pr(G1 € ((A1)e\ A2))
= Pr(Gy € A)+ q1[Pr(G1 € (41):) — Pr(Gy € Ay)]
= Pr(G] €A
The proof of Lemma 4.2 is complete. O

Let G; and G2 be the random graphs on n vertices. We define G; U G2 to be
the random graph as follows:

PI‘(Gl U G2 = H) = Z PI‘(Gl = Hl) PI‘(GQ = H2)
HiUH>=H
where Hi, Hy range over all possible pairs of subgraphs that are not necessarily
disjoint.
The following lemma is a generalization of Lemma 4.2.

Lemma 4.3. If G; dominates G3 with an error estimate €, and Go dominates Gy
with an error estimate €5, then G1UG2 dominates G3UG4 with an error estimate
€1 + €.

Proof. For any monotone property A and any graph H, we define the set f(A, H)
to be
f(A H) ={G|GUH € A}.

We observe that f(A, H) is also a monotone property. Therefore,

Pr(GiUGy€A) = Y Y Pr(Gy=H)Pr(Gy = Hy)

HeA HiUHy=H

- ZPr (G1 = H1)Pr(G; € f(A, Hy))

v

ZPI‘ Gl H1 PI‘(G4 S f(A Hl)) — 62)

v

(G1UG4 GA)—GQ.
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Similarly, we have
Pr(GiUG4 € A) > Pr(Gs3 UGy € A) — €.
Thus, we get
Pr(G1UG2 € A) > Pr(Gs UG € A) — (1 + €2),
as desired. O

Suppose that ¢ is a sequence of random graphs ¢(G1), #(Gs), ..., where the
indices of ¢ range over all graphs on n vertices. Recall that a random graph G
is a probability distribution Pr(G = -) over the space of all graphs on n vertices.
For any random graph G, we define ¢(G) to be the random graph defined as
follows:

Pr(¢(G)=H)= > Pr(G=H)Pr(¢(H) = Hy).
H\OHo=H

We have the following lemmas.

Lemma 4.4. Let ¢1 and ¢2 be two sequences of random graphs where the indices of
¢1 and ¢2 range over all graphs on n vertices. Let G be any random graph. If

Pr(G € {H|¢1(H)dominates ¢o(H)with an errorestimate €1}) > 1 — €g,

then ¢1(G) dominates ¢2(G) with an error estimate €1 + €.

Proof. For any monotone property A and any graph H, we have
Pr(¢1(G) € 4) = Z Z Pr(G = Hi) Pr(¢:(H1) = H>)
HEA HiUH,=H
= ZPY(G = H1) Pr(¢1(Hi) € f(A, H1))
H,

> > Pr(G=H)Pr(¢2(H1) € f(A Hy)) —e1 — 3
H,
> PI‘(¢2(G) € A) — (61 + 62),

as desired, since f(A,H) = {G|GU H € A} is also a monotone property. O
Let G; and G2 be the random graphs on n vertices. We define G \ Ga to be

the random graph as follows:

Pr(Gi\Gy=H)= Y Pr(Gi=H)Pr(Gy = H),
H{\H2=H

where H; and H> range over all pairs of graphs.
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Lemma 4.5. If G1 dominates G3 with an error estimate €; and Go is dominated
by G4 with an error estimate €2, then G1 \ G2 dominates G3 \ G4 with an error
estimate €1 + €5 .

Proof. For any monotone property A and any graph H, we define the set ¢(A, H)
to be
V(A H) ={G|G\ H € A}.

We observe that (A, H) is also a monotone property. Therefore,

PI‘(Gl \GQ € A) = Z Z PI‘(Gl = Hl)Pr(Gg = H2)

HEAH\Hy=H
= ZPr (G2 = Hy) Pr(Gy € ¢(A, Hy))

> ZPr (G2 = H3)(Pr(Gs € (A, Ha)) — 1)

> PI‘(G3 \ Gy € A) — €71.
Similarly, we define the set 8(A, H) to be
0(A,H)={G|H \ G € A}.

We observe that the complement of the set §(A, H) is a monotone property. We
have

Pr(Gs\ Gy € A) > ) Pr(Gs=Hy)Pr(Gy = Hy)

HEA H|\Ho=H

= ZPr (G3 = Hy) Pr(Gy € 6(A, Hy))

> ZPr (G3 = Hy)(Pr(Gy € 0(A, Hy)) — €2)
> (Gg\G4EA)—62.
Thus, we get
PI‘(Gl UG, € A) > PI‘(G3 UGy € A) — (61 + 62),
as desired. O

A random graph G is called edge-independent (or independent, for short) if
there is an edge-weighted function p: E(K,) — [0, 1] satisfying

= Hpe X H(l_pe)-

ecH e¢H
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For example, a random graph with a given expected degree sequence is edge-
independent. Edge-independent random graphs have many nice properties, sev-
eral of which we derive here.

Lemma 4.6. Suppose that G and G’ are independent random graph with edge-
weighted functions p and p'; then, G U G’ is edge-independent with the edge-
weighted function p” satisfying

Do = Pe + P — PeDla-

Proof. For any graph H, we have

Pr(GUG' =H) = Y  Pr(G=H)Pr(G = H,)

H,UH;=H

= > I re IT 2 I O=pes) J] =2
H{UHy;=H e1€H; ex€EH> e3¢ H, es€Ho

= H(l—pe)(l—p;) H(pe(l_p/e)+(1_pe)p/e+pep/e)
e¢H ecH

= JI#!xJ[Q-2).
ecH e¢H

O

Lemma 4.1. Suppose that G and G’ are independent random graph with edge-
weighted functions p and p’; then, G\ G’ is independent with the edge-weighted
function p” satisfying
/! /
Pe = pe(1 = pe)-

Proof. For any graph H, we have

Pr(G\G'=H) = > Pr(G=H)Pr(G =H,)

Hi\H.=H

= > I v I 2 T] O =pes) J] 1 =0L)
Hl\HQZH e1€H; exEHo 63€H1 64€H2

= H(pe(l_p:a)) H(l_pe _pep;)
ecH e¢H

= [I»>J1-p).
ecH eZH

O

Let {pe}ecr(k,) be a probability distribution over all pairs of vertices. Let
G1 be the random graph of one edge, where a pair e of vertices is chosen with
probability p.. Inductively, we can define the random graph G,, by adding
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one more random edge to G,,,—1, where a pair e of vertices is chosen (as the new
edge) with probability p.. (There is a small probability of having the same edges
chosen more than once. In such cases, we will keep on sampling until we have
exactly m different edges.) Hence, G,, has exactly m edges. The probability
that G,,, has edges ey, ..., e, is proportional to p,Pe, - *Pe,,- The following
lemma states that G, can be sandwiched by two independent random graphs
with exponentially small errors if m is large enough.

Lemma 48. Assume that p. = o(%) for all e € E(K,). Let G’ be the independent
random graph with edge-weighted function p., = (1 — §)mp.. Let G"” be the
independent random graph with edge-weighted function p? = (1 + 6)mp.. Then,

—6%m/4

G, dominates G' with error e , and Gy, is also dominated by G" within

. _ 52
an error estimate e=% ™/4,

Proof. For any Graph H, we define
f(H) = H De-
ecH
For any graph property B, we define
F(B) =) f(H).
HEB

Let Cy be the set of all graphs with exact k edges.

Claim 4.9. For a graph monotone property A and an integer k, we have

J(ANCy) < F(ANCry1)
f(C) = f(Cry1)

Proof of Claim 4.9. Both f(ANCy)f(Cit1) and f(ANCri1)f(Ck) are homogeneous
polynomials on {p.} of degree 2k + 1. We compare the coefficients of a general
monomial

pgl o .pgrper+l “Pesk—ria
in f(ANCk)f(Crs1) and f(ANCis1)f(Ck). The coefficient ¢; of the monomial
in f(AN Cg)f(Crs1) is the number of (k — r)-subsets {e;,,€iy,...,€i,_.} of
€rt1y---,€2k—rt1 satisfying that the graph with edges

{€1,  yery€iys€inynens€i_ }

belongs to Aj. The coefficient ¢y of the monomial in f(A N Ck)f(Cry1) is the
number of (k—r+1)-subset {e;,,€iy,..., €5, } of €r11,...,€2x_r 41 satisfying
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that the graph with edges {e1,...,er, €, €i,..., €4, _,,, } belongs to Ay41. Since
A is monotone, if the graph with edges {e1,..., e, €;,,€iy,...,¢€;,_. } belongs to
Ay, then the graph with edges {e1,...,er, €, €iy,...,€i,_,,, } must belong to
Aj+1. Hence, ¢ is always less than or equal to co. Thus, we have

F(ANCr) f(Cry1) < fF(AN Cry1) f(Ck).

The claim is proved.

Now let p,, = % = (1 + o(1))(1 — §)mpe, or equivalently, 2= =

1-pg
(1 = &§)mpe. ’

Pr(G'€ A) = > Pr(G'e AnCy)
k=0
< > Pr(G'eANnCy)+ Y Pr(G € Cy)
k=0 k=m+1
= I a-s)> F(ANCY)
ecE(Ky) k=0
+ Pr(G’ has more than m edges)
. ANCy,
S | ) BRI EGALE LD
e (k) — f(Cm)
+ Pr(G’ has more than m edges)
f(ANC, “
< 225 T - S - o) rcn)
M/ eeB(Ky,) k=0
+ Pr(G’ has more than m edges)
A
= ﬂ C Z Pr(G’ € C) + Pr(G’ has more than m edges)
< % + Pr(G’ has more than m edges)

= Pr(G,, € A) + Pr(G’ has more than m edges).

Now we estimate the probability that G’ has more than m edges. Let X,
be the 0-1 random variable with Pr(X. = 1) = p.. Let X = ) _X.. Then,
E(X) = (140(1))m(1—6). Now we apply the following large deviation inequality:

2

Pr(X — E(X) > a) < e XEX7a7),
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We have

Pr(X > m) Pr(X — E(X) > (1 +0(1))dm)
o~ (o) s

IN A

2
6—5 m/2.

. . d)mpe .
For the other direction, let p = % = (14 0(1))(1 + §)mpe, which

implies that 13—‘@, = (1+d)mp..

Pr(G" € A)

D Pr(G" € ANCy)
k=0

> Pr(G' € ANCy)

= JIa-»)

€

[Ta-o)

e

f(ANCn) N k
e 1=pL) > (L4 8)m)*f(Cr)

f(Amc eck>
=0

f(Crm
M — Pr(G” has less than m edges)

>
— f(Cw)
= Pr(G,, € A) — Pr(G” has less than m edges)

Y

(14 8)m)*fF(ANCy)

M:

£
Il
3

f(ANCy)

NE

B
i
3

Y

\
/? m.:l
MS

:UH

Now we estimate the probability that G” has less than m edges. Let X,
be the 0-1 random variable with Pr(X, = 1) = p/. Let X = >, X.. Then
E(X) = (1+40(1))m(146). Now we apply the following large deviation inequality:

2

Pr(X — E(X) <a) <e X,
We have

Pr(X <m) Pr(X — E(X) < (1+0(1))dm)
o~ (o) 2m

2
6—5 m/3.

IN A

The proof of Lemma 4.8 is completed. O



Chung and Lu: Coupling Online and Offline Analyses for Random Power Law Graphs 425

5. General Martingale Inequalities

In this subsection, we will extend and generalize the Azuma inequality to a mar-
tingale that is not strictly Lipschitz but is nearly Lipschitz. Similar techniques
have been introduced by Kim and Vu [Kim and Vu 00] in their important work
on deriving concentration inequalities for multivariate polynomials. Here we use
a rather general setting, and we shall give a complete proof.

Suppose that ) is a probability space and F is a o-field; X is a random
variable that is F-measurable. (The reader is referred to [Janson et al. 00] for
the terminology on martingales.) A filter F is an increasing chain of o-subfields

0, =FchcCc---CF.=F.

A martingale (obtained from) X associated with a filter F is a sequence of
random variables Xg, X1, ..., X,, with X; = E(X | F;) and, in particular, Xy =
E(X) and X, = X.

For ¢ = (c1,¢9,...,¢,) a positive vector, the martingale X is said to be ¢
Lipschitz if | X; — X;_1| < ¢; for i =1,2,...,n. A powerful tool for controlling
martingales is the following:

Azuma’s inequality. If a martingale X is c¢-Lipschitz, then

2

Pr(\X — E(X)| < a) < 2¢ 2%i1 ,
where ¢ = (c1,...,¢n).

Here we are only interested in finite probability spaces, and we use the fol-
lowing computational model. The random variable X can be evaluated by a
sequence of decisions Y7,Y5,...,Y,. Each decision has no more than r outputs.
The probability that an output is chosen depends on the previous history. We
can describe the process by a decision tree T; T is a complete rooted r-tree with
depth n. Each edge uv of T is associated with a probability p,,, depending on the
decision made from u to v. We allow p,, to be zero and thus include the case of
having fewer than r outputs. Let €2; denote the probability space obtained after
the first ¢ decisions. Suppose that 2 = 2,, and X is the random variable on €.
Let m;: 2 — Q; be the projection mapping each point to its first ¢ coordinates.
Let F; be the o-field generated by Y7,Ys,...,Y;. (In fact, F; = 7~ 1(2%) is the
full o-field via the projection 7;.) JF; forms a natural filter:

0, =Fcrhc---CF.=F.

Any vertex u of T is associated with a real value f(u). If u is a leaf, we define
f(u) = X (u). For a general u, here are several equivalent definitions for f(u).
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1. For any non-leaf node u, f(u) is the weighted average over the f-values of
the children of w:

) = 3 P S (03),
i=1
where v, vs,...,v, are the children of w.

2. For a non-leaf node u, f(u) is the weighted average over all leaves in the
sub-tree T, rooted at wu:

flwy=" 3 pu(v)f(v),
v leaf in T,

where p,, (v) denotes the product of edge-weights over edges in the unique
path from u to v.

3. Let X; be a random variable of €2, which for each node u of depth i assumes
the value f(u) for every leaf in the subtree T,,. Then, X, X1,...,X,, form a
martingale, i.e., X; = E(X,, | F;). In particular, X = X, is the restriction
of f to leaves of T

We note that the Lipschitz condition | X; — X;_1| < ¢; is equivalent to
|fu) = f)| <

for any edge uv from a vertex u with depth ¢ — 1 to a vertex v with depth 1.
We say an edge uv is bad if |f(u) — f(v)| > ¢;. We say a node u is good if the
path from the root to v does not contain any node of a bad edge.
The following theorem further generalizes the Azuma’s Inequality. A similar
but more restricted version can be found in [Kim and Vu 00].

Theorem 5.1. For any c1,ca,...,cn, a martingale X satisfies

o2
Pr(|X — E(X)| < a) <2 2517 4 Pr(B),

where B is the set of all bad leaves of the decision tree associated with X.

Proof. We define a modified labeling f' on T so that f'(u) = f(u) if u is a good
node in T'. For each bad node u, let xy be the first bad edge that intersects the
path from the root to u at z. We define f'(u) = f(x).

Claim 5.2. f'(u) = 371 Puv, f'(v;), for any w with children vy,...,v,.

If u is a good vertex, we always have f'(v;) = f(v;) whether v; is good or not.
Since f(u) = 22:1 Puv; f(”i)a we have fl(u) = 22:1 Puv; fl(vi)'
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If u is a bad vertex, vy, ...,v, are all bad by the definition. We have f'(u) =
for) =+ = f'(vr). Hence, 370 puv, f'(vi) = f(u) X202, Puv, = f(u).

Claim 5.3. f’ is c-Lipschitz.

For any edge uv with u of depth ¢ — 1 and v of depth i, if u is a good vertex,
then uv is a good edge, and

[f'(w) = f'(v)] < e

If u is a bad vertex, we have f'(u) = f'(v), and thus,

[/ (w) = f'(0)] < ci.

Let X’ be the random variable that is the restriction of f’ to the leaves; X’ is

c-Lipschitz. We can apply Azuma’s Inequality to X’'. Namely,

2

Pr(|X' — E(X')| < a) < 2¢ 757,
From the definition of f, we have
E(X') = E(X).

Let B denote the set of bad leaves in the decision T" of X. Clearly, we have

Pr(u: X(u) # X'(u)) < Pr(B).
Therefore, we have

Pr(|X —E(X)|<a) < Pr(X#X)+Pr(|X'— EX')| <a)
< 26‘#;{ + Pr(B).

The proof of the theorem is complete. O

For some applications, even nearly Lipschitz condition is still not feasible.
Here we consider an extension of Azuma’s inequality. Our starting point is the
following well-known concentration inequality (see [McDiarmid 98]).

Theorem 5.4. Let X be the martingale associated with a filter F satisfying
1. Var(X;|Fi—1) < 02, for1 <i<n;

2. |X1—X1_1|SM,fOT1SZ§n
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Then, we have

2

Pr(X — E(X)>a) <e 2SiacitMa/s)
In this paper, we consider a strenghtened version of the above inequality where
the variance Var(X;|F;_1) is instead upper bounded by a constant factor of X;_;.

We first need some terminology. For a filter F,

0,Q=FcFHhC---CF.=F.

A sequence of random variables Xy, X;,..., X, is called a submartingale if X;
is F;-measurable and E(X; | Fi_1) < X;_4, for 1 < i < n.
A sequence of random variables X, X1, ..., X, is said to be a supermartingale

if X; is F;-measurable and E(X; | F;—1) > X;—1 , for 1 < i < n.
We have the following theorem.

Theorem 5.5. Suppose that a submartingale X, associated with a filter ¥, satisfies
Var(X;|Fi—1) < ¢ Xi 1

and
Xi—E(X;|Fic1) <M
for 1 <i<n. Then, we have

a2
Pr(X, > Xo+a) < e (Fota(Zi, ¢:)FMe/3)

Proof. For a positive A (to be chosen later), we consider

E(e)\Xi‘«E—l) — e)\E(XZ|_7:7,71)E(6A(X7,—E(X1|.7:7,71))“E_l)

1 e A
AT N A E(Xi|Fi1)")|Fia)
k=0 "
< AEKUF )+, AT B(Xi—E(X| Fio)H)|Fica)

Let g(y) =2 7oy 3’2—72 = w We use the following facts:

e g(y) <1, fory<0.
e lim, ,og(y) =1.
e ¢(y) is monotone increasing, when y > 0.

When b < 3, we have
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o bk—2 o bk—2 1
b) = 2 < - . 5.1
9(b) kzﬂ k! —kzﬂgk—‘z 1-b/3 (5.1)
Since X; — E(X;|Fi—1) < M, we have
Nk AM
B~ BEF)F) < O v (7).
k=2

We define \; > 0 for 0 < i < n, satisfying \;_1 = \; + ﬂ’\g—MlqﬁiAf, while \g will
be chosen later. Then,
)\n S)\n—l SS)\Oa
and
e/\iE(Xi\fi,1)+M/\§Var(Xi|fi,1)

IN

E(e/\iXi |.7:i_1)
< eAiXi—1+g(_>‘%M)\?¢iXifl

_ e>\i71Xi71,

since g(y) is increasing for y > 0.
By Markov’s inequality, we have
Pr(X, > Xo4a) < e Mot pednXn)

= T (B 7, )
< e_An(XU“l‘a)E(e)\n—an—l)

e—An(X()—‘ra)El(e)\()Xo)

e~ An(Xo+a)+r0Xo
Note that
An = Ao — i()‘i—l -X)
i=1
“~ g(MoM
= /\0—;9( ; )¢i)‘12
> Ag— Q(A;M) A%i@‘
i=1
Hence,

Pr(X, > Xo+a) < e~ Mn(Xo+a)+roXo
e—(Ao—L/\zwz\g ity ¢i)(Xo+a)+roXo

IN

e—roa+ L8 (Xo+a) Yy ¢
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Now we choose \g = (Xo+a)(Z?ZI ST Using the fact that AgM < 3 and
Inequality (5.1), we have

Pr(X, > Xo+a) < e Moot X, dismims

a2
< ¢ A XoFal Tl s FMal5)

The proof of the theorem is finished. O

The condition of Theorem 5.5 can be further relaxed using the same technique
as in Theorem 5.1, and we have the following theorem. The proof will be omitted.

Theorem 5.6. For a filter F
0,Q=FcFHhC---CF.=F,

suppose that a random variable X; is F;-measurable, for 1 < i < n. Let By
be the bad set in the decision tree associated with X s where at least one of the
following conditions is violated:

E(XZ ‘ .7:1‘_1) < Xi—l)
Var(X;|Fi—1) < ¢iXi1,
X, — E(X;|Fi-1) < M.

Then, we have

2

Pr(X, > Xo +a) < e T0Ta Sl o7 Mer%) | Pr(By).

The theorem for supermartingale is slightly different due to the asymmetry of
the condition on variance.

Theorem 5.1. Suppose that a supermartingale X, associated with a filter F, satisfies,
for1<i<n,
Var(X;|Fi-1) < ¢iXi—1
and

E(Xi|Fi_1) — X; < M.

Then, we have

a2
Pr(X, < Xo —a) < e 2X0(Ti, s0FMar3)

for any a < Xj.
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Proof. The proof is similar to that of Theorem 5.5. The following inequality still

holds:
E(e | Fi_1)

IN N IA

e_AE(Xi‘fi—l)E(e_A(Xi_E(Xi|-7:i—1)) ‘}-i—l)

CAB(KIF 1) = AP
. AE(XMH)ZEE((E(Xi\]:i_l) — X)) Fis)
k=0

e AEGIFi) T35, AT BUB(XG|Fim1) = X)")| Fio1)

e—,\iE(Xi|fi,1)+ﬂ*2—MlA2Var(Xi |Fi1)

e—AiXi—l"FM)PGﬁixi—l-

We now define \; > 0, for 0 < i < n satisfying A\;_1 = A\; — 5’2\—"1@)\?; A, will be
defined later. Then, we have

and

E(e_’\iXi

Fi-1)

Ao S A1 < <A,

<

<

e—)\iE(Xi \fi,1)+g()‘+2‘A/I)A?Var(Xi|]:i,1)

e—AiXi—1+MA?¢iXi—l

e—Ai—lXi—l .

By Markov’s inequality, we have

Pr(X, < Xy —a)

We note that

Ao

Y

IN

IN

IN

Pr(—XnXn > =2 (X, — a))
An(X0=0) (o= AnXn)

e X B(B(e= X0 | F, 1))
eAn(X()—(I)E(e_)\n—lxnfl)

e/\n(XU—a)E(e—)\oXU)

e}\n(X()—a)—A()X()

Ant ) (A1 = M)
=1

An

An

i=1

2

CgaM) o~
2 )‘n;qsr



432 Internet Mathematics

Thus, we have

Pr(X,, < Xo - a) An(Xo—a) Ao Xo

IN

€
< An(Xo—a)—(A,—L2gMIN2 7 | )Xo

e—/\na+ﬂ*;‘—MlAiXo pIyaE-

We choose \,, = We have A\, M < 3 and

a
Xo(Xo7oy ¢i)+Ma/3"

2 1
e MnatAnXo 3l bi s, ms

a2
< e 2(Xo(XTLy $i)FMa/3)

PI‘(Xn < Xo— a)

IN

It remains to verify that all \; are nonnegative. Indeed,

Ai = Ao
gAM) 5 -
> An—Txnqu
- " 2(1 =\ M/3) " &=
a
= A(l- ==
> 0.
The proof of the theorem is complete. O

Again, the above theorem can further relaxed as follows.

Theorem 5.8. For a filter F
{0,Q=FcFHC---CF,=F,

suppose that a random variable X; is F;-measurable, for 1 < i < n. Let By be
the bad set where at least one of the following conditions is violated:

E(X.'Z ‘ fi_1) > X1,
VaI'(X1'|.7:i_1) < ¢iXi—la
E(Xi|Fii) - X, < M.

Then, we have

2

Pr(X, < Xo —a) < e TR0 o0 Me/5 4 Pr(By),

for any a < Xj.
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6. Main Theorems for the Growth-Deletion Model

We say that a random graph G is “almost surely edge-independent” if there
are two edge-independent random graphs GG; and G5 on the same vertex set
satisfying the following:

1. G dominates Gj.
2. G is dominated by Gs.

3. For any two vertices u and v, let pq(ﬁ), be the probability of edge uv in G;

for ¢ = 1,2. We have

P = (1= o0(1)p).

We will prove the following:

P
Theorem 6.1. Suppose that ps < p1, ps < p2, and logn < m < tZ@i+r2) . Then,

1. Almost surely the degree sequence of the growth-deletion model

G(plap2ap3,p47m)
follows the power law distribution with the exponent

p1+Dp3
B=2+ .
p1 + 2p2 —p3 — 2py

2. G(p1,p2,Dp3,P4,m) s almost surely edge-independent. It dominates and is
dominated by an edge-independent graph with probability pl(;) of having an
edge between vertices i and j, i < j, at time t, satisfying:

pam. [20—1  pa i %4—2&—1 oo amt2e 1
p® ] 2amCp2—pa) 57 <1 + (1 pz) (+) if 1%5% > B
v 200—1
1— (1 + 0(1))?}1;;1,;'iajatl—2a ’Lf iaja < P2Z_t2p4
where o — 2L@1+2P2=p3=2p4) o0 (P12 —pa)(P1—D3)

2(p1+p2—pa)(p1—p3) pP1+p3

Without the assumption on m, we have the following general but weaker result:

Theorem 6.2. In G(p1,p2,p3,p4,m) with p3 < p1 and py < pa, let S be the set of
vertices with index i satisfying

. 191
1> meot 2a,

Let Gg be the induced subgraph of G(p1,p2,ps,ps,m) on S. Then,
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1. Gs dominates a random power law graph G1, in which the expected degrees
are given by
pam 28

2paT(2p2 — pa) (55 — @) i@

2. Gg is dominated by a random power law graph Gs, in which the expected
degrees are given by

4~ m t
¢ 2p4T(ITlin3 —Ol) ia.

Theorem 6.3. In G(p1,p2,p3,ps,m) with p3 < p1 and py < po, let T be the set of
vertices with index i satisfying

. 1 9L
1<K meot T 2a,

Then, the induced subgraph Gt of G(p1, D2, 3,4, m) s almost a complete graph.
Namely, G dominates an edge-independent graph with p;j = 1 — o(1).

Let n¢ (or 7¢) be the number of vertices (or edges) at time t. We assume that
the initial graph has ng vertices and 79 edges. When ¢ is large enough, the graph
at time t depends on the initial graph only in a mild manner. The number of
vertices ng and edges 7¢ in the initial graph affect only a lower order term to
random variables under consideration. We first establish the following lemmas
on the number of vertices and the number of edges.

Lemma 6.4. For any t and k > 1, in G(p1, p2, ps, pa, m) with an initial graph on
ng vertices, the number n; of vertices at time t satisfies

(p1 — p3)t — v/2ktlogt < ny —ng < (p1 — p3)t + \/2ktlogt, (6.1)

with probability at least 1 — t%

Proof. The expected number of vertices n; satisfies the following recurrence rela-
tion:

E(n¢1) = E(ny) + p1 — ps.
Hence, F(n;y1) = ng + (p1 — p3)t. Since we assume that p3 < p;, the graph
grows as time ¢ increases. By Azuma’s martingale inequality, we have

a2

Pr(jn: — E(ne)| > a) < 2e” 27.
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By choosing a = v/2ktlogt, with probability at least 1 — tk’ we have

(p1 — p3)t — v/ 2ktlogt < ny —ng < — p3)t + +/2ktlogt.

435

(6.2)

O

Lemma 6.5. The number 1 of edges in G(p1,p2,ps, pa, m), with an initial graph on

ng vertices and Ty edges, satisfies at time t

|E(1¢) — 10 — Tmt| = O(y/tlogt),

(P14+p2—pa)(P1—P3) )

where T =
P1+Dp3

Proof. The expected number of edges satisfies

27

E(Tt+l) = E(Tt) + mp1 + mpa — ng( ) mpy.

n¢

Let C denote a large constant satisfying the following;:

1. C>

p1 :D3)

2. C >4

i for some large constant s.
og s

We shall inductively prove the following inequality:
|E(ry) — 10 — m7t| < Cmy/tlogt for t > s.
When ¢ = s, we have
|E(1,) — 70 — m7s| < 2ms < Cm+/slog s,

by the definition of C'.

By the induction assumption, we assume that |E(r) — 19 — 7mt| < Cy/tlogt

holds. Then, we consider

|E(Teq1) — 10 — Tm(t + 1)

= ‘E(Tt)—To—Tmt—2p3E< )+2

E(1¢) + mpy + mp2 — psE ( ) mpy — 10 — Tm(t + 1)‘
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- (1 - QL) (E(r) — mrt — 7o)

(p1 — p3)t

s <E <n_> o ETZi)t) R

(1 - (mi) (B(r) — mrt — 70)

—p3)t
7\ E(m) 2p3 .
b (”t> (p1 —P3)t' + (p1 — p3)t 0

2( (o)) 0 (0)

We wish to substitute n; by nt + ng + O(y/2ktlogt) if possible. However,

2( (- )

can be large. We consider S, the event that [n; —ng — (p1 +p3)t| < 4y/tlogt. We
have Pr(S) > 1— % from Lemma 6.4. Let 1g be the indicator random variable
for the event S, and S denotes the complement event of S. We can derive an
upper bound for |E((7¢41 — 790 — 7m(t + 1))1s)| in a similar argument as above
and obtain

IN

+ 2}')3

< |E(7) — 70 — Tmi| + 2ps

[E((Te41 — 70 — 7m(t + 1)) 15)
< |E((r — 70 — Tmt)1s)|

o (3 g o)

We consider each term in the last inequality separately.

1 1
Eln(—-———)1
( K <nt (p1 —ps)t> 5)‘
< t‘ ! ! ‘
m _
= P o —pa)t — atlogt  (p1 - pa)t
I logt
v/8ps ! ogt+0<og )
(p1 —p3) t t
Since Pr(S) < t% and 7, < 79 + mt, we have
|E((Te41 — 70 — Tm(t + 1)))|
= [BE((tt4+1 — 10 —m(t + 1))1s)| + |E((Te41 — 70 — Tm(t + 1))13)|
|E((T¢41 — 170 — Tm(t
(

+ 2p3

2p3

+1))1s)| + 2m(t 4+ 1) Pr(S)
_|_

1
|E((T¢41 — 170 —mm(t + 1))1g)| + 2m(t + 1)16_2'

IN

IN
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By Inequalities (6.5) and (6.6), we have

[E((Te41 = 70 — 7m(t + 1))

v/ 8p3 logt logt 1
< |F — Ty — t)1 O 2mt—
< 1B =m0 —rmi)ls)] + ((pl—ps)Q\/ ; t ;) T e

8p3 logt logt 1
< |E(rp —1— t O dm—
< |E(ry—710 Tm)\—l—(pl_p?))Q\/ : + " + ms

V8 logt logt
< Cmy/tlogt + By = +O(Og>
(p1 — ps3) t t
< Cmy/(t+1)log(t +1).
The proof of Lemma 6.5 is complete. O

To derive the concentration result on 74, we will need to bound E(7;) as the
initial number of edge 7y changes.

Lemma 6.6. We consider two random graphs G¢ and G in G(p1,p2,ps,ps,m).
Suppose that Gy initially has 1o edges and ng vertices, and G} initially have 7
edges and n{, vertices. Let 7, and 1/ denote the number of edges in Gy and Gj,
respectively. If ng —ny = O(1), then we have

|E(r2) = E(r})| < |0 — 79| + O(log t).

Proof. From Equation (6.3), we have

.
E(1i41) = E(m)+mp1 +mpz — 2p3E (n_t) — mpa,
t
,7_/
E(t{;1) = E(7{)+mp1+mps —2p3FE (n_’i> — mps.
t
Then,
/ / Tt Ttl
E(tis1— 7)) = E(n— 7)) —2psE [ — — =L ). (6.7)
T nt

Since both n; — ng and n; — nj follow the same distribution, we have
Pr(n; =) = Pr(n, =z +n{ —no) for any z.

7
We can rewrite F <% - %’r) as follows:
t
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E(r{|nt = y)Pr(n; = y)

1
= Zaz (¢|ne = ) Pr(ny = x) Z
y
1
= Z ;E(Tt\nt = z)Pr(n; = x)

Q| =

=2y g I = o = n0)Pr(ng = @+ 1 = mo)

T+ ng— no

1 1
= X e =) (3Bl =) = e Bl = 4 o))

I
]
!
S
3
[
8

1

) (3B = 2) - B(lng = -+ 1 - )
1 1

- <; - m) E(r{ny =z +mngy — no)) :

From Lemma 6.4, with probability at least 1 — tQ, we have

Ine —no — (p1 — p3)t| < 24/tlogt.

Let S denote the set of z satisfying |z — no — (p1 — p3)t| < 2+/tlogt. The
probability for x not in S is at most t% If this case happens, the contribution

!
to E(It — ;—Z) is O(3), which is a minor term.

In addition, 7; is always upper bounded by 7} +mt. We can bound the second
term as follows.

‘Z (l _ ;> E(r{|n} = = + nly — n) Pr(n; = x)

x  x+ny—ng

1 1
> (‘ - %) E(r{Int = @+ ng — no) Pr(n: = @)

T T+nyg—ng

~0(3)

zeS
- Ing — nol >, (15 + mt)Pr(n, = x) (1)
T (no+ (p1 — p3)t — 2¢/tlogt)(ng + (p1 — ps)t — 2/tlog )
_ [ — ol (76 + mt) p (1)
= (no+ (p1 — p3)t — 2y/tlogt)(ng + (p1 — p3)t — 24/tlogt)

40)
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Hence, we obtain
(23
Ty ny
= Z Pr(n; = )
= Z Pr(ns = x)

z€eS

1
(B(nln = ) — E(r{ln}, = @ + nf —ng)) + O (z)

B~ 8|

1
(Bl =) = Blrtl, = + 5 ) + O ()

1
no + (p1 — p3)t + O(+/tlogt)

X Z Pr(n; = z)(E(r¢lny = z) — E(1{|n; = x +ny —ng)) + O (l>

t

1
= no + (p1 — p3)t + O(W) (Z E(r¢|ny = 2)Pr(ny = x)

z€eS

1
—ZE(TtI‘n; :I-I—’I’Lé)—no)P’l“(n; _1'+n6_n0)> _|_O (_)

" t
1

/ 1
" no+ (p1 — ps)t + O(Vilog?) (Blr) = B(n) +0 <t> ‘

Combine this with Equation (6.7), and we have

2p3 / 1
no + (p1 — p3)t + 0(\/75103:15)) B —m)+0 <t> '

E(ri41 — Tt/+1) = (1 -
Therefore, we have

|E(Te41 — T41)]

2p3 ’ (1)
< 1-— E(r — +0| =
- ( no + (pl —pg)t—l—O(\/tlogt)) (Tt Tt) t

1
< E(Tt—Tt/)-l-O(?)

: t 1
< TO—T(/)"‘ZO(g)
=1

= |0 — 75|+ O(logt).

The proof of the lemma is complete. O
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In order to prove the concentration result for the number of edges for
G(p1,p2, p3, pa, m), we shall use the general martingale inequality. To estab-
lish the near Lipschitz coefficients, we will derive upper bounds for the degrees
by considering the special case without deletion. For p; = o, po = 1 — a, and
p3 =ps =0, G(a,1 — ,0,0,m) is just the preferential attachment model. The
number of edge increases by m at a time. The total number of edges at time ¢
is exactly mt + 7, where 7y is the number of edge of the initial graph at ¢t = 0.

We label the vertex u by ¢ if u is generated at time i. Let d;(t) denote the
degree of the vertex ¢ at time ¢.

Lemma 6.1. For the preferential attachment model G(,1 — v,0,0,m), we have,
with probability at least 1 —t=F (any k > 1), the degree of verter i at time t

satisfies
¢ 1—v/2
d;(t) < mk (—) logt.
i

Proof. For the preferential attachment model G(v,1—+,0,0,m), the total number
of edge at time ¢ is

¢ = mt + 79.

The recurrence for the expected value of d;(t) satisfies

E(di(t +1)|di(t)) = di(t) —|—m'yd2i—§_i) (1 -y % (1 + M) di(t).

Tt 27}

We denote 0, = 1+ M(;T:'Y) Let X; be the scaled version of d;(t) defined as
follows:

d;(t
Xt = %
Hj:i+1 0;
We have
E(d;(t+1)|d;(t 0.d;(t
E(Xt+1|Xt) — ( (t )‘ ( )) — tt ( ) — Xt~

Hj:i+1 9]’ Hj:i—i—l 9]’

Thus, X; forms a martingale with E(X;) = X;411 = d;(i + 1) = m. We apply
Theorem 5.5. First, we compute
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1
Var(X;11|X:) = t—egvar(di(t +1)|d;(t))
Hj:i+1 J
1
S Bt 1) — dit)*1di(1))
H] i+177
< 1 dz(t) +(1_ )dz(t)
= 27 2T, Ti
H] =1+1 6] t t
1
= (0 —1)di(?)
]._[] =i+1 0J2
0, —1 ¥
= - t.
075 H] =i+1 0
0;—1
Let ¢ = Ny We have
0; —1
¢ = ———
0 Hj:i+1 ej
m(2—7)
_ 2(mt+70)
m(2—v) t m(2—7)
(1 + —2(mt+m)> Hj:H—l (1 + 2(mj+‘ro)>
o (1-7) L0
2/t
~ (1) (z)“’*”
2/t \t
5 21—7/2
~ (1 - 5) 12-7/2
In particular, we have
t—1 - -1—7/2
,Z+l¢j 5272
J=

Concerning the last condition

Xiy1

- E(Xt+1 |Xt)

IN

j=i+1

(—%)

~
~

in Theorem 5.5, we have

1
0.

—(d;(t+1) —
H;:H-l J( ¢+

E(d;(t+1)|di(t)))

(di(t + 1) — di(2))

3
Hj:i+1 9]’

1
t
Hj:i+1 0;

m.

m



44) Internet Mathematics

With M = m and 22;1“ ¢; = 1, Theorem 5.5 gives
Pr(X: <m+a) < e_MJrf—jma/@.
By choosing a = m(klogt — 1), with probability at least 1 — O(t~%), we have
Xi <m+m(klogt —1) = mklogt.

Hence, with probability at least 1 — O(¢t™F), d;(t) < mklogt(%)1=7/2. O

Remark 6.8. In the above proof, d;(t + 1) — d;(¢) roughly follows the Poisson
distribution with mean
m(2—7)di(t) _  (—(1—v2),—/2) _ /2
o =0 (s ) =0 (7).

It follows with probability at least 1 — O(t~*) that d;(t + 1) — d;(t) is bounded
by % Applying Theorem 5.6 with M = % and Z;;iﬂ ¢; ~ 1, we get

a2

Pr(X; <m+a)<e et B O(t=").

When m > logt, we can choose a = v/3mklogt so that m dominates 23’“—,7 In
this case, we have

2

a

Pr(X; <m+a) <e 20 F) L o) = ot").

With probability at least 1 — O(t=*), we have d;(t) < (m++/3mklogt)(1)1=7/2.

Similarly arguments using Theorem 5.8 give the lower bound of the same order.
If ¢ survives at time ¢ in the preferential attachment model G(vy,1 — v,0,0,m),
then, with probability at least 1 — O(t~*), we have

di(t) = (m — /Bmklogt) (;)1_7/2.

The above bounds will be further generalized for model G(p1,ps,ps, ps,m)
later in Lemma 6.11 with similar ideas.

Lemma 6.9. For any k, i, and t in graph G(p1,Dp2,D3,D4,m), the degree of i at time
t satisfies

1———P1
t 2(p1+p2)
d;(t) < Ckmlog (—) (6.8)
1

with probability at least 1 — O(tik), for some absolute constant C.
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Proof. We compare G(p1, p2, ps, p4, m) with the following preferential attachment
model G(p1, p2,0,0,m) without deletion:

At each step,
with probability p;, take a vertex-growth step and add m edges from the
new vertex to the current graph;
with probability ps, take an edge-growth step and m edges are added
into the current graph;
with probability 1 — p; — p2, do nothing.

We wish to show that the degree d, (t) in the model G(p1,p2, p3,ps,m) (With
deletion) is dominated by the degree sequence d,, (t) in the model G(p1, p2, 0,0, m).
Basically, it is a balls-and-bins argument, similar to the one given in [Cooper et
al. 04]. The number of balls in the first bin (denoted by a;) represents the degree
of u while the number of balls in the other bin (denoted by ag) represents the
sum of degrees of the vertices other than u. When an edge incident to u is added
to the graph G(p1, p2, p3, P4, m), it increases both a; and az by 1. When an edge
not incident to u is added into the graph, as increases by 2 while a; remains the
same. Without loss of generality, we can assume that a; is less than as in the
initial graph. If an edge wv, which is incident to u, is deleted later, we delay
adding this edge until the very moment that the edge is to be deleted. At the
moment of adding the edge uv, the two bins have a; and ay balls, respectively.
When we delay adding the edge uv, the number of balls in each bin is still a;
and aq, respectively, compared with a; + 1 and as + 1 in the original random
process. Since a; < ag, the random process with delay dominates the original
random process. If an edge vw, which is not incident to u, is deleted, we also
delay adding this edge until the very moment that the edge is to be deleted.
Equivalently, we compare the process with a; and ay balls in the bins to the
process with a; and as + 2 balls. The random process without delay dominates
the one with delay. Therefore, for any wu, the degrees of u in the model without
deletion dominates the degrees in the model with deletion.

It remains to derive an appropriate upper bound of d,(t) for model
G(plap2,0,07m)‘

If a vertex u is added at time i, we label it by 7. Let us remove the idle steps
and re-parameterize the time. For v = =2~ we have G(p1,p2,0,0,m) = G(~,

p1+p2
1—7~,0,0,m). We can use the upper bound for the degrees of G(y,1—+,0,0,m)
as in Lemma 6.7. This completes the proof for Lemma 6.9. O

Lemma 6.5 can be further strengthened as follows:
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Lemma 6.10. In G(p1,p2,ps,ps, m) with initial graph on ng vertices and 1o edges,
the total number of edges at time t is

=170 +7Tmt+ O (kzmtl‘ﬁip—y log®/2 t)

with probability at least 1 — O(t~%) where 7 = KW—Q;ITI%MZ.

Proof. For a fixed s with s < ¢, we define 75(t) = #{ij € E(Gt)|s < i,j < t}.
We use Lemma 6.9 with the initial graph to be taken as the graph Gy at time s.
Then, Lemma 6.9 implies that, with probability at least 1 — O(zt), we have

—T(t) <) di(t)

i<s
o £\ e Ll
< Z
< Z <z> mklogt
i<s
C t ~ 5 72
< —p—mhtlogt { - :
2(p1+p2)
By choosing s = v/t, we have
7= 7y(t) + O (T mklogt) (6.9)

We want to show that with probability at least 1 — O(t~%/2*1), we have

7= E(r)| < |n—7:()| + |E(r) — E(rs(0)] + |7:(t) — E(7s(2))]
< O(mktl_ﬁmlogg’mt).

It suffices to show that 75(t) — E(7s(t)) = O(mkztl_ﬁ}r?) log®/2 ¢).

We use the general martingale inequality as in Theorem 5.1 as follows: let ¢; =
Ckm(%)l_m log t where C' is the constant in Equation (6.8). The nodes of
the decision tree T are just graphs generated by graph model G(p1, p2, p3, s, m).
A path from the root to a leaf in the decision tree T is associated with a chain
of the graph evolution. The value f(¢) at each node G; (as defined in the proof
of Theorem 5.1) is the expected number of edges at time ¢ with initial graph G;
at time . We note that X; might be different from the number of edges of G;,
which is denoted by 7;.

Let G;41 be any child node of G; in the decision T. We define f(i + 1) and
T;+1 in a similar way. By Lemma 6.6, we have

£ +1) = ()] < 701 — 73] + OQlog?) < (1+0(1))e
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We say that an edge of the decision tree T' is bad if and only if it deletes a
vertex of degree greater than (14 o(1))c; at time i. A leaf of T is good if none
of the graphs in the chain contains a vertex with degree larger than (14 o(1))c;
at time ¢. Therefore, the probability for the set B consisting of bad leaves is at
most

¢
Pr(B) <) O (I7%) = 0(s™*).
l=s
By Theorem 5.1, we have

Pr(ry(t) - B(r(1))| >a) < 2 S7 4+ Pr(B)

2

a

>t (L)Qf(Plle’Q) (Cmk log )2 —k+1
< 2e =i=sls +O(s )
(l2

2+

3__—P1 o4 P1 k
< Qe ooz PIFPRST T PITRI m2kZ it 4 O(sT +1).

We choose s = v/t and a = \/C’Ctl_‘l@f}rm) mk logg’/2 t. With probability at
least 1 — O(t~*/2%1), we have

|7s(t) — E(15(t))| = O <t1—mmk Jog®/? t) 7

as desired. O

Lemma 6.11. For the model G(p1,Dp2,ps,ps,m), let o = ;}if’i:ffgﬂ;iﬁ% and

v= plﬁ_lpz_ Iflogt < m < t7/2, we have the following:

1. Fopr p3 > 0 and € > 0, with probability at least 1 — €, no vertex born before
b3
etr1 survives at time t.

2. If the verter i survives at time t, then, with probability at least 1 — O(t=F),
the degree d;(t) in a graph G of the model G(p1,p2,ps,pa) Satisfies

di(t) > (m—Cy/mklogt)(1—Ci~"*log®?i) <E> ,
i

di(t) < (m+Cy/mklogt)(1+ Ci~"*log®?1) (E) ,
i

for some constant C depending on p1, p2, p3, and p4.

Proof. For a fixed t and ¢ < ¢, lept Z; denote the number of vertices left at time
7 with indices less than ¢y = etrt (i.e., born before ty). Clearly, Z;, < to. For
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to <1 <t, we have

{ Z; — 1 with probability pg,%_i
Ziy1 = ‘

Z; otherwise. (6.10)

We wish to upper bound the expected value of Z;;1. From Inequality (6.2) we
have

Pr(n; > (p1 — p3)i + O(y/2kilogi)) <i~".

We write
E(Zi+1)
= b <ZH‘117L <(p1—p3) 7.—0—0 V2kilogi log7. ) +E ( Z+11ni>(p1—p3)i+0(\/2ki logi)>
< E <Z’+11n <(p1—p3) z+O V2kilogi ’L))

+ to Pr <nz > (p1—p3)i+ O (m))
E(Z;)

*(p1 — ps)i + O (v2kilogi)

+to Pr <nl > (p1—p3)i+ O (m))

N .
< 5 (- o) T

The above recursive formula of F(Z;) can be solved as follows. Let a; = E(Z;) —
t~L. If k > 3, we have

< E(Z)-p

D3
it1— (1 — - = = i
i ( (pl—p3>z+0<\/72kuogz>>“

—k P3 -1
Sl - Grommovammsyt =0

Since ay, < E(Zy,) < to, we get
t—1

Wl (1- =)

1=to

IN

Qg

i1
< toe i=tg (p1— P3)Z+O( 2kilog )

= (1+o0(1))tge” 7i-7s n(t/to),

We note that

lni <1——> Int —Ine.
to p1
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Hence,
a < (1+ 0(1))1506_4_1’11:173 In(t/to)
= (1+o(1))etsie v mtmmg e
= (1+o(1)enm.
Therefore, we have
Pr(Zt > 0) < a+ .
0
1
< (Lt o)ent + 2
0
< e

This implies that, with probability at least 1 — ¢, the number of vertices, which
are born before ¢ty and survive at time ¢, is zero. Item 1 is proved.

Let F; be the o-algebras generated by all subsets of the probability space at
time ¢. Under the condition that vertex ¢ survives at time t, we have

di(t di(t)  di(t di (¢
B+ DIF) ~ )+ pm D 2D GO, O
Tt Tt uz Tt
_ (p1+2p2 —2ps) p3)\ ,
_ (1 +m > £ ) di(e). (6.11)

To see this, with probability p;, m edges from a new vertex will be added
to the graph. For this case, the probability that the vertex i is selected as an
endpoint of these m edges is ’gf_it
tributions from the edge-addition step and the edge-deletion step, respectively.

The term containing ps is the contribution from the vertex-deletion. We note

. The terms containing ps and p,4 are the con-

that repetition in the edge-deletion step only causes an error of minor term in
the above computation.
By Lemma 6.10, with probability at least 1 — O(¢t~*), the total number of
edges is
7 = mmt + O(kmt'~"/*1og®? 1).

Recall that 7 = £1tP2=Pa)P1=P3) apq 4 = —2L_ By Lemma 6.4, the number
pP1+p3 P1+p2

n,; of vertices at time t satisfies

ne = (p1 — p3)t + O(/2ktlogt),

with probability at least 1 — Z.
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Substitute 7; and n; into the Recurrence Forumla (6.11) and simplify. Thus,
with probability at least 1 — O(t~*), we have
+2py —2
E(di(t+1)|F) = (1 Pt 22 =) ’5> di(t)
2Tt N

— (14m (p1 + 2p2 — 2p4)
2(tmt + O(kmt'—7/*logt))

. P3 ) di(t)
(p1 — pg)t + O(\/ 2kt IOg t)
- (1 + % Lot/ 10gt)) di(t).
Let 6, = 1+ $ + Ct='=7/* for some large constant C. With probability at
least 1 — O(t %), we have
E(di(t + 1)|F) < 0,di(t).

Now we apply Theorem 5.6 to random variables

1

Hj:i—H 9]’
With probability at least 1 — O(t~*), we have

1
E(Xi1|F) = E( . di(t+1).7-'t>
=i Yj

1

t
Hj:i+1 ej
= X;.

< 0,d;(%)

In other words, X; is nearly a submartingale. We compute
t—1

t—1
H 0, = H <1+%+Cj_1_7/4log3/2j)

Jj=t+1 Jj=i+1
eXimin (§+Ci71 77 1082 )

ea(log t—log i)+0(i ="/ *log?/? i)

(reo(rue) (2)

Next, we consider the variance Var(X;4+1|F;):

IN

1
Var(Xi41|F) ———Var(d;(t + 1)|F;)
[Tj—i1 0
1

< mE((di(t +1) — d;(1))?|F).
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The second moment E((d;(t+1) —d;(t))?|F;) consists of four items, which corre-

spond to four steps: vertex-growth step, edge-growth step, vertex-deletion step,

and edge-deletion step. Recall that the graphs are always simple. We have
d;(t) d; di(t)

di(t)
m——=—+ pam +p3— +psm
27—t Tt ¢ Tt

p1+ 2p2 + 2py D3 > 1
= —|— —I—Ol —dit.
< 27 P1— D3 ) t ®)

IN

B((di(t +1) = di(t))*| F)

Let ¢ = <p1+2§72+2p4 + B 4 5(1)

= Pi—ps3 L 9. " Then Var(Xt+1|.7:t) S (]StXt.
We have

t
t0; j=i+1"J

t—1
Y 9

j=i+1

|
Q

|

Q
I
il e
—
<
S
E‘r—l
+
[
S

Let us estimate |d;(t + 1) — d;(t)|. It is upper bounded by 1 if it takes a
vertex-growth step or a vertex-deletion step (with ¢ surviving). It is at most m
if it takes an edge-growth step or an edge-deletion step. We can further lower
the upper bound by considering trade-off with probability.

For an edge-growth step, it follows the Poisson distribution with mean

d;(t
Cmklogt(L)=7
C2mrt+o(t)
= O(mkt " logt)
< o(tT/3).

By using Lemma 6.9 and m < /2, with probability at least 1 — O(t~*),
d;(t) — d;(t + 1) is bounded by 2k < &&.
For an edge-deletion step, it follows the Poisson distribution with mean

_m 1
u_TtNTt'

With probability at least 1 — O(t™), d;(t) — di(t + 1) is bounded by 2k < %,



450 Internet Mathematics

Therefore,
E(di(t+ 1)|F) —di(t +1
|E(Xpg1|Fe) — Xera] < | E(di( ?t‘ t) ( )|
IT—is1 05
< 2ldi(t+1) — di(t)]
12k
< —
Y

By applying Theorem 5.6 with M = % and 2234—1 ®; = O(1), we have

a2

Pr(X; <m+a)<e 2(comrartigie) | O(t™").

When m > logt, we can choose a = +/3Cmklogt so that m dominates % In
this case, we have

2

a

Pr(X, <m+a) <e 20+ 3E) L o=k = 0",

With probability at least 1 — O(¢t %), we have

di(t) < (m + /3Cmklog?) <1+0(r'v/4log3/2i) (f) >

?

The proof of the lower bound is similar by using Theorem 5.8 instead. Let
0, = 1+ 2 — Ct='79 for some large constant C. With probability at least
1— O(5r), we have

E(d;(t+ 1)|F) > eédi(t).

Now, we apply Theorem 5.8 to random variables
1
—1
[l 9]

With probability at least 1 — O(t ), we have

Y= d;(t).

E(Yiy1|F)

|
=
/N
—
m‘ﬁ»
=
&
i~
+
=
3
~_—



Chung and Lu: Coupling Online and Offline Analyses for Random Power Law Graphs 451

Hence, X; is nearly a supermartingale. We have
t—1

t—1
11 ¢ 11 (1 - % — I A 1032 j)

j=i+1 j=i+1
= e ;;}‘Fl (%_O(jilﬂﬂl log®/2 J))

ea(log t—logi)—O (i~ "/ *log?/? i)

(1-0 (i"105%4)) (t)

(21+_2§3ﬂ4+ﬂ_+0(1)

Similarly, let ¢} = PLps ) . Then, Var(Yi+1|F) < ¢,Y4,

0, TT5=i41 5
t—1 t—1 1
¢; = O .
j;l ’ j;l 303 Tlizisa O
=1
=0 Z j1+a
j=it1
= 0(1)7
and
E(d; 1 —d; 1
|E(Yi41|Fr) — Y| = (e + ,)s‘]:t) ¢+1)
Hj:i+1 93’
< 20di(t+1) — di(?)]
12k
< —.
~
Using Theorem 5.8 with M = % and Z;:—H ¢ = O(1), we have

2

Pr(X; <m—a)<e 2(omi3i) 4 o(t™").

When m > logt, we can choose a = v/3Cmklogt so that m dominates % In
this case, we have

a2
Pr(X, <m—a) <e (°™%) Lo ) = 0@ F).

With probability at least 1 — O(t =), we have

ds(t) > (m — /3Cmklog?) (1 0 (i 10g*%1) (f)a> .

The proof of Lemma 6.11 is complete. O
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1. The Proofs for the Main Theorems

Now we are ready to prove Theorems 6.1 to 6.3.

Proof of Theorem 6.1. The probability that a vertex ¢ survives at time ¢ is

t

. p3
t _ P3 7 P1—P3
H 1— p_3 ~ ezl:i+1 (P1—-p3)t ~o - .
ny t

l=i+1

Suppose that ¢ survives at time ¢. By Lemma 6.11, with high probability, we
have

@@)=(1+oﬂ)ﬁn<§>a.

Recall that o = 211E2P2=P3=2p1) e number of vertices with degree between
2(p1+p2—pa)(p1—p3)

z1 and x2 can be written by

S i

(1+o(1))(32) Vet <i<(1+o(1)) (L)~ 1/t
(ﬂ) a(p?)—m) _ <2) 0(1:11:1’3) P1—P3
m m D1
P1— D3 (:ﬁ)‘ﬂ“ (:@)—ﬂ“
P1 m m '

Q

Q

We note that

—p___2(p1+p2—pa)
a(pr —ps) P14+ 2p2 — p3 — 2p4

= —B+1.

The number of vertices with degree between z and x + Az is

ps Z\ O (4 Az TP ps\ BmA1

Hence, G(p1,p2, 3, P4, m) is a power law graph with exponent

p1+ D3

B=2+ .
1+ 2p2 —p3 — 2py

This completes the proof for Item 1.
For ty = [ﬁt%
6.11 implies that almost surely any surviving vertices are born after ¢o. To

|, where g(t) is an arbitrarily slow growing function, Lemma
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(O

prove Item 2, for some fixed { < ¢, we consider w;” = m(%)o‘ and 7, = mrl, for

tzlziztowhereT:Mwl.

P1+p3
For | = tg,...,t, let G'(p1,p2,p3,ps,m) denote the graph at time [ gener-

ated by the evolution model G(p1,p2,ps,ps, m). Now, we construct an edge-
independent random graph H'! as follows. At [ = to, H' is an empty graph. By
the induction assumption, we assume that the edge-independent random graph
HY has been constructed, for j <.

If at time [ + 1 we have a vertex-growth step in G'*1(py, pa, p3, ps, m), we add
a new vertex labeled by I + 1 to H;. Let F! be the edge-independent random
graph with

O]

w;

i =(1—-o0o(1 .
piir1 = (1 —of ))an

We define H'*1 = H' U F..
If at time [ + 1 we have an edge-growth step in G'*1(py, p2, p3, ps, m), let F!
be the edge-independent random graph with

wﬁ(l)wj(])

pij = m(l — 0(1))T’
l

for all pairs of vertices (,4) in H'. We define H'** = H' U F..

If at time [ 4+ 1 we have a vertex-deletion step in G'*'(py,ps,ps,ps, m), We
delete the same vertex from H' and call the resulted graph H'*!.

If at time [+1 we have an edge-deletion step in G'™1(py, pa, p3, pa, m), let F} be
the random graph with uniform probability p = Tﬂl We define H'*! = H'\ F é.

Clearly, H'*! is edge-independent if H' is edge-independent.

From the above construction, for any two vertices i and j (i < j) in H', the
edge probability pz(-? satisfies the following recurrence formula:

w®

m(1—o(1)) 5= ifil=45-1
Pl y with probability p; + ps3
(1+1) _ . 0 w{Pwl . s
Pij " =19 pijt+ (1 — Pij ) m(1l —o(1))—=>~ with probability ps
l
péj (1 - Qﬂn) with probability p4
if ¢ and j are deleted or [ < j

wwWy; 1 j20-2

Let a; = (1 — o(1))pam rraas (1- 0(1))p2mml and by = (1 +
o(1))paze = (1 + o(1))2£1. The expected value E(pg)) satisfies the following
recurrence formula:

B (o) =1 —a— 0B (oY) +a (7.1)
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This implies that
E (pg;)) = (1 - at—l - bt—l)E <p£§_1)) + at—l

= (1—a—1—b—1) <(1 —ai_o—b_2)E (PE;_2)> + at—2> +a; 1

:t—l t—1 t—1
- Y aJa-a-w)+E (pgj.’) T[]t —a—b).
s=j+1 l=s l=j

(®) ®
1] )
expression for £ (pg)) by solving the recurrence in Equation (7.1). We consider
the following two cases.

Before we proceed to prove that p;” concentrates on E(p;.), we simplify the

Case 1. a; = o(by).

For any [ < t, we have

a 1\ 202 N g
— x| - < |- ~ —.
Q¢ t A\t bt
Hence, a; < %fbl = o(by).

Suppose that the Recurrence Formula (7.1) has a solution in the following

form: pg) ~ CI* for all [ < t. By substituting into the formula, we have
Cl+1)"=Cl*"1—a;—b)+ a.

Here we apply the estimation

(z+1)w%zx(1+f).

l
We have .
crr (7 + q +bl) ~ q
and
pam
Cl® ~ a L ArZiaje 204—1.

Triaqt+b ozt
By choosing z = 2a — 1, we have

pa2m
R R ba2m

T4 o 27(2py — pa)ivje’

Let f(I) be the difference E(p{!) — s—Lzm L2~

ij 27(2p2—pa) 15

an appropriate upper bound for f(I). Since both E(pg)) and

. It is enough to establish

pba2m

27 (2pa—pa) OT€
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(asymptotic) solutions of Equation (7.1), we have f(I +1) ~ (1 —a; — b;) f(1).
Hence,

t—1
f&) =~ fO [0 —a—b)
I=j
w(]) pam ja—l .
= m—t— — . e~ 2i=;(atb)
2Tj 2’7’(2}')2—}')4) 1%

ca—1
~ (1-—P MI~ " - (atb)
(2p2 —p4) ) 27 i@

P2 m ot ()%
= 1-— — =
( (2p2—p4)> 21 4@ <t)

pam 2ot pa) (J 3tz
- 1-2) (2 .
27(2p2 — pa)i®jo ivj> ( Pz) <t>

The solution of the Recurrence Formula (7.1) is

P4y
p(vlv) N pam [20—1 - (1 B %) (l) 5r t2a—1
T 2paT(2p2 — pa) 195 p2) \t

If ¢t > j, the above solution can be expressed as

tQOz—l

) — (1401 pam .
Py = ( ))21047(2102 — pa) 195

Case 2. by = o(ay).

From the definition of a; and b;, there is a t; < % satisfying b; = o(a;) for all
t; <1 <t. We can rewrite the Recurrence Formula (7.1) as

1-E (pg“)) —(1—a—b) (1 —E (;pg.))) + by (7.2)

Suppose that the Recurrence Formula (7.1) has a solution with the following
form: pg) ~1—C'lY for all | < t. We have

Cl(l + 1)y ~ O/ly(l —a; — bl) + b;.
In a similar way as in Case 1, we have

ol L NS NNy T

FHa+b T pam
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We choose y =1 —2a and C' = 22—‘217'miaj0‘. Consider

fO)=E <pg)) <1 — QETmiajall_m) .

b2

From Equation (7.1), we have f(I+1) =~ (1 —a; — b;) f(1). Hence,

Q

£

t—1

e [T —a—b)
=ty

- th:tl (ar+by)

= O(Tml GO,

Hence, the solution of the Recurrence Formula (7.1) is

2
E@pY)=1-(1+ 0(1));2—47;#;"111—2&.

It is sufficient to prove that p(vt-) concentrates on its expected value. Consider a

i
martingale X; = (pw \pm ,...,pz(-?), forl =j,...,t. Since p( +1)

on p(-l‘) but not on the history pz(-;) for s < I, this 1mphes that X; = E(pg;) \pg)) is

ij
the expected value at time ¢ with initial value pl(;-)

following recurrence formula is X; = f(¢):

only depends

at time [. The solution of the

fs+1)=(—a,—b)f(s)+as,  with f(I) =pfj.
We have
X1 = Xa| = |11%H—1 pm\ H 1 —as —by)
s=l+1
< I;Df+1 —pfé)\

< max{qg(l —p” ) blpl;)}

Let ¢; = max{a;(1 — pl(é)), blpl(;-)} denote the sequence ¢ for the c-Lipschitz con-
dition.

For the case a; = o(b;), we first get a crude upper bound for p (by setting
p2 =1):
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1 (s), (s)
0] () Wi Wy
pij < 1—(1—10”)(1—1_[(1—7”?))

s=j

a—1 ! (s), (s)

i w; wj
< 4L R
- 27~ + ;m 472

m(2a — 1) 2271

< 1+0Q1)——= .
= ( + ( )) 4,7_2 Z’aja

Also, we have

m(2a — 1) 12271

biptd < b1 1) —— = )
) < b1+ o) 2 = B(a)
Hence,
t
>d <0 Zaz
1=
mjzaa if @ > %
~ m2jie—3 . 3
(U)Qa if a < g
_ { ng ) 2) if a > %
t(20‘2 ( )?) ifa<%

= o(E( p”

By Azuma’s martingale inequality, almost surely, we have

For the case by = ©(a;) and E(pg)) ©(1), we have

and, therefore,

) =E@)+0
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Now we prove inductively that G'(pi, p2, p3,ps, m) dominates G' within an
error estimate o(t %) (for some constant K > 2).

For | = ty, the statement is trivial since H' is an empty graph. We now assume
that G'(p1, p2, p3, ps, m) dominates H' within error estimate o(t=%).

If at time [ + 1 we have a vertex-growth step, we define the random graph
#(H) to be the graph resulting from adding to H' m random edges from the
new vertex. The other endpoints of these edges are chosen with probabil-
ity proportional to their degrees in H. We note that G'*!(py,pa,p3,p1) =
&(G'(p1, p2,p3,p4)). Since G'(p1,p2, 3, pa, m) dominates H' within an error es-
timate o(t %), G (p1, p2, p3, p4) dominates ¢(H') within an appropriate error
term.

If at time I + 1 we have an edge-growth step, we define the random graph
¢(H) to be the graph resulting from adding m random edges on the vertices
of H. The endpoints of those edges are chosen with probability proportional
to their degrees in H. We note that G'*!(p1,p2,p3,p1) = &(G(p1, P2, p3,P4))-
Since G!(pi1,p2,p3,ps,m) dominates H'! within error estimate o(t=%),
G"(p1, p2, p3,ps) dominates ¢(G'), with a suitable error term.

If at time [4+1 we have a vertex-deletion step, it is clear that Gl+1(p1,p2, D3,D4)
dominates H'*' within the same error estimate as at time .

If at time /41 we have an edge-deletion step, we note that G+ (py, pa, p3, ps) =
G'(p1,p2,p3,p4) \ HY. Since G'(pi1,p2,p3,ps,m) dominates H' with an error
estimate o(t~ %), G'*1(p1, p2, p3, p4) dominates H' \ F! = G'*+1.

The total error bound is less that ¢ times the maximum error within each step.
Hence, the error is o(t~%) for any constant K. The proof of one direction for
the domination is completed. The proof of the other direction can be treated
similarly except that the opposite direction of the domination is involved and we
omit that proof here. 0

Proof of Theorem 6.2. When j > i > m#t!~2«, we have

DPam tQOz—l

T 2pyT(2ps — pa) 05

Dij

Let Hy be the edge-independent random graph with p};, = %%.

Since p;; can be written as a product of a function of ¢ and a function of j,
H; is a random graph with given expected degrees. To calculate the expected
degrees of Hy, we will use the fact that the probability that ¢ survives at ¢ is
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(1+0(1)) (%) Cezl Hence, the expected degree of H; is

o\ _P3_
_ / J\Frrs
d; = Zpij (Z)
JES
p3
X 1 1_Lt pam tza_l _7 P1—P3
~ Z] =maot " 2« — =
2p47(2p2 — pa) 1%5* \t
N pam t
2pa7(2p2 — pa) (524, — @) i’
as claimed.

For the other direction, we note that

pam 2ot pa) (J at2al
- e ()
N 2p47(2p2 — pa) 5% ( p2/) \t
t2a—1
e (0 3)
2pa7(2p2 — pa) VG D2
m t2a—1
- 2p4T 1¥5¢
Let Hs be the edge-independent random graph with p;’J = 210% t:;j;l . Clearly, H»
is a random graph with a given expected degree sequence. The proof is similar
and will be omitted. O

Proof of Theorem 6.3. When i < j < m#t!~2«, we have

2paT o ca1-2
l:l— 1 ]_ _aat a:]-_ ]--
Py =1 (Lt o(1) i%ie; o(1)

Therefore, it is dominating and dominated by the complete subgraph. O
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