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A calculation procedure is developed for estimating crack shear stresses and crack 

slip displacements h m  average strain measurements made on reuiforced concrete panels. 

Several series of previously tested panels are examined and crack shear-slip data are 

extracted. These data are compared against the predictions of previously developed crack 

süp models. 

VecTor2 was used to analyse a series of panels, beams and shear walls subjected 

to shear and cyclic loads. Cornparison with experirnental r d t s  is made in terms of load- 

deformation response and ultimate strength. Good agreement with the experimental 

results is achieved. 

Deficiencies in the analytical models are determineci. Examples illustrating the 

similarity between the experimental and anaiytical resuits are also presented. 

It is shown that rigorously accounting for crack slip displacements results in a 

beîter representation of various subtle aspects of behaviour, such as the failure mode and 

the capacity of elernents to defom and redistribute load. 



Fint and forernost, 1 wish to thank my research supenisor, Professor Frank J. 

Vecchio, for his expertise, guidance and continwus support during the course of this 

project 1 wouid like to take this opportunity and express to him al1 my gratitude. 

Having the opportunity 1 would like to express my appreciation to my girlfiend 

WUinie for her support and encouragement throughout this endeavor. 

Most of dl, 1 wish to express my gratefiiIness to my family, Kam Chuen, Sau 

Chun, Cathy and iessica for their moral support, understanding, and encouragement. 



TABLE OF CONTENTS 

Page 

Absîract .............................................................................................................................. i 

. . ............................................................... Acknowledgements .............................. .......... 11 

... 
Table of Contents .......................................................................................~..................... III 

.................................................................................................................... List of Tables vi 

*. 

List of Figures ................................................. .. ............................................................. vu 

. . 
Notation ........................................................................................................................... xi1 

CHAPTER 1 Introduction 

Background ............................................................................................................... 1 

Modifiecl Compression Field Theory and Disturbed Stress Field Mode1 ..................... 2 

. . 
Objective of the Study ..................... .. ....................................................................... 3 

....................................................... Program VecTor2.. .............. ...........................o. ..3 

........................................................................................................... Chapter Layout 5 

CHAPTER 2 Literature Review 

.................................................................................................................. 2.1 Introduction -6 

....................................................... ................... 2.2 Behavioural Mechanisrn .. 8 

. . ............................................................. 2.3 Brief Description of the Models.. .......... ..... -9 

............................................................ 2.4 Reduction or Modification of Shear ModuIus 1 O 

2.5 Rough Crack Model ...................................-.. ...................................................... 1 2 



2.6 The Two-Phase Model ................. .......--16 
............................. ..*..................................... 2.7 Modified Compression Field Theory ... 20 

................................. 2.8 Disturbed Stress Field Mode1 -22 

CHAPTER 3 Rotation Lag FormuIationslData 

3.1 General Trends ............................................................................................................ 30 

................................................................................................................ 3.2 Conclusions -44 

CHAPTER 4 Shear Slip Data 

................................................................................ ............................... 4.1 Introduction .. 45 

......................................... 4.2 Shear Slip Formulation O Expehental .. ......................... 46 

......................................................................... 4.3 Shear Slip Formulation - Theoretical 52 

CHAPTER 5 Analyses of Structures . Monotonie Loading 

5.1 Panel Elements ........................................................................................................... 68 

............................................................................................................... 5.2 Shear Beams -74 

............................................................................................................... 5.3 Shear Wdls -93 

.............................................................................................................. 5.4 Conclusions 1 0 4  

CHAPTER 6 Analyses of Structures . Cyclic Loadhg 

6.1 Description of Tests ................................................................................................ 1 O5 

6.2 Analytical Modeling of Walls .................................................................................. 107 

........................................ ................... .. 6.3 Load-Deformation Relationship .. ...... 1 1 2  



6.4 Ultimate Displacement and Strength Predictions .............................................. 145 

. 6.5 Disc~ssion of Resuits ............................ ..,. 147 

CHAPTER 7 Conclusions and Recommendations 

7.1 Conclusions ............ .....**....... . . . .  ............................................................... I 4 8  

7.2 Recommendatious ...............................................................~..................................... 151 

References ...................................................................................................................... 152 



Table 3.1 

Table 5.1 

Table 5.2 

Table 5.3 

Table 5.4 

TabIe 5.5 

Table 5.6 

Table 5.7 

Table 5.8 

Table 6.1 

Table 6.2 

Table 6.3 

Table 6.4 

Table 6.5 

UniaxiaVBiaxial Reinforceci Panels ............... .... ............................................... 36 

Details of Panel Specimeos ............................................................................ 69 

Analyses with initial offset slip factor - Panels ................................................. 70 

Analyses without initial offset slip factor- Panels ............................................ 72 

Details of Beam Specimens .............................................................................. 75 

Analyses without initial offset slip factor - Beams .......................................... 80 

............................................... Analyses with initial offset slip factor - Beams 82 

Detail of Shear Wall Specimens .................................................................... 96 

Results of Analyses of S hear Wall Specimens ................................................. 99 

Material Properties and Axial h a d  - Concrete .............................................. 109 

.............................. Reinforcement Percentages for PCA Shear W d s  - Steel 110 

................................................................................. Element Slip Modeling 1 11 

................................................ Maximum Displacement in millirnetres (mm) 145 

......... Cornparison of experimental ultimate strengths with analytical values 146 



....................................................................................... Figure 2.1 Shear failm of be- 6 

Figure 2.2 Shear displacements ......................................................................................... 7 

Figure 2.3 Deformational characteristics of a cracked concrete interface .......................... 8 

Figure 2.4 Shear tram f a  phenornenon ................... ..... .................................................... 9 

......................................................................................... Figure 2.5 Aggregate particles 17 

................................................. Figure 2.6 Line of contact between opposite crack face 18 

..................................................................................... Figure 2.7 S hear stress on a crack 19 

.............................................................................................. Figure 2.8 Panel data plots 21 

Figure 2.9 Mohr's circle of stress .......................... .......... ................................................. 23 

................................... Figure 3.1 Change in the principal strain/stress - Vecchio panels 32 

....................................... Figure 3.2 Change in the principal strain/stress - Bhide panels 33 

................................... Figure 3.3 Change in the principal strain/stress - Aspiotis panels 34 

........................................... Figure 3.4 Change in the principal strain/stress - AU panels -35 

............................ .......................... Figure 3.5 Panels with uniaxial reinforcement .... -37 

Figure 3.6 Panels with biaxial reinforcement ....................... ..... ................................... 38 

............................................................................ Figure 3.7 Uniaxially reinforced panels 40 

............................................................................. Figure 3.8 Biaxially reinforced panels 41 

................................................. ............ Figure 3.9 Uniaxial1 y reinforced panels ... -42 

Figure 3.10 Biaxially reinforceci panels ....................... .. ............................................ -43 

Figure 4.1 Vci vs.A: ................................................................................................... .49 

....................... Figure 4.2 VcNcimax vs . A: .... ........................................................ 50 



Figure 4.3 VcÿVcimax vs . A: /w ........................... ., ................................................ 51 

................................................................ . . Figure 4.4 Mode1 I: Maekawa A: vs A: 55 

O . Figure 4.5 Mode1 1: Maekawa At l A: vs Vci/Vcimax ............................................... 56 

. . ................................................ Figure 4.6 Mode1 II: Walravm - Mode1 A A: vs A; 57 

. . ............................. Figure 4.7 Mode1 II: Walraven - Mode1 A At / A', vs Vc Wcimax 58 

. . .................................................. Figure 4.8 Mode1 II: Walraven - Mode1 B At vs A: 59 

. . ...................*......... Figure 4.9 Mode1 II: Walraven - Mode1 B A: / A', vs VcWchax 60 

. .......................................... . Figure 4.10 Mode1 m: W e c c h i o  - Mode1 A At vs A; 61 

. ...................... . . Figure 4.1 1 Model III: W e c c h i o  Model A A: 1 At vs VciNcimax 62 

. ........................................... . . Figure 4.12 Mode1 III: L,ai/V ecchio Mode1 B A: vs A\ 63 

. ...................... . . Figure 4.13 Mode1 III: Wecchio Mode1 B A: l At vs VcWcimax 64 

. ......................................... . . Figure 4.14 Mode1 ID: Lflecchio Mode1 C A: vs A: 65 

. ...................... . . Figure 4.15 Mode1 iü: W e c c h i o  Mode1 C A: 1 A', vs Vci/Vcimax 66 

Figure 5.1 Details of test beams ..................................................................................... 77 

....................................................................... Figure 5.2 Typicaf M e  element mesha -79 

Figure 5.3 Load-deformation responses - BMl O0 ........................................................... 85 

Figure 5.4 Load-deformation responses - BM 100D .............. ....... ............................. 86 

............................................................ Figure 5.5 Load-deformation responscs - BNl O0 87 

Figure 5.6 Load-deformation responses - BNl OOD ........................................................ -88 

Figure 5.7 Loaddeformation responses - OAl ....................................................... A9 

..................... ................................... Figure 5.8 Load-deformation responses - Al ... ..90 



Fi- 5.9 Load-defomation rcsponses . Bl ......................... &..&.&&L166+UCI 1 9  1 

Figure 5 . 1 0 Load-defomation respoma . C 1 ......................... .... ................................. 92 

...................................................... Figure 5.1 1 Details of Lefas et ai (1 990) shear w d s  95 

.................... ............................... Figure 5.12 Finite element meshes for shear w d s  .. .98 

. . Figure 5 13 Loaddeformation responses S W 1 1 ....................................................... 1 0 0  

. . Figure 5 14 Loadaeformation responses S W2 1 ................... .... ........................ . 1 0 1  

Figure 5.15 Load-deformation responses . SW16 .......................................................... 102 

Figure 5.16 Load-deformation respowes . S W23 .......................................................... 103 

Figure 6.1 Nominal dimensions o f  PCA walls ........................................................... 1 0 6  

Figure 6.2 Mesh layout of PCA walls .......................................................................... 1 0 8  

......................... Figure 6.3 Experimental ioad-deformation response for PCA Wall B 1 113 

Figure 6.4 Analyticd load-deformation response 
for PCA Wall BI-0 predicted by VecTor2 ..................................... .. . . . .  1 1 4  

Figure 6.5 Analytical load-deformation response 
.......... for PCA Wall B 1 œ 1 predicted by VecToR ..................................... .. 1 5  

Figure 6.6 Analytical load-deformation response 
for PCA Wall B 1-2 predicted by VecTor2 ..................................... .. .......... 1 1 6  

Figure 6.7 Anaîytical load-deformation response 
f i  PCA Wall Bt-3 predicted by VecTw2 ...................................... d 1 7 

Figure 6.8 Analytical load-defornation response 
...................... for PCA Wall B 1 -4 predicted by VecTor2 .................... ... 1 1 8  

Figure 6.9 Analytical loaddeformation respoose 
for PCA Wd BI-5 pfedicted by VecTor2 ....................... .. .................... 119 

Figure 6.1 O Andyticd load-deformation response 
.................. for PCA Wall B1-6 predicted by VecTor2 .................... .... 120 

....................... Figure 6.1 1 Experimentd ioad-deformation respome for PCA Wall B2 121 



Figure 612 AnalyricaLlOad-respme 
for PCA Wail B2-0 predicted by VecTor2 ...................................... . .......... 122 

Figure 6.13 AnaIyticaI load-deformation response 
for PCA Wall B2-1 prodicted by VecToR ................................................. 123 

Figure 6.14 Analytical Ioad-deformation response 
for PCA WaIl B2-2 predicted by VecTor2 ................................................. 1% 

Figure 6.15 Analyticd load-deformation response 
for PCA Wall B2-3 predicted by VecTor2 ................................................. 125 

Figure 6.16 Andytical Ioadaeformation response 
for PCA Wall B2-4 predicted by VecTor2 ................................................. 126 

Figure 6.17 Analytical load-deformation response 
for PCA Wall B2-5 predicted by VecTor2 ................................................. 127 

Figure 6.18 Analytical loaâdeformation response 
for PCA Wail 82-6 predicted by VecTor2 ................................................. 128 

Figure 6.19 Experimentai loaddeformation response for PCA Wall 8 7  ....................... 129 

Figure 6.20 Analyticai loaddeformation response 
for PCA Wall B7-0 predicted by VecTor2 ..................................... . .........- 130 

Figure 6.2 1 Analytical load-deformation response 
for PCA Wall B7-1 predicted by VecTor2 ... ...... ... . .. . . . .. . .. .. ... . . . .. .. .... . . . . . .. . . . 1 3 1 

Figure 6.22 AnaIyticaI load-deformation response 
for PCA Wall B7-2 predicted by VecTor2 ........... . ..... . ... .... .. .... . . . .. ... . . . . . .. .. . 1 32 

Figure 6.23 Anafyticat  forma^^ respoose 
for PCA WaU B7-3 predicted by VecTor2 ............... ......-..-.*............ .. ........ 133 

Figure 6.24 Analytical load-deformation response 
for PCA Wall B7-4 predicted by VecTor2 ..................................... ... . . .  134 

Figure 6.25 Analyticai bad-deformation response 
for PCA Wall B7-5 predicted by VecTor2 ..................................... . ..-...... 135 

Figure 6.26 Analyticai load-deformation response 
for PCA Wall B7-6 predicted by VecTor2 .................................... . . . .  136 



Figure 6.27 Experùnentai Ioad-deformation response for PCA Waii B8 . .. .. . . . ... .. ..... .. ... 1 3 7 

Figure 6.28 Anaiytical load-de formation response 
for PCA Wall B8-0 predicted by VecTor2 ................................................. 138 

Figure 6.29 Anaifical load-defoxmation response 
for PCA Wall B8-1 predicted by VecTor2 ................................................. 139 

Figure 6.3 0 Anaifical load-deformation response 
for PCA Wall B8-2 predicted by VecTor2 ................................................ 140 

Figure 6.3 1 Analytical loaddeformation response 
for PCA Wall 88-3 predicted by VecTor2 ............ .. .... ..... . . . ... . . .... .... .. ... ... -14 1 

Figure 6.32 Analytical load-deformation respoase 
for PCA Wall B8-4 predicted by VecTor2 ................................................. 142 

Figure 6.33 Andyticd load-deformation response 
for PCA Wall 58-5 predicted by VecTor2 ................................................. 143 

Figure 6.34 Analytical Ioad-deformation response 
for PCA Wall B8-6 predicted by VecTor2 .............................................. 144 



= aggregate size 

= area of tension reinforcement, input of reinforcement area 

= crack stiffness matrix of the cracked conaete 

= influence of slippage on the cracks. Cs = 0.55 in the DSFM 

= concrete stiffness matrices 

= reinforcement stiffriess matrices 

= strain at the start of strain hardening in the reinforcement 

= modulus of elasticity of concrete 

= modulus of elasticity of steel 

= strain hardening modulus 

= tangent modulus of concrete paraliel to the crack direction 

= concrete post-cracking tensile stress associated with tension softening 

= concrete principal tensile stress 

= concrete cyhder strength 

= peak stress 

= local reinforcement stresses 

= average stress 

= concrete tensile strength 

= yield sttength 

= yield stress for the i-th reinforcement component 

= yield strength of  reinforcement in longitudinal direction 



= y i e i d ~ ~ r e i n f ~ e m e n t i n t r r u i m e f f e d i r e c t i 0 1 ~  

= numericd constant = O. 1 

= dtimate experirnental strength 

= prrdicted lateral load capacity 

= ultimate reinforcement stress 

= reinforcement yield stress 

= shear moddus for uricracked concrete 

= shear modulus of concrete 

= fracture energy parameter 

= characteristic length 

= number of reinforcernent components 

= crack spacing 

= thickness of the materiai type 

= shear retention factor 

= crack shear stress 

= maximum crack shear stress 

=initiatshearshp ficm Wahaventestdata 

= crack width 

= arbitrary variable 

= concrete stress n o d  to the crack direction 

= concrete stress paralle1 to the crack direction 

= cracked shear constant 

= shear stress 

xiv 



=namra/- 

= shear displacanent 

= slip displacement 

= tangentid displacement 

= compressive stress 

= experimental crack shear slip 

= theoretical crack shear slip 

= initial & 

= principal tensile strain 

= limit value after which aggregate interlock becomes zero 

= principal tensile s t r a h  

= principal compressive strain 

= average strain in the x-direction 

= average strain in the y-direction 

= peak strain 

= initial preStram m the remfiement 

= local reinforcement strains 

= strain at start of strain hardening 

= terminal strain 

= ultimate strain 

= Iongituduiai t d e  strain 



= transverse tensile strain 

= stress-induced strains 

= elastic strain offsets 

= plastic offsets 

= shear slip strains 

= reinforcement ratio 

= reinforcernent in x-direction 

= reinforcement in y-direction 

= shear stress 

= crack slip shear strain 

y, = shear strain 

y, = normal shear straui 

0 I = constant iag 

0, = inclination of principal compressive stress 

0, = inclination of principal compressive strain 

%i = the difference between the angle of orientation of the reinforcement (ai) and the 

normal to the crack surface (0) 

ai = angle of orientation of the reinforcernent 



Introduction 

1.1 Background 

Reinforceci concrete structures are widely acceptexi as a rational and econornic 

form of multi-storey constniction. In recent years, howwer, the rapid growth in the size 

and complexity of such srnichues has producd a situation in which, if m e r  

development is to be made with safety, a pater  knowledge of their structurai behaviour 

is n e c e m .  

The cornplex interactions between the walIs, floor slabs, service-cores and firames 

which comprise a reinforcd concrete structure produce a response to toading of 

substantially greater stîflhess and strength than has generally been predictable by 

approximate design methods. Atternpts to apply more sophisticated and accurate 

methods of d y s i s  have d f y  been abandoned due to the large amount of computation 

involved; however, this obstacle is behg g d d y  overcome by the availabiiity and 

application of more powerfui electmnic cornputers with more relevant programs. The 

need to account for the M e n i n g  and strengthening effects of the interaction between the 

structurai components is becoming increasingiy m e  with the continual dernand to 

inaease the height of new buildings. 



In ment years, a growing research effort has been directed at the problems in this 

field. The subject is still in its infiuicy, however, and the results that have been published 

are widely scattered throughout the technical joumals of the world. Thus, it appears, a 

need has arisen to bring together the design, constniction, and research engineers 

concemed with reinforced concrete structures in order to review their existing 

knowledge, to discuss their outstanding problems, and, by so doing, to stimulate firture 

design and research in this field. 

1.2 Modified Compression Field Theory and Disturbed Stress 

Field Model 

The formulation of the Modifieci compression Field Theory (MCFT) is the result 

of many years of research effort at the University of Toronto. Essentially, it was an 

enchancement of the compression field theory (Collins, 1978)) for concrete in shear and 

torsion. The MCFT (Vecchio and Collins 1982) is a model used for anaiyzing reinforced 

concrete subjected to two dimensional stress conditions. The mode1 is based on a 

smeared crack approach with unique stress-strain relations, in which the cracked concrete 

is treated as an orthotropic material. The mathematical fomlations of MCFT have 

shown good agreement with experimental results in most cases (Vecchio 1989, Adeghe 

1986), and VecTor2 is one of the nodhear h i t e  element programs which incorporates 

this mode1 to simulate the material behaviour. 

The Dishubed Stress Field Model (DSFM) is an impruved model for describing 

the behaviour of cracked reinforceci conmete elements, representing a hybrid formulation 

between a fully rotating crack model and a fixeci crack model. The DSFM builds on the 

concepts and formuiations of the MCFT, treating cracked concrete as an orthotropic 

materiai with unique stress-strain relationships in compression and tension. 

Advancments in the formulation, relative to the MCFT, include a new consideration of 

the reorientation of the concrete stress and s t r a h  fields, moving the restriction that they 

be coincident, and an impmved treatment of shear stresses on crack d a c e s .  An 

essential feature of the DSFM is to account for shea. slip on crack surfaces in the element 
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compatibility relations. It is a prime objective of this thesis to investigate and develop 

improved formulations to model this crack shear-slip behaviour. 

1.3 Objective of the study 

This research was aimed at improving and comborating the nonlinear analysis 

program VecTor2, and the underlying conceptual model DSFM (Distubecl Stress Field 

Model), with respect to crack slip modelling. More specifically, the objectives are listed 

as follows: 

1. To determine an appropriate rotation lag formulation for the DSFM by investigating 

data fiom various concrete test panels. 

2. To formulate a crack slip model, which cm be incorporateci into the analyticai model, 

based on the data from various concrete panels. 

3. Corroborate the models for structures under monotonie loading. Panels, beams and 

shear walls wiil be analyzed with MCFT and DSFM using various crack slip models. 

4. Corroborate the models for structures under cyclic loading. Shear walls will be 

aaalyzed with MCFT and DSFM using various crack slip models. 

VecTor2 is a two-dimensional nonlinear finite element program for plane stress 

analysis of reinforceci concrete structures. VecTor2 utïIizes the formulations of the 

MCFT and DSFM to model reinforcecl concrete using a smeared crack approach with 

unique stress-strain characteristics (Vecchio and Colluis 1986). 

The computation algorithm involves using a modified secant sti£fiiess formulation 

in an iterative manner, modifjhg the calculated material stifnless matrices to reflect the 
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cumnt state for each element. Iterations are pafonned until the convergmce of the 

material stifiess matrices is achieved. 

VecTor2 reads its input data from three different types of ASCII files (i) job file, 

(ii) structure file, and (üi) load case files. The user can use any text editor to create or 

aiter these files. The job file allows the user to define the malysis to be performed. The 

smicnire file allows the user to input data relating to the structure mesh geometry and 

material properties. The load file aliows the user to input data related to the applied 

loads. 

By typhg Vï2 in DOS, the pro- Vector is invoked and the process becomes 

batch orienteci. At this point, the finite element analysis program begins, performs the 

analysis, writes the resuits files, and retunis to DOS after completing the analysis. To 

analyre a structure for a number of load stages, the user must make sure that sufficient 

disk space is available to store the results. 
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The research work carried out is presented in 7 chapten. 

Chapter 2 presents a literature review of the aggregate interlock, shear stress, shear 

slip models, maximum shear stress formulations, MCFT and DSFM. It provides the 

background for concepts discussed in following chapters. 

Chapter 3 presents the proposed models developed for this research. This chapter is 

primarily devoted to the derivation of the rotation lag formulations. 

Chapter 4 presents the formulation of the shear slip model, based on the 

computationd procedures of Maekawa and Wairaven. 

Chapter 5 presents the analyses of structures under monotonic loading. 

Chapter 6 presents the andyses of mchires under cyclic loading. 

Chapter 7 presents conclusions derived nom the research work and suggestions for 

fùture research. 



Literature Review 

2.1 Introduction 

It has long been recognized that cracks in concrete have a significant effect on the 

mechanical responses of reinforced concrete. The anisotropic properties of  cracked 

reinforced concrete c m  directly give rise to shear forces in cracks; this is the case, for 

example, in beams without shear reinforcement, the shear resistance of which relies, for a 

considerable part, on the resistance of the crack faces to shear displacements (Fenwick, 

Paulay 1968) See Figure 2.1. 

Figure 2.1 

6 
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When a crack is developed in a concrete mas, the surfaces of the crack are 

usually rough and imgular. When this crack f o m  dong a continuous plane, a parallei 

displacement in this plane is possible and, therefore, projecting particles h m  one face of 

the crack corne into contact with the ma& of the other face. FUrther movement is then 

restricted by the bearing and fiction of the aggregate particles on the crack surface. 

Substantid shear forces can be transmitted across the crack interface. This is aggregate 

interlock action, and shear displacement (or shear slip) parallel to the direction of the 

crack is a prerequisite of shear -fer by aggregate interlock (Paulay 196811974). 

Sliding across the cracks is a major cause of shear defornation in reirforced concrete 

elernents. (Soroushian et al. 1988) 

There are two ways in which shear displacements rnay occur. The fint is by the 

flexural rotation of the compression zone between adjacent concrete cantilevers. With 

this rotation, shear displacements are induced ody if the cracks are c w e d .  This is 

s h o w  in Figure 22b, which shows the shear displacement 6, and the crack width W. The 

second way in which shev displacements rnay occur is by bending within the concrete 

cantiievers, and this displacement is s h o w  in Figure 2 . 2 ~ .  

b) Rotation of Cornpresston Zune 

Figure 2.2 

7 
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For the shear -fer across cracked planes crosseci by reinforcement, the two 

major mechanisms in effect are the dowel action (shearing) of the reinforcement and the 

aggregate interlock. (Fardis and Buyukozturk 1979) 

f i s  chapter will focus on shear displacement (slip) dong concrete cracks and 

aggregate interlock. 

2.2 Behavioural Mechanism 

When the tangentid displacement (shear slip) 6, occurs dong a crack interface, 

the shear stress rC,, working parallel to a crack is induced and is accompanied by the 

compressive stress -8, and the norrnai displacement &, (crack width) normal to the crack 

plane. These four parameters rC,, 6',, 6, 6, shown in Figure 2.3, thus define the 

deformational characteristics of a cracked concrete interface (Yoshikawa 1989). 

Figure 2.3 

Slippage causes the irregular faces of the crack to separate slightly. Tensile 

s ~ e s s e s  created in the rebar, if present, crossing the crack opening, induce clamping 

forces between the crack faces that in tum develop shear resistance (Fardis and 

Buyukoaurk 1979). 

The phenornenon of shear tramfer is highly non-linear (Bazant and Gambarova 

1980). The non-hear relations among the four parameters are qualitatively shown in 

Figure 2.4 for the hvo fiindamental stress States, &, constant and 6'" constant. 



Figure 2 4  

In the case when the crack width &, is constant, not ody the shear stress taa but 

also the normal compressive stress bc. is generatcd due to shear slip. Also. if the crack 

width 6. is held constant, any dative dispiacement or slip & between the opposite 

surfàces of a crack is always accompauied by relative mrxnai displacement (Le. crack 

dilatancy). Both phenornena may be called the couphg or mss &ect which 

characterizes the mechanical behaviout of concrete wah cracks ('Yoshikawa 1989). 

23 Brief description of the Modds 

In the past 20 to 25 years, quite a munber of approaches have been introduced to 

mode1 the effect of agpgate interlock and shear slip. Some of these approdes include: 

O Reducing or modifying the shear moduhu in the materid crack stiffiiess 

matrix 

-Lin and Scordeiis 1975. Cedoiin and Dei Poli 1977, Hu and Shnobrich 

1990 
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(ü) The Rough Crack Modei, which considers the crack faces as rough with stiff 

trapezoidal asperities. 

-Bazant and Gambatova 1980 

Gambarova and Karakoc (impmved) 1983 

-Dei Poli, Prisco, and Gambarova (application) 1 987, 1 990, 1 995 (model) 

(iii) Two Phase Model 

-Walraven and Reinhardt 198 1,1995 

2.4 Reduction or Modification of Shear Modulus 

Lin and Scordelis (1975) posed the following material property assumption for the 

cracked stiffness: 

(2.1 ) 

in which x' and y' are parallel and perpendicular, respectively, to the cracks; G is the 

shear modulus for uncracked concrete; and h is a cracked shear constant introduced to 

estimate the effective shear modulus due to dowel action and aggregate interlock. 

Cedolin and Dei Poli, with a "smeared" representation of cracking and aggregate 

interlock action, tried to predict shear failuns of beams through a finite element model. 

Crack propagation was taken into account by identifylng the mechanism that sustains the 

load inside the cracked element and modifyuig accordingly its matenal matrix. Once the 

limiting value of tende strain was reached, the element was considerd unable to sustain 

any normal stresses in that direction. This method was used because it was simple but it 

gave rise to cracked regions rather than discrete nacks, which are not able to reproduce 

the capability of concrete between the cracks in carrying some stress; that is, tension 

stiffening effects. The authors noted that a gradual release of the normal stress in the 

direction nomial to the crack could be done however. With this representation of 

cracking, the authors f o n d  that the only way to represent aggegate interlock was to give 

an appropriate value to the shear modulus G, in the material matrix. The authors posed 
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that a variation of G decreasing with the crack width was closest to the physical 

phenornenon. A simple ünear dependence was assumed because of the lack of data: 

F - numerical constan-. 1 

EI - fictitious strain in the direction normal to the crack 

- limit value after which aggregate intedock becornes zero 

Hu and Schnobrich (1990) posed a nonlinear model for cracked reuiforced 

concrete subjected to in plane shear and normal stresses. The model included the 

smeared crack representation, rotating crack approach, tension stiffkning, stress 

degradllig effcçt for concrete paraIlel to the crack direction, and shear retention of 

concrete on the crack suface. To take the shear stiffiess of cracked concrete into 

account in the srneared crack model, a reduced shear modulus pGc was used (with 

Ocp4). The correspondhg materiai stifiess matrix is: 

where Et is the tangent modulus of concrete parallel to the crack direction; G, is the shear 

modulus of concrete; and p is the shear retention factor. %y implernenting tension 

stifféning and shear retention effects, the matrix had the following form: 

[cl- = FwIz [~@eol+ [GI (2.5) 

[w)] = [: c 2 - S C  " "  1 c = cos 0,s = sin û (2.6) 



CHAPTER 2 Literature Review 

Cx*  andaad$ arethe~r;r ineninp~nomial tnthecrackdirect iondtheconcrete  

stress pardel to the crack direction, respectively; 0 is m e a d  counterclockwise h m  

the global x-axis to crack x'-axis. 

in the above models, it seems that a true representation of what is going on at the 

crack interface is not provideci, Le. friction, normal stnss, wedging action, etc. The 

reduction or variation of the shear modulus G is used to account for the aggregate 

interlock but each model seems to discount any major effect that aggregate interlock may 

have - i.e. choosing shear modulus reduction factoa or shear retention factoa just to 

stabilize the andysis and/or to maintain some non-zero value of shear stiffiiess in the 

matnjr. It appears that Cedolin and Dei Poli were on the right track by mentioning the 

effect of increasing crack width on the shear stiffhess. 

2.5 Rough Crack Mode1 

The crack faces are assumed to be rough, with trapezoidal asperities. The goal of 

the researchers, Bazant and Gambarova, was to focus on monotonie loading, and 

primarily on situations in which the failure occurs by tensile yielding of the 

relliforcement rather than compression or shear of the concrete (Bazant and Gambarova 

1980). 

Bazant and Gambarova (1980), posed the constitutive equations for a single crack 

considered by Wairaven: 

on: = f n ( L  61); ~ n :  = ft(& 61) (2-9) 

&, = xn/ai5", &, = &/a& Bt" = dft/d6,, B, = Xt/d& (2.10) 

Some of the properties and assumptions of the Rough Crack model are: 

i) Finite slip is impossible at zao relative normal displacements. The stress 

displacement relations for a rough crack exhibit a singularity at the initial state 

of zero relative displacements. 

i.e. dWd& = O for 6, = O 



iik I n e i n c R m e n t a l ~ ~ a £ ~ u u i a e t e i s n n n s v m m e m ' c : a n d  

does not give parailel axes of stress and strain increments because a couplhg 

of shear and normal component is present. 

iii) When there is zero slip and a crack exists there is no compressive force on the 

crack face (Le. for 6, = O and 6, > O we must have a,$ = O because the crack 

d a c e s  cannot be in contact). 

iv) For 4 constant (constant slip), and increasing &, the number of contact points 

dmeases. Also, 1 on: 1 and 1 O,,: 1 must d e m e  as the opening increases, i.e., 

Thus, the crack stiffhess maûix is never positive definite, except for dt = 0. 

So, the crack nsponse causes a tendency for instability; the response, however, is 

usually stabilized by the restraint provided by the reinforcement and the boundary 

conditions (Because Bnn < 0, and because al and & mut  be expected to be non- 

zero, the stressdisplacement relations cannot be modelled by springs, not even 

nonlinear ones). 

v) For 6, constant (constant crack width), 61 increases and Bnt > O and Bn > 0, 

unless it slips so much and crack-teeth break off. 

The following interface stresses were derived by Bazant and Gambarova (1 980); 
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The formulations were updated by Karakoc and Garnbarova cl9871 as follows: 

q=0.25fc a1=2.45/q az=2.44(1-4/ro) 

With the updated focmulaiion, for evaluating confinement stress in terms of the 

shear stress, assuming the infiuence of shear slip, 6, is so dominant that the contribution 

of the crack opening, 4, can be neglected, a,' can be expressed (very simplified), 

&: = ci (wO.' (2.18) 

CI = 0.55 to compensate for the disregard of &. This sirnplified formulation can be used 

for predicting the results of test carried out at constant crack opening. 

The equaîion (2.16) above predicts, when compared to experiments, for varying 

values of both d, and 6b süghtiy lower values for confinement stress for lower values of 

the shear slip while it gives slightly higher values of 6, for considerable higher values of 

6, This is because of the physical difference of the cracks kept at constant d, when 

compared to the red situation (both G, and & varying). When the 6, is constant, after the 

engagement of the interface asperities, because of the initial dominant weâging action of 

the protruding particles, larger confinement stress is induced for smaller values of shear 

slip, as the crack width is not allowed to increase. However, as & assumes larger values, 

the wedging action tends to lose its impact especially as the smaller and weaker aspentia 

break off and become even (instead of sMhg over one-another) again because 6. is not 

ailowed to increase; so, cornparatively smaller 6, values are to be expected. 

To account for this physical different behaviour, 

S, = ~ 2 ( & ) ~ ~ a ~ ~  Cz = 0.75 (2.19) 

For a media characterized by parailel, regular and closely spaced cracks, the 

constitutive laws of the material may be obtained h m  the stress-displacement relations 

for the crack interfâce if the crack o p h g  and the shear slip are smeared (Le. 

continuously distributed). The relations between a,, snb S. and 6, c m  be expressed as 

previously noted: 



Similady, the incfemental stress vector cm be expresseci in tenns of the 

incremental strain vector as in the general form, 

do=B& (2.2 1) 

B is the crack stiffiiess rnatrix of the cracked concrete. 

A significant aspect of such foda t ions  of interface stresses acting on the 

interface of a crack in a reinforced or plain concrete element in tems of the related 

displacement is that they can be used to express and update the constitutive laws of the 

concrete at each increment of load, and consequently can be employed in application 

especially as far as numerical methods such as the nnite element method is concemed. 

Another application of the rough crack mode1 follows. 

Application to Tbh-webbed Beam in Shear 

In 1995, Prisco and Gambarova posed a model for the study of shear in thin- 

webbed reinforced and prestressed concrete beams. The ümit analysis model was based 

on NI yielding of the stimips and impending coiiapse in shear compression for the 

inclined concrete stmts on a h e d  crack pattern. The mu& crack model was adopted for 

aggregate interlock h m  studies by DeiPoli, Gambarova and Karakoc (1987) and Dei 

POL, Prisco, and Gambarova (1 990). 

Mer the formation of diagonal cracks, a beam tends to behave iike a plane tms: 

the longitudinal bars and the stimps constitute the tension members, while the top flange 

and the inclinai struts in the web are the compression members. 

Some of the aSSmnpti01ls adoptes 

i) The faces of the inclined cracks are rough and interlocked; consequently, shear 

and normal stresses are transferred across the crack interface 

ii) The average stress field in the web consists of a diagonal compression field, 

which is not aligned with the fked cracks. 

The aggregate interlock constitutive laws, in a slightly different format than 

previousiy presented in ihis thesis, fimm Karakoc are, 
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~ = 0 . 2 5 f c  alq=0.62 a3=2.45/~ a4=2,44(1-4/~~) r = &/&, 

From these equations, it was found that the aggregate interlock contribution to the 

ultimate shear stress was, 

A simplifieci formulation with range of r between 0.6 - 1.0, D = 20, 4 = d4 

reduced the equation as foI1ows: 

2.6 The Two-Phase Mode1 

The theory is based on the assumption that concrete cm be conceived as a ''two- 

phase" matexia.1 which is composed of a collection of aggregate particles with high 

strerigth and stiffness (phasel), and a m a t e  material consisting of hardened cement paste 

with fine sand with Iower strength and stifiess (phase 2). (Walraven and Reinhardt 

1981). When the crack faces are subjected to a shear displacement, a wedging action is 

developed resulting in compressive stresses nomal to the crack plane. Wedging action 

provides the link between normal and shear stresses on one hmd, and crack opening and 

shear displacement (slip) on the other hand The mechanism, according to Walraven, 

codd ody be adequateIy descnied if nomaî stress, shear stress, crack wïdth, and shear 

displacement (slip) are ail involved. 

The theory of the stress-displacement relations for mugh cracks was mentioned 

previously in this thesis when Bazant and Gambarova's mode1 (1980) was described. 

R e d ,  

BNIBnc d& {:::'} = [Bot &]{d&} 

&, Bnb Bmy Ba are crack Stifkesses; 6. is the crack opening; & is the crack slip; amC is 

the normal stress; and crnP is the shear stress. 
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These stress-displacement relations are andogous to stress-strain relations of 

incrernental plasticitr, they will give in general a path-dependent response which is 

expected in inelastic behaviour. 

The formulation above was simpiified to a l a s  general formulation: 

amc = fn(L &); Ch; = U 6 n 7  53 (2.26) 

which is analogous to the total strain (total deformation) theory of plasticity. It gives a 

response that is independent of the loading path in the (4, 6,) plane. It is assumed that 

the shear stress and normal displacement are hctions only of the normal stress and shear 

disp lacements (only mono tonic increase is considered). The crack nirniess coefficients 

are : 

B,, =  ah, b, = x~aa,, ~ t ,  = wah7 B, = avati, (2.27) 

The basic problem is the formulation of annc = fn(&, 63; ~ n :  = f1(6., 61). 

Walraven's fiindamental model was developed based on a statistical analysis of the crack 

structure and associated contact areas between the crack faces as a fûnction of the 

displacements 6. and &. Aggregate particles were simplifieci as spheres, which could be 

intersected by the crack plane at al1 depths with the same probability (see Figure 2.5). 

Figure 2.5 

Since plastic deformations are expected to predominate (because of pore-volume 

reduction) over the elastic defomiations, the stress-strain relation of the ma& material, 

consisting of hardened cernent paste with aggregate particle < 0.25 mm, is assumed rigid 

plastic. The stress at which plastic deformation occurs is a,,. In Figure 2.6, a line of 

contact between opposite crack faces is shown. The projections of this Lùie of contact on 

the X- and Y- directions are a, and a,,. The shaded area represents that part of the rnatrix 

which has disappeared due to plastic deformaiion of the ma&. If the shear load on the 

plane of cracking is increased and crack opening is counteracted by resnaining forces a 

rnechanism will develop which can be desmibed as foIlows: The contact areas tend 

initially to slide; as a result of siiding, the contact area is reduced so that too high contract 
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stresses accur. Hmce. m e r  plastic defornation o c c m  until equilibnum of farces are 

obtained in the X- and Y- directions. 

a. contact are3 berwtcn rniirix and aggregaie 

Figure 1.6 

Briefiy, the equilibrium conditions are: 

b. stress conditions 

where rPu is the shear stress at deformation of matrix; 

Xa,, Ea,, are the most probable average projected contact lena@ over the crack length; 

surface stresses are given by 

Note: Quite an extensive analysis was done by the author to detemine the values for Ax 

and Ay using statistical anaipis; the h a 1  resuits wili be presented here. 

The interface stresses, proposed by Walraven and Reinhardt are: 

where fcc is the concrete cube strength. 
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The mode1 is based on the behaviour on particle level, taking into accounr the 

deformation of the hardened cernent matrix and fictional forces between aggregate 

particles and ma& during sliding. 

The Two-Phase mode1 is the basis for the derivation of shear stress on crack 

surfaces for the Modified Compression Field Theory (Vecchio and Collins, 1986). [n the 

MCFT, cracked concrete is treated as a new material with its own stress-strain 

relationships which are formulated in terrns of average stresses and seains. Discrete 

cracks are considered by considering the local stress conditions at crack locations. 

Equilibrium requim shear stresses on a crack. 

Based on Walraven's work, the following relationship was denved for shear stress 

on a crack (see Figure 2.7): 

where v,, = ,/-Tc 
24w 

0.3 1 + 
(a + t 6) 

where vn is the shear stress acting on the crack; v,, is the maximum shear stress that 

c m  be resisted on the crack; Gi is the compressive stress on crack surface; f c is the 

specified compressive strength of conmte; w is the average crack width (mm) and a is 

the aggregate size in rnillimeters. 

Figure 2.7 

19 



One of the simpüfjk~g assumption made by the MCFT is that the principal stress 

axes and principal straïn axes coincide, or, the inclination of the cracks, Bc, is equal to the 

inclination of the stress field, 8. Iu Figure 2.8(a), a cornparison is shown. The data h m  

the initial test series clearly showed that this was strictly not the case. nie observed 

tendency was for the change in the principal stress direction to lag behind the change in 

the principal strain direction. Shown in Figure 2.80) are the angles of inclination for the 

stress anci strain fields for Panel PV19. Pnor to cracking, both fields were inclineci at 45 

degrees relative to the reinforcement directions. After first crack, there was an abrupt 

increase in the orientation of the principal strain direction but little change in the concrete 

stress field direction. Thereafter, both inclinations graduaily moved higher, with a more 

or Iess constant ciifference (lag) between the two. Mer yielding of the transverse 

reinforcement, the reorientation of the stress field accelerated, with the inclination of the 

principal stresses following the pattem of the change in the principal stmin direction. 

This behaviour was observed in most of the other test panels. Given that the pattem was 

one where the reurientaîion of directions of stress and strain seemed to be linked and not 

much different, and given the significant simplification it added to the computational 

aspects of the theory, it was decided to make the assumption that 0 4 c .  It is this 

assumption that, in large part, gives rise to the inaccuracies of the MCFT for very lightly 

reinforceci bearns or elements. 
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Figure 2 8  

Another difficulty of the MCFT, as originaüy constituted, stems h m  the crack 

shear check The cracks in the concrete are assumed to al@ with the average principal 

stress directions; hence, the average shear stresses in the directions orthogonal to the 

crack are necessary zero. However, at the crack surface, local stress conditiob are 

ciiffirent and can give rise to non-zero shear stresses on the crack d a c e  (see Vecchio 

and Coiiins, 1986). The MCFT chccks the magnitude of these local stresses; if they 

exceed a limit value, a reduction is made to the magnitude of the post-cracking average 

tende stresses that can be SuSfained. In reality, the relationship between the concrete 



tende stresses and local shear stresses is not a direct one. Further, while shear stresses 

may be induced on the crack surface, the MCFT makes no aiiowance for discontinuous 

shear slip dong the crack. Lastly, the crack shear check represents cornputational 

complexity that is disparate relative to the elegance and simplicity of the remainder of the 

formulation. The crack shear check has been the one aspect of the theory least well 

understood by others, and has often beeu ignored in their implementatiow of the MCFT. 

2.8 Disturbed Stress 

The Disturbed Stress 

Field Model 

Field Model (DSFM) was htroduced by Vecchio (2000) as 

an alternative formulation for describing the behaviour of cracked reinforceci concrete 

elements. The theory is an extension of the modified compression field theory (MCFT) 

(Vecchio and Collins 19861, with advmcements made primady with respect to 

modelling of shear slip dong cracks. The impetus was to address the diminished 

accuracy seen h m  existing procedures under certain conditions, particularly for beams 

or wall elements containhg no shear reinforcement. The new formulation combines 

aspects of rotating-crack and fwed-crack models, giving an improved representation of 

crack mechanisms and thereby resulting in increased accuracy. 

Equilibriom conditions: 

Equiliirium is used to relate the extemaily applied loads to the internai element 

forces. The element equili'brium condition is, 

where n is the number of reiaforcement cornponents, and CD,I and mli are concrete and 

relliforcement stifnias matrices, defined later. For the special case where the panel is 

orthogonaily reinforced, and the reinforcement is aligned with the reference axes, the 

equilibrium equations become: 



stresses using the Mohr's circle of stress shown in Figure 29. 

Figure 2.9 

To ensure that the average tende stress in the concrete can be transrnitted a m s s  cracks, 

the following condition must be met: 

where pi is the reinforcement ratio, & is the average and is the yield stress for 

the i-th reinforcement component. The aria Oi is the differcllce between the angle of 

orientation of the reinfarcement (a) and the m d  to the 4 aufke (8) 

e, =@-af (2.4 1) 

It is also important to note tbat the local incrtases in midiorcement stresses, at 

aack locations, lead to the development of shear stressa dong the crack surthces, v ~ .  

Equilibrium requirernents give rise to the f o l l o h g  re1ationship: 

The local reinfiorcement stresses (f,) are daermined &om locai reinforcement strains 

) The locai reinforcement stresses are detdned  such as to SIltis& the equilibrium 

condition that the average concrete taisiie stresses must be transmitted across the crack, 

that is: 
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Compatibility Relitions: 

Compatibility requires that any deformation experienced by the concrete must be 

matched by an identical deformation of the reinforcement. The relations establish a link 

between the extemal deformations and îhe efement strains. 

Relative to a reference x,y system, the measured strains would intrinsicaily 

contain both components of deformation. These measured or 'apparent strains' will be 

denoted as [E] = bx gY Y, }. The apparent inclination of the principal strain, et, would 

thus be calculated as: 

The average shear slip strain can be defined as foilows: 

The slip strain can be resolved into orthogonal components relative to the reference 

system: thus [E' = {s: E:; y } where 

By considering other effects, one obtains the foiIowing compatibility condition: 

where [a are the stress-uiduced & a h ,  Ess} are the sh- slip strains, [GY are the elastic 

strain offsets, and [&'] are the plastic offsets. 

Decoupling the two strain effects, the actual (net) strains within the continuum 

will be denoted as [%] = E~ If is these strains that are to be employed in 

appropriate constitutive relations to d e t e d e  the average stresses h m  the average 

strahs for the concrete. For this purpose, the principal strains are determineci h m  the 

net strains using the standard transfonnation.s: 



where &l is the principal tensile arain, is the p ~ c i p a l  compressive strain, e, is the 

average strain in the x-direction, ey is the average strain in the ydireaion, y, is the 

shear strain, and is the principal angle of stress and crack inclination 

The 'le' in the rotation of the principal stresses in the continuum, relative to the 

rotation of the apparent principal strallis, will be defined as: 

~e=e,-e,  (2.52) 

In relating the apparent strain condition to the amal orientation of the stress and 

strain field within the continuum, the following relation is particularly useful: 

The reinforcement is assumed perfectly bonded to the concrete. Hence, the 

average strain in a reinforcement component is calculated from the total strains as  

follows: 

where ai is the angle of orientation of the reinforcement and 6:: is the initial prestrain in 

the reinfiorcement. The local strain in the reinforcement wili be: 

Given nominal crack spacings in the reference x- and y-directions, sx and +, the average 

crack spacing in the cracked continuum can be estimated as 

The values si, and s, can be estimated fkom standard crack spacing formulations. Given 

the average crack spacing, the average crack width then can be calculated fiom the 

average tensile strah as follows: 
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Consütutive Relations: 

The compression response of cracked reinforced concrete is characterized by 

sigruficant degress of sofiening arising 6rom the enects of transverse cracking, as shown 

by Vecchio and Collins (1986). The principal compressive stress in the concrete & is 

fond to be a function of not only the principal compressive strain, but also of the 

coexisting principal tende strain. The influence is captureci by the reduction factor Pd, as 

follows: 

In examing data collected h m  over 150 test panels (Vecchio and Collins 1993), 

the best correlations were obtained when the factor Cd was made a hc t ion  of the ratio 

&&& as follows: 

Cd = 0.35(- gC, / - 0.28)a' (2.59) 

The above is the preferred form for use in nnite element formulations. However, for 

easier implementation into design procedures, accuracy is not much deteriorated when 

using a simpler form which is a function of el only. In updating the MCFT formulation, 

the following was proposeci: 

Cd = 0.27(&, 1 &,, - 0.37) (2.60) 

The factor Cs accounts for the influence of slippage on the cracks. Cs is taken to be 0.5 5 

in the DSFM. If slip on the cracks is not being explicitly taken into account in the 

element compatibility relations as when using the MCFT fomuIation, then Cs = 1.0 is 

used. 

The factor Pd is used to define both the peak stress (5) and the strain at peak stress 

(E*) in the compression response of the concrete. Hence, if ushg the E ~ / E ~  formulation, 

then: 

f, = -sd -r, (2.6 t ) 

E~ = -Pd E,, (2.62) 
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The compression response curve is demi'bed as: 

For concrete in tension, prior to cracking, a linear relation is used; that is, 

Recent experience with concretes made h m  Toronto-area aggregates suggest the 

following relationship for estimating the concrete tensile strnigth, f ,: 

Tension softening is particuiarly significant in concrete structures containing little or no 

reinforcement; for example, beams containing no web steel. Here, the concrete post- 

cracking tensile stress associated with tension sofiening, f i ,  is calculated as: 

where the terminal strain is calculated b m  the hcture  energy panmieter Gr and 

characteristic length L as follows: 

Here, Gf is taken as a constant vaIue of 75N/m. 

Post-cracking tende stresses in the concrete also aise h m  interactions between 

the reinforcement and the concrete. In areas between cracks, load is transferred h m  the 

reinforcement to the concrete via bond stresses, producing significant levels of average 

tensile stress in the concrete. As  previously done in the MCFT, these concrete tension 

stiffening stresses are modelled as foIlows: 



For relatively maIl elements, Ct = 200 is used. For typical larger-scale elernents, Ct = 

500 is used. 

The resulting average principal tende stress in the concreie is the larger of the 

two values defined above. Hence, 

f r i  = ma&': ,fi) (2.72) 

A tri1inea.r stress-strain relation is used to model the response of reinforcement in 

tension or compression. Hence, 

f ,  = E A  , O c E, c &,, (2.73) 

= f,, 9 
6, < 6, < &,A 

(2.74) 

= fy + &h(~s-%h) 6 t h  < 5 < Eu (2.75) 

= O  9 6 s  ' Cu (2.76) 

where fy is the yield strength, Es is the moduius of elasticity, hh is the strain hardening 

modulus, E, is the yield strain (=f+&), gh is the strain at start of strain hardening, and E, is 

the ultirnate strain. 

Slip Model: 

The relationship initially adopted in the DSFM was that of Walraven (1981). 

Taking the stiffriess portion of his formulation as follows: 

. . 

Once the slip displacement 6: has been found, Eq. (2.45) is used to determine the crack 

slip shear strain y: . 

Another appmach is to relate the changes in direction of the principal stresses to 

the changes in the direction of the apparent principal strains. Relative to the initial crack 

direction 8, (ie inclination of principd stresses/sh=ains at first cracking), the rotation in 

the apparent principal strains (Agg) is detennined according to the prevaihg load and 

material conditions at the current load stage: 

A0, = 9, -4 (2.78) 
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AUowing for the rotation lag, the change in inclination of the principal stress direction 

( A 9 3  can then be found: 

A0, =(A@, -Al?,) for 1~8~1 >A@/ (2.79) 

= A8, for l A e c l r  A@, (2.80) 

where the constant lag A8, is taken as 5' for biaxially reinforcd elements, 7.S0 for 

uniaxially reinforced elements, and 1 O* for unreinforced elernents. n ie  inclination of the 

stress field at the current load stage is then calcuiated as: 

9, = eiC + A& (2.8 1 ) 

Then, using Eq. (2.53), the crack shear slip strain y: can be determined. 

In the DSFM, a hybrid formulation can be used. If done so, the crack slip shear 

strain is taken as the maximum of the values computed using each of the two methods; 

hence, 

Y,  = m a x k : , ~ : )  (2.82) 
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Rotation Lag Formulations/Data 

3.1 General Trends 

An original simplifjmg assumption of the MCFT was that the directions of the 

average principal strain remained coincident with the directions of the average principal 

stresses in the concrete. It was previously shown that this was strictly not the case. (See 

Figure 2.8a) The observeci tendency was for the change in the principal stress direction 

to lag behind the change in the principal süain direction. Shown in Figure 2.8b are the 

angles of inclination for the stress and strain fields for Panel PV19, reinforced with h = 

1.8% and = 0.7% and subjected to pure shear (q:a,:r = 0:O: 1). 

Rior to cracking, both fields were inclined at 45O relative to the reinforcement 

directions. Mer f b t  cracking, then was an abrupt increase in the inclination of the 

principal strain direction but linle change in the concrete stress field direction. 

Thereafter, both inclinations graduaiiy increased, with a relatively constant angle 

difference (lag) present m e r  yielding of the transverse reinforcement, the reonentation 

of the stress field accelerated Ui accordance with the pattern of the change in the principal 

strain direction* 
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In order to look for trends in the lagbetween principal stress and principal strain 

directions, data h m  panel tests were re-examined. The Vecchio panels (PV), Bhide 

panels (PB) and Aspiotis Panels (PHs and PA) were used for these analyses. The £ k t  

inclination was to examine the change in the principal stmh versus the change in the 

principal stress. Considered were 30 Vecchio panels (Vecchio and Collins, 1982), 16 

Bhide panels (Bhide and C o h ,  1987), and 12 Aspiotis panels (Aspiotis, 1993). Show 

in Figure 3.1 to 3.3 are the plots of data extnrcted ficm the various panels. Figure 3.4 

combines the data for al1 three series of panels. 
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CHANGE IN STRAlN t STRESS MCUNAflON 
VECCHIO PANELS (PV) 

CHANGE IN STRESS INCUNATION, A& (degm) 

Figure 3.1 
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CHANGE IN SlRAiN I STRESS JNCUNATION 
BHlDE PANELS (PB) 

-1 0 O t O 20 30 40 50 60 

CHANGE IN STRESS INCUNATION, A& (dogmes) 

Figure 3 -2 
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- - - . - . -. - - 

CHANGE IN STR4iN 1 STRESS INCUNATION 
ASPIORS PANUS (PHs AND PA) 

CHANGE IN STRESS INCUNA'TtON, Af3,, (âegraes) 
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CHANGE IN STRAN ! STRESS INCLINATION 
( A U  PANELS) 

- V "  

CHANGE IN STRESS INCLINATION, Ag, (degrees) 

Figure! 3.4 
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The Vecchio panels were biaxially reuiforced in most cases, with dissimilar - r 

reinforcement ratio in both x and y directions. The principal stress lagged behind at 

about S0 to the principal strain. The Bhide tests were comprised primarily by uniaxial 

reinforced panels, with most of the panels reinforceci in x-direction oniy. See Appendix 

A for details of the panels. The principal stress lagged behind at about 7.5" to the 

principal 6, and there was considerally more scatter in the results. In the Aspiotis 

panels, it was interesting to note that the change in principal stress remained 

approximately coïncident with the change in the principal stnin.  The panels were 

biaxially reinforceci with relatively heavy reinforcement in the x-direction and light 

reidiorcement in the y-direction. Upon reviewing the thm different types of panels 

together (Figure 3.4), no &ong trends cm be found. 

Another way of looking at the change in the principal strain/stress was by 

grouping the panels according to the manner in which were reinforceci. The panels used 

for uniaxiaVbiaxia.1 reinforced analysis are shown in Table 3.1. 

Table 3.1 UniaxiaVBiaxial Reinforcd Panels 
- 

Uniaxial reinfiorcecl panels 

Figure 3.5 shows panels with uniaxial reinforcement, and Figure 3.6 shows panels with 

biaxial reinforcement- 

- - 

Panel ID. 

PV13, PB4, PB1 1, PB 12, PB 14, PB 16, PB 17, PB 1 8, 

PB19, PB20, PB21, PB22, PB28, PB29, PB30, PB3 1, 

PB32, PHs1 

Biaxial reinforced panels PVI, PV2, PV3, PV4, PV5, PV6, PV7, PV8, PV9, PVl O, 

PV11, PV12, PV14, PV16, PV18, PV19, PV20, PV21, 

PV22, PV23, PV24, PV25, PV26, PV27, PV28, PV29, 

' PV30, ETIS2, PHS3, PHS4, PHSS, PHS6, PHS7, PHS8, 

PHS9, PHs 10, PA1 , PA2 



CHAPTER 3 Rotation Lag Formalations/Data 

- - - 

CHANGE IN STRAIN / STRESS INCLINATION 
(Uniaxiall y Reinforceci Panels) 

-1 0 O 10 20 30 40 50 60 

CHANGE IN STRESS INCLINATION, A6,, (degrees) 
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CHANGE IN STRAiN 1 STRESS INCLINATION 
(Biaxlally Reinforced Panels) 

CHANGE IN STRESS INCLINATION, A0= (degrees) 

Figure 3.6 
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For uniaxial reinforcd panels, the principal - stress lagged behind at about 7.5" to 

the principal strain. For biaxiai reinforced panels, the principal stress lagged behind at 

about 5' to the principal strain. 

The possible influencing fwtors which aected the change in the principal 

strain/stress angles included the reinforcement ratio (b p,,), the yield strength of 

reinforcement (f, f,), the strength of concrete (f c) and the loading condition. Plots of 

(A€&-&) versus X are shown in Figures 3.7 to 3.10 for uniaxially reinforceci and 

biaxially reinforceci panels, respectively. X is an arbitrary variable and is defined as 

foIIows: 

1. X=2-Nx-Ny for Figures 3.7 to 3.8, where 

2. X=(pxf,-h.f,)/,/F for Figures 3.9 and 3.10. 



Uniaxially Reinforced Panels 

Figure 3.7 



Biaxially Reinforced Panels 

Figure 3.8 
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Uniaxially Reinforced Panels 
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Figure 3.10 
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The analyses result showed a very scattered result. No strongcorrelation could be 

fond between the rotational lag angle and the concrete/reinfotcement material 

properties. 

The inclinations o f  the principal stresses and principal strains are not necessarily 

equal. However, no strong trends were found h m  the aRalyses undertaken. As a rough 

approximation, the constant lag 0' cm be taken as 5" for biaxially reinforced elements, 

7.5" for uniaxially reinforced elements, and 1 0' for unreinforceci elernents. 



CHAPTER 4 

Shear Slip Data 

4.1 Introduction 

in f i t e  element andysis of cracked reinforceci concrete, the development of 

nonlinear elastic procedures has generally progressed dong two lines: rotating crack 

models and fixed crack models. With rotating crack models, it is assumeci that a gradual 

reorientation occurs in the direction of cracks, as dictated by the loading or material 

response. Along with the change in crack direction, a gradual reorientation is asswned to 

occur in the principal stress and principal sûain directions in the concrete. Converseiy, 

with 6xed crack models, crack k t i o n s  remah fked in the direction of first cracking. 

In some formulations, if the stress conditions dictate, discrete new cracks rnay form at 

altemate inclinations. An important aspect of the fked crack approach is the 

determination of the shear stresses that necessariIy develop on crack sirrfaces and the 

shear slips that occur as a d t .  Both the rotating crack and the fixeci crack models have 

met with varying de- of success. However, they do not work very weli in al1 cases. 

In the application of rotating crack modeis (e.g. MCFT), shear m g t h  and 

stZhess are generally underestimateci for paneis containhg heavy amounts of 

reinforcement in both directions, in p d s  subjected to high biaxial compressions in 
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addition to shear, or in panels where the retoforcement and loacihg conditions are such 

that there is no rotation of the principal stress or strain conditions. Conversely, shear 

strength and stifiess are generally overestimated for uniaxially reinforcd panels or for 

panels containhg very Light reinforcement in the transverse direction. Reduced accuracy 

also has beeu observeci in shear-critical beams containing vexy littie or no transverse 

reinforcement (i.e., <O.OS%). Here, the FuUy rotating crack mode1 allows for a significant 

re-orientation of the stress-strain fields. In such beams, this may result in overestimated 

ductility, and over-predicted or under-predïcted strengths, depending on the structural and 

loading details. The models proposeci in this chapter attempts to redress the wealaiesses 

in the above computational models. 

4.2 Shear Slip Formulation - Experimental 

Once again, 30 Vecchio panels (Vecchio and Collias 1982). 16 Bhide panels 

(Bhide and CoIiins 1987), 12 Aspiotis panels (Aspiotis 1993), and 3 Kirscher panels 

(Kirschner 1986) were considered. For each of these panels, crack shear slip response 

was examinai. The shea dip data was calculated according to the following procedure: 

1 . a) For a given panel element, obtain 

f ' ~ , ~ x , ~ ~ * f ~ r f ~ * E s , s  

where f c is the concrete cylinder strength, p, , p, are the reinforcernent ratios in x, y- 

direction, f,, f, are the maximum yield strengths of steel in longitudinal, transverse 

direction, E, is the moddus of elasticity, and s is the crack spacing. 

b) From the experimental data, for a given load stage, extract: 

& & 7 ~ ,  ¶@,,@,7f,, Y&, 

where E, , is the longitudinal, transverse tensile strain, y, is the normal shear strain, 

O,,@, are the inclination of principal compressive stress/sûain, f,, is the concrete 

principal tende stress, and E, is the principal tensile 6. 

Note: O,, 0, are with respect to 1 -direction for principal strains and principal stresses. 

2. Find experimental crack shear slip, At : 
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il y , = y , - c o ~ 2 8 , + ( ~  -~,]-@2t9, 

ii) A: = y, s (s is assumeci to be 50mm) 

3. Find experiment crack shear stress, v ~ :  

i) 

ii) 

iii) 

iv) 

v) 

vii) 

Given $1 

Estimate AE,, (Le. additional local strain at crack) 

Calculate local steel strains : 

E, = 6,  + As,, cos2 Ou 

= E ,  + AG,, COS' (90° -Ou ) 

Calculate local steel stresses: 

- L - & S m  *Es af, 

- f ,  -&sw *Ex af, 

Calculate resuiting f,; 

f:l = PJL -fyW2 6, f P J L ~  - f v ) ~ ~ ~ 2 ( 9 0 0 - @ u )  

Check f,; + f,,; if not, go to (ii) 

Vn = px - fy ) COS eo S~II eo + py ( L ~ ~  - fN )  COS(^^ - 90°) sin(@, - 90') 

The crack shear slip (A:) and crack shear stress (v,) response was determincd 

for each panel at each load stage. 

In order to propose a new shear slip formulation, one must fïnd a relationship 

between the experimental crack shear slip ( A t )  and the various factors involveci in the 

expriment. (Le. vo, v ~ ,  w, f c) 

Based on the experimental data, the following plots are constructed: 

vn YS. At (see Figure 4.1) 

vo l vp, vs. A: (see Figure 4 4  

v n .lvo, vs. A:lw (seeFigure4.3) 

Examinhg the vvo vs. A: (Figure hl), one observes that most of the shear stress 

data (vn) Lie between lMPa and 3MPa The data is very scattered across the ciifferait 

panels. For example, the expaimental slips of the Aspiotis (PA/PHS) panels are less 
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than 0.10 mm, the experimental slips of Vecchio (PV) and K i r s c h  (SE) panels are 

between O and 0.50 mm, while the experimental slips of Bhide (PB) panels are between O 

and 1.30 mm. 

In Figure 4.2, v o l v m  < 0.50 in aU panels. Notice that the plots only consider 

data der cracking. Data points are excluded h m  the plots when the cracks have not 

been fomed and when the shear s t r a s  was very Law (vci/vcirnax c 0.10). The 

relationship observeci seems to be somewhat hear. 

Figure 4.3 is very similar to Figure 4.2, with the only difference being that the 

expcrimental shear slip was divided by the crack width, w (where w = si -s). However, no 

strong trend can be fond. 
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0.0 0.1 0.2 0.3 0.4 

Cmck Shear slip, A * ~  (mm) 

Crack Shear Slip Respow 
PAlPHS Partuls 

0.00 0.02 0.04 0.06 0.08 0.10 

Cmck Shear slip, A', (mm) 

0.0 0.5 1 .O 1.5 

Crack Shear slip, A', (mm) 

0.0 0.1 0.2 0.3 0.4 0.5 1 
Crack Shear slip, A', (mm) i 

0.0 0.5 1 .O 1.5 

Cradt Shear slip, hem (mm) 

Figure 4.1 Vci vs. A., 
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0.4 i 

1 . 
0.0 1 

0.0 0.1 0.2 0.3 0.4 

Crack Shear slip, heS (mm) 

CradK Shear Stlp f3espom 
PB Pan& 

Crack Shear sllp, A', (mm) 

0.0 I l l  
0.00 0.02 0.015 O .  0.08 0.10 

Crack S k  slip, bas (mm) 

Crack Shear Slip Response 
SE Panels 

0.0 0.t 0.2 0.3 0.4 0.5 

Crack Shear slip, has (mm) 

Crack Shear Slip Response 

AI  Panels 

0.0 0 
0.0 0.5 1 .O 1.5 

Crack S b  slip, (mm) 

Figure 4.2 VcWcimax vs. A', 
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Crack Shear Slip Response 
WPaCleb 

Crack Shear Slip Response 
PAlPHS Panels 

Crack Shoar Slip Rrwponse 
PB PanOb 

Crack Shear Slip Response 
AI1 Panels 1 

Figure 4.3 VcWcimax vs. ~ ~ ~ f w  
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4 3  Wear Slip Formulatian- The0~etica.L 

In the shear slip formulation, various alternatives were considered for modeliing 

crack shear slip. As discussed in the previous chapter, one alternative was to fix the 

degree of "lag" between the rotation of the stress field in the concrete and that of the 

strain field. A second alternative was to employ an explicit constitutive mode1 to relate 

the amount of shear slip dong the crack to the magnitude of the shear stress acting on the 

crack. In the DSFM formulation, a hybrid approach can be taken to combine the two. 

For the stress-based approach, the relationships considered included those of 

Okamura and Maekawa (1 99 1) and Walraven (1 98 1). Also, an alternative formulation is 

proposed herein. 

Model 1: Maekawa 

'ci where y = -. 
Vd,, 

At = theoretical slip displacement dong the crack (mm); vci = shear stress acting 

on the crack (MPa); vo, = the maximum shear stress that can be resisted on the 

crack; w = average crack width (mm); a = aggregate size in mm. 

For Y,, , the Veeehio-CoWs f 1986) refatiomhip is use& as fotlows: 

Model II: Walraven - Model A 

where f, = concrete cube strength (MPa), approximately 12f c. 
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fm where v, = - 
30 

Walraven Model B adds v, to the stiffiiess portion of the formulation, where v,. 

is the initial shear slip from Walraven test data 

Model III: LWecchio - Model A 

O.Sv'+, 
where A, = 

1 .8w4.' + ( 0 . 2 3 4 ~ " ~ ~ '  - 0.20) .- f, 

LaWecchio - Model B 
7 

0.2~~- 
where A, = 

1 .8w4' + (0.234~~'" - 0.20) * f, 

Note: The theoretical slip in Model B wilI be 80% of Model A. 
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Based on the theoretical data, the following plots were constructed for each of the 

mode1 above. 

A: vs. A; 

A: 1 A; vs. vd / vcim 

The plots are given in Figures 4.4 to 4.15. 
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Crack Shear Slips 
PB Panels 

Crack Shear Slips 
PAPHS Paneb 

Crack Shear Slips 
SE Panels 

Figure 4.4 Modell: Maekawa 
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Crack shear Slips crack Sheu Slips 
W Part& PB Pmek 

Crack Shear Slips 
PNPHS Panels 

Cmck Shear Sllps 
SE hneb 

Cmdt S b  Slips 
AI1 Paneb 

Figure 4.5 Model 1: Maekawa 
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Crack Shear Slips 
PAIPHS Faneb 

Crack Shear Slips 
PB Panels 

Cm& Shear Slips 
SE Panels 

Crack Shsar Slip!$ 
NI Panels 

Figure 4.6 Model Il: Walraven - Model A 
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crack S b  Slips 
w Pamk 

Cmck S k r  Slips 
PWHS 

Crack Shear Slips 
SE Panab 

Cm& Shear Slips 
AI1 Panels 

Figure 4.7 Model II: Walraven - Model A 
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hadt Shear Slps 
WPaneb 

Cm& Shear Slips 
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Cmck Shear S l i p  
PA/PHS Panels 
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A g O.'" 
Y 

w w  0.10 
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0.05 

0.00 

0.00 0.05 0.10 0.15 0.20 0.25 

A. (mm) 

Crack Shear Sllpe 
SE Panek 

Crack Shear Slips 
All 

Figure 4.8 Model Il: Walraven - Model B 
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Crack Shear Slips 
PAlPHS Pamb 

crack sh0ar S l i p  
PB Panels 

Crack Shear Slips 
SE Panek 

Figure 4.Q Model Il: Walraven - Model B 
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Crack Shear Slips 
w Pands 

Crack Shsst Slips 
PB Panels 

Crack Shmr Slips 
SE Panel8 

Crack Shmr Slips 
Ail Paneh 

Figure 4.1 0 Model III: LaWecchio - Model A 
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Crack S hear Slips 
PWHS Panel8 

Crack Shear Slips 
W Panels 

Cm& Shear Slip8 
SE Panek 

Crack Shear Slips 
PB Panels 

Crack Shear Slips 
AI1 Panels 

Figure 4.1 1 Model III: LaüVecchio - Model A 

62 



CHAPTER 4 Shear Siip Data 

A". vs. A'. 
Crack Shear Slips 

W Pamrb 
Cm& Shear Slips 

PB Famis 

Cm& S b  Slip 

PAlPHS Pemb 
Crack S h r  Slips 

SE Panels 

Crack Sh8ar Slips 
AI1 Pa- 

Figure 4.12 Model Ill: LaWecchio - Mode16 
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cm& Shear Slips 
WPandS 

Crack Shear Slips 
PAiPtlS Panels 

0.0 0.1 0.2 0.3 0.4 0.5 

Vc Wclmax 

Crack sheaf Slips 
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Cradt Shear Slips 
AI1 Pana0 

Figure 4.13 Model Ill: LaWecchio - Model B 
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Cm& Show Slips 
W Pamk 
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Crack Shear S l i p  
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Crack S hear S l i p  
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crack Shear Slps 
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Figure 4.14 Model Ill: LaUVetchio - Model C 
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Crack S b  Slips 
PAlPHS Pamb 

Crack Shear Slips 
PB Panels 

I I I  

Crack Shear Slips 
SE Panels 

Cm& Shtwr Slips 
Al Paneh 

Figure 4.15 Model Ill: LaüVecchio - Model C 
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In the Maekawa model the experimental slip was vay well predicted for the PV 

panels. Experimental shear slip was under-estimated in the PB/SE panels, while it was 

over-estimated in the PA/PHS panels. (see Figure 4.4) These under- and oversstimated 

trends seemed to occur with ail models. In Figure 4.5, the At / Ar, versus v, 1 v,, 

correlation was constructeci for the Maekawa model. It can be seen that A: I Acs varies 

h m  O to 2.5 and v, 1 v,, varies h m  O to 0.5. The overall trends were fairy well 

represented by the Maekawa model. 

With Walraven Model A, the experimental slip for the PV panels was not as well 

predicted as with Walraven Model B. The generai shape for experimental shear slip 

vmus theoretical shear slip ( At versus A: ) in PBISEIPAIPHS panels seerned to be 

very similar in both rnodels, with Model B being closer to the 45degm he. By looking 

at A: /A: in the Walraven models, Model A ranges h m  O to 6 and model B ranges h m  

O to 4. Also, Model B shows a closer fit to A: / A t  = 1 .  Hence, Model B is a better fit. 

Out of the three W e c c h i o  models for the PV panels, the expenmentd slip was 

best predicted with Models A and C. In fact, the experimental slip was very well 

predicted in these two models for the PV panels. The experimental slip was uder- 

estimateci with al1 three models for the PB panels. Model C seems to have the best 

prediction out of the three models for the PB panels. An over-estimation for the 

experimental slip was seen on the PAPHS panels with al1 models. Model B seems to 

have the best prediction in this case. W e c c h i o  model C has the best prediction of 

experimental slip out of the three models. By looking at A '  1 A> versus v, IV,, , it 

can be seen that vci 1 v,, varies h m  O to 0.5 for al1 3 models. When looking at A: 1 A; 

in h e  Wecchio models, Models A and B range h m  O to 3.0 and Model C range fiom 

O to 2.5. Therefore, Model C data points have the closest fit to A: I A: = 1. 

By cornparhg al1 the models, the W e c c h i o  mode1 seems to provide the best 

correiations. In chapter five and six, the various models discussed above will be 

implemented into the nonlinear nnite elexnent program VecTor2 to analyze the different 

structures under monotonie and cycIic toads. 



CHAPTER 5 

Analyses of Structures --- Monotonic Loading 

5.1 Panel Elements 

Thrre series of test panels were examinad: the PV, PB- and PAPHS- series 

specimens. The PV-Series Panels, tested by Vecchio and Collins (1982), were the 

original panels on which the constitutive models of the MCFT were based These 

panels were generally orthogonally reinforced, and subjected to various conditions of 

shear and normal stresses. The PB-Series panels were tested by Bhide and Collins 

(1989); these were generally uniaxiaily reinforceci and subjected to various 

combinations of uniaxiat tension and shear. The PA- an6 PB-Series panels were testeci 

by Vecchio, Collins and Aspiotis (1993). This last set involved panels constntcted from 

high strength concrete, orthogonally reinforcd (p,, < fi), and subjected to various 

combinations of shear and nomal stress. Specimen details are fully documented in the 

respective references; some relevant details are given in Table 5.1. 
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Analyses were performed for ail panels using both the MCFT and the DSFM. For 
-- - 

the DSFM, separate analysis series were undertaken for each of the various slip rnodel 

options: stress-based (Walraven, Maekawa and W e c c h i o  denvative models), and 

hybrid-based (Hybrid 1: Walraven + hg, Hybnd II: Maekawa + S0 lag, Hybrid ilE 

W e c c h i o  + 5 O  lag). The computed shear capacities, and cornparisons to the 

experimentaiIy determineci strenghs, with and without the initial offset slip factor, are 

given in Table 5.2 and 5.3 for the 43 panels examined. 

Table 5.2 Analyses with initial offset slip factor 

Panel f'c Pt Ec Vu-exp Vu-aieorNu-exp 

(MPa) (MPa) (MPa) (MPa) O 1 2 3 4 5 6 

Vecchio No slip Walraven Maekawa Lai Hybrid I Hybrid Il Hybrid Ill 
PVlO 14.5 1.59 10700 3.97 0.947 0.952 0.952 0.952 0.952 0.952 0.952 

PV11 15.6 1.62 12000 3.56 1.01 1.034 1.039 1.034 1.034 1.034 1.034 

PV12 16.0 1.64 12800 3.13 0.990 0.907 0.869 0.907 0.927 0.907 0.927 

PV16 21.7 1.8 21700 2.14 0.935 1.000 1.000 1.000 1.000 1.000 1.000 

PV18 19.5 1.75 17700 3.04 1 1.020 0.967 5.013 1.039 1.013 1.039 

PV19 19.0 1.73 l n 0 0  3.95 1 .O33 1 .O03 0.982 1.003 1.013 0.992 1 .O03 

PV20 19.6 1.75 21800 4.26 1.028 1.021 1.007 1.014 1.028 1.014 1.021 

PV21 19.5 1.75 21700 5.03 1.002 1.103 1.026 1.085 1.074 1.074 1.074 

PV22 19.6 1.75 19600 6.07 1.023 1.149 1.133 1.133 1.102 1.123 1.123 

PV23 20.5 1.78 20500 8.87 0.807 0.915 0.915 0.915 0.915 0.915 0.915 
PV25 19.3 1.74 21400 9.12 0.811 0.899 0.899 0.899 0.899 0.899 0.899 

PV27 20.5 1.78 21600 6.35 1.018 1.184 1.184 1.184 1.184 1.184 1.184 

PV28 19.0 1.73 20500 5.8 0.985 1.125 1.125 1.125 1.125 1.125 1.125 
Mean 0.978 1.024 1.008 1.020 1.022 1.018 1.023 

COV(%) 8.88 9.14 9.37 8.90 8.35 8.77 8.54 
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Table 5.2 (cont'd) 

Panel fc Pt Ec Vu-exp Vu-theorNu-exp 

(MPa) (MPa) (MPa) (MPa) O 1 2 3 4 5 6 

Aspiotis No slip Walraven Maekawa Lai Hybrid l Hybrid Il Hybrid Ill 

PA1 49.9 2.39 47800 6.34 0.974 0.979 0.974 0.974 0,979 0.974 0.974 

PA2 43.0 2.28 43200 6.22 0.993 0.993 0.993 0.993 0.993 0.993 0.993 

PHs1 72.2 2.71 53900 2-95 0.985 0.917 0.917 0.917 0.917 0.917 0.917 

PHs2 66.1 2.63 53300 6.66 0.965 0.865 0.769 0.865 0.874 0.884 0.879 

PHs3 58.4 2.52 47900 8.19 1.099 1 .O65 0.962 1 .O60 1 .O79 1 .IO9 1 .O69 

PHs4 68.5 2.66 52700 6.91 1.009 0.944 0.870 0.940 0.949 1.009 0.949 

PHs5 52.1 2.43 40400 4.81 0.905 0.818 0.762 0.812 0.830 0.849 0.824 

PHs6 49.7 2.39 44200 9.89 0.882 0.926 0.906 0.894 0.870 0.870 0.870 

PHs7 53.6 2.45 51000 10.26 1.099 1.222 1.216 1.210 1.152 1.158 1.146 

PHs8 55.9 2.49 51500 10.84 0.986 1.052 1.046 1.046 1 .O24 1.035 f .O24 

PHs9 56.0 2-49 41800 9.37 0.999 0.948 0.825 0.942 0.958 0.989 0.958 

PHs10 51.4 2-42 42000 8.58 0.993 1.025 0.932 1 .O25 0.988 1.011 0.993 

Mean 0.991 0.979 0.931 0.973 0.968 0.983 0.966 

COV(%) 6.39 10.75 13.44 10.81 9.40 9.49 9.25 

Panel f'c Pt Ec Vu-exp Vu-theorNu-exp 

(MPa) (MPa) (MPa) (MPa) O 1 2 3 4 5 6 

Bhide Noslip Walraven Maekawa Lai Hybridl Hybridll Hybridlll 
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Table 5.3 Analyses withoyt initial offset slip factor 

Pand f'c f? Ec Vu-exp Vu-theorNu-exp 

(MPa) (MPa) (MPa) (MPa) O 1 2 3 4 5 6 

Vecchio No slip Walraven Maekawa Lai Hybrid I Hybrid II Hybrid III 

PV10 14.5 1.59 10700 3.97 0.947 0.957 0 .9n 0.9- 0.952 0.952 0.952 

PVll 15.6 1.62 12000 3.56 1.011 1.034 1.034 1.034 1.034 1.034 1.034 

PV12 16.0 1 .64 12800 3.13 0.990 0.952 0.869 0.946 0.958 0.907 0.952 

PV16 21.7 1.81 21700 2.14 0.935 1.000 1.000 1.000 1.000 1.000 1.000 

PV18 19.5 1.75 1ï700 3.04 1.118 1,072 0.974 1.066 1.079 1.013 1.079 

PV19 19.0 1.73 17700 3.95 1.033 1.038 0.982 1.023 1.038 0.992 1.028 

PV20 19.6 1.75 21800 4.26 1.028 1.049 1.007 1.035 1.056 1.028 1.035 

PV21 19.5 1.75 21700 5.03 1.002 1.109 1.080 1 .O91 1.056 1.074 1.074 

PV22 19.6 1.75 19600 6.07 1.023 1,149 1,133 1.133 1,107 1.123 1.123 

PV23 20.5 1 .78 20500 8.87 0.807 0.915 0.915 0.915 0.91 5 0.915 0.915 

PV25 19.3 1.74 21400 9.12 0.81 1 0.899 0.899 0.899 0.899 0.899 0.899 

PV27 20.5 1.78 21600 6.35 1.018 1.184 1.184 1.184 1.184 1.184 1.184 

PV28 19.0 1.73 20500 5.8 0.985 1.125 1.125 1.125 1.125 1.125 1.125 

Mean 0.978 1.037 1.012 1.031 1.031 1.019 1.031 

COV(%) 8.88 8.69 9.47 8.50 8.16 8.77 8.36 

Panel Tc Pt Ec Vu-exp Vu-theorNu-exp 

(MPa) (MPa) (MPa) (MPa) O 1 2 3 4 5 6 

Aspiotis No slip Walraven Maekawa Lai Hybrid 1 Hybrid II Hybnd Il1 

PA1 49.9 2.39 47800 6.34 0.974 0.979 0.974 0.979 0.979 0.974 0.979 

PA2 43.0 2.28 43200 6.22 0.993 0.993 0.993 0,993 0.993 0.993 0.993 

PHSI 72.2 2.71 53900 2.95 0.985 0.917 0.917 0.917 0.91 7 0.917 0.917 

PHS2 66.1 2.63 53300 6.66 0.965 0.903 0.769 0.898 0.913 0.884 0.908 

PHS3 58.4 2.52 47900 8.19 1.099 1.133 0.962 1.109 1.113 1.109 1.109 

PHs4 68.5 2.66 52700 6.91 1.009 0.977 0.870 0.972 0.977 1.009 0.977 

PHs5 52.1 2.43 40400 4.81 0.905 0.849 0.762 0.862 0,849 0.849 0.849 

PHs6 49.7 2.39 44200 9.89 0.882 0.938 0.906 0.898 0.906 0.870 0.898 

PHs7 53.6 2.45 51000 10.26 1.099 1.228 1.216 1.210 1.169 1.158 1.164 

PHs8 55.9 2.49 51500 10.84 0.986 1.052 1.046 1.046 1.041 1.035 1.035 

WS9 56.0 2.49 478ûO 9.37 0.999 t.060 0.825 t.004 t.ûû9 0.989 ?.O04 

PHSlO 51 -4 2-42 42000 8.58 0.993 1.025 0.932 1 .O21 1 .O16 1.01 1 1.016 

Mean 0.991 1.005 0.931 0.992 0.990 0.983 0.987 

COV(%) 6.39 10.41 13.44 9.90 9.12 9.49 9.05 
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Table 5.3 (cont'd) 
. -- - -. - .  

Panel fc Pt Ec Vu-exp Vu-theorNu-exp 
(MPa)(MPô) (MPa) (MPa) O 1 2 3 4 5 6 

Bhide No slip Walraven Maekawa Lai Hybrid l Hybrid II Hybrid III 

Total: Mean 1.029 1.015 0.969 1.006 1.005 0.985 1.008 

COV(%) 10.53 10.56 12.35 10.55 10.46 11.02 10.47 

By comparing the models with initiai offset slip factor* the Walraven model has 

the best correlation with a mean of 0.99 and a coefficient of variation (COV) of 1 1.1% 

for the ratio of theoretical to experimental shear strength. This is sornewhat better than 

the k a t e s  of eapiteity obtained from the M€F'F, whicb pmduced e mean of 1.03 and a 

COV of 10.5%. The W e c c h i o ,  Hybnd I, II and III models all show similar results and 

an ody slightly below the meaa The Maekawa model seems to slightly under-pmlicted 

the experimental results. Note in particufar that the MCFT prdictions for the PB-series 

panels were consistmtly high; on average, overestimating the strength of these uniaxially 

reinforced elements by 9%. Conversely, the other models mder-estimated the strength of 

these panels by 2% to 4%. It should be noted, however, that severai of the panels in this 

series failed at shear stresses at or marginally above the cracking load; hence accuracy 
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was sipificantly dependent on the estimate of the c o n m e  tende strength. For al1 the 

panels, the relationship used for tende strength (f = 0.6~( f  3'5 

Looking at the d t s  without the initial offset slip factor considered, the 

W e c c h i o  and Hybnd 1 model have the best correlation with a mean of 1.01 and a 

coefficient of variation (COV) of about 10.5%. The MCFT and Maekawa model have 

the worst correlation compared to the other rnodels, with the MCFT model 

overestimating the strength by 3%, and Maekawa underestimating the strength by 3%. 

When PB panels are examinai, the W e c c h i o  model has the best correlation with a 

mean of 1.00 and a coefficient of variation (COV) of 12.5%. 

In general, analyses without the initial offset slip factor considered seem to 

produce the best correlations. The W e c c h i o  model has the best correlation without 

the initial offset slip factor. 

5.2 Shear Beams 

For bearns containing shear reinforcement of amounts equal to 0.2 percent or 

greater (Vecchio and Collins, 1988), the correlations obtained h m  MCFT and DSFM 

analyses will be essmtially similar. However, for beam containing little or no shear 

reinforcement, or for beams simultaneously subjected to axial compression (and hmce 

experiencing minimal cracking), the results h m  MCFI' have shown reduced accuracy 

(Vecchio, 2000). Further, it is under such conditions that the results of the DSFM 

diverge h m  those of the M m .  Hence, the corroboration studies presented here 

concentrate on these beam types. 

Three s h e s  of beams were cowhked. FFimly, the set of eighteen beams tested 

by Podgorniak-Stanik (1998). This set is particularly challenging in terms of analytical 

modelling for the following reasons: the beams were large-scde, with the majority being 

1000 mm deep, raising the prospect of size effects; the majority of the bearns contained 

no shear reinforcement; and., several of the beams were constnicted using high strength 

concrete. The second set modeM involved the twelve beams tested by Bresler and 

Scordelis (1963), often used as a benchmark. These beams were modelled because they 

cover a representative range of conditions in ternis of remforcement amounts, shear spans 

and failure modes. The third series of specimens considered involves a series of strip 
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beams, subjected to various combinations of axial compression and transverse shear, 

tested by Gupta (1998). This series will test the analytical procedures under conditions 

where cracking is minimal, and where capacity is governed by the formation of a single 

dominant crack. Pertinent details of the test specimnis are given in Table 5.4; typical 

configurations are shown in Figure 5.1. 

Table 5.4 

Load 

fyx fw Ratio 

:MPa)(MPa) N:V 

Beam 

BMIOO 

BMIOOD 

BNlOO 

BNIOOD 

UMlOû 

üMlOOD 

UN100 

lMlOOD 

WMIOOC 

m 1 0 0 D  

BRLIOO 

BRHIOO 

BHlOO 

BHIOOD 

BH50 

BHSOD 

BN50 

BNSOD 

b 

(mm 

300 

300 

300 

300 

300 

300 

300 

300 

1ooa 

10oc 

300 

300 

300 

300 

300 

300 

300 

300 



Bcam 

OAl 

OA2 

OA3 

Table 5.4 Ccont'd) 

Load 

E, ~0 fF fyy Ratio 

ma) (xld) (MPa) W a )  M V  
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Figure S. 1 Details of test beams. (a) Bresler-Scordelis beams @) PodgomiakStanik 

beams (c) Gupta Beams 
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The beams were modeiied for nnite element analyses using the typical meshes 

shown in Figure 5.2, taking advantage of symmetry to mode1 one-half spans. The 

Podgomiak-Stanik beams were modelled with a 40 x 12 elernent mesh. With the Bresler 

and Scordelis beams, a mesh of 32 x 9 constant (8 d.0.f.) rectanguiar elements were 

used for the 7.32 m span beams; 39 x 9 elemmts for the 9.14 m span beams, and 40 x 9 

elements for the 12.8 m span beams. The Gupta beams were modelled with a 18 x 10 

elernent mesh. Al1 material properties used were as aven in Table 5.4; note that the 

concrete cracking stress was approximated using 0.6s(f ,)". The Podgomiak-Stanik 

beams were subjected to displacement-controued loading, with rnidspan disp lacement 

increments of 0.25 mm imposeci. The BreslerScordelis beams and the Gupta beams 

were subjected to force-contmlled loading, with shear load increments of 2.5 kN and 5.0 

kN, respectively. 
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Figure 5.2 Typical fhite element meshes. (a) BrederSconielis beams (b) Podgomiak- 

Stanik beams (c) Gupta Beams 
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Barn 

'odg0iniak~ 

;ta& 

BMlOO 

BMIOOD 

BN 1 O0 

BNlOOD 

uM100 

UM 1 OOD 

UN100 

tM1OOD 

WMlOK 

WM 1 OOD 

BRL 100 

BRH 100 

BH 1 O0 

BHlOOD 

BH50 

BHSOD 

BN50 

BNSOD 

Table 5.5 Analyses . . without initial offset slip factor 

3resIer-Scordeiis 

v* 

MCFT Wal. Ma& Loi Hy. l Hy. U Hy. üï 

0 1 2 3 4 5  6 

OAl 

OA2 

OA3 

Al 

A2 

A3 

B1 

82 

83  

Cl 

C2 

C3 

MCFT Wd. Ma& Lai Hy. 1 Hy. fi Hy. III 

O 1 2 3 4 5 6 

167 

178 

189 

234 

245 

234 

222 

'200 

178 

156 

162 

136 
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iupCa 
PCl 

PC2 

P a  

PC4 

PC5 

PC6 

PC7 

PC8 

PC9 

PClO 

PClI 

PC12 

PC13 

PC14 

PCl5 

PC16 

PC17 

PC18 

PC19 

P a 0  

PC21 

PC22 

PC23 

P a 4  

Table 5.5 (cont'd) 
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Table 5.6 Analyses with initial offset slip facor 

Beam 
Wgomiak- 

3tanik 

BMlOO 

BM1 OOD 

BN100 

BNlOOD 

UM1 O0 

UM100D 

UN100 

UN100D 

WMlOOC 

WMlOOD 

BRLl O0 

BRH100 

BH1 O0 

BHIOOD 

BH50 

BHSOD 

BN50 

BNSOD 

3reslerScor 

OAl 

OA2 

OA3 

Al 

A2 

A3 
B i  

82 

63 

Cl 

C2 

C3 

vicu#r 
(W) 

Walraven Lai 
1 3 

Walraven Lai 

1 3 



Gupta 

- 

PC1 
PC2 
P U  
PC4 
PCS 
PC6 
PC7 
PC8 
PC9 
PC1 O 
PC11 
PC72 
PC13 
PC14 
PCl 5 
PC16 
PC17 
PCi 8 
PC1 O 
PC20 
PC21 
PC22 
PC23 
PC24 

Total: Mean 0.947 0.946 
COV(%] 20.86 20.85 

The typicd load-deformation responses of BM100, BMlOOD, BNlOO, BNlOOD 

are shown on Figure 5.3-5.6. Note that BMlOO and BMlOOD contained shear 

reinforcement; BNlOO and BNlOOD did not. The computed responses for the 

Podgorniak-Stanik beams s howed more scatter (Table 5.5, Table 5.6). From Figures 5.3- 

5.6 and Tables 5.5-5.6, it can be seen that most models had a tmdency to ovaestimate 

strengths, but the acwacy in each mode1 was somewhat improved compared to the 

MCFT model. The Hybnd I formulation has good comiation with a mean of 1.00 but a 

COV of 24.8%. The f ~ l u r e  mechanism detennined fiom the DSFM typicaliy provided a 

better represemtation than the MCFT. The typicd loadaeformation responses shown in 

Figures 5.3-5.6 indicate good conelation between the experimental behaviow and that 

caiculated using the DSFM. The computed responses obtained using the MCET, aiso 



b w n  in Figwes 5-3-56, provide @Cy @ GOFF&& fBf this representative  se^ of 

beams. 

The behaviour of the Bresla-Scordelis beams was modelled reasonably well, 

dthough the tendency was to underestimate the load capacity (see Table 5.5, Table 5 6). 

For the Bresler-Scordelis beams, the MCFT had the best correlation with a mean of 0.96 

and a COV of 12.6%. The othet models d l  had a mean of about 0.90 and a COV of 

about 14.0%- The main challenge of the Bresler-Scordelis beams was that with beams 

containing no shear reinforcement (OAl, OA2,OA3), the computed shear capacity of the 

beams was highly dependent on the concrete cracking stress. However, the cornputeci 

respoases obtained bere provided good correlation for these beams. The typical load- 

deformation responses shown in Figures 5.7-5.10 indicate goad correlation between the 

experimental behaviour and that caiculated using the DSFM. The computed responses 

obtained using the MCFT provided equally good correlation for this representative set of 

beams, 
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Walraven 

LaWetcchia 

Hybrid II 

Hybrid Ill 

1-Exp- 

MIDSPAN 0EFLECTI:ON (mm) 

Figure 5.3 
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O 10 20 30 40 50 60 70 

MIDSPAN DEFLECTION (mm) 

--- MCFT --- Walraven 
* - - - -  Maekawa - Lawecchio 

Hybrid I 

Hybrid II 

Hybrid 111 

Figure 5.7 
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MCF 
\ 
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MIOSPAN OEftECnON (mm) 
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O 10 20 30 40 50 60 70 

MIDSPAN DEFECTiON (mm) 

Figure 5.9 
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Figure 5.10 
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The behaviour of the Gupta beams was typicaliy dominated by the formation of a 
- 

priacipal crack, with fdure easuing shortly thefeafter. With increasing ratios of 

compression to shear, behaviour benune more brittle and somewhat more dependent on 

the ability of cracks to realign and fom direct stmts. The W e c c h i o  model, in better 

modelhg the delayed rotation of the cracks, d t e d  in improved predictions of strength 

and response, with a mean of 0.96 and a COV of 20.9%. Direct measurements of the 

beam deflections were not obtained because of the test set-up used. However, the ability 

of the otha model which incorporated the DSFM to represent rebar strains and concrete 

surface strains was found to be reasonably good at al1 stages of loading. 

Although only the Walraven and W e c c h i o  models were employed for analyses 

with initial slip offset considered, the combined results showed a tendency to under- 

estimate capacity compared to analyses without any initiai slip offset. In conclusion, the 

analyses tend to have better accuracy if the initial offset factor is not included. 

For the three sets of beams combined, the results without initial offset is 

compared, and the ratio of calculated to ~bsewed shear capacity obtained using the 

W e c c h i o  model has a mean of 0.98 and a coefficient of variation of 20.1%. This is 

measurably better than the mean of 1.04 and a COV of 19.8% obtained using the MCFT, 

and very close to 0.99, 19.9% and 0.99, 23.2% obtained using Walraven and Hybnd II, 

respectively. 

5.3 Shear Waiis 

To gauge the accuracy of the analysis procedures under more common conditions, 

two series of shear wdls testeci by Lefas et al. (1990) were studied. The test program 

consisted of 13 large-scale wails tested under various conditions of axial and lateral Ioad. 

The wall geometries were of two types; the Type 1 walls were relatively squat with a 

height-to-width ratio of 1.0, and the Type II walls wexe more slender with a height-to- 

width of 2.0 (see Figure 5.1 1). In both cases, the walls were of rectanguiar cross section 

but contained a more heavily reinforced concealed column in the edge (flange) regions. 

The web regions of the walls were generally reinforceci m the vertical and horizontal 
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directions in accordance with AC1 3 18 specifkations. Percentages of reinforcement, and 

concrete and steel material properties, are given in Table 5.7. 
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Table 5.7 

Concrete 
-- - 

Wall Type Axial Load f c f t  Ec 

W a )  (MPa W a )  
SWl1 1 O 37.8 2.20 33350 

SW12 1 230 38.8 2.23 33750 

SW13 1 355 39.3 1.94 29350 

SW14 1 O 3 0.4 1.97 29900 

SWIS 1 185 31.3 2.00 30300 

SW16 1 460 37.4 2.20 33150 

SW17 1 O 34.9 2.12 32050 

SW21 II O 30.9 2.00 30150 

SW22 II 182 36.6 2.16 32800 

SW23 II 343 34.5 2-10 31850 

SW24 II O 34.9 2-12 32050 

SW25 II 325 32.6 2.04 30950 

SW26 II O 21.8 1.67 25300 

*vn = 0.15 assumed for d l  walls. 

Reinforcement 

Zone T PX f i  PY fm PZ f~ 

(mm) (%) (MPa) ( %  @Pa) (%) (MPa) 

Type 1 Waiis Web 70 1.095* 520 2.138 470 - - 
Flange 70 1.095*10.448 520/420 3.076 470 1.200 420 

Type II Walls W e b  65 0.820** 520 2.090 470 - - 
Flauge 65 0.820+*10336 5201420 3312 470 0900 420 

p = reinforcement ratio 

The walls were nibjected to constant axial loads combined with monotonically 

increasing laterd load applied through the top spreader beam. The walls exhibiteci a 

strong, ductile behaviour, developing strengths greater than expected. Lefas et al 
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reporteci the development of triaxial compressive stress conditions at the base of the wails 
- - 

and in the concealed columns, and arm'buted the high shear nsistance of the walls to this. 

Finite element analyses were undertakm for the two series of walls testeci. A 

340-elmient mesh was used to represent the Type 1 waiis, and a 536-element mesh was 

used for the Type II walls (see Figure 5.12). The axial load was represented by constant- 

value nodal forces appüed to the top spreader beam; the lateral loading was applied in the 

form of imposed horizontal displacement of the spreader beam. Note that no attempt was 

made to mode1 base rotation due to nbar slip. 

The analysis results are given in Table 5.8. Given in Figure 5.13 - Figure 5.16 are 

representative observed and computed load-deformation plots for each wall type, one 

with no axial load, S W 1 I and SW2 1, and one with the highest level of axial load, SW 16 

and SW23. The strengths of the walls were computed accurately and with a low degree 

of scatteq the ratio of the calculated to obsmed strength Cor the 13 walls had a mean of 

1.02 to 1.04 and a coefficient of variation of 52% to 6.0%. The results show very little 

ciifference between each model. In most situations involving orthogonally reinforceci 

structures containing above minimum levels of reinforcement, such is likely to be the 

case. The predicted failure modes involved cnrshing of conmte at the compression toe 

region coupled with a slicüng shear failure along the base in some cases; this 

correspondeci well with the observed failures reported by Lefas et al. The computed 

deflections and ultimate ductility showed some variance relative to the observed 

responses, but generally were accurately represented as well. 



Figure S. 12 Finite element meshes for shear walls. (a) Type 1 walls. (b) Type II wdls. 
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Figure 5.13 



5 1 O 15 20 

HORIZONTAL DEFLEGTiON (mm) 

- MCFT 
- - - Walraven 

Maekawa 

La Wecchio 

- - - -Hybrid I 
. --- Hybrid Il 

Hyôrid III 

Exp. 

Figure 5.14 



CHAPTER 5 Analyses of Structures - Monotonie Loading 

O 2 4 6 8 1 O 12 

HORlZONTAL DEFLECïiON (mm) 



CHAPTER 5 AnaIyses of Structures - Monotonie Loading 

5 10 15 20 

HOREûNTAL DEFLECftON (mm) 

- MCW 
- - - Walraven 

Maekawa 

! 

-.. - Hybfid I 

-. - Hybrid II 

Hybrid Ill 

Exp. 

Figure 5.16 



The accuracy of the proposad formulation was tested by examining comlations 

with the test resuits h m  panels, beams and shear walls. It should be noted that most of 

the test specimen considerd were difficult cases due to the nature of the reiaforcement, 

cross section or loading details. The DSFM was geaefally found to provide accurate 

calculations of strength, load-deformation response, and failure mode. By cornparison, 

the W e c c h i o  mode1 produced the best correlation for the panels, the DSFM models 

had the best correlation for the beams. For the shear walls, al1 the models produced close 

resu1ts compareci to the experimentd values. Analyses without the initial offset slip 

factor considered seem to produce the best comlations for panels and beams. As for the 

shear walls, the application of the initial offset slip factor has no effect on the d t s .  



CHAPTER 6 

Analyses of Structures -- Cyclic Loading 

6.1 Description of Tests 

The test specimens selected in this study were specifically chosen to examine the 

cyclic response of reinforced concrete walls and to cornborate the results obtained fiom 

the analytical procedures. The series of tests considered consists of four shear wails 

(Bl, B2, B7, B8) with the same geomeûic properties, but with different web 

reinforcement, concrete confinement and axial Ioad. These four walls were tested at the 

Portland Cernent Association (Oesterle 1976). 

The experimental investigation of  B1, B2, B7, B8 involved cyclic displacements 

imposed dong the axis of the web waii of the structure. The nrst two cycles consisteci 

of displacements of 50.4 mm, incremented by 25.4 mm, with two complete cycles in 

each direction imposed at each displacement level. 

The wdl geometry and the nominal dimensions for the PCA walls are shown in 

Figure 6.1. The material properties are given in Table 6.1. The arrangement of vertical 

and horizontal reinforcement for the two types of wall are given in Table 6.2. 
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Main ffex. 
reinforcement SECnON A-A 

Figure 6.1 Nominal Dimensions of PCA walls 

1 O6 
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6.2 Andyricai Modelüng of Walls 

The mesh layouts used in anaiyzing the PCA wails are shown in Figure 6.2. The 

PCA w d s  were modelled using nrst order mtangles and were divided into three 

different material zones on the basis of thickness, direction, and the amount of 

reinforcement. 

The PCA wal1s were modelled with a mesh of 252 reinforced concrete elements. 

A total of 80 elements were used for the flanges: 4 elements in the horizontal direction 

and 20 elements in the vertical direction, For the web wall, a total of 160 eIements were 

us&: 8 in the horizontal direction and 20 in the vertical direction. The top slab was 

modelled with a total of 12 elements lying in the horizontal direction. The aualysis 

consisted of many cycles and was pdomed h m  80 to 244 load stages with a 

displacement increment of  5 mm. 



CHAPTER 6 Analyses of Structures - Cyciic Loading 

Top sfab 

Fipure 6.2 Mesh layout of PCA walls 



Table 6.1 gives the material properties of the w g s  as used in the analysis. Table 

6.2 gives the reinforcernent percentages used in modeling of shear walls. 

Table 6.1 Materid Properties and Axial Load 

Concrete 

SPECIMEN 

81 

B2 

lCLlT 

TYPE 

1 

2 

3 

1 

2 

3 

' f c  

(MPa) 
53 

53 

99.9 

53.7 

53.7 

99.9 



Table 6.2 Reinforcement Percentages for PCA Shear Walls 



A total of 28 series of analyses were perfomed using VecTor2. The main 

anphasis was placed on determinhg the Muence derived h m  the various crack shear- 

slip rnodels. The elment siip mode1 used for the various series of analyses are shown in 

Table 6.3, 

Table 6.3 Element Slip Modehg  

- -- 

ANAL YSIS SERTES ELEMENT S U '  DISTORTTONS MODEL 

MCFT 

W h v e n  

Maekawa 

Lai/Vecchîo 

Hybrid I 

Hybrid II 

Hybrid IiI 

MCFT 

Walraven 

Maekawa 

Lrnecchio 

Hybrid 1 

Hybrid II 

Hybrid ïïï 
MCFT 

Walraven 

Maekawa 

wecchio 

Hybrid 1 

Hybrid ff 

Hybrid III 

MCFT 

Walraven 

Maekawa 

Wezchio 

Hybnd I 

Hybnd II 
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In general, the analytical d t s  were in close agreement with the experimental 

results. Load-deformation response and uitimate strength were well predicted. However, 

failure was usually not achieved until an extra displacement cycle was imposed. 

A series of plots showhg the experimental and theoretical lateral load versus 

lateral deflection responses are given in Figures 6.3 to 6.34. It c m  be seen that the 

ultirnate strengths and loaddeformation responses were accurately simulateci. 

The experimental load-deformation response of PCA Wall B1 is shown in Figure 

6.3. 
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PCA WALL BI 

Figure 6.3 Experimental load-deformation response for PCA Wall B 1 

113 
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PCA WALL BI  4 

1 

I 

TOP DEFLECTION, (mm) 

Figure 6.4 Analyticai load-deformation response for PCA Waii B 1-0 predicted by 

VecTor2 
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PCA WALL Bl-1 

Walraven Model 

TOP DEFLECTION, (mm) 

Figure 6.5 Andytical load-deformation respome for PCA Wall B 1- 1 predicted by 

VecTor2 



PCA WALL Bq-2 

Maekawa * 
V 

TOP DEFLECTION, (mm) 

Figure 6.6 Analyticai load-deformation response for PCA WaU B 1-2 predicted by 

VecTor2 



CHAPTER 6 Andyses of Structures - Cyclic Loading 

PCA WALL Bi13 

TOP DEFLECTION, (mm) 

Figure 6.7 Mytica l  Ioad-deformaiion response for PCA Wall BI-3 predicted by 

VecTor2 
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PCA WALL B I  4 

1 

TOP DEFLECTION, (mm) 

Figure 6.8 Analytical load-deformation response for PCA Wd B 1-4 predicted by 

VecTor2 
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PCA WALL B I  -5 

Figure 6.9 Analyticai load-deformation cesponse for PCA Wall BI-5 predîcted by 

VecTor2 



CHAPTER 6 Anaiyses of Structures - CycIlc Loading 

PCA WALL BI-6 

TOP DEFLECtlON, (mm) 

Figure 6.10 Andytical Ioad-deformation response for PCA Wall B 1-6 predicted by 

VecTor2 
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Figure 6.1 1 Experimental load-deformation response for PCA Wall B2 
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PCA WALL B2-û 

1 MCFT - No Slip --- 
TOP DEFLECTION, (mm) 

Figure 6.12 Analyticai loaddeformation response for PCA Wall B2-0 predicted by 

VecTor2 
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PCA WALL 62-1 

Walraven Mode1 

TOP DEFLECTION, (mm) 

Figure 6.13 Anaiytical loaddefomation response for PCA Wall B2- 1 predicted by 

VecTor2 
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I Maekawa 

TOP DEFLECTION, (mm) 

Figure 6.14 Analytical loaddeformation response for PCA Wail B2-2 predicted by 

VecTor2 
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PCA WALL B2-3 

La Wecchlo 

TOP DEFLECTION, (mm) 

Figure 6.15 Analyticd load-defomation response for PCA Wall B2-3 predicted by 

VecTor2 
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PCA WALL B24  

Hybrtd 1 

TOP DEFLECTtON, (mm) 

Figure 6.16 Analytical load-deformation response for PCA Wall B2-4 predicted by 

VecTor2 



PCA WALL B2 -5 

Hybrïd Il 

TOP DEFLECTION, (mm) 

Figure 6.17 Analytical load-deformation response for PCA WaU B2-5 predicted by 

VecTor2 
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PCA WALL B2-6 

Hybrid III 

TOP DEFLECïïON, (mm) 

Figure 6.18 Anaiytical load-defornation response for PCA Wall B2-6 predicted by 

VecTor2 
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PCA W A U  B7 

Figure 6.19 Experirnental load-deformation response for PCA Wall B7 



PCA WALL B7-û 

l I MCFT - NO Slip 
4 *nn 

- -r8L- 

TOP DEFLECTION, (mm) 

Figure 610 Analytical load-defomation response for PCA Wall B7-0 predicted by 

VecTor2 
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PCA WALL BI91 

4- 
8 ,  

Walraven Model 

TOP DEFLECTION, (mm) 

Figure 6.21 Analytical loaddeformation response for PCA Wall B7-1 predicted by 

VecTor2 



PCA WALL B7-2 

4 a Maekawa 

TOP DEFLECTtON, (mm) 

Figure 6 2 2  Analyticai loaddeformation response for PCA Wall B7-2 predicted by 

VecTor2 
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PCA WALL 87-3 

Figure 6.23 Analytical load-deformation response for PCA Wall B7-3 predicted by 

VecTor2 



PCA WALL B I 4  

Hybrid l 

TOP DEFLECTION, (mm) 

Figure 6.24 Analytical load-defonnation response for PCA Wall B74 pfedicted by 

VecTor2 



PCA WALL B I 4  

Hybrld II 

TOP DEFLECTION, (mm) 

Figure 6.25 Andyticd load-deformation fesponse for PCA Wd B7-5 predicted by 

VecTor2 



4 1 Hybrid III 
I L  

TOP DEFLECTION, (mm) 

Figrne 6.26 Analyticai load-deformation reqonse for PCA Waii B7-6 predicted by 

VecTor2 
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PCA WALL 88 

Figure 6.27 Expenmental load-deformation response for PCA Wall B8 



PCA WALL 884 

i MC- - NO Slip 

TOP DEFLECTION, (mm) 

Figure 628 AnaiyticaI load-deformation response for PCA Wall B8-0 predicted by 

VaTor2 



PCA WALL 68-1 

Figure 6.29 Analyticd loaddeformation response for PCA Wall B8-1 predicted by 

VecTor2 



100 125 1 

Maekawa 

PCA WALL B8-2 

---- 
TOP DEFLECtlON, (mm) 

Figure 6.30 Analfical Ioaddeformation response for PCA Waii B8-2 predicted by 

VecTor2 
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PCA WAiL B8-3 

TOP DEFLECTION, (mm) 

Figure 6.3 1 Analytical Ioad-deformation reqonse for PCA Waü B8-3 predicted by 

VecTor2 



PCA WALL 8 8 4  

4 rn 1 Hybrid I 

TOP DEFLECTION, (mm) 

Figure 6.32 Andytical load-deformation response for PCA Wall B8-4 predicted by 

VecTor2 



PCA WALL 88-5 

Hybrid Il 

TOP DEFLECTION, (mm) 

Figure 6.33 Analyticd loaddeformation response for PCA Wall B8-5 predicted by 

VecTor2 



PCA WALL B8-6 

TOP DEFLECTION, (mm) 

Figure 6.34 Analytical load-deformation response for PCA Wall B8-6 predicted by 

VecTor2 



The maximum displacements predicted by VecTorZ are compared to the 

experimental values in Table 6.4. The results predicted with VecTor2 a p e d  very well in 

most models, with the hybrid formulation over-estimated the displacement by 25mm in 

most cases. 

The predicted lateral load capacities are compared to the experimental values in 

Table 6.5. The analyticai results are in very good agreement with the observai 

experimental values. The rnean of F d P  is 0.99 with a coefficient of variance of 

1.88%. This demonstrates that VecTor2 is extremety accurate in predicting the ultimate 

strengths of shear wails. 

The various slip distortion models did not have much influence on the ultimate 

load. However, the shape of the load-deformation plots and the failure modes were 

slightly different in each model. The hybrid models result in more instability in the 

analyses results. 

Table 6.4 Maximum Displacernent in millimetres (mm) 

SPECIMEN ANALYSlS MODELS 

Exp. MCFï Maekawa Walraven Wecchio  Hybdd l HybridII HybridIII 

Bi 100 125 100 100 125 150 IO0 150 

B2 125 125 125 125 125 125 125 IO0 

BI 125 1 150 1 50 150 125 150 150 150 

68 125 1 150 125 125 425 125 125 125 



CHAPTER 6 Analyses of Stmctures - Cyclic Loading 

Table 6.5 Cornparison of experimental u l h a t e  stren@ with ana1ytica.i values 

ANAL YSlS SERIES 

Mean Value = 0.99 
COV = 1.88% 
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ln order to have confidence with the program VecToR, and with the crack shear- 

slip models implernented within, experimentd results must be compared with the 

analytical model. These experirnentai resuits should challenge the model to successfülly 

predict responses under the same loading and restraint conditions. 

The noniinear hnite element analyses, performed using VecToR, predicted a 

correct failure mechanism for B2 when using the Walraven, Maekawa, Hybrid 1, and 

Hybrid II (B2-1, B2-2, B2-4, B2-5) models. VecTor2 also predicted f a y  accurate load- 

deformation responses and ultimate loads for dl the walls andyzed. However, the failure 

mode of the other shear wails was not descnied in the literature, and therefore cannot be 

compared with the analytical values. 

For PCA wall B1, the Walraven, Maekawa and Hybnd II models had the closest 

correlation in the shape of the hysteretic response curve compared to the experimental 

loaddefomation response. 

For PCA wall B7, the W e c c h i o  mode1 was the ody model that cap- the 

experimental load-deformation response. Ail the other models over-estimated the 

deflection by 25 mm. 

For PCA wall B8, ody the MCFT analysis over-estimated the deflection by 25 

mm. AU the other models have caphred the load-deformation response fairly well. 

In general, the analyses over-estimated the energy dissipation of the shear walls. 

It can be seen that the experimental d t s  have a mon pinched hysteresis Ioop than the 

analytical d t s .  

It can be concluded that the behaviour is better modeiled if slip is considered. 

The Walraven model seerns to be more accurate and stable compared to the other rnodels. 

The Hybrid formulation not only worsens the accuracy, but also results in more 

instability in the analyses d t s .  



CHAPTER 7 

Conclusions and Recommendations 

7.1 Conclusions 

A cdculation procedure was developed for calculating crack shear stresses and 

crack shear displacements nom the average strain measurements made on reinforced 

concrete panels subjected to known unifom edge stresses. The Vecchio panels (PV), 

Bhide panels (PB), Aspiotis panels (PHs and PA) and Kirschner panels (SE) were 

examine4 and the crack shear stress and shear slip behaviours for these panels were 

determineci. The experimental results gathered were compared against the behaviour 

predicted by crack shear-slip relations h m  widely recognized models developed by 

other researchers. The results h m  the test panels are in reasonably good agreement with 

the predictions of previously developed crack slip models, such as those of Walraven and 

Maekawa Hence, the proposecl method for calculating crack shear stresses and slip 

displacements in test panels is validateci. 

For many of the specimens considered in the correlation studia reported in this 

thesis, there is not much différence in the ultimate load calculated whether slip 

deformations are considered @SFM) or whether they are ignored (MCFT). However, 

the ductility in the shear stress-strain response is better simulateci if crack slips are 
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considered. Also, the mode of failure - is better gresenteci since, in addition to concrete 

sûut c~ushing, the significmt degree of sliding dong the crack surfixes predicted to occur 

more closely corresponds to the actual obsewed faiiure mode. Hence, accounting for 

crack shear slip results in an improved simulation of response that genemlly goes beyond 

the marginal improvement seen in predicted ultimate load capacity. 

The crack-slip constitutive model proposed herein produces comparable levels of 

accuracy to those obtained fkom the Walravm and Maekawa models. The proposed 

model combines feahires of the two other models, and gives marginally better results. 

In the rnonotonic analysis, the accuracy of the pmposed formulation was tested by 

examining correlations with the test d t s  fiom panels, beams and shear walls. 

Accounting for crack shear slip resuits in improved predictions of the loaddeformation 

response and ultimate load capacity of panels, beams and shear walls, relative to those 

obtained if crack shear slips are ignored (as in a fûlly rotating crack model). 

In the cyclic andysis, it c m  be concludeci that the behaviour is better modeiled if 

slip is considered. The Walraven model seems to be more accurate and stable compared 

to the other models. 

Good correlation in the crack shear slip data calculated h m  the test panels, 

compared to behaviour predicted by previously developed models (e-g. Walraven, 

Maekawa, Wecch io ) ,  suggests that the conceptual appmach and constitutive models 

of the DSFM provide a reasonably accurate portrayai of the behaviour of cracked 

reinforceci concrete elements. 

The hybrid formulations are difficult to implement into nnite element algorithms, 

wbk the tailVeectw modd is a i l y  imphented. h the eyctie analysis, the hybrid 

formulations not only worsened the accuracy, but also results in more instability in the 

analyses resu1ts. Hence, it is recommended that hybnd formulations no longer be used. 

Data h m  panel tests were re-examineci to look for trends in the lag between 

principal stress and principal strain directions. The Vecchio panels CPV), Bhide panels 

(PB) and Aspiotis Panels (PHs and PA) were used for these analyses. The analyses 

showed a very scattered result. No strong correlation could be fond  between the 

rotational lag angle and the concrete/~inforcernent material properties. As a rough 
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approximatio~ the constant lag 0' can be taken as Se for biaxiaiiy reinforcd elements, 

7.5" for uniaxially reinforcd elements, and 1 O0 for u~lteinforced elements. 
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R e h e n t s  to the ctirrent mode1 are required to m e r  improve accuracy and 

d u c e  the significant levels of scatter seen in the data One deficiency that exists, and 

should be addressed, relates to the infiuence of strain hardenhg in the reinfiorcement 

across cracks. Currently, local strain hardening effects are not considered. In reality, the 

local strains in the reinforcement across the cracks cm be several multiples of the average 

strai.n, depending prirnady on the reinforcement ratio and bond characteristics, and cm 

reach well into strain hardening behaviour. The higher local reinforcernent stresses 

aaained through strain hardening will, in hm, Muence the calculation of shear stresses 

on the crack surfaces, and hence the calculation of crack shear slips. Thus, a rationai and 

consistent appmach that includes local strain hardening effects will likely result in an 

improved calculation of crack shear slip. 

Allowances for a change in average crack spacing would also improve results, 

particularly at low and intermediate load levels. For the data analyses undertaken herein, 

aconstant crack s p a h g  was assumed (50m.m). This maybe one of the reason why no 

relationship was found between the change in stresdstrain inclination. 

For the successful operation of the program VectoQ, it is essentid that the 

program be well maintained and improved according to the developments in ment 

technologies and theories. 
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