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ABSTRACT. Let A = {as + nSZ}’;:l (n1 < -+ < ng) be a system of arith-
metic sequences where ai,---,a; € Z and ni,---,n, € ZT. For m € Zt
system A will be called an (exact) m-cover of Z if every integer is covered
by A at least (exactly) m times. In this paper we reveal further connec-
tions between the common differences in an (exact) m-cover of Z and Egyp-
tian fractions. Here are some typical results for those m-covers A of Z: (a)
For any m1,---,my € Z1 there are at least m positive integers in the form
Yserms/ns where I C {1,--- k}. (b) When ngy_; < ng_jy1 = -+ = ng
(0 <l < k), either I > ng/nk_; or E?;{l/ns > m, and for each positive
integer A\ < ny/ng_; the binomial coefficient (i) can be written as the sum of
some denominators > 1 of the rationals Y4cr1/ns — A/ng, I C {1, -+, k} if
A forms an exact m-cover of Z. (c) If {as + nsZ}*_; is not an m-cover of Z,
s#t
then ¥gerl/ns, I C{1,---,k}\ {¢t} have at least ;Z distinct fractional parts
and for each r = 0,1, ,n¢ — 1 there exist I1,I2 C {1,---,k}\ {t} such that
r/nt = Yser, 1/ns — Lser,1/ns (mod 1). If A forms an exact m-cover of Z
withm =1ormn; < - <ng_y <ng_j4y1 = -+ =ng (I > 0) then for every
t=1,---,kand r = 0,1,--- ,nt — 1 there is an I C {1,---,k} such that
Yserl/ns =r/ng (mod 1).

1. BACKGROUND AND INTRODUCTION

Let N = {0,1,2,---} be the set of natural numbers and Z* = {1,2,3,---} the
set of positve integers. For a € Z and n € Z*, we call the infinite set

a+nZ={a+jn} > _={--,a—2n,a—n,a,a+n,a+2n,---}

j=—o00
an arithmetic sequence with common difference n (abbreviated to AS(n)) and its
finite subsequence

{a—i—jn}é‘iﬁ_l ={a+mn,a+(m+1)n,--- ,a+ ({+m—1)n}

an arithmetic progression of length | with common difference n (in short, AP, (1)).
Let m be a positive integer. A finte system

(1) Az{as—i—nsZ}’;:l (a1, ,ax € Z and ny,--- ,n € Z1)

of arithmetic sequences is said to be an (exzact) m-cover of S C Z if

{1<s<k: z€as+nZ} =m (resp. {1<s<k: z€as+nZ}=m)

for all x € S. Instead of the term ‘l-cover’ we simply use the word ‘cover’.
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For any n € Z*, {r + nZ}"~, is an exact cover of Z. In this trivial cover of Z
all the common differences are equal. Clearly m (exact) covers of Z form together
an (exact) m-cover of Z. It is known that for each m = 2,3,4,--- there exists an
exact m-cover of Z no subcover of which is an exact n-cover of Z with 0 < n <m
(cf. [26]). Observe that if A is an m-cover of S then so is A together with a + nZ
where @ € Z and n € Z*. If (1) is an m-cover of S but {as + nsZ}*_, is not, then

s#t
we say that (1) forms an m-cover of S with a; +n,Z essential. A mizimal m-cover
is an m-cover in which all the arithmetic sequences are essential.

At the beginning of the thirties P. Erdos ([6]) introduced the concept of cover of

Z (by arithmetic sequences) and gave a nontrivial example
{27, 32, 1+ 4Z, 3+ 8Z, 7+ 127, 23 + 247}

which was used to show that there are infinitely many odd positive integers not of
the form 2¥ + p with £ > 1 and p an odd prime. Since then covers of Z have been
investigated by many authors. A central problem in this area is to characterize the
common differences in an arbitrary (exact) m-cover of Z.

By a simple cardinality argument, *_,1/ns > m if (1) is an m-cover of Z, and
(1) is an exact m-cover of Z if and only if it’s an m-cover of Z with ¥_,1/n, = m.
Observe that the arithmetic sequences in an exact cover (of Z) must be pairwise
disjoint, so a necessary condition for (1) to be an exact cover of Z is that (ns,n;) > 1
if 1 < s <t <k (Inthis paper (mq, - ,myg) or (m;)k_,, and [mq, - ,my] or
[m;]F_, stand for the greatest common divisor and the least common multiple of
not all zero integers my,--- ,my respectively.) Besides these trivial things what
more can we say about the common differences in an m-cover of Z? Here are three
main conjectures the second of which implies the third one (cf. [8], [14]).

I. Erdos’ Conjecture. For any c > 0 there always exists a cover of Z with all the
common differences distinct and greater than c.

II. The Erdos-Selfridge Conjecture. If (1) forms a cover of Z with all the ng
distinct and greater than one, then ns is even for some s =1,--- k.

IIT1. Schinzel’s Conjecture. Providing (1) is a cover of Z, ns | ns for some s,t =
1,--+ ,k with s # t.

We mention that under the Erdés—Selfridge conjecture for each polynomial
P(z) € Z[x] with P(0) # 0, P(1) # —1 and P(x) # 1 there exist infinitely many
n € Z* such that 2" + P(z) is irreducible over the rational field Q. This nice
application was first noted by A. Schinzel [14].

In [22] Z. W. Sun and Z. H. Sun showed that if A = {as+nsZ}*_, is a cover of
Z but {as +nsZ}*_, is not then

dins

(2) {1<s<k: dns}| = d/(d [nslocs<n)

dins

where d is any integer greater than ng = 1, thus when (1) forms a minimal cover
of Z for any prime power p® dividing some of n1,--- ,ng we have

Hl1<s<k: p*|nd >p°

where ¢ is the smallest positive integer such that p*~% divides one of those ng =
1, ni1,-++ ,ng not divisible by p®. In 1966 S. Zndm [27] confirmed the following
conjecture of J. Mycielski: If A = {as + nsZ}*_; forms an exact cover of Z, then
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k > 1+ f(ng) for each s = 1,--- |k where the Mycielski function f : Zt — N is
defined by

kA kA
f (pr‘) = Zai(pi —1) where p; < p2 <--- < p, are primes.
i=1 i=1

In 1975 Zndm [29] conjectured further that & > 1 + f([ny,--- ,ng]) providing (1)
is a minimal cover of Z, this was confirmed by R. J. Simpson [15] in 1985. The
strongest result in this direction appeared in Theorem 11 of Z. W. Sun [17]: Let

(1) be a minimal m-cover of Z and d a divisor of N = [nq,--- ,ng] with 0 <d < N,
then

(3) {1<s<k: nstd} > f(N/d)

and moreover there exist [ = f(N/d) distinct positive integers my, - - ,m; less than
N/d and [ distinct indices i1 < --- < 4; between 1 and k such that n;  t dms for
every s = 1,--- 1. In [17] the following conjecture was proposed.

IV. Sun’s Conjecture. Let (1) be a minimal cover of Z with ng =1 < n1 <
o < ny. Assume that N = [n1,--- ,ng] has the standard form p{* ---p* where
p1 < -+ < pp are primes. Set

{a e N: p%||n; for somei=0,1, -k} = {as0,xs1, "+, s, }
withl1 < s<randaspy=0<as << as, =as. (Byp®||ln we mean p* | n
and p**t{n.) Then
H1<i<k: ni=pP - plyipot for some By <y, Bs1 < as1}|

(4)
> (ast — agi—1))(ps — 1)
holds for all s=1,--- ,r andt=1,--- ,is.
As
{1<s<k:pd | ngd| = p "5 214 (i, — apgi, 1) (pr — 1)

and
fN) = Z (st — ag—1))(ps — 1),
s=1t=1
the assertion in Sun’s conjecture implies that k& > 1+ f([n1, -+ ,ng]). Observe

that p1 = 2if {1 <i<k: n; =pf*"} = p1 — 1. So Conjecture II follows from
Conjecture IV.

It should be mentioned that almost nothing is known about the four conjectures,
among which the first and the second have been open for about fifty years.

Fortunately we have an already-proved conjecture of P. Erdés which asserts that
Yk _1/ng > 1if (1) is a cover of Z with all the n, distinct and greater than one
(i.e. (1) cannot be an exact cover of Z if 1 < nq < --- < ng). In 1986 Simpson [16]
confirmed a conjecture of N. Burshtein [2] by showing that if (1) is an exact cover
of Z and p; < p2 < --+ < p, are the prime factors of [ny,---,ng] > 1 then

pi—1
bi

>p—1=p(n1, - ,ng]) — 1.

r—1
llg?ngl <s<k: nsg=mn} >pr1—[l
.

(Throughout this paper we use p(n) to denote the least prime factor of an integer
n > 1.) With the help of Merten’s theorem it follows that for each M € Z* there
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exists a number B(M) such that, in any exact cover of Z whose common differences
are repeated at most M times, the least common difference is not more than B(M).
This can be viewed as a negative answer to an analogy of Conjecture I for exact
covers of Z. In 1991 Sun [18] gave a result stronger than the one of Simpson, in fact
he proved that if a1 +n17Z, - - - , ax +niZ are pairwise disjoint and the characteristic
function of the set U]S“:l as + nsZ is periodic mod ng (which happen for ng = 1 if
{as +nsZ}*F_, forms an exact cover of Z) then for any I C {1,--- ,k} we have

(5) Znis >d (U(ns, [nt]0§;§k)z>

sel sel

where d(S) stands for the asymptotic density

Nliri_lm%|{0<x<N: z € S}
of S C Z if the limit exists.

The last conjecture of Erdos was first confirmed independently by H. Davenport,
L. Mirsky, D. Newman and R. Radd, who showed that ng_; = ny providing (1) is an
exact cover of Z with 1 < nq < -+ < ng—1 < ng. Zndm ([28]) conjectured in 1968
and M. Newman ([11]) proved in 1971 that ny_; = nj above can be strengthened
by ng_py1 = -+ = ny with p = p(ng). Among the various improvements to the
Newman-Znam result, Theorem 1 of Sun [19] indicates that if the covering function

o) =|{1<s<k: z€a,+n,Z}

is periodic mod ng with d{ ng and ny is divisible by d for some s = 1,--- , k then
<s<k: > mi = )
(6) {1<s<k: d|ns} 02}1& @) p(d)
ding

in particular if A = {a, 4+ n,Z}*_, forms an exact m-cover of Z with
(7) Ny < KN < Np—jgp1 = - =N

where 0 < [ < k then

n

> max {p(nk% —k} :

Ng—1

Due to the efforts of S. K. Stein, Znam, S. Porubsky, M. A. Berger, A. Felzenbaum
and A. S. Fraenkel, the common differences in an arbitrary exact m-cover (1) of Z
with
(8) ng < <Ngg <Ng—j41 =+ =Nk
have been determined completely in the cases m =1 and 2 <1 <9, m > 1 and
2 <1 <5 (cf [1], [12]).

In contrast with the confirmed conjecture of Erdés, M. Z. Zhang ([25]) discovered

in 1989 that there exists an I C {1,---,k} with ¥¥_,1/n, € Z* if (1) is a cover
of Z. In 1992 Sun [20] showed that when (1) forms an exact m-cover of Z for each

n=0,1,---,m we have
1 m
(9) Zn— =n for at least (n) subsets I of {1,--- ,k}
sel ®
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where the bounds (:’Z) (0 < n < m) are best possible and as usual (2) stands for
H;:Ol 2—3 Both Sun and Zhang used the Riemann (-function in their proofs.

"We have reviewed the main problems and results concerned with the common
differences in an (exact) m-cover of Z. With the background in mind the reader
may realize that it’s very difficult and quite fascinating to provide something new
and general in this aspect.

In [21] we began our systematic investigation of m-covers of Z by a new ap-
proach rooted in [20]. We first employed some knowledge of analysis, algebra and
combinatorics to characterize those m-covers A = {as + 3sZ}%_; of Z by gener-
alized arithmetic sequences where a1, -+ , oy are reals and (i, - , O are positive
reals, and then obtained several necessary conditions on the (’s from the char-
acterizations. Of course such results apply to those m-covers (1) of Z by usual
arithmetic sequences. A remarkable one following from Theorem 4 of [21] is that if

0cJc{l, -k}, then

1 1
(10) Z—:Zn— for some I C {1,--- ,k} with T #.J
A

n
sel ®

providing (1) forms an exact m-cover of Z.

In the present paper we continue our investigation on the basis of [21]. Apart
from the last section which contains some unsolved problems arising naturally,
all the remaining sections will be devoted to further properties of the common
differences in an (exact) m-cover of Z which are closely connected with Egyptian
fractions and some known results introduced above. Namely, when (1) forms an (ex-
act) m-cover of Z our theorems tell information about the rationals Xseymg/ng, I C
{1,--- ,k} and their fractional parts where mq,---,my are suitable positive inte-
gers. For the sake of clarity we give below two collections of our central results in
the simplest case while we actually prove more.

Theorem 1. Let (1) be an m-cover of Z with m € Z*. Then

(i) For anymy,--- ,my € ZT there exist at least m positive integers representable
by Bserms/ns with I C {1,---  k}.

(it) If m > 1, then for any my, -+ ,my € Z¥ andt =1,--- k

(11) Z%€Z+ for some I C{1,--- k} witht & I.
sel ®

If {as +nsZ}r_, doesn’t form an m-cover of Z with n € ZF, then

(n, n5) 4
Z—EZ for some I C{1<s<k: nstn}.
sel s
(iii) When a; +n,7Z is essential (i.e., {as+nsZ}%_, fails to be an m-cover of Z),
s#£t
for everyr=0,1,--- ;ny —1
r 1 1
12 TNy S 1
o S SE S S
sely sels

for some I1,Io C {1, -+ [k} \{t} with Xscr,1/ns =2 m—1 and Zsecr,1/ns = m —2,
and the rationals Yserl/ng, I C {1, -+, k}\ {t} have at least n; distinct fractional
parts. (For ri,ro € Q we write 11 = ro (mod 1) to mean r1 —ry € Z.)
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(iv) Assume (7) with 0 <1< k. Ifl # k then
n gy |
13 1>t — >m.
(13) . or Sz:; s m
If np # 1, then either there are at least m positive integers in the form
Yeerl/ns — 1/ng where I C {1,---,k}, or l is the sum of some (not necessar-
ily distinct) denominators greater than 1 of the rationals Yserl/ng — 1/ng, I C
{1,--- ,k} and therefore not less than p([n1,--- ,ng]). (For a rational r = a/b with
a€Z, beZ" and (a,b) =1, b is called its denominator.)

Theorem II. Let (1) be an exact m-cover of Z with m € Z*. Then

(i) Let n be a positive integer and v a rational such that there exists a unique
JCH{L, -k} with Zseg(n,ng)/ns = v (e.g. v =0), then for everyt =1,--- ,k
there is an I C {1,--- ,k} with t € I such that

Z (1) =v (mod 1).
Ns
sel
(i1) Provided (8) with 0 <1<k, ns|ng for all s=1,--- k and for each r € Z
there exists an I C {1,--- ,k — 1} with the property

(14) Z % =r (mod ng).

ser 8
(ii) Whenm =1, for allt =1,--- k andr =0,1,--- ,ny — 1 we have

r 1

15 — = — ICc{L,--- itht ¢ 1.

(15) o Zns for some I C{1,--- ,k} witht ¢
el

(iv) Assume (7) with 0 < I < k, then for any positive integer A < ny/nk_; <

l, (f\) can be written as the sum of some denominators greater than 1 of the rationals

1 A
> —-= IC{l, - k).
N nkv _{a ak}

sel

2. CONNECTION BETWEEN COVERS OF Z AND COVERS OF a + nZ

From now on we let aq,---,ar be integers and m,n,nq,--- ,ng positive ones
unless they are specified.

Clearly if (1) is an (exact) m-cover of Z—the only AS(1), it is also an (exact)
m-cover of any AS(n). As for the converse we have

Lemma 1. Let a be an integer. Then A = {as+n,Z}*_; forms an (exact) m-cover
of a+nZ if and only if A’ = {q; +(n;/(n,n;))Z}jc; forms an (exact) m-cover of Z
where for each j € J ={1<s<k: (n,ns)|as —a}, g is such an integer that
a+g;jn =a; (mod nj).
Proof. f 1 < s<kands¢gJ, thena, +nZNa+nZ=0. If j € J and x € Z,
then
Uz nj n
T EQq + 7 > (r —q;)
! (nvnj> (nvnj) (n7nj) !

<= a+nr =a+ng = a; (mod ny).

So the desired result follows.
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Corollary 1. Provided (1) is an exact m-cover of Z we have
(i) For every v =0,1,--- ,m—1

(16) Z % =v for at least (T) subsets I of {1,---,k}.

sel s
(ii) For eacht=1,---  k,

(17) ZM:m for some I C{1,--- k} witht € I.
Ng
sel
(iti) Let O < J C {1,---,k}. Then either for all j € J and s &€ J we have
n,n;,ns){a; —as and hence (n,n;,ng) > 1; or
j j j

(18) ZM:ZM for some I C{1,---  k} with I # J.

ser ' ser s
Proof. a) Let 1 <t < k. Clearlyt € I(t) = {1 < s < k: (n,ns) | as —a;}. For
each s € I(t) we define g5, to be an integer such that

a; + gstn = a5 (mod n).

By Lemma 1 system A; = {qst + (ns/(n,n5))Z} se1(+) forms an exact m-cover of Z,
therefore ¥ cy(¢)(n,ns)/ns = m which proves part (ii). Applying the theorem of
[20] to A; we obtain (i).

b) Let 0 # J C {1,--- ,k} and assume that (n,n;,n:) | aj — a; for some j € J
and t ¢ J. Put

rea;+ (n,nj)ZNa;+ (n,n)Z and I ={1<s<k: (n,ng)|z—as}

Obviously j e INJ and t € I\ J. For s € I we let x5 be such an integer
that ¢ + nrs, = as (mod ng). By Lemma 1 {x, + (ns/(n,ns))Z}ser is an exact
m-cover of Z. As O % I NJ # I it follows from Theorem 4 of [21] that there exists
an I’ C I with I’ # INJ and Seer (ns/(n,ns)) "t = Sserns(ns/(n,ns))~t. Clearly
J'=I'U(J\I)#J and

(n7n8> (n7n8> (n7n8> (n7n8)
ylu)_ 5 (en), 5 (n) _yilen)
seJ’ 5 seInJ s seJ\I s s€J s
We are done.

The following lemma serves as another reason why we sometimes formulate our
results in terms of m-covers of a general arithmetic sequence.

Lemma 2. Let (1) be an (exact) m-cover of Z, and J be a nonempty subset of

{1,--- ,k} such that a + nZ is covered by {as + nsZ}%_ exactly v times where
s&J
a,v € Z and 0 < v < m. Then {a; +n;Z};c; forms an (exact) (m — v)-cover of

a+ (n, [njljer, nslsgs)Z. ([nilico is regarded as 1.)
Proof. The case J = {1,---,k} is trivial, so we assume () C J C {1,---,k}. Since
a+ (n,[ns]sgs)Z = a+nZ+ [ns)sgsZ is covered by {as +nsZ}r_, exactly v times,
s&J
a+ (n, [njljes; ns]sgs)Z = a + (n, [ns]sgs)Z + 1] je s Z

must be covered by {a; +n;Z},c; at least (resp. exactly) m — v times. The proof
is ended.
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Corollary 2. Provided that (1) is an exact m-cover of Z, for everyv =0,1,--- ,m
and t =1,k with (n,ng) > 1,

(19) Z % = for at least <7:) subsets I of {1,--- ,k}\ {t}.

sel s

Proof. Let 0 <v<m, 1<t<kand (n,ny) > 1. Clearly 14+a;+nZNa;+nZ = 0.

By Lemma 2 {a; + nsZ}*_, forms an exact m-cover of 1 + a; + (n, [ns]*_)Z C
s#£t s#t

1+ a; + (n,[ns]*_1,n4)Z. Now the desired (19) follows from Lemma 1 and the
s#t
theorem of [20].

Corollary 3. Suppose that (1) is an m-cover of Z but it won’t be if we omit all the
aj +n;Z, j€J from (1) where 0 # J C{1,--- ,k}. Then

-
20 J| > min —9__
(20) o e TTegs)

that is, there exists a j € J such that [nj, [ng|sgs] < |J|[ns]sgs-
Proof. Let a be an integer with
v={1<s<k: s¢Jand a € as +nsZ} <m.
Then {as + nSZ}’S“:} forms an exact v-cover of a + [n;]s¢sZ. By Lemma 2, system

{aj +n;Z};cs is a cover of a + ([n;ljcs, [ns]sgs)Z. In view of Lemma 1

3 (n, [ns]sgs) > 3 1 > 1

jeJ n] jeJ n]/(”]’ [ns]ng)

(nj,[nslsgr)la;j—a
and in fact by Zhang’s result ([25])
1
———————— € Z" forsome I C{j€J: (nj,[nsses)|a; —a}.
Z nj/(nj, Inslg.r) R

Since Xjer(n, [ns]sgr)/n; £ 1 =3cs1/|J]|, there exists a j € J such that

nj — [nj7 [ns]sgj]
(nj, nslsgs)  [nslsgs < |J|.

This concludes the proof.
Note that when J ={1 < s<k: d|ns} with d >ng =1 (20) yields (2).

3. LOWER BOUND FOR THE CARDINALITY
OF {{Sserms/ns}: I C{1,--- k}}

In 1970 R. B. Crittenden and C. L. Vanden Eynden ([5]) proved a conjecture of
Erdés ([7]) with prizes which states that if (1) doesn’t form a cover of Z then there
exists an integer x with 1 < = < 2% which is not covered by (1). In [21] we obtained
the following stronger result.

Lemma 3. Let ay, - ,ax be reals and (1,--- , 0k positive reals. Then system
{as+ BsZ}Yr_, forms an m-cover of Z if it covers |[{{Xser1/Bs}: I C{1,---  k}}|
(< 2%) consecutive integers at least m times. (As usual {z} and [v] = x — {z}

denote the fractional and the integral parts of a real x respectively.)

An ingenious application of Lemma 3 gives
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Theorem 1. Let a be an integer and mq,--- ,my, positive integers with (ms,ng) =
(n,ns) for every s =1,--- k.
(i) If A = as + nsZ covers

‘{{Z%} IC{1<s<k: (n7ns)|as_a}c{17"'7k}}‘

sel s
consecutive integers congruent to a modulo n at least m times, then A forms an
m-cover of a + nZ.
(i) If for some divisor d of n (1) is an m-cover of a+dZ but A, = {as+nZ}*_,
s#£t

is not, then

|{{ZZ}—} Ig{l,m,k}\{t}}|
{{Z%} IC{1<s<k: s#t&(d,nsﬂas—a}}’

(21) .
Ns
sel

Ny
- (na n’t) '

Proof. i) Let J ={1<s<k: (n,ns)|as—a} and define ¢;, j € J as in Lemma
1. For j € J and = € Z we have

n n

a+nx€aj+an<:>x€qj+m—7;)Z:qj+(m‘Jn)Z
11 ALY

veq+ ng/(mj. 1) ,, _ s+ g

m;/(mj,n;) m;

As (1) covers [{{Zserms/ns} : I C J}| consecutive terms in a+nZ at least m times,
B = {qj+(n;/m;)Z}jc; forms an m-cover of some AP, ([{{Xscrms/ns}: I C J}|).
By Lemma 3 B is an m-cover of Z, so A is an m-cover of a 4+ nZ.

ii) Suppose that d is a divisor of n for which A = {a,+nsZ}*_; forms an m-cover
of a + dZ with a; + n;7Z essential. Since a + dZ is the union of a + rd +nZ, r =
0,1,---,n/d—1, for some r = 0,1,--- ,n/d— 1, Ay = {as + nsZ}*_, doesn’t form

s#t
an m-cover of a + rd +nZ but A does. Clearly a + rd + nZ N a; + n:Z contains

some integer x. Note that
x+mn, z+2n, -+, z+ ([n,ne]/m—)n

are [n,n¢]/n—1=mn:/(n,ny) — 1 consecutive terms in a + rd + nZ each of which is
covered by A; at least m times because they don’t belong to a; + n:Z. By part (i)

H{Z%};IC{1<s<k:s;ét&(n,ns)ms_(aﬂd)}}‘% oy

scl 8 (nvnt)
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therefore
ms
{{Z—} IC{1<s<k: s;«ét&(d,nsﬂas—a}}‘
ser ¢
SIS e T {I<s <k s#£t& (nny) |ag— (a+rd)} p| > —
Zom e o)

which completes the proof.

Corollary 4. (i) Ul;:l as + nsZ contains an AP,(l) for each | = 1,2,3,--- if
and only if it contains an AP,(n) where T is the least cardinality of those sets
{{Zserms/ns} : I C {1, -+ k}} with mg € Zt and (ms,ns) = (n,ns) for all

s=1,--- k.
(ii) Providing A = {as + nsZ}*_, is a minimal m-cover of Z with at least ng
distinct numbers among ni,--- ,ng where ng is an explicitly computable constant

070

which can be 1 under the Riemann hypothesis, we have

(s, 1)
TN T C >
(22)  max {{Zc - IC{L -k} o) = [{na, -}
sel
where c1,- -+ , ¢, are any integers prime to ny,--- ,ng respectively.

Proof. i) Part (i) follows immediately from the first part of Theorem 1 in the case
m=1.

ii) In 1970 R. L. Graham conjectured that for any [ distinct positive integers
x1,--- ,2; one has the inequality maxi<; j<i i/ (i, x;) > I. M. Szegedy [24] proved
this for [ > ng where ng is an explicitly computable constant. According to [4],
under the Riemann hypothesis we can take ng = 107°.

Set S = {ny,---,nk}. As|S| = no, by Szegedy’s result

n; a

i 2 >
1<igSn (ni,nj) abes (a,b) ~ 151
and hence
Uz .
> {ng, - ,ng for some j,t =1,--- k.
(o)~ { H
Since A = {as + nsZ}*_, is an m-cover of Z = 0+ 1Z but A; = {as + nsZ}’S“:l is

S#]
not, it follows from part (ii) of Theorem 1 that

where each my is a positive integer congruent to cg(ns,n;) modulo ng. Therefore

{{ZCS—(RZM} L IC{l,-- ,k}}
sel s

This proves part (ii).

nj

>
- (nj7nt)

ny

(nj7 nt)

Z > [{n1,--- ,ne}

Corollary 5. Let ¢y, -, cx be integers with (cs,ns/(n,ng)) =1 foralls=1,--- |
k—1.
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(i) Suppose that A = {as+nsZ}~_, is an m-cover of some AS(d) with ay +nyZ
essential where d | n and ng | [n,ng] for all s=1,--- k—1. Then

{{ch—(n;bns)} I C{1,--- ,k}}

(23) _{{ch(n;lw}; Ig{1,-.-,k—1}}

sel
_{(n’nk)’r:r—o’l?.“a e _1}7
Tk (r, mg)
that is, {Esercs[n, ng|/[n,ns] : I C{1,--- ,k—1}} contains a complete system of

residues modulo [n,ng]/n.
(ii) (23) holds if (1) forms an exact m-cover of Z with (8) where 0 <1 < k.

Proof. i) For every s = 1,--- ,k, ng | nng/(n,ng) and hence ng/(n,ns) divides
ng/(n,ng). Since

{ch(nf): TEtl ”“}}C{‘”/ :<n77;1>""’<n?§k>: : ””EZ}’

sel
we have
(nvns) [ ng ng | N
Cs IQ 1,"~,k < S, — )
{{Z; T ¢ J L (n,n1) (nyng) | (n,my)

On the other hand, by Theorem 1

{{ZCS—(R;L”S)} Il ke 1}}
sel s

So (23) must be true.
ii) Let (1) be an exact m-cover of Z with (8) where 0 <! < k. Then

{1<s<k: x€as+nsZ} =m foranyz€Z.

Nk

> .
- (n7 nk)

We claim that ng | ng for all s=1,--- k.

Apparently ng | ng for s > k — 1. Let 1 < j < k — [ and assume that ng | ng for
those s > j. When n; > ng = 1 it follows from Theorem 1 of [19] that (6) holds for
d =n;. So n; | n; for some t > j. Since n; | ng by the assumption, n; does divide
ng. This proves the claim by induction.

Applying part (i) to (1), a minimal m-cover of Z = AS(1), we then obtain the
desired (23).

Remark. Clearly (23) implies that ns/(n,ns) divides ng/(n,ng) (i.e. ns | [n,ng))
foralls=1,--- k. When ¢; =--- = ¢, =n =1, part (i) of Corollary 5 in the case
m = 1 is noted by the author’s brother Zhi-Hong Sun who has learned Lemma 3
from [21], and part (ii) of Corollary 5 is equivalent to the second part of Theorem
II.

Let A = {as + n,Z}*_, be a minimal m-cover of Z. By Theorem 1 for each
t=1,---,k we have

< {{Zni} Ig{l,m,k}\{t}}

ny < < min{[ng]i-y, 2871}
s#t
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where the upper bound is evident. Putting J = {t} in (20) we get that n, | [ns]*_,,
s#t
thus N = [ny,---,ny] equals [ns]*_,. Letting d = 1 in (3) we obtain that k >
i

1+ f(N), therefore N < 27(V) < 2F=1 S0 the above upper bound coincides with
N. For the set

(24) S(A)_{{Zni}; Ig{l,m,k}}
sel '8

we have

< < N = .
(25) pax 1y < [S(A)] SN = [n, ]

Recently Z. H. Sun conjectured that if m = 1 then

IS(A)] = N, ie. S(A)= {o% E}

The following examples refute the conjecture.

Example 1. A; = {27,3+8Z,7+8Z,1+ 127,54+ 127,9+ 127} is an exact cover
of Z with

np=2<ny=n3=8<mng=ns=ng=12 and N =[ny,---,ng] = 24.
It is easy to verify that |S(A;)| = 20, in fact
S(Al):{;—4: reZ, 0<r <24 andr#1,11,13,23}
Example 2. Ay = {1+ 47,3 + 47Z,67Z,2 + 6Z,4 + 6Z} forms an exact cover of Z
with ny = ne =4 < ng =ng =ns =6. For s =1,2,3,4,5, {1,—1} contains a

reduced set of residues modulo ns/(n,ns) since p(ns/(n,ns)) < 2 where ¢ is the
Euler totient function. Set

Ns

M, = max

ny ns
, N, = ..
1<s<5 (N, )

(n,n1)” " (n,ns)

and

Sn(e1,€2,€3,€4,65) = {{Zes (n’ns)} cIC{L,--- ,5}} for ey, ,e5 = £1.

n
sel s

It is easy to check that when 2 | n or 3 | n we have

1 N, —
N,” 7 N,

1
Sn(e1,€2,€3,€4,65) = {07 } for all e1,e9,e3,e4,65 € {1,—1}.
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If (6,n) =1, then M,, =6, N, =12, and by trivial computations

Sn(1,1,1,1,1) = Sy (=1, -1, —1,—1,—1) = {1, 11},

Sn(1, — 1,1,1,1) Sn(=1,1,1,1,1) = {8,10} 1,

Sp(1,—1,—1,—-1,—1) = S, (=1,1,—1, -1, 1) = {2,4} 1,

Sn(1,17 —1,-1) = 8,(=1,-1,1,1,1) = {5, 7} 72

Sn(l,l, ~1,1 1) Sn(1,1,1,-1,1) = Sp(1,1,1,1,—1) = {9, 11} 15,
Sn(—1,—1,1,—1,=1) = Sp(—1,—1,—-1,1,—1) = Sp(—1,—1,—-1,-1,1) = {1,3} 12,
Sn(1,17 —1,1) = S,(1,1,-1,1,—-1) = S,(1,1,1,-1,-1) = {7,9} 75,

Sn(—1,— 1,1,1,—1) Sn(=1,-1,1,—-1,1) = S (=1, —1,—1,1,1) = {3,5} 3
Sn(1,—1,1,1,-1) = S, (1, —1,—1,1,1) = S,(1,-1,1,-1,1)

= 8,(=1,1,1,1,—-1) = S,(=1,1,—1,1,1) = Sp(~1,1,1,-1,1) = {6,7,8} &,
Sp(—=1,1,-1,-1,1) = S,(-1,1,1,-1,-1) = S, (-1,1,-1,1,-1)
=5,(1,-1,-1,-1,1)=85,(1,-1,1,-1,-1) = S, (1,-1,-1,1,-1) = {4,5,6}»
where for X C {0,1,---,11} we use X, to denote the set

{%: r €7, 0<r<12andr€X}.

By part (i) of Theorem 1 or Corollary 4, when
Az = {a1 + 47, as + 47, az + 67, a4 + 67, as + GZ}

covers 0,1,2,3,4,5,6,7,8 it forms a cover of Z. Actually one can prove that As is a
cover of Z if it covers integers from 0 to 7. On the other hand,

Ay ={1447Z, 2+ 4Z, 67, 3+ 6Z, 4+ 67}
covers 0,1,2,3,4,5,6 but it doesn’t cover all the integers.
In contrast with part (i) of Corollary 5 we note that when (6,n) = ¢; = 1 and

o =c3=c4 =c¢5 =—1, (n,n5)/ns is not the fractional part of Xsecrcs(n,ng)/ns
for any I C {1,2,3,4,5} because 1/6 ¢ S,,(1,—1,—-1,—1,—1).

4. EXISTENCE OF DISTINCT I1,I> C {1, - ,k}

WITH {3 cp 7= = {D e, )

In [21] we established the following result.

Lemma 4. Let aq,- -+ ,ap be reals and By, - - , B positive reals. Then the following
conditions are equivalent.

(a) {as + BsZ}r_, forms an m-cover of Z.

(b) For any 0 € {{Xserl/Bs}: I C{1l,---,k}} and1=0,1,--- ,m—1,

Z (_1)|I| ([256111/65]>627ri25€1a5/ﬁs =0.

IC{1,-
{Esell/ﬁs} 0

An easy consequence of this lemma is the following extension of Zhang’s result
([25]): If (1) is an m-cover of Z then for any I; C {1,---,k} there exists an Iy C
{1,---,k} different from I; such that {3scr, 1/ns} = {Tser,1/ns}. (See Theorem
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2 of [21] and compare this with the one related to (10).) In the present section we
will strengthen this result.

Lemma 5. Leta € Z, J ={1<s<k: (n,ns)|as—a} and m; € Z* for each
j € J. Then (i) implies (i) if (n,n;) | m; for all j € J, and (i) implies (i) if
(mj,nj) = (n,n;) for every j € J where statements (i) and (ii) are as follows:

(i) A = {as + nsZ}*_, covers |S| consecutive terms in a + nZ at least m times
where

(26) S—{O<9<1: {Z%}—HforsomeIQJ}.

sel %

(ii) For each 8 € S andl=0,1,--- ,m —1,

Secrms/ns) .

27 -1 |1 [ selIlls/Tls 27mi8serqsms [ns 0

0 IZJ Y r )"
{ESEIm:/ns}:H

where q;, j € J are integers such that a +ng; = a; (mod n;) for all j € J.

Proof. Clearly (i) holds if and only if B = {¢;+(n;/(n,n;))Z} e forms an m-cover
of some AP;(|S]) (see the proof of Lemma 1). On the other hand, by Lemmas 3
and 4,
(i) is valid
<={q; + (nj/m;)Z} ;e is an m-cover of Z
ni/(mg,ng) ,
mj/(mj,n;)

<{q; + (nj/(mj,n;))ZL}c; forms an m-cover of some AP;(|S]).

— {qj + } covers |S| consecutive integers at least m times
JjeJ

We are done because for each j € J, ¢; + (n;/(n,n;))Z C ¢; + (n;/(mj,n;))Z if
(n,n;) | mj;, and the equality holds if (m;,n;) = (n,n;).

Theorem 2. Let m, be a nonnegative integer less than m, and mq,--- ,my be
positive integers divisible by (n,n1), -, (n,nk) respectively. Suppose that for some
integer a and divisor d of n there are

{{Z%} I§{1<S</€ (dvns)|a5_a}}‘

sel

n

d

consecutive terms in a+dZ covered by A = {as+n,Z}*_ and B = {a;+n,Z} 1\ x
at least m and m, times respectively and B is not an m-cover of a + dZ where K
and L are subsets of {1,--- ,k} with K C L and (ms,ns) | n for all s € L'\ K.
Then there exist Iy, I C {1,--- ,k} for which we have
(i) {Zseryms/ns} = {Zser,ms/ns}, K C I C L holds and K C I C L fails.
(1) [Zser,ms/ns) = mu + [Bsexms/ns], [Zscr,ms/ns] = ms and moreover

ns

lz m_] . {m* (S 5] [Soer, 52 <m—1;

scls m_17 Zf [ZSGII 71?:] :m*+[Zs€K 1777,:5] >m_1
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Proof. Since a+dZ = Uy=, (moa ay 0+ nZ, for some b = a (mod d) B doesn’t form
an m-cover of b+nZ but A and B cover |S| consecutive terms in b+ nZ at least m
and m, times respectively where S is given by (26) with

J={1<s<k: (n,ng)|as—b} C{l1<s<k: (dns)|as—a}.

For j € J we let ¢; be such an integer that b + ng; = a; (mod n;). Clearly
(mj,nj) = (n,n;) for j € JN(L\ K). As B is not an m-cover of b + nZ, by
Theorem 1 and Lemma 5 for some [y C J N (L\ K) it’s impossible that G(u) =0
forallu =0,1,--- ,m — 1 where

Glu) = Z (=) ([Eselms/ns]) 2miSacraama /s

ICIN(I\K) U
{Zserms/ns}=0

and 0 = {ser,ms/ns}. Since B covers [{{Zserms/ns} : I C JN(L\ K)}
consecutive terms in b+nZ at least m, times, it follows from Lemma 5 that G(u) = 0
for every u = 0,1, ,m, — 1.

Choose ug and u; to be the maximal and the minimal elements of the set

{ueZ: 0<u<mand G(u) # 0}

respectively. Apparently m > ug > u; > ms. Now that G(ug) # 0, there exists an
Iy € JN (L \ K) such that {¥sepyms/ns} = 0 = {Xser,ms/ns} and that

(Bemind) o e [sm] s

U n
0 sery °

Obviously JNK C I} = I U (JNK) C JN L. Set

c= Z s 19 and ug = min{m — 1, uo + [c[}.

N
seJNK

For cach | = 0,1,2,---, if p,q € Z* then ("19) = Y\ (*)(,%,) by the binomial
theorem and the identity (14 2)P*? = (1 + 2)P(1 + 2)4, so polynomials (*7¥) and

Z;:O (f) (lfj) are identical, which is known as Vandermonde’s identity. Now for
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t = 1,2 we clearly have

_ 1)\ [Esefms/ns+zs€JﬁKms/ns] 2T e qsms /T
Se= Y. (-1 ( . 2miTser

ICIN(INK)
{Zserms/ns}=0

- Z (_1)|I| <[2861m8/”s] + [C])ewizsezqsms/ns

ICIN(L\K) Ut

{Zselms/ns}ze

G I [] [(Eserms/ng) 2T se1qsMs /Ts
RN e

v=0 JTCJN(L\K
{Zselms/ns}ze

= Z <Ut[c_] U) Z (=)l <[2861T5/”8])ezmzsezqsms/ns

w1 Svug ICIN(L\K)
ug—[c]<v<ue {Zserms/ns}=0
G(u1) #0 ift=1,
= ¢ G(ug) #0 ift=2and uo+[c]<m-—1,
(m_[lc]_uO)G(uo) #0 ift=2, ug+[c]=m—1and up = us.

Observe that each I C JN L with I 2 JN K and {Eserms/ns}t = {Eseryms/ns}
can be expressed as the union of J N K and a unique I’ C J N (L \ K) with
{Zserms/ns} = {Eser;ms/ns}. Therefore, except for the case in which ¢ = 2 and
ug > max{u;,m —1—[c]},

(_1)|I| ([Esefms/ns]) 6271'1'25611157?15/715
U

JNKCICJNL
{23617713/"5}:{25611 m3/ns}

_ (_1>\JﬂK|627riZSEJanSmS/nszt 75 0
and thus

21/5 — E (_1)|I| ([Eselms/n5]>eQ'friEsqusms/ns
U
ICJ t
Secrma/nI={Z,epgma/n.)
JNKCICJNL fails

= Z (_1)|I| <[2561m5/n5]>e27ri2561q5m5/n5
1CJ Ut
{ESEIms/ns}:{Esin ms/ns}

— Z (_1)\1\ <[Eselm5/n5])62ﬂi2561qsms/ns

JNKCICJNL Ut

(Docrme/no} =,y mo/ns)

#0. (The first sum vanishes by Lemma 5.)
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Let Iy = I] U(K \ J). Then K CI; C (JNL)U(K\J)C L and

DR T o B R Y

S S nS

sel sel}) sGJﬂK sEK\J sely seK
ms ms ms
>ug + 9—|—E —| Zu1 + E —| = m.+ E —
Ns Ns Ns
seK seK seK

Note that ug = u1 = my if [Bser, ms/ns] = My + [Ssexms/ns.
When wug+ [¢] < m—1 (which is the case if [Sscr,ms/ns] < m—1), since 3, #0
there exists an I, C J without JN K C I, C JN L for which

Z% = Z% = {c} and Z% 2 uz = up + [d],

nS S S
s€l} sel] s€lj
and thus
mg ms
Yo {d ot =uwtezm+ Y
Ng ns
sel} seJNK
If [Sser,ms/ns] = my + [EBsexms/ns) = m —1 and ug + [¢] = m, then in a similar

way there is an I} C J for which

ZZZ—: = Z% and Z% Zu=m-—1>2m

n
s€I} ser] ° sery ¢

but JNK C I, C JN L fails. In the remaining cases, as ¥} # 0 there must exist
an I C J without J N K C I} C JN L for which

Z% = Z% and Z% > Ul = M.

nS S nS
s€I} self s€T}
Now let I = I, U (K \ J). Then K C I, C L fails, for, otherwise we would
have JNK C JN Iy =I5 C JN L which is impossible. Evidently {¥scr,ms/ns} =

{Eser,ms/ns}. By the above [Sser,ms/ns] = [Seeryms/ns] = ma, if [Eser, ms/ng]
is less than m then

M Mg Mg
E _] — — 4 E _°
n n n
lsel, ° sely % seK\J °
My
> [met 30 Sma D T et |32
S S nS
seJNK seK\J s€K

when [Esehms/ns] =M + [Xsexms/ns) = m — 1,

lzm—] >min{m*+ Z:—j?m—l}zm—l.

n
s€ly s seK

The proof is ended.
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Corollary 6. If A = {as + nsZ}_, covers an AP,(|S|) at least m times where
S = {{Zserms/ns} o I C{1,---,k}} and maq,--- ,my are positive multiples of
(ny,n1), -+, (n,ng) respectively, then for any J C {1,--- |k} we have

Z%—min{zﬁ,m—l—i—{zﬁ}} eN
(28> sel s seJ s seJ s
for some I C{1,--- k} with I # J.

In particular, when (1) forms an m-cover of Z (28) holds for any my,--- ,my € ZT
and J C{1,--- ,k}.

Proof. Immediate from Theorem 2 since [Yserms/ns] = [Zsegms/ns] = ma. +
[Esexms/ns| it m,=0and K =L =J.

Remark. This corollary improves the extension of Zhang’s result mentioned after
Lemma 4.
From Corollary 6 we can deduce

Corollary 7. Let (1) be an m-cover of Z and ¢1,--- ,ci be positive integers.
(1)) f1<t<k, JC{L,---,k}\{t} and (n,n:) > 1, then

(n,ns) . (n,ns) (n,ns)
b e ),

sel selJ selJ s
for some I C{1,--- k} witht &I # J.

(ii) Assume that {as + nsZ}e_, fails to be an m-cover of Z. Then for any
ns|n

JC{l1<s<k: ngtn} we have

(30) ZCSM—ZCS(R;L—M) €Z for some J AT C{l<s<k: nstn},
sel s seJ 8

in particular

(31) ch(m—ns)EZ+ for some I C{l1<s<k: nsfn}.

sel s

Proof. i) Let 1 <t < k, t ¢ J C{1,---,k} and (n,ny) > 1. As1+a;+nZn
ai +mZ = 0, system {as + nsZ}%_; forms an m-cover of 1 + a; + nZ. Applying
s#£t

Corollary 6 we obtain (29).
ii) As in the proof of Corollary 3 there exists an integer a such that system B =
{as+nsZ}e_, covers a+([ng)*_,, [ns]¥_,)Z. Since B is a cover of a+(n, [ns]*_,)Z,

s=1
ns|n nsn nsin

it follows from Corollary 6 that (30) holds for any J C {1 < s < k: ns{n}. {Nhen
J =0, (30) implies (31). This completes the proof.

Clearly the second part of Corollary 7 yields the latter sentence in part (ii) of

Theorem 1.
Let A = {as + nsZ}*_, be a minimal m-cover of Z with N = [ny,--- ,ng] not
dividing n. Then B = {as + nsZ}*_, doesn’t form an m-cover of Z and so part

tn

(ii) of Corollary 6 can be applied. We note that
HL<s <b: nofn}l = [{1<s <k et (n, N)H > 1+ F(N/(n, V)
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by the result concerned with (3). Let p*||N where p is a prime divisor of N, then
for any 5 =1,---,a we have

H1<s<k: ndp® 'N/pH ={1<s<k: p’|n} =21+ (a=B+1)(p—1)

and
(P°IN/p*,ng)

if p7||ns with v > 3.

Ng o p’Y—ﬁ-i-l
Let § be the unique integer for which p®~°||[ns]¥._, , then I = [{1 < s < k :
p*ns
p®|lns}| = p® if and only if for any c1,--- , ¢, € Z1 thereis an I C {1 < s < k :

<
ng t N/p‘s} with Y,eres(N/p®,ns)/ns = Ssercs/p® € ZF. (Observe that if 1 > p?
and {1 <s<k: p¥|ns} = {1, -+ ,4} then the [ + 1 numbers

07 Ci17 ci1 +ci27 Tt cil +"'+cil
cannot have distinct residues modulo p?.)
Corollary 8. Let A = {as +ns,Z}_, and ¢, ,¢ci—1,¢i11, -+ ,cx € ZF where
1<t <k.

(i) Suppose that A covers

{{ch(n;lns)}: IC{seJ: s;ét}}

sel

2

consecutive terms in a + nZ at least m times where a € Z and J = {1 < s < k :
(n,ns) | as —a}. When m > 1,

(32) ZCSM €ZT  for some I C J\ {t}.
sel s

For m =1, providing Yscrcs(n,ns)/ns € Z1 for any I C J\ {t} we have

(33) {{Zc(”n—")} ICJ\{t}}D{(n;l—:Lt)r; T:0717...7(n”;t)_1}'

sel

(i1) Assume that A is an m-cover of Z. If m > 1 and (n,n;) > 1 with 1 < j <k,
then (32) holds for J = {1,--- ,k} \ {j}. When {as + nsZ}t_, fails to be an
s¢J
m-cover of Z where J C {1,--- ,k} and [ns)sgs | n, either (32) or (33) is true.

Proof. i) Fix r € {0,1,--- ,n¢/(n,ny) — 1} and set ¢, = r + mny/(n,ny). Let
ms = cs(n,ng) for every s € J. Obviously A’ = {as + nsZ}scy covers

By =) (g o)

consecutive terms in a + nZ at least m times, since a; +nsZ Na +nZ # O if and
only if s € J. Applying Corollary 6 to A’ we obtain that

ZCSM - Z Ms ¢ N for some nonempty I C J,

n
sel s sel %
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so (32) holds if ¢ ¢ J. From now on we assume ¢t € J. By Corollary 6 for some
I(r) C J with I(r) # {t} we have

%—min{%, m—1—|—{%}} eN,
Ns Ny Ny
sel(r)

ie.

(+) 3y GAON (m—1+ Mr) eN.

n n
sel(r) 5 ¢

Let’s assume that Xsecrcs(n,ng)/ns € Z* for every I C J\ {t}. Then for each
r=0,1,---,n./(n,ne) — 1, t & I(r) and therefore I(r) C J\ {t} since otherwise we
would have

Z cs(nans) €Z where 0 £ I'(r) = I(r) \ {t} C J\ {¢t}

n
sel’(r) s

which contradicts our assumption. As

3 e 275) gt and 3 e, moms) —<m—1+w-0> eN,

n n n
sel(0) s s€1(0) ® !

we must have m = 1 and I(0) = 0. So (*) can be restated as follows:

Cs r

ns/(n,ns) [ ne/(n,ne)’

sel(r)

This proves part (i).
i) f1<j<kand (n,n;)>1,then j € {1 <s<k: (n,ns) | 1+a; —as}
and A forms an m-cover of 1+ aj + nZ. If {as + nsZ}*_, isn’t an m-cover of Z
sgJ

where J C {1,--- ,k} and [ng)sgs | n, then as in the proof of Corollary 3 system
B = {as + nsZ}scy covers a + (n,[ns]scs)Z C a + ([ns]sgs, [ns]ses)Z for some
integer a. Now part (ii) comes true if we apply part (i) to A and B.

Remark. With an m-cover (1) of Z given, the first sentence in part (ii) of Theorem
I follows from part (i) of Corollary 8 in the case n = 1. If A = {as+nsZ}*_; covers
all the integers then by part (i) of Corollary 8 for any my,--- ,my € Z* we have
either (11) or

(34) {{ZTS_:} IC{l,---7k}\{t}}3{Oanit,--.?”tnzl}j

As an important complement to part (ii) of Theorem 1 and Corollary 5 we give
here
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Corollary 9. If {as+nsZ}F_, is an evact cover of a+ dZ with a; +n:7Z essential
where a €7, d|n and 1 <t < k, then

{Z(”;l"s); IC{1<s<k: nsfd&zﬁét}}

sel s

Q{Z%: IC{1<s<k: (d,ns)|as—a&57ét}}

S

sel
D{W_nﬁT: ,,:071,._.7L_1},
Tt (nvnt)
Thus, when (1) forms an exact cover of Z, for every t =1,--- |k we have
{Z(”;l—”s): IC{1<s<k: nsm}\{t}}
sel s

(35) I_){Z(n;l—ns):lg{lgsgk:(n,ns)|as—at&55£t}}

sel s

Q{(fl_n) T_O,L...,L_l}_
Tt (n7nt)

Proof. If (1) is an exact cover of Z then (1) forms an exact cover of a; + nZ with
a; + nyZ essential since any as + nsZ with s #£ t doesn’t contain a;. So it suffices
to confirm the first sentence in Corollary 9.

Let a € Z, d | n and assume that A = {as +nsZ}*_; is an exact cover of a + dZ
with a; + n:Z essential. Since a + dZ can be partitioned into a + rd + nZ, r =
0,1,---,n/d—1, for some b = a (mod d) system A forms an exact cover of b+ nZ
with a; + n,Z essential. Clearly J = {1 <s<k: (n,ns)|as— b} contains ¢, and
{gj + (nj/(n,n;))Z} ;e partitions Z by Lemma 1 where each ¢; is an integer with
b+ ng; = a; (mod n;). Thus

Z (n,nj)<z 1 _

iy M i/ nny)

and therefore

Z%gz*' for any I C J\ {t}.

sel s

In view of part (i) of Corollary 8,

{Z—(";”S) 1 {t}} - {{Z (”7;””} 1c J\{t}}

S

sel sel
3{—(n7nt)r:r=071,“'a—nt _1}'
z (nant)

Notice that J C {1 < s<k: (d,ns)|as —a}. We also have
{1<s<k: (dns)|as—a&s#t}N{1<s<k: ng|d} =0,

for, if (d,ns) | as — a and ns | d then a + dZ C as + nsZ and so s = t since
a+dZNa;+nZ # () and A covers a + dZ exactly once. This concludes the proof.
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Observe that [nq,--+ ,ng]"'Z = ny'Z + - + n; 'Z. In contrast with the false
conjecture of Z. H. Sun mentioned in Section 3, putting n = 1 in Corollary 9 we
obtain part (iii) of Theorem II, which seems beautiful and important. Note that in
the first example 1/8 +5/12 = 13/24 ¢ S(A;) though 1/8,5/12 € S(Ay).

Now let’s say something similar to Corollary 9 for general (possibly not exact)
m-~covers of an arithmetic sequence.

Corollary 10. Let A = {as +nsZ}e_, andt € {1,--- k}. For each s =1,--- |k
with s # t we let ms be a positive integer with (ms,ns) = (n,ng).

(i) If for some integer a and divisor d of n system A forms an m-cover of a+ dZ
with a; + n:Z essential, then

{{Zm st}ifhfzcn’\{t} Z —1&2 }

n
sel; s sels sely sely

{MT: T_O’l,...,L_l}
nt (nant>

where J ={1<s<k: (d,ns)|as —a}.
(i) Assume that A is an m-cover of Z but Ay = {as +nsZ}Yk_, is not. Then for
s#t

every integer r there exist I, Is C {1,--- ,k} \ {t} for which

contains

(36) [ILN{l<s<k: ns|n}f<mé& Z%>m—ifori=1,2
sel; s
and
(37) (o) Z Z (mod 1).
sel; sels

Proof. 1) Fix an integer r with 0 < r < n./(n,n;). Set my = r(n,n;), m. =
m—1, K =@ and L = J\{t}. Then simply apply Theorem 2 to A’ = {as+nsZ}sc.
ii) For some a = 0,1, -- ,n—1 system A forms an m-cover of a+nZ with a;+n,;Z
essential. By part (i) it suffices to show that
T={1<s<k: (n,ns)|as—a& s#t}N{1<s<k: ns|n}

has cardinality less than m. In fact, a + nZ C as + nsZ for each s € T, if |T| = m
then A; would also be an m-cover of a + nZ, a contradiction! We are done.

Remark. Part (iii) of Theorem I follows from the second parts of Corollary 10
and Theorem 1. If (1) is an exact m-cover of Z then for any ¢t = 1,--- ,k and
r =0, 1, ceeymy —1 by part (ii) of Corollary 10

(38) Z Z (mod 1) for some Iy, Is C {1,---,k}\ {t}

sely 8612
since for I C {1,--- ,k}\ {t} and I' = ({1,--- ,k} \ {t}) \ I we obviously have

—E—:—E E —=——m E —

n N n n

sel ® S ser 8 t SGI’
s;ét

In the case m =1 we can fix Iy = 0 (by part (iii) of Theorem II).
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Let A = {a;+nsZ}*_, be a cover of Z with a; +n;Z essential. Clearly A covers
some AS(n) with a; + n,Z essential. Let

(39) Sn)t:{zns/ciszfc{lgsgk:s#t&nsfn}}

2 f(nom)

where each ¢, is a positive integer prime to ns/(n,ns). Part (ii) of Theorem 1 gives
that [{{z}: = € Sn}| = ni/(n,n,), and the second part of Corollary 10 tells that

(40) {{x—y}:x,yESmt}I_){L:T—O,l,'u Lq}

ny/(n,ng) "(n,ny)

which is connected with difference sets.
Corollaries 9 and 10 lead us to calculate the cardinality of

Dn(A)ZO{(nT’l—?t)T:rzo,l,--- 1t —1}

=1 ’ (nv nt)
which sometimes serves as a lower bound. Let N = [nq,--- ,ng]. Obviously
D, (A) = U {2:062,0<c<dand(c,d):1}
d|ns/(n,ns)
for some s=1,---,k

consists of those x(n, N)/N with x € Z and x(n,N)/N = r(n,ns)/ns for some
s=1,---,kand r=0,1,--- ,ngs/(n,ns) — 1. Thus

x N N/(n,N)
DAy =4 —" . 0<a< L ze 7 f — 1,k
O =Ry ST Gy 7 g e eome
k
N N
___r . 0<z< [, N] and x € U [, ]Z
[, N]/n ATRN
and so
Da(Al = > eld)
d|ns/(n,ng)
for some s=1,---,k
k k
N N N N
—Hoce< Moy N (7 N
n 2 [ n 2 ]
where as in (5) d(-) represents the asympotic density of a set.
5. NUMBER OF I C {1,---,k} SUCH THAT } "= =v
Let A = {as + nsZ}*_; be an m-cover of Z. Let my,---,my € Z* and v €

{Zserms/ns: I C{1,---,k}}. By Corollary 6,

HIC{l,---,k}: Z%—UEZ}

ser ®

> 1.

When v = 0 or X*_;mg/n,, this gives that Yseyms/ns € ZT for some I C
{1,---,k}. When m; = --- = my, = 1 and A forms an exact m-cover of Z, if
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0 <v<X*_ my/ns =m then by Theorem 4 of [21]

{IC{l,---,k}: Z%:u}

sel 8

> 1,

and moreover by the main result of [20]

{IC{l,---,k}: Z%:v}

S

> <m> if v € {0,1,---,m}.
v

sel
In this section we’ll say something further on [{I C {1,--- ,k}: Sscrms/ngs = v}.
Lemma 6. For any numbers ay, -+ ,a, and T1, -+ , Ty,
n
a
Z(l)xt_O for everyl=0,1,--- ,m—1
t=1

if and only if

Zaixt:O foralll=0,1,--- ,m—1.
t=1

Proof. For eachl=0,1,--- ,m —1,

(:lc) _ i(_ly—j#xﬂ' and o' = zljj!sa,j)(f)

Jj=0 j=0
where s(I,j) and S(I,7) (0 < j < 1) are Stirling numbers of the first kind and the
second kind respectively. From these we can easily deduce Lemma 6.

Lemma 7. Let ai, -+, Gmax{m,n} be distinct numbers. Then
n
Zaf_lxt =0 foreverys=1,---.,m
t=1
if and only if
n
Zastxt =0 foralls=1,---,m

t=1
where

A — Gy
Ast = ||— fors=1,--- mandt=1,--- n.
a; — Qs

Proof. When n > m, this is just Lemma 4 of [21]. In the case n < m,

n
E a; 'z, =0 forevery s=1,---,m
t=1

n
’ Zaf‘lxt =0 foreverys=1,---,n
=1
—1r1 =+ =x, =0 (Vandermonde)

n
:>Zaf_1:rt =0 forevery s=1,2,3,---
t=1
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and
Zastxt =0 foralls=1,---,m
t=1

=Y buzy =0 foralls=1,---,m
t=1
< z; =0 forallt=1,---,n

where 64 is the Kronecker delta. Thus the desired result follows.

Remark. The original ideas for Lemmas 6 and 7 can be found in [21].
As a consequence of Lemmas 4, 6 and 7 we have

Lemma 8. Leta € ZT, J={1<s<k: (nns)|as—a} and m; € Z* for all
j€J. Let S be as in (26) and q;, j € J be as in Lemma 5. For each § € S we let
U(0) be a set of m distinct numbers comparable with

V(0) = {Z%; ICJ and {Zm—} :9}
se1 ' ser s

(i.e. |U(O)] = m, and either U(6) C V(0) or U(6) 2 V(0)), and T(0) a nonempty

set of reals in [0,1) comparable with

W () = {{ZZL_Q} . 1CJ and {ZZ‘—} :9}

for which |T(0)] < d(o — 0) for all 0 € S\ {0} where we use d(r) to denote the
denominator d of a rational r = ¢/d with ¢ € Z, d € Z" and (¢,d) = 1. Then part
(i) of Lemma 5 holds if and only if for any 6 € S one has

(41) Z ypbywCwt =0 for allu e U(O) and t € T(6)
veV ()
weW (0)

where

gy = H 1[,'—’07 bvw: Z (_1>\I\

zeU(0) ICJ
TFu Yserms/ns=v
{ZSEIquS/nS}:w

and

627”1 _ e27rzw

_ 2miw
Cwt = € H 627ri$ _ e27rit :

z€T(0)
T#£t
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Proof. Let 6 € S and l € {1,---,|T(0)|}. For each j =0,1,---,m — 1, by the fact
that d(o — 0) 11 for o € S\ {6}, we have

i
3 (1) (lZ %) 2milSscrqama/ns _ ()
N

ICJ sel
I(Zserms/ns—0)EL

— Z 'Uj Z (_1)|I|€27‘—il25€1qsms/n5

veV (0) 1CJ
Sserms/ns=v

= Z (_1)\1\ (Z %)J e2milSsergsms /s _ ()

N
ICJ sel
{Eselms/ns}ZG

As

(zsefzms/ns) _ Z ([zsefzms/ns]> ({zsefzms/ns})

J i=0 J—t

and

([zsgzms/ns]) 3 (zsgz;ps/ns) (—{zsefzms/ns})

J i=0 J =t

for all I C J, by Lemmas 6, 7 and the above

p ims
() > <—1>’([ S ]>62‘*E’qslms/"‘*—0 for j =0, ,m—1
J
ICJ
{Zseflm57"s}:{l0}

holds if and only if

> awbet = ([ L) S e

veV(9) veV(6) \zeU(0) ICJ
weW (0) THFU Sserms/ns=v

vanishes for every u € U(9).

Under part (ii) of Lemma 5, system {¢s + (ns/ms)Z}ses forms an m-cover of Z
by Lemma 4 and hence {gs + (Ims/ns) Z}sc; forms an m-cover of Z for ev-
ery positive integer [, therefore by Lemma 4 (x) is valid for any 6 € S and
I =1,---,|T®)],|T@)] + 1,---. On the other hand, that (%) holds for I = 1
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and 0 € S gives part (ii) of Lemma 5. So, by the above and Lemma 7,
part (ii) of Lemma 5 holds

<= () is true for each € S and I = 1,--- ,|T(0)]

— Z 27rzw Z auvbvwe2ﬂ'iw — Z auvbvwe%rilw =0
weW (8) veV () veV (6)
weW (0)

forany 0 € S, ue U(f) and I =1,---,|T(6)]

Qﬂim_e27riw o
TIW
= Y (I Sor) X anbue™ =0
weW () “zeT(6) veV(0)
TF£t

forall@ € S, ueU(f) and t € T(9)
<=>(41) holds for every 6 € S.
This ends our proof.

One more technical lemma is needed.

Lemma 9. Let ¢1,--- ,¢c, € N and dy,--- ,d; E 7. Suppose that there exist

nonzero numbers x1,--- , Ty such that Ek _csxt = 0 for those t € ZT divisible
by none of dy,--- ,d;. Then

ca+--+e€dN+ - +dN,
in particular (dy,--- ,d;) | e + -+ + ck.

Proof. Since each cg is the sum of finitely many 1’s, without loss of generality we
may assume that ¢c; =--- =¢ = 1. Let

D=d,N+---+dN={dz + - +dz: 2, -,z €N}

and
k k
H x—xg) = Z(—l)iaixk_i.
= =0
We claim that for every j = 0, 1, --+,k either j € D or o; =0.
Clearly 0 € D. Let 1 < j < k and assume that for any ¢ =0,1,---,j — 1 either
i € D or g; = 0. By Newton’s symmetric functions identity (cf. [9])

J—1
DD+ a ) + (<1055 =0
=0

and hence
j_l R PR
(_1)jjaj = - Z(—l)lai(x]l_l RS xgc—l)
i=0
:_Z "4otal ") (since oy = 0if i ¢ D)
ZGD
= o ok
- Z (=D'oi(x] "+ -4 ") (ng_ZZOifj—i¢D> '
ZGDzioleD s=1
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So if j € D then we must have o; = 0. This proves the claim by induction.
As (=1)*oy, = P(0) # 0, it follows from the claim that

k
k=Y 1€DChZ+ - +dZ=(d, -, d)Z.

s=1
The proof is now complete.

Remark. A slightly weaker version of Lemma 9 was proved by Y. G. Chen and
Porubsky [3].

Now we are able to establish

Theorem 3. Assume that (1) covers |S| consecutive terms in a + nZ at least m
times where a is an integer, S is the set of those {Xgscyms/ns} with

ICT={1<s<k: (n,ns)|as—a} {1, --- .k}

and my, -+ ,my, are positive integers divisible by (n,n1),--- , (n,ny) respectively.
(I) Let 0 € S and P(0) ={I C J: {Eserms/ns} =0}. Set

(42) V(e)z{Z%; IEP(H)} and W(@):{{Z%qs}; Iep(e)}

n
sel % sel %

where for each s € J we define qs to be such an integer that as+ngs = as (mod ny).
Ia. Forv € V(0) and w € W(0) with po(v,w) # p1(v,w) where

{ICJ: 2111, Z%:v& {Z%qs}zw}‘

sel %

po(v,w) =

and

pl(v7w):HICJ: 21111, Z%:v& {Z%qs}:w}

ser ®

at least one of the following (i)—(iii) holds.
(i) Vi (0)| > m where

(43) Vip(6) = {Z% . T € P(6) and {Z %qs} :w};

n
sel % sel %

(i) |Wy(0)| = d(o — 0) for some o € S\ {0} where

(44) WU(H):{{Z%%}: I€P®) and Z%:U};
ser ' ser '
(i11) |V (0)| > m, and |W(0)| = d(c — 0) for some o € S with o # 6.
Ib. If for some v € V(0) all the numbers po(v, w) — p1(v,w), w € W, (0) have
the same sign and

S ()M gSO) =D do—0a,: z, €N foroe S\ {0},
ICJ ocES
Yeerms/ns=v o#0
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we then have |P(0)| = |V (0)| > m. Providing

l
(45) Z (—1)|I| [Z%] #0 for somel=0,1,--- ,m—1,

ICJ sel
{ESEI"ns/ns}:e

> |W(0)| = d(o — 0) for some o € S\ {0}.
Fo

or any number v we let

[P(6)
I

|
(IT)

S

K@Q_{IQ{L k) }:———uez}

(46) sel
L@)_{IQ{L~'$}:§:%§_U}.
sel %

ITa. When {1<s<k: ns|ms}| <m, for some v € Q we have

(47) |K(v)|2d<§ %—U> for some I C{1,---  k} with E %—vgz.
Ngs Ns
sel sel

IIb. Let v be such a number that

‘{ %?;Iezqw}
sel ®

or every element of K (v) contains t for which (1) forms an exact m-cover of a+nZ
with a; + nZ essential and ms = (n,ng) for every s =1,--- k. If 24|L(v)| then

<m,

(48) |L(v)|>d ( Ms _ v) for some I C{1,--- ,k} with Z A

n
sel % sel s

When all the |I| with I € L(v) are odd, or all of them are even,
|L(v)| = dy + -+ d; for some (not necessarily distinct) dy,--- ,d; (I > 0)
ms ms
in th d — - here I C {1,--- .k d — — Z.
in the form (Z v)were C{1,---,k} an Zn v ¢

sel 8 sel 8

(49)

Proof. Let’s first prove part (I).
Ia) Clearly v € V,,(0) and w € W, () since

b= S (=D = po(v,w) — pa(v,w) £ 0.

ICJ
Sserms/ns=v
{ESEIQSms/ns}:w

When |V,,(0)] < m, we can choose a set U(f) of m distinct numbers such that
either V,,(0) C U(#) C V(0) or V,,(8) C V(0) C U(H); similarly when |[W,(0)] <
d(o —0) for all ¢ € S with o # 0, we may choose a set T'(0) C [0 1) with |T'(9)| =
min, e\ (o d(c — 0) — 1 if S # {0}, such that either W, (0) C T(0) € W(0) or
W, (0) CW(0) CT(0).

If |[V(6)] < m and |W,(0)| < d(oc —0) for all o € S\ {6}, then v € V(0) C U(0),
w € W,(6) C T(0) (where U(0) and T'(0) are chosen as in the above) and hence by
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Lemmas 5 and 8

o
Y (M) 8 v I A
v’ eV(0) “zeU(H) w' €W (0) ICJ zeT(0
T#v Sserms/ns=v’ z;ﬁw

{Sserqsms/ng}=w’

DI SR |

w’ €W (0) 1CJ z€T(0)
Sserms/ns=v THwW
{ZSEIquS/nS}:w/

Z Z ( |I| 2miw’ H F, w/ e27riwbvw 7& 0

w €W, (6) ICJ zE€T(0
Yserms/ns=v m;éw
{Zscrqams/ns}=w’

0

where F, . () stands for (27 — e2™%") /(¢27i% — ¢2™)  This contradiction shows
that either |V (8)| > m or [W,(0)| > d(o — ) for some o € S with o # . Similarly,
if [Viy(0)] < m and |[W(0)| < d(o — @) for all o € S\ {0}, then v € V,,(6) C U(0),
w e W(f) CT(F) and by Lemmas 5 and 8

Z 27mw ( H Fw 'w’ ) Z ( H x_vl) Z (_1)|I|
w €W (0) z€T(0) vev(o) Nzeu@) T Y ICJ
AW T#v Sserms/ns=v’

{Esgqums/ns}:w’
is zero and equal to
e?ﬂ'iw Z H .’L'—U/ Z (_1)|[| :€27riwb
xr —v vw
v' €V (0) “xzeU(0) IcJg

T#v Sserms/ns=v’
{ESEIQSms/ns}:w

which is nonzero, also a contradiction. Thus either |V,,(8)| > m or |[W(0)| > d(c—0)
for some o € S with o # 6. This together with the above proves Ia.

Ib) Assume that [V(6)| < m and that V(0) has an element v for which either
po(v, w)—p1(v,w) > 0 for allw € W, () or po(v, w)—p1(v,w) < 0 for all w € W, (6).
Choose U(f) to be a set of m distinct numbers which contains V(). For those
[ € ZT not divisible by any d(c — 6) with o € S\ {0}, when I C J the number
1(Xserms/ns —0) lies in Z if and only if {3scrms/ns} = 6, so by Lemma 5 and the
proof of Lemma 8 we have

x—1 )
_ 1\ | 2milw
- (I 2=%) X o
v EV(9) “xzeU(8) 1CJ

weW () TFvU Yserms/ns=v"
{Zsergsms/ns}=w

_ Z Z ( |I| 2milw Z by Qﬂilw

weW () IcJ weW,(0)
Zsefms/ns:'u
{Sserqsms/ns}=w

and hence

(1) > fbowle™™ =0

weW, (0)
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since all the by, = po(v,w) — p1(v,w), w € W,(0) have the same sign. When
S = {0}, as (}) holds for each I = 1,2,--- ,|W,(0)| by Cramer’s rule |by,| = 0 for
all w € W, (0) and therefore

> =)= > b =0€eS(0) = {0}

cJ wEW, (8)
Yserms/ns=v

If S # {0}, then by Lemma 9

ST =1 Y b= Y fbewl €509).

ICJ weW, (0) weW,(0)
Sserms/ns=v

This completes the proof of the first assertion in Ib.

Now suppose that |W(0)| < d(o — 0) for all o € S\ {#}. Clearly we can choose
a set T'(¢) for which W (0) C T'(0) C [0,1), and |T'(f)| = minges\ 9y d(o —0) — 1
it S # {0}. Let U(#) be a set of m numbers comparable with V(#). For each
u € U(#), by Lemmas 5 and 8 for all w € W (9),

> oew(Irew) ¥ (I 55) X o
w' €W (0) zeT (0 veV () “zeU(0) 1CJ
z;ﬁw T#U Sserms/ns=v

{Sserqsms/ng}=w’

is identical with zero and so is

27rzw Z ( H LL’—’U) Z (_1)‘1‘7
vev(0) Nacu() T Y IcJ
THu Sserms/ns=v

{Zsergsms/nsp=w

thus

S =) ¥ e
vev(e) Nweu(e) T ICJ
THu Sserms/ns=v

-y Y (I&=) ¥ cuieo

weW (0) veV(0) “zeU(0) ICJ
TFu Yserms/ns=v
{Zsergsms/nst=w

With the help of Lemma 7,

Z v’ Z (-)'=0 for every j =0,1,--- ,m—1.

veV (0 ICJ
Yserms/ns=v
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For each [ =0,1,--- ,m — 1 it follows that

l
SR S D SR S

IcJ sel veEV(0) IcJ
{Xscrms/ns}=0 Sserms/ns=v
l

l ) )

SO e T e
= M veV(6) ICJ

Bserms/ns=v

This proves the second assertion in Ib.

Let’s now proceed to part (II).

ITa) Suppose that m > {1 < s < k: ns | ms}| = |{s € J: ns | ms}|, then
{(ns/ms)Z}scy doesn’t cover 1 at least m times. By Lemma 4, for some 0 € S,

ES S S .
Z (_1)|I|<[ ermas/n ])ezsﬂoms/”s #0 for somel=0,1,---,m—1

ICJ l
{Eselms/ns}ZG

and therefore (45) follows from Lemma 6. By part Ib, |P(6)| = |[W(0)| > d(c — 0)
for some o € S\ {0}. For v =0+ Xscqi ... pp\ams/ns,

Mg Mg
K@) > [0 kD) TCTe 3 ey 3 T vez
sel se{l,--- ,k}\J
ms
=|KIC :E—— Z | =P
{ =7 sel s '€ } | (9)|

and so for some Iy C J with {Xscz,ms/ns} # 6 we have

k
Mg Mg st ms
sely ° sely ° z;} s sel, ¢

where I; = IoU ({1,--- ,k}\J) C{1,--- ,k} and Esepyms/ns — v € Z.
IIb) Let J' C{L,--- ,k}\ Jand v/ = v — Zsems/ns. If I C J then

{Z%}_{y’}zz%—v-p Ms Z Ms o (mod 1).

n n
sel 8 sel seJ’ ¥ serug’ ®

We claim that

V{v' Dl =

{Z:’;— ICJ& Z%—FZT:—:—UEZ}

S S

sel sel seJ’
m m
:{Z—S:ICJ& Z—S—UEZ} <m.
serugr v serugr v

For, if not, then |{Zserms/ns : I € K(v)}| € m, Bserms/ns = m + {v'} for
some I C J, mg = (n,ns) for each s = 1,--- |k, Xsep(n,ns)/ns —v & Z for
all I' C {1,---,k} \ {t} and A covers a + nZ exactly m times with a; + n,Z
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essential, hence ¢t € J, v' ¢ Z, system A’ = {¢s + (ns/(n,ns))Z}scs forms an exact
m-cover of Z (by Lemma 1) and therefore

s€J sel s

a contradiction!
As

S

L= U {IUJ’:IQJ& 3 %—v}

JIC{1, kN seluJ’
mg ms
= I1CJ: — =0 - —
> e xieooxrl
JC{1, kN sel seJ’

provided that 2t |L(v)], for some J' C {1,--- ,k}\ J, [{I CJ: Zserms/ns = v'}|
is odd where v/ = v — X4c ;yms/ns, and hence for some w € W({v'}) we have

T

S S

S

sel sel
m m
cJ: Y - =
75‘ I*J'2T|I|’Zns U&{Znsqs} w}‘
sel sel
Since |V ({v'})] < m, by part Ia there exists an I’ C J with {Escpms/ns}t # {v'}
such that
m
Lw)| >|{ICJ: — =0 0| = Wy ({0
[ L(v)] { c Zn v} (W ({0'})]

sel

((z2) ) ()
serr 8 ser 8

where I = I'UJ' C {1, -k} and Xscyvms/ns —v & Z.

On the condition that there is an ¢ € {1, —1} for which (1)l = ¢ for every
I € L(v), for each J' C {1,--- ,k}\ J all the (1)l with I C J and Yserms/ns =
v — Xserms/ns have the same value. Clearly it suffices to show that

o= X {ch: Z%:v_zﬂ}‘

J'C{1,- kT sel ¢ seyr s
E{ Z x;d( %—v> : x;ENforeachI}.
ng
IC{1, -k} sel

Sserms/ns—vgZ

Fix J' C{1,--- ,k}\ J. As [V({v'})] < m where v/ = v — Xsec yyms/ns, by part Ib

Mg
HIQJ: Zn_s_vf}‘_ Z (1)
sel ICJ

Eselms/ns:'ul
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can be written in the form

ms ’ _ %_
> w{Tlew)- Y ad ¥ )
ICJ sel IcJ selIuJ’
{25617713/"5}75{'“/} Zselu.]’"%/ns_v€z

where all the c; are nonnegative integers. We are done.
In contrast with Corollaries 1 and 2 we give here

Corollary 11. . Let A = {as +nsZ}*_, be an exvact m-cover of some AS(n) and
J a subset of {1,--- ,k} with v = Zscj(n,ns)/ns € Z. If A is minimal, or there
isate{l, -k} with a; + nZ essential such that Xser(n,ns)/ns —v & Z for all
IC{1,--- ,k}\ {t}, then either

{Ig{l,m,k}: Z%—’U}‘

sel

(50) ( ) [ ]
. n,ng T, N1, - , Nk
> m -~ ' 7 __ > P AR

(S (S, ! (Z n U) =P ( n ) ’

S
Seer(nns)/ns—vgZ  NSEL

(51) H[g{L...,k}: Z(”;l””_v} =0 (mod 2)
sel s
and
(52) Z (m,7s) = for some I C{1,--- k} with |I| #|J| (mod2).

n
sel s

Proof. Tt follows from part IIb of Theorem 3 and the following observations.
(a) When A is minimal, by Lemma 1 for some suitable integers q1, - - - , g system
{qs + (ns/(n,ns))Z}r_, forms an exact m-cover of Z, and therefore

sel s sel

<m

since ¥¥_, (n,n,)/ns = m and v & Z.

(b) Xser(n,ns)/ns—v € Z for some I C {1,---  k}, e.g. Bocp(n,ns)/ns—v & Z.
And not all of ny,--- ,ng divide n because Xscj(n,ns)/ns & Z.

(c) U T CA{l, -k} and Bser(n,ns)/ns —v € Z, then

d<z(i§—?) ‘”) =d<Z ([”n—”]) _Zj<[nnn1)>

sel sel

>p ([[”n1 | [n’:d]) —p (—[”n v”ﬂ) |

Remark. Let (1) be an exact m-cover of Z. Then for each t = 1,--- , k system
A forms an exact m-cover of a; + nZ with a; + n:Z essential. If there exists a
unique J C {1,---,k} with X,cs(n,ns)/ns = v, then J = {1,---  k}\ J is the
unique I C {1,---, k} such that Yscs(n,ns)/ns = v where v = X*_, (n,ng) /ns — v,
by Corollary 11 for any ¢ = 1,---,k there exists an I C {1,---,k} \ {¢t} with
Yser(n,ng)/ns—0v € Z (which is obvious if o € Z) and hence X c7(n,ns)/ns—v € Z
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where t € I = {1,---,k}\ I. This proves part (i) of Theorem II. (Please compare
it with part (iii) of Corollary .) Since A forms a minimal exact m-cover of Z, also
by Corollary 11, if v = ¥sc51/ns ¢ Z where J C {1,--- ,k} then (50), or (51) and
(52) hold for n = 1.

Corollary 12. Suppose that system A = {as+nsZ}*_, covers an AP, (|[{{Zserrs} :

I C{1,---,k}}|) at least m times where the rs are rationals with rsng/(n,ns) € Z+
and
(53) > 2 >rppr = =1 (0<I<E).

Let N\€ Z, 0 < A<, and A < ri_;/ri if | < k. Then either

(54) { re: I C{l,--- k} & ZTS—)\TkEZ} >m
sel sel
and hence
k=X k
(55) STre=Yre = A = m - [,
s=1 s=1

or (f\) can be written as the sum of some denominators greater than 1 of the ratio-
nals Xserrs — Arg, T C{1, -+ k}.

Proof. Set my = niry, -+, mg = ngry and
Vy = {er: I1C{1, -k} & erz)\rk (mod 1)}
sel sel
Clearly ms € ZT and (n,ns) | ms for s =1,--- k. If |Vy| > m then
k
s 2 = A
;r max m+ {Arg}

and (55) follows.

Now assume that |[Vi| <m. If I C {1, -k} and Ary = Zserms/ns = Zserrs,
then we must have I C{s € Z: k—1<s <k} (since ry = -+ = rp_; > Arg if
I < k) and therefore |I| = A. By part IIb of Theorem 3,

l M
(}\): {Ic{lw'wk}I Zn_sz)\rk} =dy+ - +d
sel
where dy, - - - ,d; are suitable numbers in the set

{d(Z%—m> cIC{l,-,k} & Z——Ark¢Z}

sel s sel s
:{d(er—m> P TC{L kP &Y e — A §ZZ}.

sel sel

This completes the proof.

Let (1) be an m-cover of Z. Putting A =0 and n = 1 in Corollary 12 we obtain
part (i) of Theorem I. In the case A\ = n =1 and r, = 1/n, for s = 1,--- |k,
Corollary 12 yields the latter assertion in part (iv) of Theorem I. If (1) forms an
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exact m-cover of Z, then part (iv) of Theorem II follows from Corollary 12 since
¥k _1/ng =m.
As for the former assertion in part (iv) of Theorem I, here we present

Corollary 13. Let A = {as+nsZ}*_, be an m-cover of Z with (7) where 0 <1 < k
and Ing—; < ng. Then for every positive integer r < ny/(Ink—;) we have

1 1 jr .
Yo Il k-1 Y - Tez —0....
H - c{1,---,k-1}, - € 7Z for some j =0, ,l}'

n
sel 8 sel 8 k

(56) L : r
> — —+—: ICH{1l,--- k—1}, 0,1,---,1}, =
’ sel s + Nk = hoed b Az} ng

>m,

thus Ef;il/ns > m, and either there are at least m positive integers in the form
Yeerl/ng with I C{1,--- ;k—1} or

sel

where each v’ is a suitable integer among 1,--- 1.

Proof. Let r be any positive integer less than ny/(Ing—;). Applying Corollary 12
withA=l,n=1,r1=1/n1, -,k =1/ng_; and rg_j41 = - =rp = r/ng, we
get the second inequality of (56) which implies that

= Ir Ir =
—+—2>2m+ —, ie Z—}m.
s=1 s Nk Nk s—1 Ns

The first inequality of (56) is apparent. In fact, if Xsey, 1/ns + ir/n, and
Yser,1/ns + jr/ny are distinct rationals with fractional part lr/ny where I, Io C
{1,---,k—1}and i,j € {0,1,--- 1}, then Xsecr, 1/ns # Xser,1/ns since otherwise

we would have
ir ir gr gr
NONGE:
ng ng ng N
which is impossible.

Note that X,c91/ns =0 € N. When

{Zni 0£IC {1, k—1}and Zniez}

sel 8 sel 8

<m,

by (56) {Xserl/ns} = jr/ny for some I C {1,---,k—1}and j = 1,---,I. The
proof is ended.

Example 3. Let n > 2 be odd and k = 2n — 1. Let a; = 2°7! and n, = 2° for
s=1,---,n—1,as=2""Ys—-n+1)and ng =25 "n for s =n,--- , k. Since

{2°+27, 2+ 2%z, --., 2n"2 4 2n71lg, on—l7)

disjointly covers Z and {2" 71t + 2!"'nZ}} | covers | J;_, 2"t + 2" InZ = 2"
with all the 2"~ 4 28 ~1nZ essential, A = {as + nsZ}*_, forms a minimal cover of
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Z with nq,...,n; distinct. By a trivial computation
k
1 2n—l 1 2" —1 2" —n—1 2
y -t ot —1+ v+ S <o
= ns 2n—1np, 2n—1np, n

and ¥¥_,1/ns > 1 as is claimed by a conjecture of Erdos. In view of Corollary 13
we should have E?;ll /ms = 1, which can be easily verified.

Because every natural number can be uniquely expressed as a sum of distinct
powers of two,

1 1 2n—1_1
{Zn—s IC{17"'7n_1}}:{07F7.”7W}7

sel
SLorce k-1 ={do 2 -1
Ng . = ) ) — 72n_2n7 9 2n_2n )
sel
and
1 1 2" —1
{SGI ns —_ {n) ) }} { 72n_1n7 ) 2n_1n}

Observe that

{ }:Ic{l k_l}}

}: L C{l,--- ,n—1}, Igg{n,~',k—1}}

If we write a natural number r less than 2" !n in the form cn + d where ¢,d € N,
¢ < 2" 1 and d < n, then

in+2j=cn+d=r (mod 2" 'n) forsomei,j=0,1,---,2""1 —1,

in fact wemay leti=c, j=d/2if2|d;i=c—1, j=(d+n)/2if ¢ >0 and 21d;
i=2""1—1and j=(d+n)/2if c=0and 2td. Thus

1 1 2n~lp —1
E — > IC{l,--- k-1 =10
{{861 ns} 7{7 7 }} {72”—177,7 7 27in }7

and hence

O R

_{L r:()’l,... ,nk—l}
N
as is implied by Corollary 5.
Write 2™ — 1 in the form nqg 4+ a where a,q € Z and 0 < a < n. Then 2 <
g < (2" -1)/n <21 —1, and a > 1 since n { 2" — 1 (cf. F10 of [8]). For
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r=0,1,---,(2" ! = 1)n+2" — 1 with {r/n} >a/n, 0 < [r/n] < 2" ! -1+ q and
therefore

LUL: I, C{l,---,n—1}, L C{n,---,k}, Z—JrZ——m}

sel; sel

_{<,j>eNxN:z<2"—1—1,j<2”—1& . }‘

2n—1 2n—ln 2n—ln

G,J) €ZXT: 0<i<2"  n|j—r 0< H:H—Kq}‘
n n

ez o, [£] <0< {1 2]
B il

:min{[ }4—1 g, 2" —14q— }

[r/n] +1, if0< [r/n] < g
=14 if ¢ < [r/n] <2°7Y
q—1—([r/n] =271, if2n"tr/n]<2" 1 —1+4¢q
>0.
In a similar way, for any » = 0,1,--- ,(2""! — 1)n + 2" — 1 with {r/n} < a/n one

can deduce that

{IC{l, kY Z__ﬂ}

sel
=[{(i,j) ENxN: i<2" ' =1, j<2" -1 &in+j=r}

- {(i,j>€Z><Z: 0<i<2" ! n|j—r&0< H—z’:[l] <q}‘

n n

“[{re: manfo. 7] o) <1 <o (o, 2]}
S e I

r el T
—mln{[ﬁ},q,Q —1—|—q—[ﬁ] +1
[r/n] +1, if0<[r/n] <gq;
=4qq+1, if ¢ < [r/n] <2771
q—([r/n] —277Y), if2n L r/n] <2t —1+¢q

>0,
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in particular

{Ig{l,-.-,k}: > = }
{IQ{L-..,k}: Zni_1+2"}1n}‘

. [2"7; 1} .

{Zni 1g{1,-.-,k}}_{ﬁ: r:o,1,.-.,(2”—1—1)n+2"—1},

sel 8

Thus

1 T

sel
forr€{0,1,--- ,n—1}u{@" 1 =2n+27 - (2"  —1)n+2" — 1},

{I§{1,~~-,k}: Zniem}

sel 8

>0

as is told by Zhang’s result or part (i) of Theorem I, and

(s rcnme (st

sel sel

as is asserted by Corollary 13 since ngy—1 < ng = 2ng_1.

Remark. J. D. Swift ([23]) noted in 1954 that if g = 2 (mod 4) is a primitive root
modulo an odd prime p then
{°+2Z,9+2°Z, - ,gP72 + 2712, ¢° + 2°Z, g + 2pZ, - - , gP 2
+ 207 2p7, 27~ pZ}
forms a cover of Z. This can be easily obtained from Example 3 with n = p.

Putting n = 3 in Example 3 we get the following cover of Z:
{1+2Z, 14+3Z, 2+ 4Z, 2+ 6Z, 12Z}.

It can be shown that if {as +nsZ}*_; is a cover of Z with k > 1 and nq < -+ < ny,
then k > 5 and ny > 12 (cf. [10]).
Let x > 12 and set

k
1
58 D(x) = inf —
e @ =y 2
where the infimum is taken over all those covers (1) of Z with k > 1l and ny < --- <
nk < x. An unsolved problem is to determine D(z) (see [13]). Let n be the odd
integer with
log z log
< 24 o7
251022 = T 251082
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by Example 3

2 5log 2
D@)<1+= <1+ o8

logx

since 2871 .3 =12 < z, and 2" 1n g 271 . 215n—4 = 22:5(n=2) < 4 if n > 4. Note
that when {as + nsZ}*_, forms a cover of Z with k¥ > 1 and n; < --- < ny, by
Corollary 13

G T T | 1
Yo=Y+ —>1+—
s=1 s s=1 s T Tk
So we have
1 5log 2
(59) < D) -1< 2252 forz>12
T log
and therefore
D =1 li D =1.
(60) (1) =140 <1ogx) . lm D)

6. OPEN PROBLEMS AND NEW CONJECTURES

The contents of the previous sections suggest some further questions and new
conjectures.

Problem 1. Find combinatorial proofs of the theorems and corollaries which have
no direct connections with the roots of unity. Extend some of our results to infinite
(exact) m-covers of Z. Provide something analogous to Theorems I and II for
(exact) m-covers of the squares with the help of quadratic Gauss sums.

The observation that an arithmetic sequence a + nZ can be viewed as a coset of
an ideal in the ring of rational integers yields

Problem 2. Let Ok be the ring of algebraic integers in an algebraic number field
K. Letay, - ,ar € Og and Ay, -+, Ay, be integral ideals of Ok whose norms (with
respect to the field extension K/Q) are ny,--- ,ng respectively. On the condition
that {as+ As}*_, forms an (exact) m-cover of O, will parts (i)—(iv) of Theorem I
(resp., Theorem II) still hold? We conjecture the positive answer for those K with
class number 1.

Note that Z is an infinite cyclic group (under the usual addition) for which nZ
is its subgroup of index n. In general one may study (finite) m-covers of a group
by left cosets of its subgroups. As a matter of fact, some known results introduced
in Section 1 have already been generalized in this direction. However there is no
obvious way to attack

Problem 3. Let G be a group and Gy, - - - , G}, its subgroups of indices nq,--- ,ny
respectively. Provided that {asGs}*_; is an (exact) m-cover of G for some elements
ai,---,ar of G, whether parts (i)—(iv) of Theorem I (resp., Theorem II) remain
true? We conjecture that this is the case if Gy, -+ , Gy are subnormal in G.

Now we present a problem as a supplement to Theorem 1.

Problem 4. If we replace ‘at least’ and ‘m-cover’ in the first part of Theorem 1
by ‘exactly’ and ‘exact m-cover’ respectively, will the new version of part (i) of
Theorem 1 be valid? In particular, when {as +nsZ}*_; covers |{{Zserl/ns}: I C
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{1,---,k}}| consecutive integers exactly m times, does it necessarily form an exact
m-cover of Z7 We believe so.
Crittenden and Vanden Eynden conjectured in 1972 that if ni,--- ,ng are not

less than a positive integer [ not exceeding k, then {as + nsZ}*_, forms a cover of
Z whenever it covers 1,--- , 2K~ (See E23 of [8].) This together with part (i)
of Theorem 1 suggests

Problem 5. Are there any integers my,--- ,my prime to ni,--- ,ng respectively
such that
D lorcqa,- k) | <okt
sel s
where | = min{k,ny,--- ,n}? If so, the Crittenden—Vanden Eynden conjecture

will follow from Theorem 1.
In contrast with Lemma 9, which is a useful tool, we propose

Problem 6. If ¢, --- ,cx and d are integers for which there exist nonzero numbers
x1,- -, x5 such that ¥*_,c,2t = 0 for all those t € Z* not divisible by d, does d
divide ¢; + - - - + ¢x? We conjecture that the answer is affirmative.

The following problem is challenging and fascinating.

Problem 7. Characterize those tuples {ns}*_; such that for each t = 1,--- &
and r = 0,1,--- ,ny — 1 there exists an I C {1,--- ,k} \ {t} with Xse;1/ns =
r/ns (mod 1). For what kind of covers of Z do the common differences form such
a tuple? We conjecture that if {as + nsZ}*_; forms an m-cover of Z and an exact
m-cover of a; + nyZ with 1 < t < k then for any r = 0,1,--- ,n; — 1 there is an
IC{1, - ,k}\ {t} such that ¥scr1/ns = r/n; (mod 1).

Let’s conclude the paper with

Problem 8. Isit true that D(z) > 1+¢;/logx for > 12? Can we have D(z)—1 ~
co/logx as © — +o0o? Here D(x) is as in (58) and ¢1,co are suitable positive
constants.
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