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Introduction

If a locally compact group @ acts on a C*-algebra A as an automorphism group, then
one can construct the crossed product C*(4, G), the covariance algebra in the sense of
[5], of A by @ in a way similar to the construction of a group C*-algebra. In fact, the crossed
product C*(4, @) of 4 by G is the enveloping C*-algebra of the Banach *-algebra L' (4, &)
of all Bochner integrable A-valued measurable functions on G with respect to the left

Haar measure of @, where the *-algebraic structure of L'(4, @) is defined as follows

@) )= [ st
for every pair z, y€ L'(4, G) and s€G,

6) = 5 g5 Sl
for every x €114, @) and s€@, where dt and A(s) denote the left Haar measure and its
modular function of G respectively. As it is shown in [5], if (zz, U) is a covariant representa-
tion of (4, G) on a Hilbert space H (Cf. Def. 3.1), there exists a unique representation
o vy of C* (4, @) on the same space H such that

O () = fa 7e(x(s)) U(s) ds

for each x€LY(4, (). Further, the map (w, U)~>gw,vu, sets up a one-to—one correspondence
between the set of all covariant representations and the set of all *-representations of
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C*(4, &). The von Neumann algebra M(n, U) generated by {n(z), U(s); €4, s€G} is
the weak closure of g(, ) (C*(4, @)). Therefore, the study of representations of C*(4, @)
is, in a sense, equivalent to that of covariant representations of (4, @).

Recently, a number of works on the crossed product of a C*-algebra by its automor-
phism group has been published by several authors—for example, by G. Zeller-Meier
{23], A. Guichardet [10] and by S. Doplicher, D. Kastler and . D. Robinson [5].

In this paper, we shall study covariant representations of (4, ), following G. W.
Mackey’s important theory of induced representations of groups. §1 and §2 are just
preliminaries for the later study and the main part of this paper is §§ 4-8. In § 1, we shall
study transformation groups of a topological space or of a Borel space. In § 2, we shall
study the action of G’ on the space of representations of 4. In § 3, we shall construct induced
covariant representations of (4, G) following the construction of induced representations
of locally compact groups given by G. W. Mackey [15]. In § 4, we shall study the converse
process of what is discussed in § 3. That is, studying a system of imprimitivity for a co-
variant representation (Cf. Def. 4.1), we shall reduce the study of covariant representation
of (4, @) to that of covariant representation of a subsystem (4, G,) of (4, G) under a certain
assumption. Applying the results of § 4, we shall show, in § 5, that the type of a covariant
representation (7, U) is completely determined by the type of the associated projective
representation of the associated subgroup of G under the hypothesis that the representa-
tion is of type I and that the central system of imprimitivity is transitive (Cf. Theorem
5.3). § 6 will be devoted to the study of covariant representations of a GCR-algebra and its
smooth automorphism group as an application of the results of § 5. In § 7, we shall show
the results concerning the induced covariant representation corresponding to the subgroup
theorem in the theory of induced representation of a locally compact group. In § 8, we shall

show the existence of non-type I covariant representation under a certain condition.

1. Transformation groups

Suppose that G is a topological (resp. Borel) group; that is, ¢ is a topological (resp.
Borel) space and a group such that the map (s,#)€G xG—~s"4EQ is continuous (resp.
Borelian). When @ is a topological group, @ is often considered as a Borel group equipped
with the Borel structure determined by its topology. Let I' be a topological (resp. Borel)
space. Suppose that a homomorphism of @ into the group of all homeomorphisms (resp.
Borel-automorphisms) of I' is given, denoting the homeomorphism (resp. Borel-automor-
phism) of I’ corresponding to s€G by y€I'>ys€l’. If the map: (y, s)€l' xG—-ys€l is
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continuous (resp. Borelian), then @ is said to be a topological (resp. Borel) transformation
group of I, or I" is said to be a topological (resp. Borel) G-space.

In many cases, there are difficulties in proving the joint continuity of the map (y, s)€
I'x G—>ys€T, even if its separate continuity is easily verified. However, we can get rid of
such difficulties in our study by making use of the following theorem based on Baire’s

category theorem.

TaEoOREM 1.1. If G is a Baire’s space as a topological space and if I' is metrizable, then
the separate continuity of the map (y, s)EL x G—ys€1’ automatically implies its joint con-

tinuity.

This is easily proved from [2; Exercise 23, p. 118], but, for the convenience of the

reader, we shall give the proof.

Proof. Let d be a distance function of I'. For £>0, y,€T" and s,€G, let f(y,, s, &) be the
supremum of numbers ¢ >0 such that d(y,, y,) <d implies d(yy8,, ¥180) <. If f(yq, 8o, €) <k,
then there exists a y, €I such that d(y,, y,) <k and d(y,s,, ¥, 5,) >¢. There exists a neighbor-
hood U of s, in G such that d(y,s, y,8)>¢ for every s€U. Hence we have f(y,, s, &) <k
for every s€U, so that the function s€G—f(y,, s, €) is upper semi-continuous for every
o€1" and £>0. The continuity of the map: y€I'->ys€l" implies f(y, s, &) +0 for every
y€I" and s€G. Let y, be an arbitrary fixed element of I". Putting

G(yy; &, n) = {E€G; f(p,, 8, €) = 1/n},

G(ye; &, n) is closed and U1 G(y,; & n) =G. By the hypothesis for G, U321 G(yg; & n)' =
G(y,, £) is open and dense in @, where S* means the interior of S for each subset S of G.
Hence G(yo)=N711G(y,, 1/n) is a dense subset of G with the maigre complement. If an
s, belongs to G(y,), then for each n there exists a neighborhood U of s, and an m such that
U is contained in G(yy; 1/n, 1/m), that is, f(y,, s, 1/n) > 1/m for every s€ U. Hence we have
d(yes, ys) <1/n whenever d(y,, v)<l/m. It follows that

1
d(Vo50: ¥8) < A(YoS0s Y0S) + (Yo, S) <;1, +d(ys, ys)

whenever d(y,, y) <1/m. Therefore, if U is chosen sufficiently small, then we have d(y,s,,
ys)<2/n whenever d(y,, y)<1/m and s€U, so that the map (y,s)—>ys is jointly
continuous at (y,, s,) for every s,€ G{y,). For an arbitrary element s, of G, considering the
following sequence of maps

(7, ) ET x G~ (p, ss1'8) €T x G —> yssi s, €T,
18 — 672909 Acta mathematica 119. Imprimé le 9 février 1968
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we can conclude that the map (y, s) €I’ x @—>ys€T is jointly continuous at (y,, s;). Since

o 18 arbitrary, I' becomes a topological G-space. This completes the proof.

THEOREM 1.2. If G is a separable locally compact group acting on a countably separated
Borel space T' as a Borel transformation group, then for each v of I' the stability group
G, ={s€Q; ys—y} of G at y is closed and the natural map of the right coset space G,\@ onto the

orbit yG is a Borel isomorphism.

Proof. Let E, be a countable separating family of Borel sets of I'. Let ¢, denote the
natural map @,s€G,\G—>ys€l. Then ¢, is a one-to-one Borel mapping with respect
to the quotient Borel structure of G, \G and the Borel structure of T', so that the family
®; '(B,) becomes a countable separating family of Borel sets of @,\@, that is G, \G is count-
ably separated. Hence G, is closed by [16; Theorem 7.2]. Therefore, the Borel space G \G
is standard and ¢, is a one-to-one Borel map of the standard Borel space G, \G into the
countably separated Borel space I', so that ¢, becomes a Borel isomorphism by [16;
Theorem 3.2.]. This completes the proof.

By a measure g on a Borel space I', we shall mean a complete measure determined
by a o-finite measure on the Borel sets of I". Let C(u) denote the set of all measures equiva-
lent to p in the sense of absolute continuity.

Let G be a locally compact group and I' a Borel G-space. For a measure g on I' and
$€@, let s(u) denote the measure defined by s(u)(E)=u(Es) for each Borel set K of T
If s(u) and p are equivalent, that is, if they have the same null sets for every s€@, u is said
to be quasi-invariant (under @) and the measure space (I', u) is said to be a G-measure space.
For a quasi-invariant measure u, let A(y,s) denote the Radon-Nikodym derivative of s(u)

with respect to u, that is,
[169 67,1t = [ 1) 8ut) )

for every Borel function f on I'. It is clear that the function A(y, s) satisfies the condition
Ay, sty = Ay, 8)A(ys, t) (2)

for every pair s, t€G and almost every y €T

If a quasi-invariant measure y on a Borel G-space I' satisfies the condition that
u(E)=0 or u(I'— E)=0 for every Borel set E of I" with u(EAEs)=0 for every s€@, then
u is said to be ergodic, where A means the symmetric difference of sets. The notion of
ergodicity does not depend on the measure u itself, but only on the class C(u). When u

is quasi-invariant and ergodic, the class C(u) is said to be a quasi-orbit of G following
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G. W. Mackey [17]. If G, is a closed subgroup of G, there exists a unique class C of the
quasi-invariant measure on the right coset space Gy\G' which is the image of the class of
Haar measures under the canonical map s€G->G,s€G,\G. In a Borel G-space I', each
orbit G carries a unique class of quasi-invariant measures since y@ is isomorphic to the
Borel G-space G, \G by Theorem 1.2. The transitivity of the action of G yields its ergodicity,
so that the class of quasi-invariant measures concentrated on an orbit is a quasi-orbit,
which is said to be transitive or merely orbit. The notion of quasi-orbit, defined above, is

a generalization of that of a measure concentrated on an orbit.

2. Locally compact automophism groups of C*-algebras

Let G be a locally compact group and 4 a C*-algebra. If there exists a map
(s, x)EG@x A—~s(x)€EA
satisfying the following conditions:

(1) for each s€Q, the map x€A—s(x)€A is a *-automorphism of A, and s,(s5(x)) =8, 85()
for each s,, s,€G and x€A,

(2) for each x€A and ¢>0, there exisis a neighborhood U of the unit e of G such that
|s(x) — || <& for every s€U,

then G is said to be a locally compact automorphism group of A.

Let H be a Hilbert space and let R(4: H) denote the set of all representations of 4
on H. Considering the *-strong operator topology in the full operator algebra B(H) on H,
we take for topology in Rep(A: H) the simple convergence topology. For each s€G and
n€Rep(A4: H), we define an action of s to = by

(7s) () = 7(s(x)) (3)

for every x € 4. Then it follows at once that the map (7, s)ERep(4: H) x G—>ns€Rep(4: H)
is separately continuous. Since Rep(4: H) is metrizable whenever 4 and H are separable,
we get the following result from Theorem 1.1.

TreEorEM 2.1. If A and H are separable, then Rep(A: H) becomes a topological G-space

automatically for every locally compact automorphism group G of A.

Let U(H) (or simply U) denote the group of all unitary operators on H. For u€U
we shall define an action of » to z€Rep (4: H) by
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(um) () = um(x)u? 4)
for every x € 4. Then it follows at once that
(ur) s = u(rs) ®)

for every (u, 7, s)€ U x Rep(A4: H) x G. Suppose that the dimension of H is infinite. Then
the action of G on Rep(4: H) satisfies the following:

(0, ®;70,) $ =711 8 @ T2 8 (6)
for every (5, 75, s)ERep(4: H) x Rep(4: H) x G,
p(s) = p(m) (M

for every (m, s)€ERep (4: H) x G, where the definition of the j-direct sum s, @;m, of
7y, s €ERep (4: H) and the definition of the projection p(z) are given in [21]. Hence @
becomes an automorphism group of the topological algebraic system Rep (4: H).

As a converse of Theorem 2.1, we get the following

THEOREM 2.2. When A and H are separable, if a locally compact group G acts on
Rep (4: H) as a topological transformation group satisfying conditions (4)—(7), G becomes an
automorphism group of A and the action of G on Rep (4: H) coincides with the action given by
Theorem 2.1.

Proof. By [21; Theorem 4], A is represented as the C*-algebra of all continuous ad-
missible operator fields on Rep (4; H), so that we can define an action of s€G to x€4 by

s(z) (m) = x(ns), w€ERep (4: H). (8)

Then s(z) is a continuous admissible operator field on Rep (4: H), so that s(x) belongs to 4.
Tt is easily verified that s is an automorphism of 4. Considering the Borel structure of
B(H) generated by the *-strong operator topology, we shall consider a Borel structure of
A which is the smallest Borel structure in which the function x € A —+x(x) € B(H) becomes
a Borel function for every » €Rep (4: H). Since the Borel structure of B(H) is generated
by the weak operator topology, the Borel structure of 4, just defined, is generated by the
family of functions x€A4 - (x(n)&|n) for each wERep (4: H), &, n€H. By [21; Lemma 2],
the Borel structure of 4 is generated by the (4, 4*)-topology, so that it is countably
separated. The norm topology of 4 is polish and also finer than the o(4, 4*)-topology,
so that the Borel structure of 4 is generated by the norm topology. For each 7€ Rep (4: H)
and z € 4, the map s € G~ s(x) () =z(7rs) € B(H) is continuous, so that the map s€G—s(x)€4
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is a Borel function for each x€4. Hence the action of G on A becomes a measurable re-
presentation of G on a separable Banach space 4, so that we have ||s(x) —z|| >0 for each
x€ A4 as s converges to e in G. This completes the proof.

Let A* denote the conjugate space of a C*-algebra 4 and X* its unit ball. For an
$€(@ and an w € 4%, we shall define an action of s to w by

{w+8, ) =<{w, 8(x)) 9)

for each = of A, where {w, ) means the value of w at z. If 4 is separable, then the weak
*-topology of X* is metrizable. Since the map (w, s)EX* x G—>ws€EX* is separately con-
tinuous, 2* becomes a topological G-space by Theorem 1.1. In the following of this section,
we shall assume the separability of A. Let U, denote the group of all unitary elements of
the C*-algebra A, obtained by adjunction of a unit to 4. For €U, and w € 4*, we shall
define a functional w* by

(0, 23 = o, uzu) (10)

for each €4, recalling that A is an ideal of 4,. Then we have, for each z€ 4,
{w's, ) =<, us(x)u> = {w, s(s~(u)xs~{u"1))>
= Cws, 57 (s~ Hu )y = (ws) ¥, 2,
so that we get whs=(w-s)° @ (11)

for each w€4* and s€G. Let D denote the set of all pure states of 4. Then P becomes
a Gs-set in X*, so that D is a polish space in the weak *-topology. For each w€ D, let
m,, denote the cyclic representation of A4 induced by w. Then, for each pair w;, w,€PD,
“Tp 7, is equivalent to “there exists ¥ €U, such that w¥ =w,”.

Let A be the dual space of 4, that is, the set of unitary equivalence classes of all ir-
reducible representations of A. In 4, we shall consider the Fell-topology as a topological
space and the Mackey Borel structure as a Borel space. Then the map wG‘D—>ﬁw€fi is
open by [8; Theorem 3], where # means the unitary equivalence class containing a repre-
sentation s, so that we can identify 4 with the quotient topological space DU 4 under
the natural correspondence. For (w,, 8) €D x G, let V be an open neighborhood of w,s,
which is invariant under the action of U,. By the continuity of the map (w, s)€P x G—
ws€ ], there exist open neighborhoods W’ of w, and U of s, such that W' U< V. For each
wEW’', s€U and u€U,, a)“s:(ws)s—l‘“) belongs to V by U,-invariance of V, so that
(Uner U< V. Putting W=Uuer  W*, we can conclude that there exist open neigh-
borhoods W of wy and U of s, such that WU <V and W is invariant under U ,. Therefore,
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the quotient topological space D/U, becomes a topological G-space. Recalling that
Tw.s =11,8 for every w € P and s €@, G becomes naturally a topological transformation group

of the dual space 4 of A. Thus, we get the following

THEOREM 2.3. For an irreducible representation  of 4 and s€@, defining an action of
8 to the unitary equivalence class & of m by 7+ =:7z/-\s, G becomes a topological transformation

group of the dual space A of A equipped with the Fell topology.

THEOREM 2.4. If 4 is QCR, then G becomes a Borel transformation group of the dual
space A of A equipped with the M, ackey Borel structure. Hence for each { of A, the stability
group G¢ of G at £ is a closed subgroup of Q.

Proof. If A is GCR, then the Borel structure of 4 is generated by its Fell topology and
is standard by [6]. Hence our assertion follows from Theorem 1.2 and 2.3 at once. This
completes the proof.

Now let A be a separable C*-algebra and G a separable locally compact automorphism
group of 4 and H a separable Hilbert space. Then the space Rep (A4: H) of all representa-
tions of 4 on H becomes a polish space. Let Irr (4: H) denote the space of all non-de-
generate irreducible representations of 4 on H. Then Irr (4: H) is a Gs-set in Rep (4: H),
so that it is also polish. Considering the natural action of the cartesian product group
UxG on Irr (4: H), U xG becomes a polish transformation group of the polish space
Irr (4: H).

LeMmaA 2.1. The action of U x G on Irr (A: H) satisfies condition D in the sense of E. G.
Effros [24]. That s, for each neighborhoods M of I in WU and U of e in G, there exist neigh-
borhoods N of I in U and V of e in G with the following property: If {Q,,} is a decreasing basis
of open neighborhoods of any element z of Irr (A: H), then N3-1(NQ,, V)= MnU, where S
means the closure of S for any subset S of Irr (A: H).

Proof. By [24; Lemma 4.1], the action of Y on Irr (A: H) satisfies condition D, so

that there exists a neighborhood N of I in Y such that N 5-1(NQ,)<Mn for every de-
creasing basis {@),} of open neighborhoods of 7 €Irr (4: H). Let V be a compact neighbor-

hood of ¢ contained in U. Take an arbitrary point 7,€ N ®_1(NQ, V). Then we can choose
sequences {u,}, {sn} and {n,} such that u,€N, n,€Q,, s,€V for each m=1, 2, ... and
lim %,,7,,8,, =7,. By the compactness of V, taking a subsequence of {s,} if it is necessary,
we may assume that {s,} converges to an s,€V. Since im w,7,,=lm (4,7,s,)sn" =

080 ", 7yS5* belongs to N ﬁzl(m;). From the assumption for N, we have
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oS0 € r_]l(NQ,,,) < M.
Therefore 7, belongs to MaU, which implies that N ¥-1(NQ,, V)< MmU. This completes
the proof.
Combining the results of E. G. Effros [24] and Lemma 2.1, we get the following

TurEoREM 2.5. If A is a separable C*-algebra and @ is a separable locally compact

automorphism group of A, then the following are equivalent:

(i) The quotient Borel space A|G is countably separated.
(ii) A has no non-transitive quasi-orbit of G.
(iii) The quotient topological space A|G is almost Hausdorff.

Proof. The implication (i) = (ii) is easily proved by the argument of p. 126 in [25].

Let H, be an n-dimensional Hilbert space for n=1, 2, ..., oo and U, the group of
all unitary operators on H,. Putting fin={C €A4; dimension of {=n}, A4, can be regarded
as the quotient topological (or Borel) ‘space Trr (4: H,)/U,. Since U}, 4, is a closed sub-
space of 4 and 4, is invariant under the action of @ for each n=1, 2, ..., oo, it is sufficient
to prove our assertions for A, instead of the whole space A. For each m€Irr (4: H), let
{(m) denote the class of all irreducible representations of A on H, unitarily equi#alent to
7. For each £ € 4,,, let ¢(¢) denote the orbit (G of G at £. Each subset S of 4, /@ is open (resp.
Borelian) if and only if p-1(S) is open (resp. Borelian) in 4,,. Also each subset E of 4, is
open (resp. Borelian) if and only if {-'(E) is open (resp. Borelian), so that each subset S
of 4/G is open (resp. Borelian) if and only if {~1p~1(S) is open in Irr (A4: H) (resp. Bore-
lian in Irr (4: H,)). Hence the space 4/G becomes the quotient space under the composed
map y=@o(. On the other hand, v can be regarded as the canonical map of Irr (4: H,)
onto the orbit space Irr (4: H,)/(U, x G). Therefore, by Lemma 2.1 and [24; Theorem
2.9], the assertions (i) and (iii) are equivalent.

(ii) = (i). Suppose the quotient Borel space A,/G is not countably separated. By [24;
Theorem 2.6], Irr (4: H,) has a non-transitive ergodic quasi-invariant measure y with total
mass one under the action of Y x G. Define a measure » in 4, by »(E) =u({~1(E)) for each
Borel set E of 4,,. Then » becomes an ergodic measure in 4, under the action of G. Suppose
that there exists a point €4, with »({,@)=1. Since (Y’ &) = WU, 7, G for any 7, of £, and
w(C Uy @) =v(L &) =1, p is concentrated in the orbit Uy @ of U x @ at 7y, which contradicts
the non-transitivity of u. Therefore, » is a non-transitive ergodic measure in 4,. This
completes the proof.

Under the same conditions as in Theorem 2.5, we shall study an irreducible represen-
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tation 7 of A on a separable Hilbert space H such that 7-s~x for each s of G. There exists
a unitary operator V(s) on H for each s€G such that zs=V(s)z. For each pair s, 1€Q,
we have

V(st)m =n(st) = (V(s)m)t = V(s)(nt) = V(s) V(t)m,

which implies that V(£)~1V(s)~! V{st) commutes with 7(A4). By the irreducibility of =,
V{£) 1V (s)"1 V(st) is a scalar o(s, ) of modulus one. As in the arguments of [17; Theorem
8.2], we may choose V(s) such that V(-) is a U(H)-valued Borel function over @, and so
o becomes a multiplier in the sense of G. W. Mackey [17] and V is a g-representation of G.
Moreover, the multiplier ¢ and the o-representation ¥V are uniquely determined within
equivalence. Thus we get the following

THEOREM 2.6. Let A be a separable C*-algebra and G a separable locally compact
automorphism group of A. If n is an irreducible representation of A on a separable Hilbert
space H such that sus is unitarily equivalent to 7 for each s € G, then there exist a unique multiplier
o for G and a o-representation V of G on H, unique within equivalence, such that V(s)m=z-s
for each s€G.

3. Induced covariant representation of C*-algebras and their locally compact
automorphism groups
Let A be a C*-algebra and G a locally compact automorphism group of 4. On the
connection between a representation of 4 and of @, we shall state the following.

Definition 3.1. If a representation z of 4 on a Hilbert space H and a unitary represen-
tation U of G on the same space H satisfy the condition

U(s)ru(x) U(s)™ = ms(x) (1)

for every €A and s€@, then the couple (n, U) is said to be a covariant representation of
(4, @). According to the type of the von Neumann algebra M(z, U) generated by {m(x),
U(s); € 4, s€ G}, the covariant representation (7, U) is said to be a factor representation,
a type I representation and so on.

In the following, we shall assume the separability for 4, G and H.

Let G, be a closed subgroup of @ and let I' denote the right coset space G\G. Then
I" becomes a locally compact G-space. Let u be a fixed finite quasi-invariant measure on
I" and A the associated A-function on I' in the sense of G. W. Mackey [15]. Let (n,, L)
be a covariant representation of (4, G,) on a separable Hilbert space H,. Making use of

Mackey’s construction of the induced representation of ¢/, we shall construet a new co-
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variant representation (, U) of (4, &), which is called the induced covariant representa-
tion. Take the unitary representation U” of @ induced by L as a unitary representation
U of G. Let H denote the representation space of UL. Then H is the space of all H-valued
Borel function £ on @ satisfying the conditions:

&(st) = L(s)&(t) @)
for every s€G, and {€G,

fr )P duls) < oo 3)

The last condition (3) is easily justified by the fact that ||£(st)|| = [ L(s)&(@)|| =||&@)| for
every s€(, and t€Q, so that ||£(s)|| can be interpreted as a function on I'. For each z€ 4,
we shall define an operator n(z) on H by;

(7(x) &) () = mot(x) & (t) (4)
for each £€ H and t€G. By the fact that

((%) &) (st) = 7o st(x) &(st) = {L(s)mot(x) L(s)~} L(s) (t) = L(s) (n(x) ) (t)

for every £€H, s€G,, t€G and x€ A, 7(x)& belongs to H. It is clear that m(x) is bounded
and that 7 preserves all algebraic operations of A, so that we get the representation z of
A on H. The arguments in [15], which prove the independence of U~ on the choice of
quasi-invariant measure y, also show the independence of z on the measure. The covariance

of (z, U) is proved at once by the following

U(s)7(x) U(s~1)&(t) = M¢, 8)t (m(ex) U(s~1) &) (ts)
= Alt, 8)tmyts(x) (U(s~1)&) (ts)

= myts(x) &(t) = (ns(x) ) (£)
for every £€H, s, tEG and x€A.

Definition 3.2. The couple (r, U), just defined, is said to be the covariant representa-
tion of (4, &) induced by the covariant representation (rz,, L) of (4, Gy).

4. Systems of imprimitivity for covariant representations

In this section we shall keep the basic hypothesis of countability condition for C*-
algebras, locally compact groups, Hilbert spaces and so on. We shall study the converse
process of that described in § 3. That is, we shall study when a given covariant representa-
tion of (4, () comes from a covariant representation of a subsystem (4, G,) as an induced
covariant representation. For the purpose, we shall make a definition following G. W.

Mackey.
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Definition 4.1. Let (m, U) be a covariant representation of a C*.algebra 4 and a
locally compact automorphism group @ of A on a Hilbert space H. Let A be a commutative
von Neumann algebra acting on H. If A satisfies the conditions:

A is contained in the commutant 7z(A)’ of n(4), (1)

U(s)AU(s 1) =A for every s€@G, (2)

then A is said to be a system of imprimitivity for (=, U). Also, if each fixed element of A,
under the automorphism xz€A—-U(s)aU(s 1) €A for all s of G, becomes a scalar, then A
is said to be an ergodic system of imprimitivity for (7, U).

Suppose that a covariant representation (7, U) of (4, @) on H is induced by a co-
variant representation (m,, L) of (4, G,) on H, as in Definition 3.2. For each fEL®(T, u),
define an operator i(f) on H by (:(f) &) (s) = /() &(s) for every £€ H and s €@. Then the algebra
A consisting of all i(f)’s becomes a system of imprimitivity for (=, U). We shall call A the
canonical system of imprimitivity.

If a commutative von Neumann algebra A on H is a system of imprimitivity for
(7, U) then by [18; Theorem 1 and 2] there exists an essentially unique standard Borel
measure G-space (I', u) and an isomorphism ¢ of the algebra L®(I', u) of all essentially
bounded measurable functions over (I', u) onto A such that

Us)i(f) U(s™) = i(s(f)) 3)
for each f€L®(I", u} where s(f) means the function of L®(I', u) defined by s(f) (y) =f(ys)

for y€I'. In other words, the couple (¢, U) is, in a sense, a covariant representation of
(LI, u), @) on H, considering @ as an automorphism group of the algebra L®(T', u).
The action of @ on L2(I', u), however, does not satisfy condition (2.2). In the above situa-
tion, the system of imprimitivity A for (s, U) is said to be based on the G-measure space
(', u) with respect to . Then the ergodicity of the system of imprimitivity 4 is equivalent
to that of the action of G on (T, u).

Definition 4.2. If the quasi-invariant measure y of I' is transitive, then A is said to be
a transitive system of imprimitivity for (=, U).

The above definition does not depend on the choice of G-space (I', u) by [18], but it is
determined by the triple (A, G, U).

For the study of the connection between a covariant representation and a system
of imprimitivity, we shall briefly sketch the arguments employed by G. W. Mackey in [17].

Let A be a system of imprimitivity for a covariant representation (s, U) of (4, &). Since
A is commutative, A is the center of the commutant A’ of A. Hence there exists a unique
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family {e,} of orthogonal projections of A such that X,e,=1I and, for each n=1, 2, ..., oo,
A’e, is spatially isomorphic, as a von Neumann algebra, to the tensor product L*(E,, u)® B,
of the von Neumann algebra L®(E,, 1) on the Hilbert space L2(E,, u) and the full operator
algebra B, on an n-dimensional Hilbert space H,, where E, is a Borel set in I' associated
with i—(e,). Each projection e, is invariant under every spatial automorphism of A, so
that we may assume that each Borel set E, is G-invariant by [18; Theorem 3]. Hence we
can, without loss of generality, limit ourselves to the case when A’ is spatially isomorphic
to L*(I', u)® B, for some n. In this case, A is said to have uniform multiplicity n. If A is
an ergodic system of imprimitivity the situation certainly will fall into this case. If A has

uniform multiplicity », then the situation becomes as follows:

(4) The space H is the Hilbert space of all square integrable H,-valued functions
over ([, ).

The action of A on H is given by
(e () =1)éy) (5)

for each fEL™(T, u) and §€H=I*H,, T, u).
Let A(y, s) be the function on I" x G defined by condition (1.1). For each s€@, we shall
define an operator V(s) on H by

(V(5)&) (y) = Ay, s)t E(ys) (6)

for every £€H. Then, by [17; Theorem 5.3], V(s) becomes a unitary representation of

G on H. We also have
‘ V(s)i(f) V(s7) =1(s(f)) (7)

for every s€@G and f€L*(I", ). Combining equations (3) and (7), we find that the operator
W(s)=U(s) V(s)~* belongs to A’ for every s€@, so that W(s) is decomposable. Hence, for
each s€(, there exists a U(H,)-valued Borel function W(y,s) on (I', u) such that
(W(s)&) (y)=W(y, s)&(y) for every £€H and almost every y€1'. From the equation

(W(st)&) (y) = (U(st) V(st) &) (p) = (US) U V(£) V(s) 1) ()
=(UE) V()T V) WE) V(syé)(y)
=Wy, s)(V(s) W) V(s)72E) (¥)
=My, P W(y, s) W(ps, t)(V(s)2€) ()
=My, 8)t A(ys, s71)F W(y, s) W(ys, t)&(y)
= W(y, s) W(ys, )&(y)

for every £€H and almost every y, it follows that
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Wy, st)=W(y, s) W(ys,?) }

Wiy, ey=1I ®)

for every pair s, ¢ in G and almost every y. By [17; Theorem 5.6], the U(H ,)-valued function

W(y, s) on I' x @ may be chosen as a measurable function. Hence we have

(U8)&)(y) = Ay, 5) W(y, 8)(ps) 9)

for every £€H, s€G and almost every y €T
Let us come back to the study of 7. Condition (1) yields that there exists a Rep(4; H,)-
valued measurable function y €'+, ERep (4: H,) such that

(@(@) &) (y) = 7, () (y) (10)

for each x€4, §€H and almost every y. Then we have

(ns(x)&) (y) = (U(s)7u(z) U(s™1) &) ()
=My, ) W(y, 8) (7e(x) U(s~Y) &) (ys)
=y, &) W(y, 8)7,5(x) (U(s71) &) (ys)
= Ay, )t Alys, s W(y, 8)7,(x) W(ys, s71)é(y)
= W(y, s)m,s (@) W(ys, s1)&(y)

for every €4, s€@, £€H and almost every y. Since it follows from (8) at once that
W(ys, s71)=W(y, s)~! for every s of G and almost every y, we have

Y8 = W(V’ 8)'”73 (11)

for each s of @ and almost every . Now we are in the position to describe how the family

7., W{y, s); y€I', s€G} determines the covariant representation (7, U).
Y ' 4 P

TarorEM 4.1. Let (I', u) bea standard G-measure space and H, a separable Hilbert space.
Let H denote the Hilbert space of all Hy-valued square summable functions over (I', u). Let
Wy, s) be a U(H,)-valued measurable function on I' x G and 7, a Rep (4: Hy)-valued measur-
able function on T'. If W(y,s) and m,, satisfy conditions (8) and (11), then the couple (r, U)
which is defined on H by equations (9) and (10), becomes a covariant representation of (4, G)
and the algebra A given by equation (5) becomes a system of imprimitivity for (z, U).

Conversely, if a commutative von Neumann algebra A with uniform multiplicity is a system
of imprimitivity for a covariant representation (7, U) of (4, G) on a Hilbert space H, then there
exists a standard G-measure space (U, u), a Hilbert space Hy, a WU(H,)-valued measurable
function W(y, s) of I x G and a Rep (4: H,)-valued measurable function of ., as in the above
such that (z, U) is unitarily equivalent to the covariant representation on the Hilbert space
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L3(H,, ', p) of all Hy-valued square summable functions over I' determined by {m.,, W(y, s);
v€Tl, s€G}.

When a system of imprimitivity for a covariant representation is transitive, we can
sharpen the above result as follows. By [17; Theorem 6.1], the associated G-measure space
(T, u) can be identified with the right coset space G\@ of a closed subgroup G, as a G-space.
Suppose that a system of imprimitivity A for a covariant representation (w, U) of (4, G)
is based on the right coset space Gy\@ of a closed subgroup of G. By [17; Theorem 6.6],
the representation U of ¢ is certainly induced by a unitary representation L of G, on a
Hilbert space H,. We shall, however, brieflysketch Mackey’s arguments again for the study
of the covariance of 7 and U.

Let y(s) denote the coset (ys for each s€(@. We shall keep the notations of Theorem

4.1. Putting R
W(S: t) = W(V(é‘), t) and ﬁs = Ty(s)

for each pair s, ¢ in @, W(s, t) and 7, satisfy the following conditions:

For every pair s,  in G,

~ ~

W(r, st) = W(r,s)W(rs,t) and W(r,e)=1I (12)
for almost every €@, and
Wirs, t) = W(s,t) and 7, =7, (13)
for every (r, s,1)€Gy x G x G, for every tEG
W (s, t) g =725t (14)

for almost every s€@. Then, by [17; Lemma 6.1 and 6.2], there exists a U(H,)-valued
Borel function B on G and a unitary representation L of G, on H, such that
W(s, t) = B(s)-1 B(st) (15)
for almost every pair s, ¢ in G,
B(rs) = L(r) B(s) (16)

for every € G, and every s€ G. Further, these functions B and L are uniquely determined
within suitable equivalence, that is, if B’ and L’ are another couple of U(H,)-valued Borel
funetions with the properties (15) and (16), there exists a unitary operator ' such that
B'(s)=CB(s) for almost every s€G and such that L'(s)=C"'L(s)C for every s€G,. It
follows from condition (14) that

(B(s) 7vs) 71 = B(st) 7, (st) (17)
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for almost every pair s, t in @. Hence, the representation B(s)7;s ' of A on H, is almost
everywhere equal to the representation m, which is independent of s. Let « be a member
of the unique invariant measure class in @ with total mass one. Then we have, for every
pair §,n€ Hy and € 4,

(o () E|m) = L (B(s) t, 8 *(x) B(s) " &] ) do(s).

For every r € G, we have

(o () &) = L (B(s) 7,87 r(x) B(s) €| ) dac(s) = L (B(rs) 7,5 ') B(rs) ™ &| ) dot'(s),

where o is another measure in G with the same properties as «. The right side of the

above integration becomes
L (L(r) B(s) 7,8 () B(s)'L(r) ™" &|m) de’ (5)

= ( (B(s) o8~ "(%) B(s) ' L(r) ™ | L{r) ') de’ (s).
Since the function of s under the integral sign is constant almost everywhere, the above

integral is equal to (mo(x) L(r)" ' £| L(r)"'n). Hence we have
7y r=L(r) m, (18)

for every r € G,. Therefore (7,, L) is a covariant representation of (4, G,). Since B(s) 7, s *

is equal to s, almost everywhere, we have
B(s) 7, =1y 8 (19)

for almost every s € G. Now we are in the position to show the relation between the covariant

representation (7z, U) of (4, G) and the covariant representation (7o, L) of (4, Gy).

TueorEM 4.2. In the above situation, the covariant representation (7, U) of (4, G)
is unitarily equivalent to (%, U), the one induced by the covariant representation (my, L) of
(4, Gy).

Proof. Let H denote the representation space of the induced covariant representation
(7, ). For each £€ H, let & denote the H,-valued function on G defined by §~(3) = B(s)&(y(s))
for every s€@. It is not so difficult to show that the operator ¥V, defined by V& =§~ for &
&€ H, becomes an isometry of H onto H. Then we have, for each & of H and every s€G,
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(VU(8)&)(r) = B(r)(U(s) &) (¥(r))
= Ay(r), 5)* B(r) W(y(r), 8)&(y(r)s)
— Ay (r), 8) B(r) W(r, s)E(y(rs))
= Ay(r), s)t B(rs)&(y(rs))
= (UL(S)_VE) (r)

for almost every r €G. Also we have, for each x€4 and each §€H,

(Va(x) &) (r) = B(r) (ze(x) &) (y(r))
= B(r)m, (%) &(y(r))
=759+ (%) B(r)&(y(r))
=719 7() (V&) (r) = (7u(2) V&) (r)

for almost every r €G. It follows that the isometry V carries the unitary equivalence between
(7w, U) and (7, U). This completes the proof.

In the last part of this section, we shall study the commutant algebra M(z, U)’ of the
covariant representation (7, U) in the situation of Theorem 4.2.

Suppose that T is an abitary operator in M(z, U)’ n A’. Since 7' is decomposable,
there is a measurable B(H)-valued function T'(y) on I' such that (T&)(y)=T(y)é(y) for
every £€H and almost every y €', For each s€@, we have

(U(s) TE) (y) = Ay, 8)t W(y, s) T(ys)é(ys)
and also (TU($)8) () = Ay, s) T(y) Wy, 5)&(ys)
for each £ € H and almost every y €T, so that we have
Ty)W(y,s) =Wy, s)T(ys) (20)

for almost every y €. Putting 7'(s) = T(y(s)) for every s€@G, we get T(rs)="T(s) for every
r€G, and every s€G. Also for each s€(@, we have

T(r) B(r)= B(rs) = B(r)~2 B(rs) T(rs)
for almost every r€G. Therefore, we have
B(r) T(r) B(r)~* = B(rs) T(rs) B(rs)~ (21)

for almost every pair r, s in G, that is, the B(H,)-valued Borel function B(r) T'(r) B(r)
on G becomes a constant operator 7', of B(H,) almost everywhere. Since T belongs to
M(z, U) n A’, almost every 7T'(y) belongs to 7,(4)’, so that almost every 7'(s) belongs to
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7s(A)'. Tt is clear that 7z,s7(A4)" =7,(A4)" for every s€G and that B(s) T(s) B(s)~ belongs to
the commutant M(B(s)7z,)’ of (B(s)7,) (4) for almost every s€@, so that T, belongs to the
commutant M(s,)’ of 7zy(A4). For each r €G, and each pair &, n€ H,, we have

(L(r) Ty &|n) = (To &| L(r) ' n) = L (B(s)T(s) B(s) " &| L(r) " 'n) dx(s)
= L (L(r) B(s) T (s) B(s)"* €| ) dax(s) = f . (B(rs) T(s) B(s)"* &|n) da(s)

= f . (B(s)T(r~'s) B(r~'s)"*&| ) do’ (s) = L (B(s) T(s) B(s)*L(r) &| 5) dot’ (s),

where o and o’ mean the measures on @ taken up on page 288. By the same reason as in the
arguments there, the above integral is equal to (T L(r)&|n). Therefore, T, belongs to the
commutant M(L)" of {L(r); r€G,}. Let ® denote the map T'€M(z, U)’ N A’ > T, €M(m,, L)'.

TurorREM 4.3. In the same situation as in Theorem 4.2, the von Neumann algebra
M(z, U)' 0 A’ is isomorphic to M(m,, L) under the isomorphism ©.

Proof. We shall use the preceeding notations. We have, for each £eH,
(VTV-1)(s) = B(s)(TV-1E) (y(s)) = B(s) T(p(s)) (V=) ((s)) = B(s) T(s) B(s)~é(s) = Tols)

for almost every s€@. Therefore, VT V-1 becomes T,®1 on the space H, under a suitable
interpretation. Hence ® is an isomorphism of M(r, U)’ N A’ into M(zw,y, L)'. For each T,
of M(z,, L)', we shall define the operator 7' on H by Té:(s) = To.g-:(s) for every £€H and s€Q.
Then it is clear that 7' belongs to M(z, U*)’ and that V-7V belongs to M(z, U)' N A’.
Moreover, we can easily show that ®(V-17'V)==T,. This completes the proof.

5. Central systems of imprimitivity for covariant representations

We shall in the following keep the basic countability assumptions. Let (, U) be a
covariant representation on a Hilbert space H of a C*.algebra 4 and its locally compact
automorphism group G. Let Z(n) denote the center of the von Neumann algebra s(4)”
generated by 7(A4). Then, Z(x) automatically becomes a system of imprimitivity for (=, U),
which is said to be the central system of imprimitivity for (=, U). Applying the results
of § 4 to the central system of imprimitivity Z(zx) for (z, U), we shall make a detailed study
of the covariant representation (7, U). Since each fixed element of Z(x), under the auto-
morphism; T €Z(x)— U(s) TU(s)"€Z(m) for every s€Q, belongs to the center of the von
Neumann algebra M(z, U) generated by {n(x), U(s); x€ 4, s€G}, we get the following
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TEEOREM 5.1. Under the above conditions and if the covariant representation (w, U)
s a covariant factor representation of (4, @), then the central system of imprimitivity Z(zw)
for (m, U) is ergodic.

If the central system of imprimitivity Z(sx) is transitive, it is rather easy to describe
the covariant representation (r, U) in terms of the associated covariant representation

(7, L) of some associated subsystem (4, Gy). Applying Theorem 4.3, we get the following

THEOREM 5.2. In the same situation as in Theorem 5.1, if the central system of imprims-
tivity Z() for a covariant representation (7, U) of (A, G) is transitive, then there exists a unique
closed subgroup G, of G and a unique covariant representation (my, L) of the subsystem (4, Gy)
such that (7, U) is induced by (g, L), where the uniqueness is up to equivalence. Moreover,
wn this case, the commutant algebra M(z, U) of {n(x), U(s); x€A4, s€G} is isomorphic to the
commutant algebra M(mo, L)' of {rmy(x), L(s); €A, s€G,} under the canonical isomorphism

® and 7, is a factor representation.

In the following, we shall study a covariant representation (7, U) of (4, @) under the
hypothesis that Z(z) is transitive and that the associated representation 7 of 4, in the sense

of Theorem 5.2, is of type I. For the purpose, we need the following lemma.

LeMma 5.1. Let Gy be a separable locally compact automorphism group of a separable
C*-algebra A. Let (7y, L) be a covariant representation of (4, G,) on a Hilbert space H,. If
7y 18 a type I factor representation, then there exist a multiplier o for G, in the sense of G. W.
Mackey [17], a o-representation L' (resp. o—L-representation L) of Q, on a Hilbert space H,
(resp. H,) and an irreducible representation w, of A on H, such that

Hy=H,®H,, L=I'®IL? aniz)=mz)®l, z€A4,
and LY(s)my =mys  for each s€G.

Proof. By the hypothesis for m,, there exist two Hilbert spaces H; and H, and an
irreducible representation 7; of 4 on H; such that H=H,® H, and my(z) =n,(z)®1 for
every x€A. Since 7ys =L(s)7,, 7,8 is unitarily equivalent to 7, for each s€G,. n, is quasi-
equivalent to 7, and so is 7, s to 7, s, so that », s and =, are quasi-equivalent for each s€G,,.
Since 7, s i3 irreducible for every s€@,, =, and 7, s are unitarily equivalent. Therefore, by
Theorem 2.6, there exist a unique multiplier ¢ for G, and a g-representation L' of Gy on
H, such that L'(s)z, =, s for every s€G. Since (L(s) ® 1)y =mys =L(s)m, for each s€G,
(L (s)"t® 1) L(s) commutes with 7zo(4). Hence there exists, for each s€@, a unitary operator
L%(s) on H, such that (L*(s)"'®1)L(s)=1® L*(s). The maps s€G—L2(s) and s€G—L(s)
are Borel functions so that the map s €@ L2(s) is a Borel function. Since L(s) = L'(s) ® L2(s)
19~ 672909 Acta mathematica 119. Imprimé lo 9 février 1968
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is an ordinary representation, L? becomes a o-1-representation of & on H,. This completes

the proof.

Lrenma 5.2. Let (A, G,) be a couple as in Lemma 5.1. and let (n,, L') be a couple of an
trreducible representation of A and a c-representation of G, on the same Hilbert space H, for
a multiplier o for Gy such that L'(s)r; =7, s for every s€Gy. Then, for each c—'-representation
L2 on a Hilbert space H,, putting Hy=H, ® H,, my(x) =m,(x)®1 for each x€A and L=I11Q L?,
the map L2~ (7, L) sets up a one~to—one correspondence between the set of o—'-representations
of Gy, and the set of all covariant representations of the form (m, ® 1, L*® L2) of (4, Gy).

Moreover, the commutant M(m,, L) is isomorphic to the commutant M(L?)' of L*G)

under the canonical correspondence.

Proof. Except for the last assertion our theorem has been proved already. For each
T of B(H,), we shall put ®(T)=1® T in Hy=H,® H,. Then it is clear that ®(7") belongs
to M(my, L) for each 7' of M(L?)'. Suppose T, is an operator of M(n,, L)'. Since M(sz,y, L) =
M(m,) N M(L)’, there exists a unique 7' of B(H,) such that ®(T)=T,. From the fact that
O(LA(s) TLXs)™) = 1@ (L¥(s) TLX(s)™)
= (LXs) ® L(s)) (1 ® T (L s)* @ L¥(s) ™)
=L(s) ToL(s) = Ty = O(T)

for each s€G, we have L*(s) TL*(s)~! = T, which implies that 7' belongs to M(L?)’. This
completes the proof.

Combining Theorem 5.2, Lemma 5.1 and 5.2, we get the following at once.

THEHEOREM 5.3. In the same situation as in Theorem 5.1, suppose that the central system
of imprimitivity Z(m) for a covariant representation (%, U) of (A, G} on a Hilbert space H is
transitive and that the representation 7 is of type 1. Then there exist an irreducible representation
7ty of A on a Hilbert space H,, a closed subgroup Gy, of G, & multiplier o for Gy, a g-representation
L' of Gy on H, and a o~ '-representation L? of G, on a Hilbert space H, with the following

properties:

(1) The couple (m,, L), defined by
7o(x) =, () ®1 on Hy=H,® H, for x€A,
L{s) = L\(s) ® L?(s) on H,, for s€Q,

s a covariant representation of (A4, Gy).

(2) (7, U) is unitarily equivalent to the covariant representation induced by (g, L).
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(8) The commutant M(z, U)" of {n(x), U(s); x€A, s€G} is isomorphic to the com-
mutant M(L2)' of {L%(s); s€G,}.

Therefore, the type of (%, U) is completely determined by that of the associated pro-
jective representation L? of the associated closed subgroup G,.

6. Covariant representations of GCR-algebras and their locally compact smooth
automorphism groups

In this section, let 4 denote a separable GCR-algebra and G a separable locally compact
automorphism group of 4. Then ¢ becomes a Borel transormation group of the dual space
4 of A by Theorem 2.4. When the action of G on A4 is smooth, that is, when the quotient
Borel space A/@ is countably separated, G is said to be smooth or smoothly acting on A.
In this section, we shall assume the smoothness of G. For each (€4 the stability group .
G¢ of G at { is a closed subgroup of @ and the orbit (@ of @ at ¢ is Borel isomorphic to the
right coset space G¢\G under the canonical map. Let 7, be an irreducible representation
of A contained in { on a Hilbert space H,. Since Aes=mes={s={ =7, for each s€Gy,
7w¢ s is unitarily equivalent to 7, for each s€G,. Then, by Theorem 2.6, there exist a unique
multiplier for ¢; and a unique o,-representation L, of Gy on H, such that L(s)z; =n,s
for each sEG:. It is easy to show that the multiplier o, and the projective representation
L, do not depend on the choice of 7z, but only on the class { within equivalence.

Let (=, U) be a covariant representation of (4, &) on a separable Hilbert space H.
Suppose that the representation » has uniform multiplicity and also that the central system
of imprimitivity Z(z) for (=, U) has a uniform multiplicity. (In general, every covariant
representation is a direct sum of a number. of disjoint covariant representations of the
above form.) Let (T, u), Hy, {7,; y€I'} and {W(y, s); y €T, s€G} be as in Theorem 4.1.
Then almost every , is a type I factor representation of 4 on Hyand {r.; y €I'} are mutually
disjoint except for a null set of I'. Besides, for each s €@, we have 7, 8=W(y, s)m,, for almost
every y€I'. Since 4 is GCR, we can identify the quasi-dual space A of 4 with the dual
space 4 of A under the canonical map. For each y €I such that 7, is a factor representation,
let {(y) denote the element of A which corresponds to the quasi-equivalence class of TTye
Then the map y €I'={(y) €4 is a one-to-one Borel map of I into A defined almost every-
where. For s€@, if {(y) and {(ys) are defined and 70,8 =W(y, 8)7m,, then {(ys) ={(y)s. Define
a Borel measure » on A by »(S) = u(E2(S)) for each Borel set S of A. For a function f on 4,
define a function {*(f) on I' by

fEk) i (y) is defined,

&rhHn= {0 if {(p) is not defined.
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Since ¢ is one-to—-one almost everywhere, /* is an isomorphism of L*(4,) onto Lo(T', u).
Besides, for each s€@ and each fEL®(4, v), we have

s(C* N (y) = XN (vs) = (C(y)8) = s(N(C(y)) = E*(s(A) (7)

for almost every y€I', so that s({*(f)) =C*(s(f)) for every s€G and feEL®(A,v). Putting
§(f) =i(C*(f)) for each fEL®(A, v), where 7 is the isomorphism of LT, u) onto Z(r) defined
in §4, we have U(s)j(f) U ()" =4(s(f)) for each fEL®(A,») and s€G. Therefore, the base
space (I, u) of the system of imprimitivity Z() can be replaced by (4, »). By the hypo-
thesis for the action of G on 4, every quasi-orbit of G in 4 is transitive. Therefore, if (, U)
is a covariant factor representation, then the central system of imprimitivity Z{z) for
{7, U) becomes transitive. Thus, we can apply Theorem 5.3 to (%, U) in this case.

THEOREM 6.1. Suppose that A is a separable GCR-algebra and that G is a separable
locally compact smooth automorphism group of A. Then every covariant factor representation
(m, U) of (4, G) is induced by a covariant representation (g, L) of (4, Gy) for a certain point
¢ of A such that 7ty 18 a factor representation of A which is quasi-equivalent to a member of {
and such that Gy is the stability group of G at {. Moreover, every covariant representation of
(4, Q) is of type I if and only if, for each L €A, every og-representation of Gy is of type 1,
where oy means the associated multiplier for the stability group G, of G at { which is canoni-
<ally determined. Tkerefore, the crossed product C*(A, G) of A by G is GCR if and only if
every ag-representation of Gy is of type I for every (€ A.

Thus the study of covariant representations is reduced to that of projective represen-
tations of stability groups. Unfortunately, the study of projective representations of locally
compact groups is not easy, even if the considered group is abelian or of type I. So we shall
limit ourselves to a simple case in the last part of this section.

Let A be the algebra C(H) of all compact operators on a separable Hilbert space H.
Let G be a separable locally compact group. If G acts on 4 as an automorphism group of
A, then the stability group of & at the point of 4 becomes the whole group @, since A
is reduced to one point. To give a projective representation of G on H is the same as to

define an action of G on A as an automorphism group.

TaEOREM 6.2. In the above situation, if G is a connected nilpotent Lie group, then every
covariant representation of (4, &) is of type L.

Proof. Let o be the associated multiplier for G. It is sufficient, by Theorem 6.1, to
show that every g-representation of @ is of type I. Let G7 denote the cartesian product
of & and the one-dimensional torus group 7. For each pair (s, ), (¢, 1) in G7, define the
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product (s, )(t, u) by (s, ) (¢, p) =(st, Au{o(s, 1))™'). Then G becomes a locally compact

group with the normal subgroup K ={(e, 1); |A| =1} such that G¢/K =@ by [17]. Since

K and @ are connected Lie groups, @ itself is a connected Lie group by [11; Theorem 7].

K is also the center of (7. Therefore G” is a connected nilpotent Lie group. By [12], G~

is of type I, that is, every o-representation of @ is of type I. This completes the proof.
Applying Theorem 4.1 to another simple case, we get the following

THEOREM 6.3. Let A be a separable GCR-algebra and G a separable locally compact
smooth automorphism group of A. If Q acts freely on the dual space A of A, that is, if every
stability group of G at a point of A is reduced to the trivial subgroup {e}, then every covariant
representation of (4, @) s of type 1. Therefore, the crossed product C*(A, G) of A by G is
GCR in this case.

7. The subgroup theorem for induced covariant representations

We have already seen that the theory of covariant representations is quite similar
to that of induced representations of locally compact groups. In fact, we can show that a
number of results in the theory of induced representations of locally compact groups
correspond to the results in the theory of covariant representations. In this section we
shall only show the result corresponding to the subgroup theorem which is one of the most
important results in the theory of induced representations of locally compact groups.

Let ¢, and G, be two fegularly related subgroups, in the sense of G. W. Mackey [15],
of a separable locally compact group G. Let D denote the double G, : G, coset space G;\G/G,.
@, and G, are regularly related, so D becomes a standard Borel space as quotient space.
For each s€@, let d(s) denote the double coset G, sG, and y(s) the right coset &,s. For any
finite measure » on @ with same null sets as the Haar measure, we define a measure v, on
D by vy(E)=v(d-1(E)) for every Borel subset E of D. The measure class C(»,) in D does
not depend on the choice of », that is, the measure class C(v,) is uniquely determined by
the measure class of the Haar measure. '

THEOREM 7.1. In the above situation, let G be an automorphism group of a separable
C*-algebra A. Let (7y, L,) be a covariant representation of (A, G;) on a separable Hilbert
space H, and (7, U) the covariant representation of (A, Q) on the Hilbert space H induced by
(703, Ly). For each sy€Q, let Gy(s,) denote the subgroup s, 16, s, and (7, L) the covariant
representation of (A, G,) on the Hilbert space H,, induced by the covariant representation of
(4, Gy(s) N G);

(, ) €A X (G1(80) N Gp)— (72, 8(2), L (80250 ))-

Then (my,, L) ts uniquely determined, up to unitary equivalence, by the double coset d(sy).
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Hence we may write (7w, Ly,) = (4, Ly,) where dg=d(s,). Also, the restriction (7, U)| 4. ¢ of
the induced covariant representation (m, U) to the couple (A, Gy) is decomposed into a direct

integration over (D, v,)

®
0 Ol a.00= [ (B 110 )
D
Proof. Let u denote the measure in G;\G =TI defined by u(E) =v(y~1(E)) for each Borel
set E of I'. For each y of I, let k(y) denote the double coset of D containing p. Then k
is a Borel map of I" onto D and %(u) =,. Since I and D are standard, u is represented by
direct integration with respect to the map &

p= | patna @)

where each y, is concentrated on the orbit £~1(d) and quasi-invariant under the action of
G, by [15; Lemma 11, 5].

Since I is a standard G-space, I is obviously a standard G,-space. Putting y,="7(s,),
the orbit of G, at y, becomes the double coset G;s,G,=d, and the stability group of @,
at y, becomes G(sy) N G5. Therefore, the orbit d, is isomorphic to the right coset space
(Gy(sp) N Gy)\@, as a Borel G,-space under the map k

Vot €Edy—> (Gy(Se) N Go)tE(G1(30) N Go)\Ga,  LEG,.
Let p,, denote a unique quasi-invariant measure on the orbit d. Let H,, denote the space

of all H,-valued Borel functions & on the double coset G, s, G, satisfying the conditions

&(st) = L,(s)&(¢) for every s€G, and t€G 5., (3)
| Bl dua < =, @

where § means the right coset y(s). Then H, becomes a Hilbert space with the norm
defined by
b

et ={ [ Nl a9}

On the space H, , we define representations 7, and L, of 4 and @, respectively by
(774, (8) &) (8} = 721 8(x) £(5) }
(La, (1) &) (8) = A(s, ) &(st)
for each z€A4, t€@,, s€G,5,G, and £€EH,, where A means the A-function on G,8,G, x G,
in the sense of G. W. Mackey [15]. By the equalities

(5)
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(Lo (8) 704, (%) Ly (£)78) (8) = A(3, 1)} (700,(2) Ligy(£) 1 &) (51)
= A8, 1)ty st(%) (L, (£)2E) (st)
=71, st(x) &(s)
for every t€(,, x€4 and £€H,, the couple (n,,, L,,) is covariant. For each &€ H,, putting
é(t) =£(sqt) for t€G,, & belongs to the space H,, and the map V: & —>§ sets up the unitary

equivalence between L;, and L, by [15; Lemma 6.1]. Moreover, we have
(V7 () VIE) (6) = (@) V2E) (s0k) = 1y 861(@) (VE) (868) = My 80t(2)E(E)

for every z€4, E€H s and almost every {€(,, so that the map V also sets up the unitary
equivalence between 57;, and ;. The construction of (n,,, L;,) does not depend on the ele-
ment s, itself, but on the double coset dy, so that the first part of our assertion has been
established.

For each function fEL®(T, u) (resp. fEL®(D, »,)), we define the operator i(f) (resp.
§(f)) on H by

UN&(s) = f(y(s)&(s)  (resp. j(f)&(s) =f(d(s))&(s))

for every §€H and s€@. Let Ar (resp. Ap) denote the set consisting of all 4(f)’s (vesp. §(f)’s).
Then Ap (resp. Ap) becomes a system of imprimitivity for the restriction (7, U)| 4, ¢, of
(m, U) based on the G-measure space (T', u) (vesp. (D, ,)). Besides, Ay is a von Neumann
subalgebra of Ap. Since the function s—f(d(s)), fEL®(D, v,), is constant on each double
G, : @, coset, A, commutes with {r(x), U(s); x€ A4, s€G,}. Hence (n, U)| 4, ¢, is decomposed

into the direct integration

® ®
= f wldve(d) and Ulg,= f Udyy(d)
D D
with respect to the diagonal algebra A,. For each f€L®(D, v,) and g€ L*(T", u) we have

| 1wm ot dutn = [ 1@ ([ s)datr) i@y

by equation (2). Therefore, the direct integral decomposition of H with respect to the dia-
gonal algebra Ar becomes

[S] @ @
H-= f Hy) du(y) = f (f H(y)dudw))dvo(d).
r D a

Besides, A is the diagonal algebra of the first direct integral in the last integration. Let
A, denote the diagonal algebra of the direct integral {& H(y)du,(y). Then we have

@
Ap= f Aydve(d),
D
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Since Ar is a system of imprimitivity for (z, U)| 4, ¢, and since A, commutes with (7, U)|4, ¢,
A; becomes a system of imprimitivity for (7%, U%)|4,¢, based on the G,-measure space
(d, ug) for wy-almost every d€D. Since G, acts on every d€D transitively and since the
stability group of G, at each y(s,) of d is G, N 551G, 5=G,(s,) N Gy, the covariant represen-
tation (7%, U%)| (4,6, is unitarily equivalent to the induced covariant representation
(74, Lg) for almost every d €D by Theorem 4.2. This completes the proof.

Now we shall show an application of Theorem 7.1. Suppose that A is a separable
GCR-algebra and that G is a separable locally compact smooth automorphism group of
A as in Theorem 6.1. We shall use the notation of Theorem 6.1. For each subgroup G,
of @, multiplier g, for G, and s,EG,, putting Gy(s,) =55 Gys, and o3(s, £) = y(895s0 ",
30185 ") for each pair s, ¢ in Gy(s,), of° becomes a mutiplier for Gy(s,). Take a point £ €4 and
an element s,€G. Then it is clear that G, =G,(s,). Let 7} be an irreducible representation
of A belonging to { and L} a o,-representation of G, such that L}(s)n}=n}s for every
$€G,. Then we have

L} (89880 ") i so =508
for every s€Gy(s,) and the map s€Q(s,)—>Li(sy555") is a of*-representation of G(sy), so
that of° is equivalent to ¢y, Let L? be an arbitrary irreducible o; '-representation of G,.
Putting L, = L} ® L7 and 7,(x) =7}(x) ® 1, we get a covariant representation (7, L) of (4, Gy).
By Theorem 5.3, the covariant representation (7, U) of (4, @) induced by (7, L) is irre-
ducible. By Theorem 6.1, every irreducible covariant representation of (4, @) is obtained
in this way. Applying Theorem 7.1 to (4, G¢) and (4, &), (7, Ly) and (7 s,, L") induce
unitarily equivalent covariant representations of (4, #) where L is the unitary represen-

tation of Gy(s,) given by Ly(s) =L,(sys85 ") for s€G(s,). Therefore, if we define an action

of G on the space U;. i (Gy, 0;7)" by I/}%so =l//§\s" for every L of (G, 6;')", where (G, ;)"
denotes the space of all unitarily equivalence class of irreducible o; '-representation of G,
and L?* means a (of)  -representation of G¢(s,) given by LE(s) =L(s,885) for s€G(s,),
then we get the following

THEOREM 7.2. In the above situation, there exists a one—to—one correspondence between
the dual space of the crossed product C*(A, G) of A by G and the space of all orbits of G in

Utei (G 0: 7). In particular, if G acts freely on A, then there exists a one-to—one correspond-
ence between the dual space of C*(A, G) and the orbit space A|G.

8. Non-type I covariant representations

Let A be a separable GCR-algebra and G a separable locally compact automorphism

group of 4. If G is a smooth automorphism group, the existence problem of non-type I
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covariant representations is reduced to that of non-type I projective representations of
the stability subgroups of G at any point of A by Theorem 6.1. Therefore our attention is
concentrated on the case when @ is a non-smoeth automorphism group. But then the
existence problem of non-type I covariant representations is in general not easy, so we
shall show the existence of non-type I covariant representation only in a special case.
If G acts non-smoothly on 4, then there exists a non-transitive ergodic quasi-invariant

finite measure g on 4 by Theorem 2.6.

TraEOREM 8.1. Suppose that G is a separable locally compact non-smooth automorphism
group of @ separable GCR-algebra A. Let u be a non-transitive ergodic measure on A. If there
exists a G-snvariant non-wull Borel set B in A such that the stability group Gy of G at each
L € E is reduced to the trivial group {e}, then there exists a non-type I covariant factor representa-
tion of (4, Q).

Proof. By the ergodicity of u, u is concentrated on E. For a separable Hilbert space
H, Irr (A:H)JU(H) can be imbedded in 4 and it is invariant under the action of @, so that
we may assume that ¥ is contained in Irr (4 : H)/U(H,) for some separable Hilbert space
H,. Let [€E—~n €lrr (A: H,) be a Borel cross-section. Let H be the Hilbert space con-
sisting of all Hy-valued square summable functions on E x G with respect to the product
measure of x and the right Haar measure ds of G. Take a representation U of G and 7 of
A on H defined by
(U &) 9) =, st } "
(n(x) ) (G, 8) = me 8(2) &(L, 8)

for each x€4, s,1€G, £€H and {€E. Then (n, U) becomes a covariant representation of
(4, G) on H. We shall show that (7, U) is a non-type I covariant factor representation.

Let H, denote the Hilbert space consisting of all Hy-valued square summable Borel
functions on @ with respect to the right Haar measure. For each (€ E, let (n}, U}) be a
covariant representation of (4, G) on H, defined by

(Ui()§) () =&(st) and (77 (=) £) () = m8(2) £(s) 2)

for every z€4, s,t€Q and £€H,. Then (n}, U}) is the covariant representation induced
by the covariant repreéentation (7t¢, 1) of (4,{e}) on Hywhere  means the trivial representa-
tion of the trivial subgroup {e} of G. For each [€E, n;s and 7.t are disjoint irreducible
representations for each distinet pair s, ¢ in G by the hypothesis for the action of G on E,
so that s} becomes a representation which is multiplicity free in the sense of G. W. Mackey

[16]. Therefore, the canonical system of imprimitivity for (n}, U}) is central, so that the
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commutant M(s}, U})’ is isomorphic to the commutant M(7;, 1)’ which is reduced to the
algebra of scalar multiples. That is, (n}, U}) is irreducible.

By Fubini’s theorem, the Hilbert space H can be regarded as the Hilbert space consist-
ing of all H,-valued square summable Borel functions on F with respect to the measure u.
Comparing equation (1) with equation (2), we find that (7, U) is represented by the direct
integral

@
(, U)= L (72, U) du(C). (3)

Take (&, 8p) € E x G. From the definition of the action of G on 4, there exists a unitary
operator V, on H, with Vm,,,, =8, It follows at once that (m,se)s=Vo(me,s,s) for
every s€G. If we define a unitary operator V on H, by (V&) (s)=V,&(s) for each £€H, and
SE€G, V sets up a unitary equivalence between (n},s,, Ul,s,) and (7}, UE,). If {; and £, lie
on different orbits of G in E, then the direct integral decompositions of 27, and 7,

® ®
at, = f 7, sds and af, = f 7,8 ds, (4)
G G

have no common component, which yields that =}, and 77, are disjoint representations of 4.
Thus, (7, U) and (2}, Ut,) are unitarily equivalent for a pair ¢;, {, in E if and only if
£, and £, lie on the same orbit of G- Therefore, if we define an equivalence relation “f, ~{,”
by “(n},, Ut)~(nt, UL)”, then the quotient Borel space E/* ~’ is not countably separated
because of the ergodicity of the measure pu.

For each function fEL®(E, u), define an operator #(f) on H by #(f)&(L, s) =f({)&(L, s)
for every £€H and ({, s)€E xG. Then the algebra A consisting of all i(f)’s becomes a
diagonal algebra of the direct integral (3) which is a completely rough subalgebra of the
commutant M(s, U)’ in the sense of [26; Definition 2.1]. Since each component of the direct
integral (3) is irreducible, A is a completely rough maximal abelian subalgebra of the
commutant M(z, U)'. Every maximal abelian subalgebra of a type I von Neumann algebra
is smooth, so that M(z, U)’ is not of type I, equivalently M(x, U) is not of type I. If z is a
non-trivial central projection of M(sx, U), Az and A(I—z) are unrelated in the sense of
[26; Definition 3.2] by [27]. But this is impossible by the ergodicity of the action of G on
(B, u). Therefore, M(r, U)" is a factor. This completes the proof.

CorOLLARY. Suppose that G is a one-parameter automorphism group of a separable
GCR-algebra A. Then the following are equivalent:

(i) There exists o non-type 1 factor covariant representation of (4, Q).
(ii) The action of G on A is not smooth, that is, the quotient Borel space A|Q is not
countably separated.
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Proof. Any proper closed subgroup of @ is cyclic and discrete. Hence every projective
representation of a closed subgroup of G is of type I. Therefore, (i) implies (ii) by Theorem
6.1.

(ii) = (i). Let u be a non-transitive ergodic measure of A with total mass one. By [1;
Proposition 2.4, p. 70], there exists a G-invariant Borel set E, which carries the measure y,
such that the stability group of ¢ in E does not depend on the point of E. Let G, denote the
constant stability group. If G, is not reduced to the trivial group {e}, then the quotient
group G/, becomes a compact group. The action of @ induces naturally an action of the
compact group G/G, on E, so that E becomes a standard G/G,-space. Hence every ergodic
measure on X is transitive by the compactness of G/G,, which contradicts the non-transi-
tivity of u. Therefore G is reduced to the trivial group {e}, which is the case of Theorem
8.1. This completes the proof.

9. Appendix

Throughout this paper, we have been assuming that the basic C*-algebra is of type I.
Of course, the study in the case of non-type I is important, although, without the type I
assumption for the basic C*-algebra, we are far from the detail at present. For example,
it is plausible that a pair (4, @) of a non-type I C*-algebra 4 and its locally compact auto-
morphism group G could have a non-type I covariant representation. But this guess is
not true. At the Fifth Symposium on Functional Analysis (in Japan) held in Sendai on
August‘ 1-3, 1967, Professor O. Takenouchi pointed out to the author the following curious
example.

Let H be the famous example of 5-dimensional non-type I solvable Lie group due to
F. I. Mautner. That is, H is the cartesian product set C2 x R of the complex number field
C and the real number field R, and the multiplication in H is defined by the equation

(21, Wy, 81) (29, Wy, S) = (24 + ¥ 23, Wy + e W, 81 +85)

for (z,, w;, s,)€H i=1, 2, where « is an irrational real number. Let A denote the group
C*-algebra C*(H) of H. Then A is not of type 1. Let @ denote the additive group of real
numbers. For each t€G, define an action of ¢ on H as an automorphism by

2mit

{(z, w, s)t = (2, e“™"w, s) for (z,w,s)€H.

Let K denote the semi-direct product HG of H and G. Then K becomes the cartesian
product set C% x R? with the multiplication

2 7ri 2 mi(eesy+iy)
(71, Wy, 83, £1) (2o, Wo, Sy by) = (21 + €72 25, wy + &2 W gy 5 48, 8 +1,)

for (z;, wy, sy, £;) €C? x R2. Define a map ¢ of C2 x R? onto C? x R? by



302 MASAMICHI TARESAKI
oz, w, 8,1) = (2, w, s, as+t) for (2, w,s,t)€C?x R2

Then we easily see that ¢ is an isomorphism of K onto the group K'=C?x R? with the
multiplication

278 2 it
(%1, Wy, Sy, 81) (Ray Wa, Sa, b)) = (21 + €552y, Wy + €™ Wy, 8, + 8y, 8, +15)

for (z;, wy, 8, t,)€EK’ ¢=1, 2. Since K’ is the direct product of the group H'=C x B and
itself with the multiplication

(215 81) (22, 83) = (21 +€° ™25, 8, +55)

for (z;, 8)EC x R i=1, 2 and H' is of type I, K’ is also of type I and then so is K. The action
of G on H induces naturally that of G on the group C*-algebra 4 = C*(H) of H. The crossed
product of A by @ is nothing else but the group C*-algebra C*(K) of the group K, so every
covariant representation of (4, @) is of type I despite the non-type I property of 4.
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