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❆❜str❛❝t
■♥ t❤✐s ♣❛♣❡r ♣❛rt✐❛❧ ❞✐s❝❤❛r❣❡ ✭P❉✮ ✐s ✐♥✈❡st✐❣❛t❡❞ ✐♥s✐❞❡ ❛ s♣❤❡r✐❝❛❧ ❛✐r ✜❧❧❡❞ ✈♦✐❞ ❛t ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡
✉s✐♥❣ ❛ ❞r✐❢t ❞✐✛✉s✐♦♥ ♠♦❞❡❧✳ ❉✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❝♦♥s✐st❡❞ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛✈❛❧❛♥❝❤❡ tr❛♥s✐t✐♦♥✐♥❣ ✐♥t♦ ♣♦s✐t✐✈❡
str❡❛♠❡r✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡❛r❧✐❡r ✇♦r❦ ♦♥ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡s✳ ❉✐✛❡r❡♥t ♠♦❞❡❧ ❝♦♥✜❣✉r❛t✐♦♥s ✇❡r❡
✉t✐❧✐s❡❞ t♦ t❡st ♠❛♥② ♦❢ t❤❡ ❝♦♥❝❡♣ts ❡♠♣❧♦②❡❞ ✐♥ s❡♠✐✲❛♥❛❧②t✐❝❛❧ P❉ ❛❝t✐✈✐t② ♠♦❞❡❧s✱ ✇❤✐❝❤ ✉s❡ s✐♠♣❧✐st✐❝
❞❡s❝r✐♣t✐♦♥s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s✳ ❚❤❡ r❡s✉❧ts s❤♦✇❡❞ t❤❛t ♠❛♥② ♦❢ t❤❡s❡ ❝♦♥❝❡♣ts ♠❛② ❜❡ ❡rr♦♥❡♦✉s✱
✇✐t❤ s✐❣♥✐✜❝❛♥t ❞✐s❝r❡♣❛♥❝✐❡s ❜❡t✇❡❡♥ t❤❡ ❝❛♥♦♥✐❝❛❧ r❡❛s♦♥✐♥❣ ❛♥❞ t❤❡ s✐♠✉❧❛t✐♦♥ r❡s✉❧ts✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡
r❡s✐❞✉❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛❢t❡r ❛ ❞✐s❝❤❛r❣❡✱ ✐s s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r t❤❛♥ t❤❡ ❡st✐♠❛t❡s ✉s❡❞ ❜②
❝❧❛ss✐❝❛❧ P❉ ❛❝t✐✈✐t② ♠♦❞❡❧s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✳

✶ ■♥tr♦❞✉❝t✐♦♥

❚❤❡ t❡r♠ ♣❛rt✐❛❧ ❞✐s❝❤❛r❣❡ ✭P❉✮ ✐s ✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ❧♦❝❛❧✐s❡❞ ❜r❡❛❦❞♦✇♥ ✇✐t❤✐♥ ❤✐❣❤ ✈♦❧t❛❣❡ ✐♥s✉❧❛t✐♦♥
t❤❛t ❞♦❡s ♥♦t ❢✉❧❧② ❜r✐❞❣❡ t❤❡ ❣❛♣ ❜❡t✇❡❡♥ ❡❧❡❝tr♦❞❡s✱ ❢♦r ❡①❛♠♣❧❡ ❞✐s❝❤❛r❣❡s ♦❝❝✉rr✐♥❣ ✇✐t❤✐♥ s♦❧✐❞ ✐♥s✉❧❛t✐♦♥
s②st❡♠s ✇✐t❤ ❣❛s❡♦✉s ✈♦✐❞s ❬✶❪✳ ■♥ s♦♠❡ ❝❛s❡s P❉ ❛❝t✐✈✐t② ❝❛♥ s✐❣♥✐✜❝❛♥t❧② ❡♥❤❛♥❝❡ ❞❡❢❡❝t s❡✈❡r✐t②✱ ❧❡❛❞✐♥❣
t♦ ♣r❡♠❛t✉r❡ ❢❛✐❧✉r❡ ♦❢ ❡q✉✐♣♠❡♥t✳ ❆s s✉❝❤ P❉ ♠❡❛s✉r❡♠❡♥ts ❛r❡ ❛ ✇✐❞❡❧② ✉s❡❞ t❡❝❤♥✐q✉❡ t♦ ❞❡t❡r♠✐♥❡ t❤❡
❤❡❛❧t❤ ♦❢ ✐♥s✉❧❛t✐♦♥ ♠❛t❡r✐❛❧ ✇✐t❤✐♥ ❤✐❣❤ ✈♦❧t❛❣❡ ♣❧❛♥t✳ ❆ s✐❣♥✐✜❝❛♥t ❛♠♦✉♥t ♦❢ r❡s❡❛r❝❤ ❛❝t✐✈✐t② ❤❛s ❢♦❝✉s❡❞
♦♥ ✐♠♣r♦✈✐♥❣ t❤❡ ♠❡❛s✉r❡♠❡♥t✱ ❞❡t❡❝t✐♦♥ ❛♥❞ s♦✉r❝❡ r❡❝♦❣♥✐t✐♦♥ ❬✷❪✳ ▼♦❞❡❧s ♦❢ P❉ ❤❛✈❡ ❛❧s♦ r❡❝❡✐✈❡❞ r❡s❡❛r❝❤
❛tt❡♥t✐♦♥ ❛s t❤❡② ✐♠♣r♦✈❡ ♦✉r ♣❤②s✐❝❛❧ ✉♥❞❡rst❛♥❞✐♥❣ ❛♥❞ ✐♥ s♦♠❡ ❝❛s❡s ❛❧❧♦✇ ❝♦♥❝❧✉s✐♦♥s t♦ ❜❡ ❞r❛✇♥ ♦♥
❝♦♥❞✐t✐♦♥s ✇✐t❤✐♥ ❞❡❢❡❝ts ❬✸❪✳ ❚❤❡ ❢♦✉♥❞❛t✐♦♥❛❧ ✇♦r❦ ✐♥ P❉ ♠♦❞❡❧❧✐♥❣ ❜❡❣❛♥ ✇✐t❤ t❤❡ ✇♦r❦ ♦❢ ◆✐❡♠❡②❡r ✐♥
t❤❡ ✶✾✾✵✬s ❬✸✕✺❪✳ ❉❡❢❡❝ts ✇✐t❤✐♥ s♦❧✐❞ ✐♥s✉❧❛t✐♦♥ ✇❡r❡ ❞❡s❝r✐❜❡❞ ❛s ❡q✉✐✈❛❧❡♥t ❡❧❧✐♣s♦✐❞s ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞s
❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❛♣♣r♦♣r✐❛t❡ ❣❡♦♠❡tr② ♣❛r❛♠❡t❡rs✳ ❚❤❡ s✐♠✉❧❛t✐♦♥ ♦❢ P❉ ❛❝t✐✈✐t② ❤❛s ♣r✐♠❛r✐❧② ❢♦❝✉s❡❞ ♦♥
s♣❤❡r✐❝❛❧ ♦r ❝②❧✐♥❞r✐❝❛❧ ❛✐r✲✜❧❧❡❞ ✈♦✐❞s s✉rr♦✉♥❞❡❞ ❜② ❛ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ❜❡t✇❡❡♥ ♣❛r❛❧❧❡❧ ♣❧❛t❡s✱ ❛♥❞ t❤❡
❢♦❧❧♦✇✐♥❣ ❞✐s❝✉ss✐♦♥ ✇✐❧❧ ❛❧s♦ ❜❡ r❡str✐❝t❡❞ t♦ t❤❡s❡ ❝❛s❡s✳

▼♦r❡ r❡❝❡♥t❧② ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s ❤❛✈❡ ❜❡❡♥ ❞❡✈❡❧♦♣❡❞ t❤❛t ❛❧❧♦✇ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ t♦ ❜❡ ❞❡t❡r♠✐♥❡❞
t❤r♦✉❣❤♦✉t t❤❡ P❉ s②st❡♠ ❬✻✱ ✼❪✳ ▼♦❞❡❧s t❤❛t ❝♦♥s✐❞❡r t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❢♦r ♠❛♥② P❉ s②st❡♠s ♦❢ ✐♥t❡r❡st
❤❛✈❡ r❡❝❡✐✈❡❞ r❡❧❛t✐✈❡❧② ❧✐tt❧❡ r❡s❡❛r❝❤ ❛tt❡♥t✐♦♥✳ ■t ❤❛s ❜❡❡♥ ❞❡t❡r♠✐♥❡❞ t❤❛t ❢♦r ❛ s✐♥❣❧❡ P❉ ♦❝❝✉rr✐♥❣
❜❡t✇❡❡♥ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡rs t❤❡ ❞✐s❝❤❛r❣❡ ♠❡❝❤❛♥✐s♠ ❝♦♥s✐st❡❞ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛✈❛❧❛♥❝❤❡ tr❛♥s✐t✐♦♥✐♥❣ ✐♥t♦ ❛
♣♦s✐t✐✈❡ str❡❛♠❡r ❬✽❪✳ ❆ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❢♦r s✐♥❣❧❡ ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❣❛♣s ❤❛s ❛❧s♦ ❜❡❡♥ s❤♦✇♥ t♦ ❣✐✈❡
❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①♣❡r✐♠❡♥t ❬✾❪✳ P❧❛s♠❛ ♠♦❞❡❧s t❤❛t ❝♦♥s✐❞❡r ♠✉❧t✐♣❧❡ P❉s ❤❛✈❡ ❛❧s♦ ❜❡❡♥ ❝♦♥s✐❞❡r❡❞
❬✶✵✱ ✶✶❪✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❬✶✵❪ t❤❡ ✜rst ♦r❞❡r s❝❤❡♠❡ ✉s❡❞✱ ❜② ♥❡❝❡ss✐t② t♦ r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ ❝♦st✱ ❝♦✉❧❞
❧❡❛❞ t♦ ❤✐❣❤ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥ ✇❤✐❝❤ ♠❡❛♥s s❤❛r♣ ❣r❛❞✐❡♥ts ♠❛② ♥♦t ❜❡ r❡s♦❧✈❡❞ ❛❝❝✉r❛t❡❧②✳ ❱❡r② r❡❝❡♥t❧②
❛ ♠♦❞❡❧ ♦❢ ♠✉❧t✐♣❧❡ P❉s ✐♥ ❛ s♣❤❡r✐❝❛❧ ❛✐r ✜❧❧❡❞ ✈♦✐❞ ❤❛s ❛❧s♦ ❜❡❡♥ ♣r❡s❡♥t❡❞✳ ■♥ ♦t❤❡r ✇♦r❦✱ ❬✶✶❪✱ ❛ s♠❛❧❧
♥✉♠❜❡r ♦❢ P❉s ✇❡r❡ s✐♠✉❧❛t❡❞ ✐♥ ❛ s♣❤❡r✐❝❛❧ ✈♦✐❞✳ ❆❧t❤♦✉❣❤ ♥♦t ♣❛rt ♦❢ P❉ r❡s❡❛r❝❤ ❡①♣❧✐❝✐t❧②✱ ❞✐s❝❤❛r❣❡s
✇✐t❤✐♥ s♣❤❡r✐❝❛❧ ❜✉❜❜❧❡s ✐♥ ❞✐❡❧❡❝tr✐❝ ❧✐q✉✐❞s ❛r❡ ♣❤②s✐❝❛❧❧② s✐♠✐❧❛r s②st❡♠✱ ✐✳❡✳ ❞✐s❝❤❛r❣❡s ✇✐t❤✐♥ ❛ ❣❛s❡♦✉s
s♣❤❡r❡ ✇✐t❤✐♥ ❛ ❤♦♠♦❣❡♥❡♦✉s ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧✱ ✇❤✐❝❤ ❤❛✈❡ ❜❡❡♥ ✐♥✈❡st✐❣❛t❡❞ ✉s✐♥❣ s✐♠✉❧❛t✐♦♥ ❬✶✷✱ ✶✸❪✳
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❙✐♠✉❧❛t✐♦♥ ✇♦r❦ ❤❛s s❤♦✇♥ t❤❛t ✇❤❡♥ t❤❡ ♣❤②s✐❝❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ s✐♠✐❧❛r t♦ t❤❛t ♦❢ ❛ P❉ s②st❡♠✱ t❤❡s❡
❞✐s❝❤❛r❣❡s ❝♦♥s✐st❡❞ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛✈❛❧❛♥❝❤❡ tr❛♥s✐t✐♦♥✐♥❣ ✐♥t♦ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❬✶✹❪✱ ✐♥ ❛❣r❡❡♠❡♥t ✇✐t❤
t❤❡ ✇♦r❦ ♦♥ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡s✳ ❚❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❛r❡ ❞✐st✐♥❝t ❞✉❡ t♦ t❤❡ ❝♦♥t❛✐♥♠❡♥t ♦❢ t❤❡
❞✐s❝❤❛r❣❡ ✇✐t❤✐♥ t❤❡ ✈♦✐❞ ❧✐♠✐t✐♥❣ t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ♣❧❛s♠❛✳ ■♥ t❤❡ r❡s❡❛r❝❤ ♦❢ ❞✐s❝❤❛r❣❡s ✇✐t❤✐♥ ❜✉❜❜❧❡s✱ t❤❡
❡♠♣❤❛s✐s ❤❛s ❜❡❡♥ ♦♥ t❤❡ ✐♥✐t✐❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛♥❞ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s✳

❆ ♠♦❞❡❧ t❤❛t ❝♦♥s✐❞❡rs ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❢♦r ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ P❉s ✐s ❝✉rr❡♥t❧② ❝♦♠♣✉t❛t✐♦♥❛❧❧② ♣r♦✲
❤✐❜✐t✐✈❡✱ ❛♥❞ ❛s s✉❝❤ ♠♦❞❡❧s t❤❛t ❝♦♥s✐❞❡r ❛ ❤✐❣❤❧② s✐♠♣❧✐✜❡❞ ❞❡s❝r✐♣t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡s ❛r❡ st✐❧❧ ♦❢t❡♥ ✉s❡❞
❢♦r ❡❧❡❝tr✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣ ❛♣♣❧✐❝❛t✐♦♥s ❬✻✱ ✼❪✳ ❘❡❝❡♥t ✜♥✐t❡ ❡❧❡♠❡♥t ♠♦❞❡❧s ♦❢ P❉ ❛❝t✐✈✐t② t②♣✐❝❛❧❧② ❝♦♥s✐❞❡r ❛
❞✐s❝❤❛r❣❡ ❛s ❛ ♣r♦❝❡ss ✇❤✐❝❤ ❛❧t❡rs t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ♦♥ t❤❡ s✉r❢❛❝❡ ♦❢ t❤❡ ✈♦✐❞ ✐♥ ✇❤✐❝❤ ✐t ♦❝❝✉rs
❬✻❪✳ ❙✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s ❛r❡ ❛ss✉♠❡❞ t♦ ❜❡ ❜✐♣♦❧❛r✱ ❛♥❞ s✉r❢❛❝❡ ❝❤❛r❣❡ ❢r♦♠ P❉s ✐s ❞❡♣♦s✐t❡❞
❵♦♥ t♦♣✬ ♦❢ ❝❤❛r❣❡ ♦♥ t❤❡ ✈♦✐❞ s✉r❢❛❝❡ ❢r♦♠ ♣r❡✈✐♦✉s ❞✐s❝❤❛r❣❡s✳ P❉s ❝❛♥ ♦♥❧② ♦❝❝✉r ✇❤❡♥ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ ✈♦✐❞ ✐s s✉✣❝✐❡♥t❧② ❤✐❣❤✱ ❛♥❞ ❞❡♣♦s✐t s✉r❢❛❝❡ ❝❤❛r❣❡ s✉❝❤ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s r❡❞✉❝❡❞ t♦ ❛ r❡s✐❞✉❛❧
✈❛❧✉❡✳ ■♥ ♦r❞❡r t♦ t❡st ✇❤❡t❤❡r t❤✐s s✐♠♣❧✐✜❡❞ ❞❡s❝r✐♣t✐♦♥ ✐s ✈❛❧✐❞✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ ✉s❡ ❛ ♠♦❞❡❧ t❤❛t ❝❛♥
♣r♦✈✐❞❡ ❛♥ ❛❝❝✉r❛t❡ ♠♦❞❡❧ ♦❢ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❢♦r ❛ P❉ s②st❡♠✳ ❚❤❡ ❛✐♠ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❛ss❡ss s♦♠❡
♦❢ t❤❡ ❝r✐t✐❝❛❧ ❛ss✉♠♣t✐♦♥s ♠❛❞❡ ✐♥ t❤❡s❡ ♠♦❞❡❧s ❜② ✐♠♣❧❡♠❡♥t✐♥❣ ❛ s✐♠♣❧❡ ❞r✐❢t ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ❢♦r t❤r❡❡
❝❤❛r❣❡❞ s♣❡❝✐❡s✳ ❚❤❡ ✐♥t❡♥t✐♦♥ ♦❢ t❤✐s ✇♦r❦ ✐s ❞✐st✐♥❝t ❢r♦♠ t❤❡ ✇♦r❦ ♦♥ ❞✐s❝❤❛r❣❡s ✇✐t❤✐♥ ❜✉❜❜❧❡s✳ ❚❤❡ ❢♦❝✉s
❤❡r❡ ✐s ♦♥ t❤❡ ❝❛❧❝✉❧❛t✐♥❣ ❝✉rr❡♥t ♣✉❧s❡s ❛♥❞ ❝❤❛r❣❡ ♠❛❣♥✐t✉❞❡s ❛❝r♦ss t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦❞❡ ❛♥❞ t❤❡ s✉r❢❛❝❡
❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s ♦♥ t❤❡ ✈♦✐❞ s✉r❢❛❝❡ ❢r♦♠ ❞✐s❝❤❛r❣❡s✱ ✇❤✐❝❤ ❛r❡ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ❢r♦♠ t❤❡
♣❡rs♣❡❝t✐✈❡ ♦❢ ❡❧❡❝tr✐❝❛❧ ❡♥❣✐♥❡❡r✐♥❣✳

❚❤❡ P❉ s②st❡♠ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦ ✐s ❛ s♣❤❡r✐❝❛❧ ✈♦✐❞ ✐♥s✐❞❡ ❡♣♦①② r❡s✐♥ ❜❡t✇❡❡♥ ♣❛r❛❧❧❡❧ ♣❧❛t❡
❡❧❡❝tr♦❞❡s✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s ❝❤♦✐❝❡ ✐s t✇♦❢♦❧❞✳ ❋✐rst❧②✱ ✐t ❤❛s ❜❡❡♥ ❝♦♥s✐❞❡r❡❞ ❜② ♣r❡✈✐♦✉s r❡s❡❛r❝❤❡rs
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✸✱ ✻✱ ✶✺❪✱ ❛♥❞ s❡❝♦♥❞❧② ✐t ✐s ✐♥❞✐❝❛t✐✈❡ ♦❢ ❛ s✐t✉❛t✐♦♥s t❤❛t ❝❛♥ ♦❝❝✉r ✐♥ ❡♣♦①② r❡s✐♥s ✐♥
❤✐❣❤ ✈♦❧t❛❣❡ ♣❧❛♥t ❞✉❡ t♦ ❡rr♦rs ✐♥ t❤❡ ❝✉r✐♥❣ ♣r♦❝❡ss✳ ❚♦ ♥❛rr♦✇ t❤❡ s❝♦♣❡ ❛♥ ❛✐r ✜❧❧❡❞ ✈♦✐❞ ❛t ❛t♠♦s♣❤❡r✐❝
♣r❡ss✉r❡ ✇✐❧❧ ❜❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤✐s ✐s ❞❡s✐❣♥❡❞ t♦ ❜❡ ✐♥❞✐❝❛t✐✈❡ ♦❢ ❝♦♥❞✐t✐♦♥s ✐♥ t❤❡ ✐♥✐t✐❛❧ st❛❣❡s ♦❢ P❉ ❛❝t✐✈✐t②✳
■t ✐s ❦♥♦✇♥ t❤❛t s✉st❛✐♥❡❞ ❞✐s❝❤❛r❣❡ ❛❝t✐✈✐t② ✇✐❧❧ ❛❧t❡r t❤❡ ❣❛s❡♦✉s ❝♦♠♣♦s✐t✐♦♥ ✇✐t❤✐♥ t❤❡ ✈♦✐❞ ❛♥❞ t❤❡
❣❛s ♣r❡ss✉r❡✱ ✇❤✐❝❤ ✇✐❧❧ ❤❛✈❡ ❛ s✐❣♥✐✜❝❛♥t ✐♠♣❛❝t ♦♥ ❞✐s❝❤❛r❣❡ ♠❡❝❤❛♥✐s♠s ❬✶✻❪✳ P❉ ♠♦❞❡❧s ❤❛✈❡ t②♣✐❝❛❧❧②
❢♦❝✉s❡❞ ♦♥ t❤❡ ✐♥✐t✐❛❧ st❛❣❡s ♦❢ P❉ ❛❝t✐✈✐t② ❛♥❞ ❛s s✉❝❤ t❤❡ ❛ss✉♠♣t✐♦♥s t❤❡② ♠❛❦❡ ❝❛♥ ❜❡ ❛ss❡ss❡❞ ✇✐t❤♦✉t
❝♦♥s✐❞❡r✐♥❣ ❝❤❛♥❣❡s t♦ ❛✐r ❝♦♠♣♦s✐t✐♦♥✳

❋♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤✐s ✇♦r❦ ❛ ❞❡t❛✐❧❡❞ ♠♦❞❡❧ ♦❢ ♣❧❛s♠❛ ❝❤❡♠✐str② ✐s ♥♦t r❡q✉✐r❡❞ ❛♥❞ ✐♥st❡❛❞ ❛ ❞r✐❢t
❞✐✛✉s✐♦♥ ♠♦❞❡❧ t❤❛t ❝♦♥s✐❞❡rs ❡❧❡❝tr♦♥s ❛♥❞ ❵❛❜str❛❝t✬ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s ✐s ✐♠♣❧❡♠❡♥t❡❞✳ ❚❤✐s ✐s ❛♥
❡st❛❜❧✐s❤❡❞ ❛♣♣r♦❛❝❤ ❛♥❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥ r❡❝❡♥t ✇♦r❦ ♦♥ ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✼✱ ✶✽❪✳ ❚❤❡
✐♥t❡♥t✐♦♥ ✐s t♦ ❞❡✈❡❧♦♣ ❛ s✐♠♣❧❡ ♠♦❞❡❧ t❤❛t ✐s st✐❧❧ ❛❞❡q✉❛t❡ ❢♦r t❤❡ ♣✉r♣♦s❡s ♦❢ t❤❡ ✐♥✈❡st✐❣❛t✐♦♥✳ ◗✉❛❧✐t❛t✐✈❡❧②
t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s s❤♦✉❧❞ ❛❣r❡❡ ✇✐t❤ t❤❡ ❡st❛❜❧✐s❤❡❞ ❧✐t❡r❛t✉r❡ ♦♥ ❞✐s❝❤❛r❣❡s ✐♥ ❜✉❜❜❧❡s ✐♥ ❞✐❡❧❡❝tr✐❝ ❧✐q✉✐❞s
t❤❛t ✉s❡s ♠♦r❡ ❝♦♠♣❧❡① ♠♦❞❡❧s ❬✶✷✱ ✶✹❪✳ ❆s ♠❡♥t✐♦♥❡❞ ♣r❡✈✐♦✉s❧② t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤✐s ✇♦r❦ ❛♥❞ t❤❡
❡①✐st✐♥❣ ❧✐t❡r❛t✉r❡ ✐s t❤❡ ❡♠♣❤❛s✐s✱ ❛♥❞ t❤❡r❡ ✐s ❛ ❞✐s❝r❡♣❛♥❝② ❜❡t✇❡❡♥ t❤❡ t✇♦ ❛r❡❛s ♦❢ r❡s❡❛r❝❤ ✐♥ r❡❣❛r❞s
t♦ t❤❡ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st✳

✷ P❤②s✐❝❛❧ ❈♦♥❝❡♣ts

■♥ t❤✐s s❡❝t✐♦♥ t❤❡ ❝♦♥❝❡♣ts t❤❛t ✇✐❧❧ ❜❡ ✐♥✈❡st✐❣❛t❡❞ ✐♥ t❤✐s ✇♦r❦ ❛r❡ ♦✉t❧✐♥❡❞✿

✶✳ P❧❛s♠❛ ❉②♥❛♠✐❝s ✲ ■♥ ❡❛r❧✐❡r ✇♦r❦ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ♦❢ ❛ P❉ ✐♥ ❛✐r ✇❛s ❞❡s❝r✐❜❡❞ ❛s ❛♥ ❡❧❡❝tr♦♥
❛✈❛❧❛♥❝❤❡ tr❛♥s✐t✐♦♥✐♥❣ ✐♥t♦ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❢♦r ❛ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡ ✐♥ ❛ ✸ ♠♠ ❛✐r ❣❛♣
✇✐t❤ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ s❧✐❣❤t❧② ❛❜♦✈❡ t❤❡ ❜r❡❛❦❞♦✇♥ t❤r❡s❤♦❧❞ ♦❢ ❛✐r ❬✽❪✳ ❙✐♠✉❧❛t✐♦♥s ♦❢ ❞✐s❝❤❛r❣❡s ✇✐t❤✐♥
s♣❤❡r✐❝❛❧ ❛✐r ❜✉❜❜❧❡s ✐♥ ❞✐❡❧❡❝tr✐❝ ❧✐q✉✐❞s✱ ✇❤✐❝❤ ❛r❡ ✐♥❞✐❝❛t✐✈❡ ♦❢ P❉ s②st❡♠s ❝♦♥t❛✐♥✐♥❣ s♣❤❡r✐❝❛❧ ✈♦✐❞s✱
❤❛s s❤♦✇♥ t❤❛t t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❝♦♥s✐st❡❞ ♦❢ ❛♥ ❡❧❡❝tr♦♥ ❛✈❛❧❛♥❝❤❡ ♠♦✈✐♥❣ ❛❣❛✐♥st t❤❡ ❛♣♣❧✐❡❞
❡❧❡❝tr✐❝ ✜❡❧❞ tr❛♥s✐t✐♦♥✐♥❣ ✐♥t♦ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ♠♦✈✐♥❣ ✇✐t❤ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❬✶✷❪✳ ❙❡♣❛r❛t❡ st✉❞✐❡s✱
❛t ❝♦♥❞✐t✐♦♥s t❤❛t ❞✐✛❡r ❢r♦♠ ❛ st❛♥❞❛r❞ P❉ s②st❡♠✱ ♦❜s❡r✈❡❞ s✐♠✐❧❛r ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ❬✶✾✱ ✷✵❪✳ ❚❤❡
❡❛r❧✐❡r ✇♦r❦ ♦❢ ◆✐❡♠❡②❡r ❛ss✉♠❡❞ t❤❛t ❛ P❉ ❝♦♥s✐st❡❞ ♦❢ ❛ ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ str❡❛♠❡r ❬✺❪✳

✷✳ ■♥❝❡♣t✐♦♥ ❛♥❞ ❘❡s✐❞✉❛❧ ❋✐❡❧❞s ✲ ❚✇♦ ✇✐❞❡❧② ✉s❡❞ ✈❛❧✉❡s ✐♥ P❉ ♠♦❞❡❧❧✐♥❣ ❛r❡ t❤❡ ✐♥❝❡♣t✐♦♥ ❛♥❞ r❡s✐❞✉❛❧
❡❧❡❝tr✐❝ ✜❡❧❞s✳ ❋♦r P❉ t♦ ♦❝❝✉r t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✈♦✐❞✱ t②♣✐❝❛❧❧② t❤❡ ❝❡♥tr❡✱ ♠✉st ❜❡ ❛t s♦♠❡
✐♥❝❡♣t✐♦♥ ✈❛❧✉❡ E✐♥❝✳ ❋♦r ❛✐r ✜❧❧❡❞ ✈♦✐❞s E✐♥❝ ✐s t②♣✐❝❛❧❧② s❡t t♦

E✐♥❝ = (E/p)❝rp
(

1 + B
(pl)1/2

)

✭✶✮

✷



✇❤❡r❡ (E/p)❝r = 25.2 ❱ P❛✲✶ ♠✲✶ ✐s t❤❡ ❝♦♥st❛♥t ♦❢ ♣r♦♣♦rt✐♦♥❛❧✐t② ❜❡t✇❡❡♥ t❤❡ ❝r✐t✐❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ E❝r

r❡q✉✐r❡❞ t♦ s✉st❛✐♥ t❤❡ ❞✐s❝❤❛r❣❡ ❛♥❞ t❤❡ ❣❛s ♣r❡ss✉r❡ p✱ B = 8.6 P❛✶✴✷ ♠✶✴✷ ❛♥❞ l ✐s t❤❡ ❧❡♥❣t❤ ♦❢ t❤❡
✈♦✐❞ ✐♥ t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❬✸❪✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t ✐♥ ♣r❛❝t✐❝❡ (E/p)❝r ✇✐❧❧ ❜❡ ❞❡♣❡♥❞❡♥t
♦♥ str❡❛♠❡r ♣♦❧❛r✐t②✳ ❆❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s t❛❦❡♥ ♣❧❛❝❡✱ ✐t ✐s t❤❡♥ ❛ss✉♠❡❞ t❤❛t t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞
✐♥ t❤❡ ✈♦✐❞ ✐s r❡❞✉❝❡❞ t♦ ❛ r❡s✐❞✉❛❧ ✈❛❧✉❡ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ ✜❡❧❞ ✐♥ t❤❡ str❡❛♠❡r ❝❤❛♥♥❡❧✱ E❝❤✱ ❛♥❞ ✐s
♣r♦♣♦rt✐♦♥❛❧ t♦ E❝r

Er❡s = E❝❤ = γE❝r ✭✷✮

✇❤❡r❡ γ = 0.35✱ t❤❡ ❛✈❡r❛❣❡ ♦❢ 0.2 ❛♥❞ 0.5 ❢♦r ♣♦s✐t✐✈❡ ❛♥❞ ♥❡❣❛t✐✈❡ str❡❛♠❡rs r❡s♣❡❝t✐✈❡❧② ❬✸❪✳ ■t s❤♦✉❧❞
❜❡ ♥♦t❡❞ t❤❛t ❞❡s♣✐t❡ t❤❡✐r ✇✐❞❡s♣r❡❛❞ ✉s❛❣❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s✐♥❝❡ t❤❡② ✇❡r❡ ♣r♦♣♦s❡❞ ❜② ◆✐❡♠❡②❡r
❬✸✱ ✺❪✱ t❤❡s❡ ❡q✉❛t✐♦♥s ♠❛② ♥♦t ♥❡❝❡ss❛r✐❧② ❜❡ ❛♣♣❧✐❝❛❜❧❡ t♦ P❉ s②st❡♠s✳ ■♥ t❤❡ ❝❛s❡ ♦❢ t❤❡ ✐♥❝❡♣t✐♦♥
❡q✉❛t✐♦♥ t❤❡ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ❢♦r t❤❡ ✐♦♥✐s❛t✐♦♥ ♣❛r❛♠❡t❡rs ✐s ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ❜r❡❛❦❞♦✇♥ ✐♥ ❛✐r ❣❛♣s
❜❡t✇❡❡♥ ♠❡t❛❧❧✐❝ ❡❧❡❝tr♦❞❡s ❬✷✶❪✱ ✇❤❡r❡❛s ✐♥ P❉ s②st❡♠s t❤❡ ❞✐s❝❤❛r❣❡ r❡❣✐♦♥ ✐s ❢r❡q✉❡♥t❧② ❜♦✉♥❞❡❞ ❜②
❛ s♦❧✐❞ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧✳ ❋♦r t❤❡ r❡s✐❞✉❛❧ ✜❡❧❞ ❡q✉❛t✐♦♥✱ ✐t ✐s ♥♦t ❝❧❡❛r t❤❛t t❤❡ ✜❡❧❞ ✐♥ t❤❡ str❡❛♠❡r
❝❤❛♥♥❡❧ ✇✐❧❧ ❜❡ ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s ❝❡❛s❡❞✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝♦♥❝❧✉s✐♦♥ t❤❛t
t❤❡ ❝❤❛♥♥❡❧ ✜❡❧❞ ✐s ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝r✐t✐❝❛❧ ✜❡❧❞ ❛♣♣❡❛rs t♦ ❞❡t❡r♠✐♥❡❞ ❢r♦♠ ♠❡t❛❧❧✐❝ ♥❡❡❞❧❡✲♣❧❛♥❡
❡①♣❡r✐♠❡♥ts✱ ❬✷✷❪✱ ✇❤✐❝❤ ❤❛✈❡ ❛ ❤✐❣❤❧② ❞✐✈❡r❣❡♥t ❛♣♣❧✐❡❞ ✜❡❧❞✱ ❛♥❞ ❞♦ ♥♦t ❤❛✈❡ s♦❧✐❞ ❞✐❡❧❡❝tr✐❝ r❡❣✐♦♥s✱
✇❤✐❝❤ ♠❛② ❧✐♠✐t t❤❡ ❛♣♣❧✐❝❛❜✐❧✐t② ♦❢ t❤❡ r❡s✉❧t t♦ ❝❡rt❛✐♥ P❉ s②st❡♠s✳ ❆♥♦t❤❡r ✐♠♣♦rt❛♥t ♣♦✐♥t ✐s t❤❛t
✐♥ t❤❡ ❧✐t❡r❛t✉r❡ t❤❡ t❡r♠ r❡s✐❞✉❛❧ ✜❡❧❞ ❤❛s ❜❡❡♥ ✉s❡❞ ✐♥t❡r❝❤❛♥❣❡❛❜❧② ✇✐t❤ ❡①t✐♥❝t✐♦♥ ✜❡❧❞ ❬✻✱ ✼❪✳ ❚❤✐s
✐s s❧✐❣❤t❧② ♣r♦❜❧❡♠❛t✐❝ ❛s t❤❡ t❡r♠ ❡①t✐♥❝t✐♦♥ ✈♦❧t❛❣❡ ✐s ♦❢t❡♥ ✉s❡❞ t♦ r❡❢❡r t♦ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❛t
✇❤✐❝❤ r❡♣❡t✐t✐✈❡ ❞✐s❝❤❛r❣❡ ❛❝t✐✈✐t② st♦♣s✱ ❬✷✸❪✱ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞♦❡s ♥♦t ❤❛✈❡ ❛ ❝❧❡❛r
r❡❧❛t✐♦♥s❤✐♣ ✇✐t❤ Er❡s✳

✸✳ ❙✉r❢❛❝❡ ❈❤❛r❣❡ ❉✐str✐❜✉t✐♦♥s ✲ ■t ✐s ❝♦♠♠♦♥❧② ❛ss✉♠❡❞ t❤❛t ✇❤❡♥ t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ❛t ❡❛❝❤ s✐❞❡ ♦❢ ❛
❞✐s❝❤❛r❣❡ ❝❤❛♥♥❡❧ ❛r❡ s②♠♠❡tr✐❝✱ s✉❝❤ ❛s ✐♥ s♣❤❡r✐❝❛❧✱ ❝②❧✐♥❞r✐❝❛❧ ♦r ❡❧❧✐♣s♦✐❞❛❧ ✈♦✐❞s✱ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡
❞✐str✐❜✉t✐♦♥ ❛t t❤❡ ❞✐❡❧❡❝tr✐❝ s✉r❢❛❝❡s ❛r❡ ❜✐♣♦❧❛r ❬✺✱ ✻✱ ✷✹❪✳ ❊❛r❧✐❡r ♥✉♠❡r✐❝❛❧ st✉❞✐❡s ❛♥❞ ❡①♣❡r✐♠❡♥t❛❧
✇♦r❦ ✐♥✈❡st✐❣❛t✐♥❣ P❉ ✐♥ ❝②❧✐♥❞r✐❝❛❧ ✈♦✐❞s s✉❣❣❡st t❤❛t t❤❡ ❞✐str✐❜✉t✐♦♥ ✐s ✐♥ ❢❛❝t ♥♦t ❜✐♣♦❧❛r✱ ❬✽✱ ✷✺❪✱
❛♥❞ t❤❛t t❤❡ ♥❡❣❛t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥ ❤❛s ❛ ❣r❡❛t❡r s♣r❡❛❞ ❞✉❡ t♦ t❤❡ ❤✐❣❤❡r ♠♦❜✐❧✐t② ♦❢
❡❧❡❝tr♦♥s ❝♦♠♣❛r❡❞ t♦ ✐♦♥s✳ ❇♦t❤ ♦❢ t❤❡s❡ st✉❞✐❡s ❤❛✈❡ ❧♦♦❦❡❞ ❛t P❉ ❢♦r ❡❧❡❝tr✐❝ ✜❡❧❞s t❤❛t ❥✉st ❡①❝❡❡❞
t❤❡ ❜r❡❛❦❞♦✇♥ t❤r❡s❤♦❧❞✳ ■♥ ♣r❡✈✐♦✉s ♠♦❞❡❧s ♦❢ P❉ ❛❝t✐✈✐t② ✐t ❤❛s ❜❡❡♥ ❛ss✉♠❡❞ t❤❛t t❤❡ P❉ s✉r❢❛❝❡
❝❤❛r❣❡ ✐s ❞❡♣♦s✐t❡❞ ❞✐r❡❝t❧② ♦✈❡r t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ♦❢ ♣r❡✈✐♦✉s P❉s ❬✻❪✳ ❍♦✇❡✈❡r✱ ✐t ✐s ❧✐❦❡❧② t❤❛t ✜❡❧❞
❞✉❡ t♦ t❤❡ ❝❤❛r❣❡ ♦❢ ♣r❡✈✐♦✉s P❉s ✇✐❧❧ ✐♥✢✉❡♥❝❡ t❤❡ ❝❤❛r❣❡ ❞❡♣❧♦②❡❞ ❜② s✉❜s❡q✉❡♥t P❉s✳

✸ ❉r✐❢t ❉✐✛✉s✐♦♥ P❧❛s♠❛ ▼♦❞❡❧

❚❤❡ ❝♦♥❝❡♣ts ❧✐st❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ✇✐❧❧ ❜❡ ❝r✐t✐❝❛❧❧② t❡st❡❞ ❜② ❛ ❞②♥❛♠✐❝ ♣❧❛s♠❛ ♠♦❞❡❧✳ ■♥ t❤✐s s❡❝t✐♦♥ t❤❡
❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛♥❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ♣r♦✈✐❞❡❞ ❛❧♦♥❣ ✇✐t❤ t❤❡ ♠♦❞❡❧ ❣❡♦♠❡tr② ✉♥❞❡r ❝♦♥s✐❞❡r❛✲
t✐♦♥✳ ❚❤❡ ♠♦❞❡❧ ❝♦♥s✐sts ♦❢ t❤r❡❡ ❞r✐❢t ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❢♦r t❤r❡❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s✱ ❛♥ ❡❧❡❝tr♦st❛t✐❝ ❡q✉❛t✐♦♥
t♦ ❞❡t❡r♠✐♥❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ t❤r❡❡ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥s t♦ ❞❡t❡r♠✐♥❡ t❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡✳ ❚❤❡
♠♦❞❡❧ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈♦♠s♦❧ ▼✉❧t✐♣❤②s✐❝s✱ ❬✷✻❪✱ s♦❢t✇❛r❡ ✇❤✐❝❤ ❤❛s ❜❡❡♥ ✉s❡❞ t♦ ♠♦❞❡❧ ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r
♣r❡✈✐♦✉s❧② ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✼✱ ✶✽❪✳

✸✳✶ ●❡♦♠❡tr②

❚❤❡ ♠♦❞❡❧ ❣❡♦♠❡tr② ✐s ❛①✐s②♠♠❡tr✐❝✱ ❝♦♥s✐st✐♥❣ ♦❢ ❛ s♣❤❡r✐❝❛❧ ✈♦✐❞ ✇✐t❤ ❛ r❛❞✐✉s✱ R✈✱ ♦❢ ✵✳✺ ♠♠ s✉rr♦✉♥❞❡❞
❜② ❡♣♦①② r❡s✐♥ ❜❡t✇❡❡♥ ♣❛r❛❧❧❡❧ ♣❧❛t❡ ❡❧❡❝tr♦❞❡s✳ ❚❤❡ ♠♦t✐✈❛t✐♦♥ ❢♦r t❤✐s ✐s t❤❛t q✉❛s✐✲s♣❤❡r✐❝❛❧ ✈♦✐❞s ♦❢t❡♥
♦❝❝✉r ✐♥ ❡♣♦①② r❡s✐♥s ✐♥ ♦♣❡r❛t✐♥❣ ❤✐❣❤ ✈♦❧t❛❣❡ ♣❧❛♥t✱ ❞✉❡ t♦ ❡rr♦rs ✐♥ t❤❡ ❝✉r✐♥❣ ♣r♦❝❡ss✱ ✇❤✐❝❤ ❝❛♥ ❢❛❝✐❧✐t❛t❡
P❉ ❛❝t✐✈✐t②✳ ❋✉rt❤❡r♠♦r❡ t❤❡ P❉ ❛❝t✐✈✐t② ♦❜s❡r✈❡❞ ❢r♦♠ t❤✐s ❡①♣❡r✐♠❡♥t❛❧ ❛rr❛♥❣❡♠❡♥t ✐s ♥♦t s✐❣♥✐✜❝❛♥t❧②
✐♠♣❛❝t❡❞ ❜② ♥♦✐s❡ ❛♥❞ ❛s s✉❝❤ ❛ ♣❤②s✐❝❛❧ ✐♥t❡r♣r❡t❛t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡ ❜❡❤❛✈✐♦✉r ✐s ♣♦ss✐❜❧❡ ❬✻❪✳ ❚❤❡ ♠♦❞❡❧
❣❡♦♠❡tr② ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✳

✸



❋✐❣✉r❡ ✶✿ ▼♦❞❡❧ ❣❡♦♠❡tr② ✇✐t❤ ❧❛❜❡❧❧❡❞ ✈❡rt✐❝❡s✳

✸✳✷ ●♦✈❡r♥✐♥❣ ❊q✉❛t✐♦♥s

❚❤❡ ♠♦❞❡❧ s♦❧✈❡s ❞r✐❢t ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❢♦r t❤❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ♦❢ ❡❧❡❝tr♦♥s n❡✱ ♣♦s✐t✐✈❡ ✐♦♥s n♣ ❛♥❞
♥❡❣❛t✐✈❡ ✐♦♥s n♥

∂n❡
∂t

= αn❡

∣

∣

∣

~W❡

∣

∣

∣
− ηn❡

∣

∣

∣

~W❡

∣

∣

∣
− βn❡n♣ ✭✸✮

−~∇ · ~Γ❡ + S♣❤
∂n♣
∂t

= αn❡

∣

∣

∣

~W❡

∣

∣

∣
− βn♥n♣ − βn❡n♣ ✭✹✮

−~∇ · ~Γ♣ + S♣❤
∂n♥
∂t

= ηn❡

∣

∣

∣

~W❡

∣

∣

∣
− βn♥n♣ − ~∇ · ~Γ♥, ✭✺✮

✇❤❡r❡ S♣❤ ✐s t❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡ ❛♥❞ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ ✢✉①❡s✱ ~Γ❡✱ ~Γ♣ ❛♥❞ ~Γ♥✱ ❛r❡

~Γ❡ = n❡ ~W❡ −D❡
~∇n❡ ✭✻✮

~Γ♣ = n♣ ~W♣ ✭✼✮

~Γ♥ = n♥ ~W♥. ✭✽✮

■♥ ❡q✉❛t✐♦♥s ✭✸✮ t♦ ✭✽✮ ~W❡✱ ~W♣ ❛♥❞ ~W♥ ❛r❡ t❤❡ ❞r✐❢t ✈❡❧♦❝✐t✐❡s ❢♦r ❡❧❡❝tr♦♥s✱ ♣♦s✐t✐✈❡ ✐♦♥s ❛♥❞ ♥❡❣❛t✐✈❡ ✐♦♥s
r❡s♣❡❝t✐✈❡❧②❀ α✱ η ❛♥❞ β ❛r❡ t❤❡ ✐♦♥✐s❛t✐♦♥✱ ❛tt❛❝❤♠❡♥t ❛♥❞ r❡❝♦♠❜✐♥❛t✐♦♥ ❝♦❡✣❝✐❡♥ts r❡s♣❡❝t✐✈❡❧②❀ D❡ ✐s
❞✐✛✉s✐♦♥ ❝♦❡✣❝✐❡♥t ❢♦r ❡❧❡❝tr♦♥s✳ ❚❤❡ s✇❛r♠ ♣❛r❛♠❡t❡rs ✐♥tr♦❞✉❝❡❞ ❜② ❑❛♥❣ ❛r❡ ✉s❡❞ ✐♥ t❤✐s ✇♦r❦ ❬✷✼❪✱ ✇✐t❤

t❤❡ ❛✐r ♣r❡ss✉r❡ ❛t ❛t♠♦s♣❤❡r✐❝ ❝♦♥❞✐t✐♦♥s✳ ❚♦ ✜♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ~E t❤❡ ❡❧❡❝tr♦st❛t✐❝ ❡q✉❛t✐♦♥ ✐s s♦❧✈❡❞

∇2V = −
ρ

ε0εr
✭✾✮

✇❤❡r❡ V ✐s t❤❡ ❡❧❡❝tr✐❝ ♣♦t❡♥t✐❛❧✱
~E = −~∇V ✭✶✵✮

ε0 ✐s t❤❡ ❛❜s♦❧✉t❡ ♣❡r♠✐tt✐✈✐t②✱ εr ✐s t❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ♦❢ t❤❡ ♠❛t❡r✐❛❧ ❛♥❞ ρ ✐s t❤❡ ✈♦❧✉♠❡ ❝❤❛r❣❡
❞❡♥s✐t②✳ ❚❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ♦❢ ❛✐r ✐s s❡t t♦ 1✱ ❛♥❞ t❤❡ r❡❧❛t✐✈❡ ♣❡r♠✐tt✐✈✐t② ♦❢ ❡♣♦①② ✐s s❡t t♦ 4.4✳ ρ ✐s

✹



r❡❧❛t❡❞ t♦ t❤❡ ❝❤❛r❣❡ ❝❛rr✐❡rs ❛s ❢♦❧❧♦✇s

ρ = e(n♣ − n❡ − n♥), ✭✶✶✮

✇❤❡r❡ e ✐s t❤❡ ❝❤❛r❣❡ ♦❢ ❛♥ ❡❧❡❝tr♦♥✳ ❚❤❡ ✉s❡ ♦❢ t❤r❡❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s✱ ❡❧❡❝tr♦♥s ❛♥❞ ❵❛❜str❛❝t✬ ♣♦s✐t✐✈❡ ❛♥❞
♥❡❣❛t✐✈❡ ✐♦♥s✱ t♦ s✐♠✉❧❛t❡ ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✼✱ ✶✽✱ ✷✽✱ ✷✾❪✳

❚♦ ❝❛❧❝✉❧❛t❡ t❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡ t❤❡ t❤r❡❡✲❡①♣♦♥❡♥t✐❛❧ ❍❡❧♠❤♦❧t③ ♠♦❞❡❧ ❞❡✈❡❧♦♣❡❞ ❜② ❇♦✉r❞♦♥ ❡t ❛❧

✇❛s ✉s❡❞ ❬✷✽❪✳ ❚❤✐s ❛♣♣r♦①✐♠❛t❡s t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡ ♠♦❞❡❧ ♣r♦♣♦s❡❞ ❜② ❩❤❡❧❡③♥②❛❦ ❡t ❛❧ ❬✸✵❪✳
❚❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡✱ S♣❤✱ ✐s ❛♣♣r♦①✐♠❛t❡❞ ❛s

S♣❤ =
3

Σ
i=1

S♣❤i ✭✶✷✮

✇❤❡r❡ ❡❛❝❤ S♣❤i s♦❧✈❡s ❛ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥

∇2S♣❤i − (λip❖2
)2S♣❤i = −Aip

2
❖2

S, ✭✶✸✮

✇✐t❤ ❝♦♥st❛♥ts λi ❛♥❞ Ai ❣✐✈❡♥ ✐♥ ❚❛❜❧❡ ✶✱ p❖2
✐s t❤❡ ♣❛rt✐❛❧ ♣r❡ss✉r❡ ♦❢ ♦①②❣❡♥ ✭✶✺✵ ❚♦rr ❛t ❛t♠♦s♣❤❡r✐❝

♣r❡ss✉r❡✮ ❛♥❞

S = ξI ✭✶✹✮

✇❤❡r❡
I = αn❡

∣

∣

∣

~W❡

∣

∣

∣
✭✶✺✮

❛♥❞ ξ = 0.00228 ❢♦r t❤❡ ♣❤②s✐❝❛❧ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❬✷✽✱ ✸✶❪✳ S ✇✐❧❧ ❜❡ r❡❢❡rr❡❞ t♦ ❛s t❤❡
♣❤♦t♦✐♦♥✐s❛t✐♦♥ s♦✉r❝❡ ❛♥❞ ✐s ❞✐r❡❝t❧② ♣r♦♣♦rt✐♦♥❛❧ t♦ t❤❡ ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥ r❛t❡✱ I✳ ❬✷✽❪✳

i Ai ✭♠
✲✷❚♦rr✲✷✮ λi ✭♠

✲✶❚♦rr✲✶✮

✶ ✶✳✾✽ ✺✳✺✸
✷ ✺✶ ✶✹✳✻
✸ ✹✽✽✻ ✽✾

❚❛❜❧❡ ✶✿ ❍❡❧♠❤♦❧t③ ❊q✉❛t✐♦♥ P❛r❛♠❡t❡rs ❢r♦♠ ❬✷✽❪

✸✳✸ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❞r✐❢t✲❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❛r❡ r❡q✉✐r❡❞ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ✈♦✐❞✱ t❤❡② ❛r❡ s❡t
❛s ❢♦❧❧♦✇s

~n · ~Γ❡ = ~n ·
(

a❡n❡ ~W❡ − γn♣ ~W♣

)

✭✶✻✮

~n · ~Γ♣ = ~n · a♣n♣ ~W♣ ✭✶✼✮

~n · ~Γ♥ = ~n · a♥n♥ ~W♥ ✭✶✽✮

✇❤❡r❡ γ ✐s t❤❡ ✐♦♥✲✐♠♣❛❝t s❡❝♦♥❞❛r② ❡♠✐ss✐♦♥ ❝♦❡✣❝✐❡♥t✱

ai =

{

1 ✐❢ s❣♥(qi) = s❣♥(~n · ~E)

0 ♦t❤❡r✇✐s❡,
✭✶✾✮

i =❡✱ ♣ ❛♥❞ ♥✱ s❣♥ ✐s t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥✱ qi ✐s t❤❡ ❝❤❛r❣❡ ♦❢ t❤❡ it❤ s♣❡❝✐❡s ❛♥❞ ~n ✐s t❤❡ ♦✉t✇❛r❞s ❢❛❝✐♥❣ ♥♦r♠❛❧
✉♥✐t ✈❡❝t♦r ❛t t❤❡ ✈♦✐❞ s✉r❢❛❝❡✱ t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❤❛✈❡ ❜❡❡♥ ✉s❡❞ t♦ ❞❡s❝r✐❜❡ ❞✐❡❧❡❝tr✐❝ ❜♦✉♥❞❛r✐❡s
✐♥ ❡❛r❧✐❡r ✇♦r❦ ❬✶✽❪✳ ❚❤❡ s❡❝♦♥❞❛r② ✐♦♥✐s❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❛t t❤❡ ✈♦✐❞ s✉r❢❛❝❡ ✇❛s s❡t t♦ ❛ t♦❦❡♥ ✈❛❧✉❡ ♦❢
✵✳✵✵✶✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ s❡❝♦♥❞❛r② ✐♦♥✐s❛t✐♦♥ ❝♦❡✣❝✐❡♥t ❤❛s ②❡t t♦ ❜❡ ❛❝❝✉r❛t❡❧② ❞❡t❡r♠✐♥❡❞ ❢♦r ❛
❧❛r❣❡ ♥✉♠❜❡r ♦❢ ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧s✳ ✭✶✻✮ ♥❡❣❧❡❝ts ✐♥❝♦♠✐♥❣ t❤❡r♠❛❧ ✢✉① ♦❢ ❝❤❛r❣❡❞ ♣❛rt✐❝❧❡s ✇❤✐❝❤ ❤❛s ❜❡❡♥
❝♦♥s✐❞❡r❡❞ ✐♥ ♦t❤❡r ✇♦r❦ ❬✸✷❪✳ ❍♦✇❡✈❡r✱ ❛s t❤❡ ❞r✐❢t ✈❡❧♦❝✐t② ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ t❤❡r♠❛❧ ✈❡❧♦❝✐t②

✺



❢♦r t❤❡ ❝♦♥❞✐t✐♦♥s ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ t❤✐s ✐s ♥♦t t❤♦✉❣❤t t♦ ✐♠♣❛❝t t❤❡ ✜♥❞✐♥❣s ♦❢ t❤✐s ✇♦r❦✱ ❛ss✉♠✐♥❣ t❤❛t
❡❧❡❝tr♦♥ t❡♠♣❡r❛t✉r❡s ❛r❡ ❛t ♠♦st ✇✐t❤✐♥ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♦❢ ✶ ❡❱✳

❇♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❛❧s♦ r❡q✉✐r❡❞ ❢♦r V ✳ ❚❤❡s❡ ❛r❡ ❧❛r❣❡❧② tr✐✈✐❛❧ ✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ ✈♦✐❞
s✉r❢❛❝❡✱ ✇❤❡r❡ ❝❤❛r❣❡ ✇✐❧❧ ❜❡ ❞❡♣❧♦②❡❞ ❞✉❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡✳ ❚❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② σ ❛t t❤❡ ✈♦✐❞ s✉r❢❛❝❡
❝❛♥ ❜❡ ❝❛❧❝✉❧❛t❡❞ t❤r♦✉❣❤

σ =

ˆ t

0

e~n · (n♣ ~W♣ − n❡ ~W❡ − n♥ ~W♥) dt, ✭✷✵✮

❛♥ ❛♣♣r♦❛❝❤ ✉s❡❞ ✇✐❞❡❧② ✉s❡❞ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✶✽✱ ✸✷❪✳ ❚❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥ ❢♦r V ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r②
✐s

~n ·
(

~D1 − ~D2

)

= σ

✇❤❡r❡ ~D ✐s t❤❡ ❡❧❡❝tr✐❝ ❞✐s♣❧❛❝❡♠❡♥t ✜❡❧❞✱
~D = ε0εr ~E, ✭✷✶✮

❛♥❞ t❤❡ 1✱ ✷ s✉❜s❝r✐♣ts ❞❡♥♦t❡ ❡✈❛❧✉❛t✐♦♥ ✐♥ r❡❣✐♦♥s ❡✐t❤❡r s✐❞❡ ♦❢ ❛ s✉r❢❛❝❡ ✇✐t❤ ♥♦r♠❛❧ ✈❡❝t♦r ~n ♣♦✐♥t✐♥❣
❢r♦♠ r❡❣✐♦♥ ✶ t♦ r❡❣✐♦♥ ✷✳ ■♥ t❤❡ s②st❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ ❛ ❤✐❣❤ ✈♦❧t❛❣❡ ❡❧❡❝tr♦❞❡✱ ❛t ♣♦t❡♥t✐❛❧ V0✱ ✐s
❧♦❝❛t❡❞ ❛t t❤❡ t♦♣ ❜♦✉♥❞❛r② ♦❢ t❤❡ ❣❡♦♠❡tr② ❛♥❞ ❛ ❣r♦✉♥❞ ❡❧❡❝tr♦❞❡ ✐s ❧♦❝❛t❡❞ ❛t t❤❡ ❜♦tt♦♠✳ ❈♦♠❜✐♥✐♥❣
t❤✐s ✇✐t❤ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❛①✐s②♠♠❡tr✐❝ ❛♥❞ ❢❛r ✜❡❧❞ ❜♦✉♥❞❛r✐❡s ❝♦♠♣❧❡t❡s t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❢♦r V ✳

■♥ t❤❡ ♦r✐❣✐♥❛❧ ✐♥t❡❣r❛❧ ♠♦❞❡❧ ♦❢ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ ♣❡r❢❡❝t ❛❜s♦r♣t✐♦♥ ❛t ❜♦✉♥❞❛r✐❡s ✐s ❛ss✉♠❡❞ ❬✸✵❪✳ ■♥
t❤❡ ✇♦r❦ ♦❢ ❇♦✉r❞♦♥ ❡t ❛❧ t❤❡ ❡①t❡r♥❛❧ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ s②st❡♠ ✇❡r❡ ❡✛❡❝t✐✈❡❧② ✐♥ t❤❡ ❢❛r ✜❡❧❞ r❡❣✐♦♥ ❬✷✽❪✳
❆t t❤❡s❡ ❜♦✉♥❞❛r✐❡s S♣❤ 1 ✇❛s s❡t ❡q✉❛❧ t♦ t❤❡ t❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ✐♥t❡❣r❛❧ ♠♦❞❡❧✱
✇✐t❤ S♣❤ 2 = S♣❤ 3 = 0✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ S♣❤ ✶ ❝♦rr❡s♣♦♥❞s t♦ t❤❡ s♠❛❧❧❡st ✈❛❧✉❡ ♦❢ λi✱ ❚❛❜❧❡ ✶✱ ✇❤✐❝❤ ♠❡❛♥s
t❤❛t ✐t ✐s t❤❡ ❝♦♠♣♦♥❡♥t ✇✐t❤ t❤❡ ❧♦♥❣❡st ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛♥❣❡ s♦ ✐s ❧✐❦❡❧② t♦ ❜❡ t❤❡ ❞♦♠✐♥❛♥t ❝♦♠♣♦♥❡♥t
✐♥ t❤❡ ❢❛r✲✜❡❧❞ r❡❣✐♦♥✳ ❋♦r t❤❡ ❛rr❛♥❣❡♠❡♥t ❝♦♥s✐❞❡r❡❞ ❤❡r❡ t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r✐❡s ❝❛♥♥♦t ❜❡ ❝♦♥s✐❞❡r❡❞ ❛s ❢❛r
✜❡❧❞❀ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ s♦✉r❝❡s ✇✐❧❧ ❜❡ ✈❡r② ❝❧♦s❡ t♦ t❤❡ ✈♦✐❞ s✉r❢❛❝❡✳ ❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t
S♣❤ ✶ ❞♦♠✐♥❛t❡s ❛t t❤❡ ❜♦✉♥❞❛r② ✐s ♥♦t ✈❛❧✐❞✱ ❢✉rt❤❡r♠♦r❡ t❤❡ ✜♥❡ ♥✉♠❡r✐❝❛❧ ♠❡s❤ r❡q✉✐r❡❞ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s
♠❡❛♥s t❤❛t ❝❛❧❝✉❧❛t✐♥❣ S♣❤ ❢r♦♠ t❤❡ ✐♥t❡❣r❛❧ ♠♦❞❡❧ ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r② ✐s ❝♦♠♣✉t❛t✐♦♥❛❧❧② ❡①♣❡♥s✐✈❡✳ ■♥
t❤✐s s②st❡♠✱ t❤❡ ❞♦♠✐♥❛♥t ❍❡❧♠❤♦❧t③ ❝♦♠♣♦♥❡♥t ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ✐s ❧✐❦❡❧② t♦ ❜❡ t❤❡ ❝♦♠♣♦♥❡♥t ✇✐t❤ t❤❡
❧❛r❣❡st s♦✉r❝❡ t❡r♠✱ ❝♦rr❡s♣♦♥❞✐♥❣ t♦ t❤❡ ❧❛r❣❡st Aj ✱ ✇❤✐❝❤ ✐s S♣❤ 3✳ ■t ✇❛s ❢♦✉♥❞ t❤❛t ❡♠♣❧♦②✐♥❣ ❉✐r✐❝❤❧❡t
❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ S♣❤ 1 ❛♥❞ S♣❤ 2

S♣❤ 1 = S♣❤ 2 = 0 ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r② ✭✷✷✮

❛♥❞ ◆❡✉♠❛♥♥ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ♦♥ S♣❤ 3✱

~n · ~∇S♣❤ 3 = 0 ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r② ✭✷✸✮

✇❤❡r❡ ~n ✐s ❛ ♥♦r♠❛❧ ✈❡❝t♦r ❛t t❤❡ ❜♦✉♥❞❛r②✱ ❣❛✈❡ r❡s✉❧ts t❤❛t ✇❡r❡ ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❢✉❧❧ ✐♥t❡❣r❛❧
♠♦❞❡❧ ♦❢ ♣❤♦t♦✐♦♥✐s❛t✐♦♥✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡s❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛r❡ ❜❛s❡❞ ♦♥ ❡♠♣✐r✐❝❛❧❧②
✜tt✐♥❣ t❤❡ ❍❡❧♠❤♦❧t③ ♠♦❞❡❧ t♦ t❤❡ ❢✉❧❧ ✐♥t❡❣r❛❧ ♠♦❞❡❧✱ ❛♥❞ ❛r❡ ♥♦t ✐♥❞✐❝❛t✐✈❡ ♦❢ t❤❡ ♣❤②s✐❝❛❧ ♣r♦❝❡ss ♦❢
♣❤♦t♦✐♦♥✐s❛t✐♦♥✳ ❚❤✐s ✇❛s ❞❡t❡r♠✐♥❡❞ ❜② ❝♦♠♣❛r✐♥❣ t❤❡ ❢✉❧❧ ✐♥t❡❣r❛❧ ♠♦❞❡❧ ❛❣❛✐♥st t❤❡ ❍❡❧♠❤♦❧t③ ♠♦❞❡❧✳
❚❤❡ ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥ r❛t❡ I ✐s s❡t t♦ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥ ❝❡♥tr❡❞ ♦♥ t❤❡ z ❛①✐s

I = I0 exp(−(r2 + (z − z20))/δ
2), ✭✷✹✮

✇❤❡r❡ I0 = 1031 ♠✲✸s✲✶✱ z0 ✐s t❤❡ z ❝♦♦r❞✐♥❛t❡ ♦❢ t❤❡ ❝❡♥tr❡ ♦❢ ❞✐str✐❜✉t✐♦♥ ❛♥❞ δ0 ✐s ❛ s♣❛t✐❛❧ ♣❛r❛♠❡t❡r
❣♦✈❡r♥✐♥❣ t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥✳ ❚✇♦ ❝❛s❡s ❛r❡ ❝♦♥s✐❞❡r❡❞✱ z0 = 0 ♠♠✱ ✐♦♥✐s❛t✐♦♥ t❛❦✐♥❣ ♣❧❛❝❡ ✐♥ t❤❡
❝❡♥tr❡ ♦❢ t❤❡ ✈♦✐❞✱ ❛♥❞ z0 = 0.5 ♠♠✱ ✐♦♥✐s❛t✐♦♥ t❛❦✐♥❣ ♣❧❛❝❡ ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r②✳ δ = 0.1 ♠♠ ✐♥ ❜♦t❤ ❝❛s❡s✱
t❤✐s ✐s ❛♥❛❧♦❣♦✉s t♦ t❤❡ ❛♣♣r♦❛❝❤ ✉s❡❞ ✐♥ ❬✷✽❪✳ ❆ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡ ❛❧♦♥❣ t❤❡ z ❛①✐s ♦❢
t❤❡ ✈♦✐❞ ✉s✐♥❣ t❤❡ t✇♦ ❞✐✛❡r❡♥t ♠♦❞❡❧s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷✳ ■t ❝❛♥ ❜❡ s❡❡♥ t❤❛t t❤❡ ❛❣r❡❡♠❡♥t ✐s ❢❛✐r❧② ❣♦♦❞
❢r♦♠ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ♣❡rs♣❡❝t✐✈❡ ✇✐t❤ s♦♠❡ ♥♦t❛❜❧❡ ❞✐s❝r❡♣❛♥❝✐❡s✳

✻



✭❛✮

✭❜✮

❋✐❣✉r❡ ✷✿ ❈♦♠♣❛r✐s♦♥ ♦❢ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ❢✉❧❧ ♠♦❞❡❧ ♦❢ ♣❤♦t♦✐♦♥✐s❛t♦♥ ❛♥❞ ❍❡❧♠❤♦❧t③
♠♦❞❡❧ ✇✐t❤ ♠♦❞✐✜❡❞ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s✳ ❚❤❡ ●❛✉ss✐❛♥ ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥ ♣r♦❞✉❝t✐♦♥ r❛t❡ ✇❛s ❝❡♥tr❡❞
❛t✿ ✭❛✮ z0 = 0 ♠♠ ❛♥❞ ✭❜✮ z0 = 0.5 ♠♠

❚❤❡ ❛❜s♦❧✉t❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ❢✉❧❧ ❛♥❞ ❍❡❧♠❤♦❧t③ ♠♦❞❡❧s ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✸✳ ❚❤❡ ❡rr♦r ✐s ❤✐❣❤❡st ❛t
t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r②✱ z0 = 0.5 ♠♠✱ ✇✐t❤ ❛♥ ❡rr♦r ♦❢ 3.7 × 1027 ♠✲✸ s✲✶✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ ❤♦✇❡✈❡r t❤❛t ✐♥
t❤✐s r❡❣✐♦♥ t❤❡ ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥✱ I✱ ✐s ❞♦♠✐♥❛♥t✱ ✇✐t❤ ❛ ✈❛❧✉❡ ♦❢ 1031 ♠✲✸ s✲✶ ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r② ❛♥❞
♣❤♦t♦✐♦♥✐s❛t✐♦♥ ✐s ❛ r❡❧❛t✐✈❡❧② ✐♥s✐❣♥✐✜❝❛♥t ♣r♦❝❡ss✳ ■t ✐s ♥♦t t❤♦✉❣❤t t❤❛t t❤❡s❡ ❞✐s❝r❡♣❛♥❝✐❡s ✇✐❧❧ s✐❣♥✐✜❝❛♥t❧②
✐♠♣❛❝t t❤❡ ✜♥❞✐♥❣s ♣r❡s❡♥t❡❞ ✐♥ t❤✐s ✇♦r❦ ❛s t❤❡② ❛r❡ ❛❧❧ r♦✉❣❤❧② ✇✐t❤✐♥ ❛♥ ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡✱ ✇❤✐❝❤ ✇❛s
t❤❡ ❝❛s❡ ✇✐t❤ t❤❡ ♦r✐❣✐♥❛❧ ✇♦r❦ ✇❤❡r❡ t❤✐s t❡❝❤♥✐q✉❡ ✇❛s s✉❝❝❡ss❢✉❧❧② ❛♣♣❧✐❡❞ ❬✷✽❪✳ ❋✉rt❤❡r♠♦r❡✱ ♥✉♠❡r✐❝❛❧
✐♥✈❡st✐❣❛t✐♦♥s ❜② t❤❡ ❛✉t❤♦rs ❛❧s♦ s✉❣❣❡st t❤❛t ♦r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ❝❤❛♥❣❡s t♦ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡s ✇✐❧❧ ♥♦t

✼



✐♠♣❛❝t t❤❡ ❝✉rr❡♥t ❛♥❞ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥s ✇✐t❤ ❛r❡ t❤❡ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st ✐♥ t❤✐s ✇♦r❦✳

❋✐❣✉r❡ ✸✿ ❆❜s♦❧✉t❡ ❡rr♦r ❜❡t✇❡❡♥ t❤❡ ♣❤♦t♦✐♦♥✐s❛t✐♦♥ r❛t❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ t❤❡ ❢✉❧❧ ♠♦❞❡❧ ❛♥❞ ❍❡❧♠❤♦❧t③
♠♦❞❡❧✳ ■♥ t❤❡ r❡❣✐♦♥ ❝❧♦s❡ t♦ t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r② ✇❤❡r❡ t❤❡ ❡rr♦r ✐s ❧❛r❣❡st t❤❡ ❝♦❧❧✐s✐♦♥❛❧ ✐♦♥✐s❛t✐♦♥ r❛t❡
❞♦♠✐♥❛t❡s ♣❤♦t♦✐♦♥✐s❛t✐♦♥✳

❆ s✉♠♠❛r② ♦❢ t❤❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ✉s❡❞ ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✷✳ ❇♦✉♥❞❛r✐❡s ❛r❡ ❞❡✜♥❡❞ ✉s✐♥❣ t❤❡
✈❡rt✐❝❡s ✐♥ ❋✐❣✉r❡ ✶✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ❞r✐❢t ❞✐✛✉s✐♦♥ ❛♥❞ ❍❡❧♠❤♦❧t③ ❡q✉❛t✐♦♥s ❛r❡ ♦♥❧② s♦❧✈❡❞
✐♥s✐❞❡ t❤❡ ✈♦✐❞ r❡❣✐♦♥ ❛♥❞ ❛s s✉❝❤ t❤❡② ♦♥❧② r❡q✉✐r❡ ❜♦✉♥❞❛r② ❝♦♥❞✐t✐♦♥s ❛t t❤❡ ✈♦✐❞ s✉r❢❛❝❡✳

❇♦✉♥❞❛r② V n❡ n♣ n♥ S♣❤ 1 S♣❤ 2 S♣❤ 3

AB V0 ✲ ✲ ✲ ✲ ✲ ✲

CE
∂V

∂r
= 0

∂n❡

∂r
= 0

∂n♣

∂r
= 0

∂n♥

∂r
= 0

∂S♣❤ 1

∂r
= 0

∂S♣❤ 2

∂r
= 0

∂S♣❤ 3

∂r
= 0

CD✱DE ~n ·

(

~D1 − ~D2

)

= σ ✭✶✻✮ ✭✶✼✮ ✭✶✽✮ S♣❤ 1 = 0 S♣❤ 2 = 0 ~n · ~∇S♣❤ 3 = 0

AC✱EF
∂V

∂r
= 0 ✲ ✲ ✲ ✲ ✲ ✲

BG ~n · ~D = 0 ✲ ✲ ✲ ✲ ✲ ✲

FG ✵ ✲ ✲ ✲ ✲ ✲ ✲

❚❛❜❧❡ ✷✿ ❇♦✉♥❞❛r② ❈♦♥❞✐t✐♦♥s

✸✳✹ ■♥✐t✐❛❧ ❈♦♥❞✐t✐♦♥s

❉✉❡ t♦ t❤❡✐r ❡①♣❧✐❝✐t t✐♠❡ ❞❡♣❡♥❞❡♥❝❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❛r❡ r❡q✉✐r❡❞ ❢♦r t❤❡ ❞r✐❢t ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s✳ ❚❤❡
✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ❡❧❡❝tr♦♥ ❛♥❞ ♣♦s✐t✐✈❡ ✐♦♥ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ✇❡r❡ s❡t t♦ ❜❡ ❛ ●❛✉ss✐❛♥ s❡❡❞ ❝❤❛r❣❡✱
✇✐t❤ ❛ ♠❛❣♥✐t✉❞❡ ✐♥s✉✣❝✐❡♥t t♦ ❞✐st♦rt t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✳ ❚❤✐s ❛♣♣r♦❛❝❤ ❤❛s ❜❡❡♥ ✇✐❞❡❧② ✉s❡❞ ✇❤❡♥ ♠♦❞❡❧❧✐♥❣
❜r❡❛❦❞♦✇♥ ✐♥ ❛✐r ✉s✐♥❣ ❞r✐❢t ❞✐✛✉s✐♦♥ ❡q✉❛t✐♦♥s ❬✶✷✱ ✶✽✱ ✷✽❪✳ ❚❤❡ ✐♥✐t✐❛❧ ♥✉♠❜❡r ♦❢ ♥❡❣❛t✐✈❡ ✐♦♥s ✇❛s s❡t t♦
③❡r♦✳ ❊①♣❧✐❝✐t❧② t❤❡ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥s ❢♦r t❤❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ❛r❡

n❡✱♣|t=0 = n0 exp(−(r2 + (z − z20))/s
2
0), ✭✷✺✮

n♥|t=0 = 0 ✭✷✻✮

✽



✇❤❡r❡ n0 = 1011 ♠✲✸✱ z0 =✵✳✺ ♠♠ ❛♥❞ s0 = 25 μ♠✳ ❖r❞❡r ♦❢ ♠❛❣♥✐t✉❞❡ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ ♣❛r❛♠❡t❡rs ❞❡✜♥✐♥❣
t❤❡ ✐♥✐t✐❛❧ ❞✐str✐❜✉t✐♦♥✱ n0✱ z0 ❛♥❞ s0✱ ✇❡r❡ ♦♥❧② ❢♦✉♥❞ t♦ ✐♠♣❛❝t t❤❡ t✐♠❡ t❛❦❡♥ ❢♦r ❞✐s❝❤❛r❣❡s t♦ ❜❡❣✐♥✱ ❛♥❞
❞✐❞ ♥♦t ✐♠♣❛❝t t❤❡ ✜♥❞✐♥❣s ♦❢ t❤❡ ✇♦r❦ ♣r❡s❡♥t❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳

✸✳✺ ▼❡❛s✉r❛❜❧❡ ◗✉❛♥t✐t✐❡s

❋♦r P❉ ❛❝t✐✈✐t② ✉♥❞❡r ❆❈ ❝♦♥❞✐t✐♦♥s ❛ P❉ ✐s t②♣✐❝❛❧❧② q✉❛♥t✐✜❡❞ ❜② ✐ts ❛♥❣❧❡ ♦❢ ♦❝❝✉rr❡♥❝❡ ✐♥ t❤❡ ❆❈ ❝②❝❧❡✱
❦♥♦✇♥ ❛s ♣❤❛s❡ ❛♥❣❧❡✱ ❛♥❞ t❤❡ ❝❤❛♥❣❡ ✐♥ ❝❤❛r❣❡ ♦♥ ❛ s✉✐t❛❜❧❡ ♠❡❛s✉r✐♥❣ ❡❧❡❝tr♦❞❡✱ ❦♥♦✇♥ ❛s t❤❡ ❛♣♣❛r❡♥t
❝❤❛r❣❡ ❬✻❪✳ ■♥ t❤✐s ✇♦r❦ s✐♥❣❧❡ ❞✐s❝❤❛r❣❡s ❛r❡ ✐♥✈❡st✐❣❛t❡❞ ❛t ❛ r❛♥❣❡ ♦❢ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✱ s♦ t❤❡ ♣❤❛s❡ ❛♥❣❧❡ ✐s
♥♦t ❛ q✉❛♥t✐t② ♦❢ ✐♥t❡r❡st✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s t♦ ❛ss❡ss t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✉s❡❞ t♦ ❞❡s❝r✐❜❡
❛ s✐♥❣❧❡ ❞✐s❝❤❛r❣❡✳ ❋♦r t❤❡ s②st❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥ t❤❡ ♠❡❛s✉r✐♥❣ ❡❧❡❝tr♦❞❡ ✐s ❛ss✉♠❡❞ t♦ t❤❡ t❤❡ ❣r♦✉♥❞
❡❧❡❝tr♦❞❡✱ t❤❡ ❛♣♣❛r❡♥t ❝❤❛r❣❡✱ q′✱ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s

q′ =

ˆ

S

~n ·
(

~D|t=t❢ −
~D|t=t0

)

dA, ✭✷✼✮

✇❤❡r❡ t0 ✐s t❤❡ t✐♠❡ ✐♠♠❡❞✐❛t❡❧② ❜❡❢♦r❡ t❤❡ ❞✐s❝❤❛r❣❡ t❛❦❡s ♣❧❛❝❡✱ t❢ ✐s t❤❡ t✐♠❡ t❤❡ ❞✐s❝❤❛r❣❡ ✜♥✐s❤❡s✱ S
✐s t❤❡ ❣r♦✉♥❞ ❡❧❡❝tr♦❞❡ s✉r❢❛❝❡ ❛♥❞ ~n ✐s ❛♥ ♦✉t✇❛r❞s ❢❛❝✐♥❣ ♥♦r♠❛❧ ✉♥✐t ✈❡❝t♦r✳ ❈♦♠♣❛r✐♥❣ t❤❡ P❉ s②st❡♠
✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥ ✇✐t❤ P❉ ♠❡❛s✉r❡♠❡♥ts ✐♥ s✐♠✐❧❛r s②st❡♠s ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t P❉ ♠❛❣♥✐t✉❞❡s ✇✐❧❧ ❜❡ ✐♥
t❤❡ ♦r❞❡r ♦❢ ✶✵✵ ♣❈ ❬✸✱ ✻❪✳ ❚❤❡ ❛♣♣❛r❡♥t ❝✉rr❡♥t ♣✉❧s❡ I ′ ♦♥ t❤❡ ♠❡❛s✉r✐♥❣ ❡❧❡❝tr♦❞❡ ❝❛♥ ❛❧s♦ ❜❡ ❝❛❧❝✉❧❛t❡❞

I ′ =

ˆ

S

J ′ dA, ✭✷✽✮

✇❤❡r❡ J ′ ✐s t❤❡ ❛♣♣❛r❡♥t ❝✉rr❡♥t ❞❡♥s✐t② ♦♥ t❤❡ ♠❡❛s✉r✐♥❣ ❡❧❡❝tr♦❞❡ s✉r❢❛❝❡ ❞❡✜♥❡❞ ❛s

J ′ =
∂

∂t
(~n · ~D). ✭✷✾✮

▼❡❛s✉r❡♠❡♥ts ♦❢ t❤❡ ❝✉rr❡♥t ♣✉❧s❡ I ′✱ ❢♦r P❉ s②st❡♠s s✐♠✐❧❛r t♦ t❤❡ t❤❛t ✉♥❞❡r ✐♥✈❡st✐❣❛t✐♦♥✱ ❤❛✈❡ ❛ t✐♠❡s❝❛❧❡
✐♥ t❤❡ ♦r❞❡r ♦❢ ♥❛♥♦s❡❝♦♥❞s ✇✐t❤ ❛ s❤❛r♣ r✐s❡ ❢♦❧❧♦✇❡❞ ❜② ❛ r❡❧❛t✐✈❡❧② ❧♦♥❣ ❞❡❝❛② ❬✶✻❪✳

✸✳✻ ▼♦❞❡❧ ❈♦♥✜❣✉r❛t✐♦♥s

■♥ ♦r❞❡r t♦ t❡st t❤❡ ❝♦♥❝❡♣ts✱ ♦✉t❧✐♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✷✱ ✐t ✐s ♥❡❝❡ss❛r② t♦ r✉♥ t❤❡ ♠♦❞❡❧ ✐♥ t✇♦ ❞✐✛❡r❡♥t
❝♦♥✜❣✉r❛t✐♦♥s ❛s ❢♦❧❧♦✇s✿

✭❆✮ ❉✐s❝❤❛r❣❡s ✐♥ ❱✐r❣✐♥ ❱♦✐❞s ✲ ■t ✐s ♣r♦♣♦s❡❞ t♦ ✉s❡ t❤❡ ♠♦❞❡❧ t♦ ❡①❛♠✐♥❡ t❤❡ ♣❤②s✐❝s ♦❢ P❉ ✐♥
✈✐r❣✐♥ ✈♦✐❞s✱ ✐✳❡✳ σt=0 = 0✱ ❛t ❛ r❛♥❣❡ ♦❢ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✳ ❇② ❣r❛❞✉❛❧❧② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
✉♥t✐❧ ❛ ❞✐s❝❤❛r❣❡ ♦❝❝✉rs✱ t❤❡ ✐♥❝❡♣t✐♦♥ ✜❡❧❞ ❢♦r t❤❡ ✈♦✐❞ ❝❛♥ ❜❡ ❞❡t❡r♠✐♥❡❞ ❛♥❞ ❝♦♠♣❛r❡❞ ❛❣❛✐♥st
t❤❡ ✈❛❧✉❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ✭✶✮✳ ❇② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ✜❡❧❞ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ t❤❡ r❡s✐❞✉❛❧ ✜❡❧❞ ❝❛♥ ❜❡
❞❡t❡r♠✐♥❡❞✱ ✇❤✐❝❤ ❝❛♥ t❤❡♥ ❜❡ ❝♦♠♣❛r❡❞ t♦ t❤❡ ✈❛❧✉❡ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ✭✷✮✳ ❚❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s
❛♥❞ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥s ❛❢t❡r P❉ ❝❛♥ ❛❧s♦ ❜❡ ✐♥✈❡st✐❣❛t❡❞✳ ❉✉❡ t♦ t❤❡ s✐♠✐❧❛r✐t② ♦❢ t❤❡
s②st❡♠ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t ♣❧❛s♠❛ ❞②♥❛♠✐❝s ✇✐❧❧ ❜❡ s✐♠✐❧❛r t♦ t❤♦s❡ ♦❜s❡r✈❡❞ ✐♥ s✐♠✉❧❛t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡s
✐♥ ❜✉❜❜❧❡s ✐♥ ❧✐q✉✐❞ ❞✐❡❧❡❝tr✐❝s✳ ❆ q✉❛❧✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ✇✐t❤ t❤✐s ✇♦r❦✱ ❬✶✷❪✱ ✇✐❧❧ ❡st❛❜❧✐s❤ ✇❤❡t❤❡r
t❤❡ ♠♦❞❡❧ ✐s ❛❝❝✉r❛t❡❧② ❞❡s❝r✐❜✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ♣r♦❝❡ss✳ ❚❤❡ ♠♦❞❡❧ ✐s s❡t t♦ ❤❛✈❡ ❛ ❝♦♥st❛♥t ❛♣♣❧✐❡❞
✈♦❧t❛❣❡ ❢♦r t❤❡ ❞✉r❛t✐♦♥ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❡✈❡♥ t❤♦✉❣❤ ✐♥ r❡❛❧✐t② t❤❡ ❞✐s❝❤❛r❣❡s ❛r❡ ♦❝❝✉rr✐♥❣ ✐♥ ❛♥ ❆❈
s②st❡♠ ✇✐t❤ ❛ ✈❛r②✐♥❣ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ ❞✐s❝❤❛r❣❡s t❛❦❡ ♣❧❛❝❡ ♦✈❡r ♥❛♥♦s❡❝♦♥❞s✱
✇❤❡r❡❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❢r❡q✉❡♥❝✐❡s ♦❢ ✐♥t❡r❡st ❛r❡ t②♣✐❝❛❧❧② ✺✵✲✻✵ ❍③✳ ❚❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✇♦r❦ ✐s
t♦ ❛ss❡ss t❤❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s ✉s❡❞ t♦ r❡♣r❡s❡♥t ❛ s✐♥❣❧❡ ❞✐s❝❤❛r❣❡ ✐♥ P❉ ❛❝t✐✈✐t② ♠♦❞❡❧s✳ ❚❤❡
✈❛r✐❛t✐♦♥ ✐♥ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦✈❡r t❤❡ t✐♠❡ s❝❛❧❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✐s ♥❡❣❧✐❣✐❜❧❡✳

✭❇✮ ❊✛❡❝t ♦❢ ❙✉❜s❡q✉❡♥t ❉✐s❝❤❛r❣❡s ✲ ❚❤❡ r❡s✉❧t✐♥❣ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥ ❢r♦♠ ❛ ❞✐s❝❤❛r❣❡ ✐♥ ❛
✈✐r❣✐♥ ✈♦✐❞ ✇✐❧❧ ❜❡ ✉s❡❞ ❛s ❛♥ ✐♥✐t✐❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ❛ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡✳ ❚❤✐s ✇✐❧❧ ♣r♦✈✐❞❡ ✐♥s✐❣❤t ✐♥t♦ t❤❡
♣❤②s✐❝s ♦❢ P❉ ✐♥ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ t❤❛t ✐s ❞✐st♦rt❡❞ ❜② t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡✱ ❛♥❞ ❛❧s♦ s❡❡ ❤♦✇ t❤❡ ❝❤❛r❣❡
❞❡♣❧♦②❡❞ ❜② t❤❡ s❡❝♦♥❞ P❉ ❝♦♠♣❛r❡s t♦ t❤❡ ✜rst✳

✾



✸✳✼ ■♠♣❧❡♠❡♥t❛t✐♦♥

❚❤❡ ♠♦❞❡❧ ✐s ✐♠♣❧❡♠❡♥t❡❞ ✐♥ ❈♦♠s♦❧ ▼✉❧t✐♣❤②s✐❝s ✺✳✸ ✉s✐♥❣ t❤❡ ✐♥✲❜✉✐❧t ♣❤②s✐❝s ❧✐❜r❛r✐❡s ❬✷✻❪✳ ❙✐① ♣❤②s✐❝s
❧✐❜r❛r✐❡s ✇❡r❡ ✉s❡❞❀ t❤r❡❡ tr❛♥s♣♦rt ♦❢ ❞✐❧✉t❡❞ s♣❡❝✐❡s ❧✐❜r❛r✐❡s t♦ s♦❧✈❡ ✭✸✮✲✭✺✮❀ ❛♥ ❡❧❡❝tr♦st❛t✐❝s ❧✐❜r❛r② t♦ s♦❧✈❡
✭✾✮❀ ❛ ❝♦❡✣❝✐❡♥t ❢♦r♠ P❉❊ ❧✐❜r❛r② t♦ s♦❧✈❡ ✭✶✸✮ ❛♥❞ ❛ ❜♦✉♥❞❛r② ❖❉❊ ❧✐❜❛r② t♦ s♦❧✈❡ ✭✷✵✮✳ ■♥ t❤❡ tr❛♥s♣♦rt
♦❢ ❞✐❧✉t❡❞ s♣❡❝✐❡s ❧✐❜r❛r✐❡s t❤❡ ❝♦♥s✐st❡♥t st❛❜✐❧✐s❛t✐♦♥ t❡❝❤♥✐q✉❡s ♦❢ str❡❛♠❧✐♥❡ ❛♥❞ ❝r♦ss✇✐♥❞ ❞✐✛✉s✐♦♥ ✇❡r❡
✉s❡❞ ❬✸✸✕✸✺❪✳ ❚❤✐s ❛♣♣r♦❛❝❤ ✇❛s ✉s❡❞ ✐♥ ❛ ♣r❡✈✐♦✉s t❤❡ ♠♦❞❡❧✱ ❢r♦♠ ✇❤✐❝❤ t❤✐s ♠♦❞❡❧ ✇❛s ❞❡✈❡❧♦♣❡❞✱ ❛♥❞ ✐s
s✐♠✐❧❛r t♦ r❡❝❡♥t ✇♦r❦ ✐♥ ❧✐t❡r❛t✉r❡ ❬✶✼✱ ✶✽❪✳

❈♦♠s♦❧ ✉s❡s ♠❡t❤♦❞ ♦❢ ❧✐♥❡s t♦ ❝♦♥✈❡rt t❤❡ P❉❊s ✐♥t♦ ❛ s❡t ❖❉❊s✳ ❚❤❡ ❖❉❊s ❛r❡ s♦❧✈❡❞ ❜② ❛♥ ✐♠✲
♣❧✐❝✐t s♦❧✈❡r t❤❛t ❛✉t♦♠❛t✐❝❛❧❧② ❝❤♦♦s❡s t❤❡ ✐♥t❡r♣♦❧❛t✐♦♥ ♦r❞❡r ✐♥ t✐♠❡✳ ❚❤❡ ✈❛r✐❛❜❧❡✲♦r❞❡r ✈❛r✐❛❜❧❡ st❡♣✲s✐③❡
❜❛❝❦✇❛r❞ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢♦r♠✉❧❛❡ ✭❇❉❋✮ ❛r❡ ✉s❡❞ ❢♦r ✐♠♣❧✐❝✐t t✐♠❡✲st❡♣♣✐♥❣ ✇✐t❤ t❤❡ ♥♦♥✲❧✐♥❡❛r ❝♦♥tr♦❧❧❡r
❛❝t✐✈❛t❡❞✱ ✐♥ ❝♦♥❥✉♥❝t✐♦♥ ✇✐t❤ t❤❡ P❆❘❉■❙❖ ❞✐r❡❝t s♦❧✈❡r✳ ❚❤❡ ❧✐❜r❛r✐❡s ✇❡r❡ s♦❧✈❡❞ ❢♦r ✐♥❞❡♣❡♥❞❡♥t❧② ✐♥ ❛
s❡❣r❡❣❛t❡❞ ❛rr❛♥❣❡♠❡♥t ❛s ✐t ✇❛s ❢♦✉♥❞ t♦ ✈❛st❧② r❡❞✉❝❡ t❤❡ ❝♦♠♣✉t❛t✐♦♥❛❧ t✐♠❡ ❛♥❞ ✐♠♣r♦✈❡❞ t❤❡ ♥✉♠❡r✐❝❛❧
st❛❜✐❧✐t② ♦❢ t❤❡ s♦❧✉t✐♦♥✳ ❙♣❛t✐❛❧ ❞✐s❝r❡t✐③❛t✐♦♥ ✇❛s ❧✐♥❡❛r ♦r❞❡r ❢♦r t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s ♥✉♠❜❡r ❞❡♥s✐t✐❡s✱ ❛♥❞
q✉❛❞r❛t✐❝ ♦r❞❡r ❢♦r ❛❧❧ ♦t❤❡r ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s✳ ❆ ♠❛①✐♠✉♠ t✐♠❡ st❡♣ ♦❢ ✵✳✵✶ ♥s ✇❛s ❡♥❢♦r❝❡❞ t❤r♦✉❣❤♦✉t
t❤❡ s✐♠✉❧❛t✐♦♥✳ ❚❤❡ ♠❛①✐♠✉♠ ❝❛❧❝✉❧❛t❡❞ ❈♦✉r❛♥t ♥✉♠❜❡rs ❜❛s❡❞ ♦♥ t❤❡ str❡❛♠❡r ✈❡❧♦❝✐t② ✇❡r❡ ❜❡❧♦✇ ✹✳
❚❤❡s❡ ✈❛❧✉❡s ❛♣♣❡❛r ❛t t❤❡ t✐♠❡s ✇❤❡♥ t❤❡ str❡❛♠❡r ❡♥t❡rs t❤❡ r❡❣✐♦♥ ✇✐t❤ ✜♥❡ ♠❡s❤ ❝❧♦s❡ t♦ t❤❡ ❜♦✉♥❞❛r②✳
❚❤❡ ✐♠♣❧✐❝✐t s❝❤❡♠❡ ✉s❡❞ ❜② ❈❖▼❙❖▲ ✐s ❛❜❧❡ t♦ ❞❡❛❧t ✇✐t❤ s✉❝❤ ❤✐❣❤ ❈♦✉r❛♥t ♥✉♠❜❡rs ❜② ✐♥tr♦❞✉❝✐♥❣
❛rt✐✜❝✐❛❧ ♥✉♠❡r✐❝❛❧ ❞✐✛✉s✐♦♥✳ ❚❤❡ ♦✈❡r❛❧❧ ❡✛❡❝t ♦❢ t❤❛t ✐s ❛ s❧✐❣❤t ❜r♦❛❞❡♥✐♥❣ ♦❢ s❤❛r♣ ❣r❛❞✐❡♥ts✱ ✇❤✐❝❤ ❞♦❡s
♥♦t ❛✛❡❝t t❤❡ ❝♦♥❝❧✉s✐♦♥s ♦❢ t❤❡ ♣❛♣❡r ♦♥ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✐♥ t❤❡ ✈♦✐❞✳

❚❤❡ ✜♥❛❧ st❡♣ ✐♥ ✐♠♣❧❡♠❡♥t✐♥❣ t❤❡ ♠♦❞❡❧ ✐s t❤❡ ❝r❡❛t✐♦♥ ♦❢ ❛ ♥✉♠❡r✐❝❛❧ ♠❡s❤✳ ❋r♦♠ ♥✉♠❡r✐❝❛❧ ❡①♣❡r✐♠❡♥ts
✇✐t❤ ❛ ♦♥❡ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ✐t ✇❛s ❢♦✉♥❞ t❤❛t s❤❛r♣ ❣r❛❞✐❡♥ts ✐♥ t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s ♥✉♠❜❡r ❞❡♥s✐t✐❡s ✇❡r❡
♣r❡s❡♥t ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r②✱ ✐♥ ♣❛rt✐❝✉❧❛r ✐♥ r❡❣✐♦♥s ❝❧♦s❡ t♦ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ❜♦✉♥❞❛r② ❛♥❞ ♣r♦✈✐❞❡❞
❛ ❣✉✐❞❡ ❢♦r ♠❡s❤✐♥❣ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ ❣❡♦♠❡tr②✳ ❚❤❡ ♠❡s❤ ✇❛s ❝r❡❛t❡❞ ✉s✐♥❣ ❈♦♠s♦❧✬s ❛✉t♦♠❛t✐❝
♠❡s❤✐♥❣ ❛❧❣♦r✐t❤♠s✱ ✇✐t❤ t❤❡ ❡❧❡♠❡♥t s✐③❡ ❝♦♥tr♦❧❧❡❞ ❜② ❧✐♠✐t✐♥❣ t❤❡ ♠❛①✐♠✉♠ s✐③❡✳ ■t ✇❛s ❢♦✉♥❞ t❤❛t s♠♦♦t❤
str❡❛♠❡r ♣r♦♣❛❣❛t✐♦♥ ❝♦✉❧❞ ❜❡ ❛❝❤✐❡✈❡❞ ✇✐t❤ ❛ ♠❛①✐♠✉♠ ❡❧❡♠❡♥t s✐③❡ ♦❢ ✶ μ♠ ✇✐t❤✐♥ ✵✳✶ ♠♠ ♦❢ t❤❡ ✈♦✐❞
❜♦✉♥❞❛r② ❢♦r r❡❣✐♦♥s ♥❡❛r t❤❡ t♦♣ ♦❢ t❤❡ ✈♦✐❞✳ ❋♦r t❤❡ r❡♠❛✐♥✐♥❣ r❡❣✐♦♥s ✇✐t❤✐♥ ✵✳✶ ♠♠ ♦❢ t❤❡ ✈♦✐❞ t❤❡
♠❛①✐♠✉♠ ❡❧❡♠❡♥t s✐③❡ ✇❛s s❡t t♦ ✷ μ♠✱ ❛♥❞ t❤❡ ♠❛①✐♠✉♠ ❡❧❡♠❡♥t s✐③❡ ♦❢ t❤❡ r❡st ♦❢ t❤❡ ✈♦✐❞ s❡t t♦ ✺ μ♠✳
■♥ ♦r❞❡r t♦ ❛❝❝✉r❛t❡❧② ❝❛❧❝✉❧❛t❡ t❤❡ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ❛ r❡❛s♦♥❛❜❧② ✜♥❡ ♠❡s❤ ✐s ❛❧s♦ r❡q✉✐r❡❞ ✐♥ t❤❡ ❡♣♦①②
r❡s✐♥ r❡❣✐♦♥✱ t❤✐s ✇❛s ❛❝❤✐❡✈❡❞ ❜② r❡str✐❝t✐♥❣ t❤❡ ♠❛①✐♠✉♠ ❡❧❡♠❡♥t s✐③❡ t♦ ✸✵ μ♠✳ ❚❤❡ ❢✉❧❧ ♠❡s❤ ❝♦♥s✐st❡❞
♦❢ ✷✼✷✾✻✵ tr✐❛♥❣✉❧❛r ❡❧❡♠❡♥ts ❛♥❞ ✐s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✹✳ ❙✐♠✉❧❛t✐♦♥s ✉s✐♥❣ ❛ ♠❡s❤ r❡✜♥❡❞ ❜② ❛ ❢❛❝t♦r ♦❢ ✷ ✐♥
❛❧❧ r❡❣✐♦♥s r❡s✉❧t❡❞ ✐♥ ❛ ❝❤❛♥❣❡ ✇✐t❤✐♥ ✺ ✪ t♦ t❤❡ q✉❛♥t✐t✐❡s ♦❢ ✐♥t❡r❡st✳
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❋✐❣✉r❡ ✹✿ ❊❧❡♠❡♥t s✐③❡ s✉r❢❛❝❡ ♣❧♦t ♦❢ t❤❡ ♥✉♠❡r✐❝❛❧ ♠❡s❤ ✉s❡❞ ❢♦r t❤❡ s✐♠✉❧❛t✐♦♥s✳ ▼❡s❤ s❝❛❧✐♥❣ ✇❛s
❞❡✈❡❧♦♣❡❞ ❜❛s❡❞ ♦♥ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ♦❜s❡r✈❡❞✳

❚❤❡ ♠♦❞❡❧ ✇❛s s♦❧✈❡❞ ♦♥ ✶✻ ✷✳✻ ●❍③ ■♥t❡❧ ❙❛♥❞②❜r✐❞❣❡ ♣r♦❝❡ss♦rs ❛♥❞ ❤❛❞ ❛ r✉♥ t✐♠❡ ✐♥ t❤❡ ♦r❞❡r ♦❢ ❛
❞❛②✳

✹ ❘❡s✉❧ts ❛♥❞ ❉✐s❝✉ss✐♦♥

❚❤r❡❡ ❞✐✛❡r❡♥t ♠♦❞❡❧ ❝♦♥✜❣✉r❛t✐♦♥s ❛r❡ ❝♦♥s✐❞❡r❡❞ ✐♥ t❤✐s ✇♦r❦❀ ❉✐s❝❤❛r❣❡s ✐♥ ❱✐r❣✐♥ ❱♦✐❞s❀ ❊✛❡❝t ♦❢ ❙✉❜✲
s❡q✉❡♥t ❉✐s❝❤❛r❣❡s ❛♥❞ P♦st✲❉✐s❝❤❛r❣❡ P❧❛s♠❛ ❉②♥❛♠✐❝s✳ ❚❤❡ r❡s✉❧ts ❢♦r ❡❛❝❤ ❝♦♥✜❣✉r❛t✐♦♥ ❛r❡ ♣r❡s❡♥t❡❞
✐♥ t❤✐s s❡❝t✐♦♥✱ t❤❡✐r ✐♠♣❧✐❝❛t✐♦♥s ❞✐s❝✉ss❡❞✳ ■t ✐s ✐♠♣♦rt❛♥t t♦ r❡❛❧✐s❡ t❤❛t ✐♥ t❤✐s ✇♦r❦ P❉ ✐s ✐♥✈❡st✐❣❛t❡❞
✐♥ ❛t♠♦s♣❤❡r✐❝ ♣r❡ss✉r❡ ❛✐r✳ ❆❢t❡r s✉st❛✐♥❡❞ P❉ ❛❝t✐✈✐t② ✐t ✐s ✇❡❧❧ ❦♥♦✇♥ t❤❛t ❝❤❛♥❣❡s t♦ ❣❛s ❝♦♠♣♦s✐t✐♦♥✱
♣r❡ss✉r❡ ❛♥❞ ✈♦✐❞ s✉r❢❛❝❡ ❝❤❡♠✐str② ❝❛♥ t❛❦❡ ♣❧❛❝❡✱ ❛♥❞ t❤❛t t❤✐s ✇✐❧❧ s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s
❬✶✻✱ ✸✻❪✳ ❆s s✉❝❤✱ t❤❡s❡ r❡s✉❧ts ❛r❡ ❛♣♣❧✐❝❛❜❧❡ t♦ ✐♥✐t✐❛❧ st❛❣❡ ♦❢ ❞✐s❝❤❛r❣❡ ❛❝t✐✈✐t②✱ ✇❤✐❝❤ ❝♦✉❧❞ ❧❛st ✐♥ t❤❡
♦r❞❡r ♦❢ ❛ t❤♦✉s❛♥❞ ✺✵ ❍③ ❆❈ ❝②❝❧❡s✳

✹✳✶ ❉✐s❝❤❛r❣❡s ✐♥ ❱✐r❣✐♥ ❱♦✐❞s

❚❤❡ ♠♦❞❡❧ ✇❛s ✉s❡❞ t♦ ✐♥✈❡st✐❣❛t❡ ❞✐s❝❤❛r❣❡s ✐♥ ✈✐r❣✐♥ ✈♦✐❞s✳ ❆ r❛♥❣❡ ♦❢ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✱ V0 ✐♥ ❚❛❜❧❡ ✷✱
✇✐t❤ ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t② ✐♥ ✐♥❝r❡♠❡♥ts ♦❢ ✲✵✳✺ ❦❱✱ ✇❡r❡ ❝♦♥s✐❞❡r❡❞✳ ❚❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s ✇❛s s❡t t♦ ❛ ♥❡❣❛t✐✈❡
♣♦❧❛r✐t② s♦ t❤❛t t❤❡ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ❛♥❞ ❝✉rr❡♥t ✇❛s ♣♦s✐t✐✈❡✳ ❉✉❡ t♦ t❤❡ s②♠♠❡tr② ♦❢ t❤❡ ❣❡♦♠❡tr② ❛♥❞
❣♦✈❡r♥✐♥❣ ❡q✉❛t✐♦♥s ❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✇✐t❤ t❤❡ s❛♠❡ ♠❛❣♥✐t✉❞❡ ❛♥❞ ♣♦s✐t✐✈❡ ♣♦❧❛r✐t② ✇♦✉❧❞ s✐♠♣❧② ❤❛✈❡
r❡s✉❧t❡❞ ✐♥ ✐❞❡♥t✐❝❛❧ r❡s✉❧ts t♦ t❤♦s❡ ❛t ♥❡❣❛t✐✈❡ ♣♦❧❛r✐t② ✉♥❞❡r❣♦✐♥❣ ❛ r❡✢❡❝t✐♦♥ ✐♥ t❤❡ ❝❡♥tr❛❧ ♣❧❛♥❡✱ z = 0✳
■♥ ♦t❤❡r ✇♦r❞s t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ✇✐❧❧ s✐♠♣❧② ❜❡ r❡✈❡rs❡❞ ❞✉❡ t♦ ❛ ❝❤❛♥❣❡ ✐♥ ✈♦❧t❛❣❡ ♣♦❧❛r✐t②✳
❚❤❡ ❛♥t✐✲s②♠♠❡tr② ♦❢ P❉ ❛❝t✐✈✐t② ✉♥❞❡r ❝❤❛♥❣❡s ✐♥ ✈♦❧t❛❣❡ ♣♦❧❛r✐t② ✐♥ s②st❡♠s ♦❢ t❤✐s t②♣❡✱ ❞✐s❝❤❛r❣❡s ✐♥
❣❛s❡♦✉s ✈♦✐❞s s✉rr♦✉♥❞❡❞ ❜② ❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧✱ ✉♥❞❡r ❆❈ ❝♦♥❞✐t✐♦♥s ✐s ♦❜s❡r✈❡❞ ❡①♣❡r✐♠❡♥t❛❧❧② ❬✸✱ ✻❪✳

❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡s ✇❡r❡ t❤❡ s❛♠❡ ❛t ❛❧❧ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✱ t❤❡r❡❢♦r❡ ❢♦r t❤❡ s❛❦❡ ♦❢ ❜r❡✈✐t②
✜❣✉r❡s s❤♦✇✐♥❣ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s ✇✐❧❧ ♦♥❧② ❜❡ ♣r♦✈✐❞❡❞ ❢♦r t❤❡ ❞✐s❝❤❛r❣❡ ❛t ✾ ❦❱✳ ❚❤❡
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r❡s✉❧ts ❛r❡ s✐♠✐❧❛r t♦ ❞②♥❛♠✐❝s ♦❢ ❞✐❡❧❡❝tr✐❝ ❜❛rr✐❡r ❞✐s❝❤❛r❣❡s ❞❡s❝r✐❜❡❞ ❡❧s❡✇❤❡r❡ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ ❬✽✱ ✶✾❪✱
❛♥❞ ❛r❡ ✈❡r② s✐♠✐❧❛r t♦ t❤❡ ❞✐s❝❤❛r❣❡s ✐♥✈❡st✐❣❛t❡❞ ✐♥ ❬✶✷❪✳ ❚❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❝❛♥ ❜❡ s♣❧✐t ✐♥t♦
❛♣♣r♦①✐♠❛t❡❧② ❢♦✉r st❛❣❡s ✭■✲■❱✮ ✿

✭■✮ ✲ ✵ t♦ ✺ ♥s ✲ ❚❤❡ ❞✐s❝❤❛r❣❡ ❜❡❣✐♥s ✇✐t❤ t❤❡ ●❛✉ss✐❛♥ s❡❡❞ ❝❤❛r❣❡ ♠♦✈✐♥❣ t♦ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✈♦✐❞✱ s❡❡
❋✐❣✉r❡ ✺✳ ❚❤❡ ❧♦❝❛❧ ✜❡❧❞ ✐s ✐♥✐t✐❛❧❧② ✐♥s✉✣❝✐❡♥t t♦ ❞✐st♦rt t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✱ s❡❡ ❋✐❣✉r❡ ✺❝✳

✭■■✮ ✲ ✺ t♦ ✶✵ ♥s ✲ ❆t t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✈♦✐❞ t❤❡ ❝❤❛r❣❡ ♠✉❧t✐♣❧✐❡s✱ ✇✐t❤ t❤❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ❣r♦✇✐♥❣ t♦
♣❡❛❦ ✈❛❧✉❡s ♦❢ 1019 ♠✲✸✱ s❡❡ ❋✐❣✉r❡ ✻✱ ❛t t❤✐s t✐♠❡ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡ ❞❡♣❧♦②❡❞ ✐♥t♦ t❤❡ ❜♦tt♦♠ ♦❢ t❤❡ ✈♦✐❞
❧❡❛❞s t♦ ❛ ❝❤❛♥❣❡ ✐♥ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t②✱ s❡❡ ❋✐❣✉r❡ ✾✳ ❚❤❡ ❧♦❝❛❧ ✜❡❧❞ ❞✉❡ t♦ t❤❡ ❝❤❛r❣❡❞ s♣❡❝✐❡s
✐s ♥♦✇ ♥♦t✐❝❡❛❜❧❡✱ s❡❡ ❋✐❣✉r❡ ✻❝✳ ❙✐❣♥✐✜❝❛♥t ❝❤❛♥❣❡s t♦ t❤❡ ❧♦❝❛t✐♦♥ ❛♥❞ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ s❡❡❞
❝❤❛r❣❡ ✇❛s ♦♥❧② ❢♦✉♥❞ t♦ ✐♥✢✉❡♥❝❡ t❤❡ ❧❡♥❣t❤ ♦❢ t✐♠❡ ♦❢ t❤❡ ♠✉❧t✐♣❧✐❝❛t✐♦♥ ♣❤❛s❡✱ ♥♦ ♦t❤❡r ♥♦t✐❝❡❛❜❧❡
✐♠♣❛❝t ♦♥ t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ✇❛s ♦❜s❡r✈❡❞✳

✭■■■✮ ✲ ✶✵ t♦ ✷✵ ♥s ✲ ❚❤❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s t❤❡♥ ❣r♦✇ t♦ s✉❝❤ ❛♥ ❡①t❡♥t t❤❛t ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ✐s ❢♦r♠❡❞✱
♠♦✈✐♥❣ t♦✇❛r❞s t❤❡ t♦♣ ♦❢ t❤❡ ✈♦✐❞✳ ❚❤❡ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ♦❢ ❝❤❛r❣❡❞ s♣❡❝✐❡s r❡❛❝❤ ♣❡❛❦ ✈❛❧✉❡s ♦❢
1021 ♠✲✸✱ ❛♥❞ t❤❡ ❧♦❝❛❧ ✜❡❧❞s ❞✉❡ t♦ t❤❡ s♣❛❝❡ ❝❤❛r❣❡ ✐s s✐❣♥✐✜❝❛♥t❧② ❤✐❣❤❡r t❤❛♥ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✱
s❡❡ ❋✐❣✉r❡ ✼✳ ❚❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r r❡❛❝❤✐♥❣ t❤❡ t♦♣ ♦❢ t❤❡ ✈♦✐❞✱ ❜❡t✇❡❡♥ ✶✺ ❛♥❞ ✷✵ ♥s✱ ❧❡❛❞s t♦ ❛♥
✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ♦♥ t❤❡ t♦♣ s✉r❢❛❝❡ ♦❢ t❤❡ ✈♦✐❞✱ s❡❡ ❋✐❣✉r❡ ✾✳ ❚❤❡ ♣♦s✐t✐✈❡
❝❤❛r❣❡ s♣♦t ❤❛s ❛ ❤✐❣❤❡r ♣❡❛❦ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t②✱ ❜✉t ✐s ❧❡ss ❞✐✛✉s❡❞ t❤❛♥ t❤❡ ♥❡❣❛t✐✈❡ ❝❤❛r❣❡
s♣♦t✱ s❡❡ ❋✐❣✉r❡ ✾✳ ❚❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s ❢♦r ✾✳✺ ❦❱ ❛♥❞ ✶✵ ❦❱ ❛r❡ ❡ss❡♥t✐❛❧❧② s❝❛❧❡❞
❞✐str✐❜✉t✐♦♥s ♦❢ t❤♦s❡ ❛t ✾ ❦❱✳ ❙✐♠✐❧❛r ❞✐str✐❜✉t✐♦♥s ✇❡r❡ ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ❡❛r❧✐❡r s✐♠✉❧❛t✐♦♥ ✇♦r❦✱ ❬✽❪✱
❛♥❞ ✐♥ P♦❝❦❡❧✬s ❝❡❧❧ ♠❡❛s✉r❡♠❡♥ts ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❢r♦♠ ❞✐s❝❤❛r❣❡s ✐♥ ❛✐r ❣❛♣s ❜♦✉♥❞❡❞ ❜② ❛
❞✐❡❧❡❝tr✐❝ ♠❛t❡r✐❛❧ ❜❡❧♦✇ ❛♥❞ ❛ ♠❡t❛❧❧✐❝ ❡❧❡❝tr♦❞❡ ❛❜♦✈❡ ❬✷✺❪✳

✭■❱✮ ✲ ❆❢t❡r ✷✵ ♥s ✲ ❆❢t❡r t❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r ❤❛s r❡❛❝❤❡❞ t❤❡ t♦♣ ♦❢ t❤❡ ✈♦✐❞ t❤❡ ❧♦❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢r♦♠
t❤❡ ✈♦❧✉♠❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❜❡❣✐♥s t♦ ❞❡❝r❡❛s❡ ❛♥❞ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❞❡♣❧♦②❡❞ ❜② t❤❡ ❞✐s❝❤❛r❣❡
✐s s✉✣❝✐❡♥t t♦ ♥❡❛r❧② ❝♦♠♣❧❡t❡❧② ✏s❤♦rt✑ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥s✐❞❡ t❤❡ ✈♦✐❞ ❡①❝❡♣t ✐♥ r❡❣✐♦♥s ❝❧♦s❡ t♦ t❤❡
t♦♣ s✉r❢❛❝❡ ♦❢ t❤❡ ✈♦✐❞✱ s❡❡ ❋✐❣✉r❡s ✽❝ ❛♥❞ ✶✶✳ ❆t t❤❡ t♦♣ s✉r❢❛❝❡ ♦❢ t❤❡ ✈♦✐❞✱ ❞❡♣❧♦②♠❡♥t ♦❢ ♣♦s✐t✐✈❡
s✉r❢❛❝❡ ❝❤❛r❣❡ ❝♦♥t✐♥✉❡s ❛t ❛ s❧♦✇ r❛t❡✱ ❞✉❡ t♦ t❤❡ ❧♦✇ ✈❛❧✉❡s ♦❢ ♣♦s✐t✐✈❡ ✐♦♥ ✢✉①✱ ❞✉❡ t♦ ❧♦✇ ✈❛❧✉❡s ♦❢ t❤❡
❡❧❡❝tr✐❝ ✜❡❧❞ ❛♥❞ ❝♦♥s❡q✉❡♥t❧② ♣♦s✐t✐✈❡ ✐♦♥ ✈❡❧♦❝✐t②✳ ❆❢t❡r ❤✉♥❞r❡❞s ♦❢ ♥❛♥♦s❡❝♦♥❞s t❤❡ ❞❡♣❧♦②♠❡♥t ♦❢
♣♦s✐t✐✈❡ s✉r❢❛❝❡ ❝❤❛r❣❡ st♦♣s✱ ❛♥❞ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐s ✏s❤♦rt❡❞✑ ✐♥ ❛❧❧ r❡❣✐♦♥s ✐♥ t❤❡ ✈♦✐❞✳ ❚❤❡ ❞✐s❝❤❛r❣❡
♥♦✇ ❡♥t❡rs t❤❡ ❝❤❛r❣❡ r❡❝♦♠❜✐♥❛t✐♦♥ ♣❤❛s❡✱ ✇❤✐❝❤ ♦❝❝✉rs ♦✈❡r ♠✉❝❤ ❧♦♥❣❡r t✐♠❡s❝❛❧❡s✳

✶✷



✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❡ ✺✿ ❉✐s❝❤❛r❣❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛t ✶ ♥s ✭■✮✿ ✭❛✮ ❡❧❡❝tr♦♥ ♥✉♠❜❡r ❞❡♥s✐t②✱ ✭❜✮ ♣♦s✐t✐✈❡ ✐♦♥ ♥✉♠❜❡r
❞❡♥s✐t②✱ ✭❝✮ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡✳

✶✸



✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❡ ✻✿ ❉✐s❝❤❛r❣❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛t ✼ ♥s ✭■■✮✿ ✭❛✮ ❡❧❡❝tr♦♥ ♥✉♠❜❡r ❞❡♥s✐t②✱ ✭❜✮ ♣♦s✐t✐✈❡ ✐♦♥ ♥✉♠❜❡r
❞❡♥s✐t②✱ ✭❝✮ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡✳

✶✹



✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❡ ✼✿ ❉✐s❝❤❛r❣❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛t ✶✺ ♥s ✭■■■✮✿ ✭❛✮ ❡❧❡❝tr♦♥ ♥✉♠❜❡r ❞❡♥s✐t②✱ ✭❜✮ ♣♦s✐t✐✈❡ ✐♦♥ ♥✉♠❜❡r
❞❡♥s✐t②✱ ✭❝✮ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡✳

✶✺



✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❡ ✽✿ ❉✐s❝❤❛r❣❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛t ✻✵ ♥s ✭■❱✮✿ ✭❛✮ ❡❧❡❝tr♦♥ ♥✉♠❜❡r ❞❡♥s✐t②✱ ✭❜✮ ♣♦s✐t✐✈❡ ✐♦♥ ♥✉♠❜❡r
❞❡♥s✐t②✱ ✭❝✮ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡✳

✶✻



❋✐❣✉r❡ ✾✿ P♦❧❛r ♣❧♦t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ♦♥ t❤❡ ✈♦✐❞ s✉r❢❛❝❡✱ ✇✐t❤ ♣♦❧❛r ❛♥❣❧❡ φ✱ ❛t ❞✐✛❡r❡♥t t✐♠❡s
❞✉r✐♥❣ t❤❡ ❞✐s❝❤❛r❣❡ ❛t ✾ ❦❱✳ ❚❤❡ st❛❣❡s ❝♦rr❡s♣♦♥❞✐♥❣ t♦ ❡❛❝❤ t✐♠❡ ❛r❡ ❛❧s♦ ♣r♦✈✐❞❡❞✳

■t ❛❧s♦ ♦❢ ✐♥t❡r❡st t♦ ❝♦♠♣❛r❡ t❤❡ st❛♥❞❛r❞ ♠❡❛s✉r❛❜❧❡ q✉❛♥t✐t✐❡s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡s✱ ❛♣♣❛r❡♥t ❝❤❛r❣❡
❛♥❞ ❝✉rr❡♥t✱ ❛t ❞✐✛❡r❡♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✳ ❚❤❡ ❛♣♣❛r❡♥t ❝❤❛r❣❡s ❛r❡ s❤♦✇♥ ✐♥ ❚❛❜❧❡ ✸✳ ❚❤❡② ❞✐s♣❧❛② ❛♥
❛♣♣r♦①✐♠❛t❡❧② ❧✐♥❡❛r ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡✳ ❚❤✐s ✐s ❛s ❡①♣❡❝t❡❞✱ ❜❡❝❛✉s❡ t❤❡ ❞✐s❝❤❛r❣❡ ❞❡♣❧♦②s
s✉r❢❛❝❡ ❝❤❛r❣❡ ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ✈♦✐❞ t♦ ♦♣♣♦s❡ t❤❡ ❛♣♣❧✐❡❞ ✜❡❧❞✳ ❆s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✐♥❝r❡❛s❡s
t❤❡ ❧♦❝❛❧ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢r♦♠ t❤❡ ❞✐s❝❤❛r❣❡ ✇✐❧❧ ✐♥❝r❡❛s❡ t♦ ♦♣♣♦s❡ ✐t ❛♥❞ t❤❡r❡ ✐s ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥s❤✐♣ ❜❡t✇❡❡♥
❝❤❛r❣❡ ❛♥❞ ✐ts ❝♦rr❡s♣♦♥❞✐♥❣ ❡❧❡❝tr✐❝ ✜❡❧❞✳ ❚❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❞✐s❝❤❛r❣❡s ✇❡r❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ✶✵✵ ♣❈✱
✇❤✐❝❤ ✐s ✐♥ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ ❡①✐st✐♥❣ ♠❡❛s✉r❡♠❡♥ts ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✸✱ ✻❪✳ ❆♥ ❡❛r❧✐❡r ♣✉❜❧✐s❤❡❞ ✈❡rs✐♦♥
♦❢ t❤❡ ♠♦❞❡❧✱ ❬✸✼❪✱ ✇✐t❤ ❛ ❣❡♦♠❡tr② ❜❛s❡❞ ♦♥ ❛♥ ❡①♣❡r✐♠❡♥t❛❧ s❡t✉♣ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡✱ s♦ ❛ ❞✐r❡❝t ❝♦♠♣❛r✐s♦♥
✇✐t❤ ❡①♣❡r✐♠❡♥t❛❧ ❞❛t❛ ✇❛s ♣♦ss✐❜❧❡✱ ❣❛✈❡ ❣♦♦❞ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ♠❡❛s✉r❡❞ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ♠❛❣♥✐t✉❞❡s✱
✇✐t❤ ❛ s✐♠✉❧❛t❡❞ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✺✹✻ ♣❈ ❢♦r ❡①♣❡r✐♠❡♥t❛❧ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ♠❛❣♥✐t✉❞❡s ✐♥ t❤❡
r❛♥❣❡ ♦❢ ✺✵✵✲✻✵✵ ♣❈✱ ✇❤✐❝❤ ✐s ✇✐t❤✐♥ t❤❡ ✉♥❝❡rt❛✐♥t② ♣r❡s❡♥t ✐♥ t❤❡ ❡①♣❡r✐♠❡♥t✳ ❚❤❡ ❛♣♣❛r❡♥t ❝✉rr❡♥t ✐s
s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✵✳ ❈✉rr❡♥t ♣✉❧s❡s t❤❛t ❛r❡ q✉❛❧✐t❛t✐✈❡❧② s✐♠✐❧❛r t♦ t❤♦s❡ ♦❜s❡r✈❡❞ ✐♥ t❤✐s ✇♦r❦✱ ✐✳❡✳ ✇✐t❤ ❛
♠❛❣♥✐t✉❞❡ ✐♥ t❤❡ r❛♥❣❡ ♦❢ ♠❆ ✇✐t❤ ❛ ❣r♦✇t❤ t✐♠❡ s❝❛❧❡ ✐♥ t❤❡ r❡❣✐♦♥ ♦❢ ✺ ♥s ❛♥❞ ❛ ❞❡❝❛② ✐♥ t❤❡ r❡❣✐♦♥ ♦❢
✷✵✲✸✵ ♥s✱ ❤❛✈❡ ❜❡❡♥ r❡♣♦rt❡❞ ✐♥ ❡①♣❡r✐♠❡♥t❛❧ ❛♥❞ s✐♠✉❧❛t✐♦♥ ✇♦r❦ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❬✽✱ ✶✵✱ ✶✻✱ ✷✺❪✳ P❉s ✇✐t❤
t❤❡s❡ ❝✉rr❡♥t ♣✉❧s❡s ❤❛✈❡ ❜❡❡♥ ❞❡s❝r✐❜❡❞ ❛s ❵str❡❛♠❡r✲❧✐❦❡✬ ❜② ▼♦rs❤✉✐s✱ ❬✶✻❪✱ ❛♥❞ ❝♦rr❡s♣♦♥❞❡❞ t♦ t❤❡ ✐♥✐t✐❛❧
st❛❣❡s ♦❢ ❞✐s❝❤❛r❣❡ ❛❝t✐✈✐t②❀ t❤❡ ❝♦♥❞✐t✐♦♥s ♦❢ ✇❤✐❝❤ t❤✐s ✇♦r❦ ❤❛s s♦✉❣❤t t♦ r❡♣❧✐❝❛t❡✳

❆♣♣❧✐❡❞ ❱♦❧t❛❣❡ ✭❦❱✮ ❆♣♣❛r❡♥t ❈❤❛r❣❡ ✭♣❈✮

✾ ✶✼✻
✾✳✺ ✶✽✼
✶✵ ✷✵✹

❚❛❜❧❡ ✸✿ ❆♣♣❛r❡♥t ❈❤❛r❣❡ ▼❛❣♥✐t✉❞❡s

✶✼



❋✐❣✉r❡ ✶✵✿ Pr❡❞✐❝t❡❞ ❛♣♣❛r❡♥t ❝✉rr❡♥t ♦♥ ❣r♦✉♥❞ ❡❧❡❝tr♦❞❡ ❛t ❞✐✛❡r❡♥t ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡s✳

■♥ ❝♦♥❝❡♣t ✶✱ s❡❡ ❙❡❝t✐♦♥ ✷✱ ❛♥ ❡q✉❛t✐♦♥ ❢♦r ❝❛❧❝✉❧❛t✐♥❣ t❤❡ ✐♥❝❡♣t✐♦♥ ✜❡❧❞✱ ✐✳❡✳ t❤❡ ♠✐♥✐♠✉♠ ❡❧❡❝tr✐❝ ✜❡❧❞
❛t ✇❤✐❝❤ ❛ P❉ ❝❛♥ ♦❝❝✉r✱ ✇❛s ✐♥tr♦❞✉❝❡❞✳ ❋♦r t❤❡ ❝♦♥❞✐t✐♦♥s ♣r❡s❡♥t ✐♥ t❤❡ s②st❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ t❤❡
✐♥❝❡♣t✐♦♥ ✜❡❧❞ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ✭✶✮ ✐s ✹✳✼ ❦❱✴♠♠✳ ■♥ t❤❡ t✇♦ ❞✐♠❡♥s✐♦♥❛❧ ♠♦❞❡❧ t❤❡ ❧♦✇❡st ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡
❛t ✇❤✐❝❤ ❛ ❞✐s❝❤❛r❣❡ t♦♦❦ ♣❧❛❝❡ ✇❛s ✾ ❦❱✱ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦ ❛♥ ✐♥❝❡♣t✐♦♥ ✜❡❧❞ ❜❡t✇❡❡♥ ✺✳✻ ❦❱✴♠♠
❛♥❞ ✺✳✾ ❦❱✴♠♠ ❛s t❤❡ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ✇❛s ✐♥❝r❡❛s❡❞ ✐♥ ✐♥❝r❡♠❡♥ts ♦❢ ✵✳✺ ❦❱✳ ❚❤❡r❡ ✐s t❤❡r❡❢♦r❡ r❡❛s♦♥❛❜❧❡
❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ✐♥❝❡♣t✐♦♥ ✜❡❧❞ ❢♦r♠✉❧❛ ✭✶✮✳ ❆ ♥♦t✐❝❡❛❜❧❡ ❞✐s❛❣r❡❡♠❡♥t ✇✐t❤ ❝❛♥♦♥✐❝❛❧ r❡❛s♦♥✐♥❣ ✐s t❤❛t
t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❞r♦♣s t♦ ❛ r❡s✐❞✉❛❧ ✈❛❧✉❡ ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡✳ ❋♦r t❤❡ s②st❡♠ ✉♥❞❡r ❝♦♥s✐❞❡r❛t✐♦♥✱ t❤✐s
r❡s✐❞✉❛❧ ✈❛❧✉❡ ✐s ✵✳✽✽ ❦❱✴♠♠✱ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ✭✷✮✳ ■♥st❡❛❞ ♦❢ ❢❛❧❧✐♥❣ t♦ t❤✐s ✈❛❧✉❡✱ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥s✐❞❡ t❤❡
✈♦✐❞ ✐s s✐❣♥✐✜❝❛♥t❧② ❧♦✇❡r ✐♠♠❡❞✐❛t❡❧② ❛❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ ❤❛s t❛❦❡♥ ♣❧❛❝❡✱ s❡❡ ❋✐❣✉r❡ ✶✶✱ ❡①❝❡♣t ✐♥ r❡❣✐♦♥s
❝❧♦s❡ t♦ t❤❡ t♦♣ ♦❢ t❤❡ ✈♦✐❞✱ ✇❤✐❝❤ ❛r❡ ❛❧s♦ s❤♦rt❡❞ ♦✉t✱ ❜✉t ♦✈❡r ❧♦♥❣❡r t✐♠❡s❝❛❧❡s✳
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❋✐❣✉r❡ ✶✶✿ ❋✐❣✉r❡ s❤♦✇✐♥❣ t❤❡ z ❝♦♠♣♦♥❡♥t ♦❢ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡ t❤❡ s②♠♠❡tr② ❛①✐s ✐♥s✐❞❡ t❤❡ ✈♦✐❞
❛t ✻✵ ♥s ❢♦r t❤❡ ✾ ❦❱ ❞✐s❝❤❛r❣❡ s✐♠✉❧❛t✐♦♥ ❛♥❞ t❤❡ r❡s✐❞✉❛❧ ✜❡❧❞ ❝❛❧❝✉❧❛t❡❞ ✉s✐♥❣ ✭✶✮✳

✹✳✷ ❊✛❡❝t ♦❢ ❙✉❜s❡q✉❡♥t ❉✐s❝❤❛r❣❡s

■♥ t❤✐s ❝♦♥✜❣✉r❛t✐♦♥ t❤❡ ♠♦❞❡❧ ✇❛s ✐♥✐t✐❛❧✐s❡❞ ✇✐t❤ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ♦♥ t❤❡ ✈♦✐❞ s✉r❢❛❝❡
s❡t ❡q✉❛❧ t♦ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥ ❛t ✲✾ ❦❱ ❛t ✻✵ ♥s✳ ❆s ✇❛s ❞✐s❝✉ss❡❞ ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥✱
t❤❡ ✜❡❧❞ ❝r❡❛t❡❞ ❜② t❤✐s s✉r❢❛❝❡ ❝❤❛r❣❡ ❧❡❛❞s t♦ ❛♥ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ ✈♦✐❞ ❝❧♦s❡ t♦ ③❡r♦✳ ■♥ ♦r❞❡r t♦ ✐♥✐t✐❛t❡ P❉
❛♥ ❛♣♣❧✐❡❞ ✈♦❧t❛❣❡ ♦❢ ✲✶✽ ❦❱ ✇❛s ✉s❡❞✱ ✇❤✐❝❤ ♠❡❛♥s t❤❡ ✜❡❧❞ ✐♥ t❤❡ ✈♦✐❞ ✐s r♦✉❣❤❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡❧❡❝tr✐❝
✜❡❧❞s ♣r❡s❡♥t ✐♥ t❤❡ ♣r❡✈✐♦✉s s❡❝t✐♦♥ ♦❢ ❞✐s❝❤❛r❣❡s ✐♥ ✈✐r❣✐♥ ✈♦✐❞s✱ ✇✐t❤ ❛ ❞✐st♦rt✐♦♥ ❝❛✉s❡❞ ❜② t❤❡ s✉r❢❛❝❡
❝❤❛r❣❡✳ ❚❤✐s ♥❡❣❧❡❝ts t❤❡ s❧✐❣❤t ❝❤❛♥❣❡ ✐♥ s✉r❢❛❝❡ ❝❤❛r❣❡ t❤❛t ✇♦✉❧❞ ♦❝❝✉r ❞✉r✐♥❣ t❤❡ t✐♠❡ ❜❡t✇❡❡♥ t❤❡s❡
❞✐s❝❤❛r❣❡s ❞✉❡ t♦ t❤❡ r❡♠❛✐♥✐♥❣ ♣❧❛s♠❛ ❝❧♦✉❞✱ ❜✉t ✐t ✐s ♥♦t t❤♦✉❣❤t t❤❛t t❤✐s ✇♦✉❧❞ s✐❣♥✐✜❝❛♥t❧② ✐♥✢✉❡♥❝❡
t❤❡ ♣r❡s❡♥t❡❞ r❡s✉❧ts✳

❚❤❡ ♣❤②s✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛r❡ s✐♠✐❧❛r t♦ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ r❡s✉❧ts✱ t❤❡ s❡❡❞ ❝❤❛r❣❡ ♠✉❧t✐♣❧✐❡s ❛♥❞
❞❡✈❡❧♦♣s ✐♥t♦ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ❞✐r❡❝t❡❞ t♦✇❛r❞s t❤❡ t❤❡ t♦♣ ♦❢ t❤❡ ✈♦✐❞✳ ❋♦r ❜r❡✈✐t② ♣❧♦ts ♦❢ t❤❡ ❞✐s❝❤❛r❣❡
✈❛r✐❛❜❧❡s ❛r❡ ♥♦t s❤♦✇♥ ❢♦r ❛ r❛♥❣❡ ♦❢ t✐♠❡s✳ ❆ ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥❝❡ t♦ t❤❡ ✜rst ❞✐s❝❤❛r❣❡ r❡s✉❧ts ✇❛s
♦❜s❡r✈❡❞ ✐♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝❤❛r❣❡ ✐♥ t❤❡ str❡❛♠❡r ❤❡❛❞ ❞✉❡ t♦ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❝❛✉s❡❞ ❜② t❤❡ s✉r❢❛❝❡
❝❤❛r❣❡ ❛❧r❡❛❞② ♣r❡s❡♥t ♦♥ t❤❡ ✈♦✐❞ s✉r❢❛❝❡✳ ❚❤✐s ❧❡❞ t♦ ♣❡❛❦ ♥✉♠❜❡r ❞❡♥s✐t✐❡s ❛♥❞ ❡❧❡❝tr✐❝ ✜❡❧❞s ❜❡✐♥❣ ❛✇❛②
❢r♦♠ t❤❡ s②♠♠❡tr② ❛①✐s ✐♥ ❛ t♦r♦✐❞❛❧ ❞✐str✐❜✉t✐♦♥✳ ❚❤✐s ✐s ❝❛✉s❡❞ t♦ t❤❡ ❤✐❣❤ ✜❡❧❞ r❡❣✐♦♥ ❛t t❤❡ ✈♦✐❞ s✉r❢❛❝❡
❞✉❡ t♦ t❤❡ ❣r❛❞✐❡♥t ✐♥ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s ❞✐s❝❤❛r❣❡✳ ❚❤❡ ❞✐s❝❤❛r❣❡ ❞❡♣❡♥❞❡♥t
✈❛r✐❛❜❧❡s ❞✉r✐♥❣ t❤❡ ✐♥✐t✐❛❧ st❛❣❡ ♦❢ t❤❡ ♣♦s✐t✐✈❡ str❡❛♠❡r ❛r❡ s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✶✷✳ ■t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❡
t♦r♦✐❞❛❧ ❞✐str✐❜✉t✐♦♥s ♠❛② ❜❡ ❞✉❡ t♦ t❤❡ ✉s❡ ♦❢ ❛♥ ❛①✐s②♠♠❡tr✐❝ ♠♦❞❡❧ ✐♥st❡❛❞ ♦❢ ❛ ❢✉❧❧② t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧
♠♦❞❡❧✳ ❍♦✇❡✈❡r✱ t❤❡ ✉s❡ ♦❢ ❛♥ ❛①✐s②♠♠❡tr✐❝ ♠♦❞❡❧ ✐s s✉✣❝✐❡♥t t♦ ❡①♣❧♦r❡ ✇❤❡t❤❡r s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t②
❢r♦♠ ♣r❡✈✐♦✉s P❉s ✐s ❞❡♣♦s✐t❡❞ ♦♥ t♦♣ ♦❢ ♣r❡✈✐♦✉s P❉s✱ ❛♥❞ ✐❢ t❤❡ ❞②♥❛♠✐❝s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡ ❛r❡ s✐❣♥✐✜❝❛♥t❧②
❞✐✛❡r❡♥t ✐♥ s✉❜s❡q✉❡♥t ❞✐s❝❤❛r❣❡s✱ ✇❤✐❝❤ ✐s t❤❡ ♣✉r♣♦s❡ ♦❢ t❤✐s ✐♥✈❡st✐❣❛t✐♦♥✳ ■❢ ❛ ❢✉❧❧② t❤r❡❡ ❞✐♠❡♥s✐♦♥❛❧
♠♦❞❡❧ ✇❛s ✉s❡❞ ✐t ✐s ❡①♣❡❝t❡❞ t❤❛t t❤❡ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ✇♦✉❧❞ ❜❡ t❤❛t ♦❢ ❛ ♣♦s✐t✐✈❡ str❡❛♠❡r ♣r♦♣❛❣❛t✐♥❣
❵♦✛ ❛①✐s✳✬
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✭❛✮ ✭❜✮

✭❝✮

❋✐❣✉r❡ ✶✷✿ ❉✐s❝❤❛r❣❡ ❞❡♣❡♥❞❡♥t ✈❛r✐❛❜❧❡s ❛t ✻ ♥s ❢♦r t❤❡ s✉❜s❡q✉❡♥t ❞✐s❝❤❛r❣❡✿ ✭❛✮ ❡❧❡❝tr♦♥ ♥✉♠❜❡r ❞❡♥s✐t②✱
✭❜✮ ♣♦s✐t✐✈❡ ✐♦♥ ♥✉♠❜❡r ❞❡♥s✐t②✱ ✭❝✮ ❡❧❡❝tr✐❝ ✜❡❧❞ ♠❛❣♥✐t✉❞❡✳

❚❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♣❧♦②❡❞ ❜② t❤❡ s✉❜s❡q✉❡♥t ❞✐s❝❤❛r❣❡ ❤❛s ❛ ✇✐❞❡r ❞✐str✐❜✉t✐♦♥✱ ❛♥❞ ✐t ❞✐❞ ♥♦t s✐t
❞✐r❡❝t❧② ❵♦♥ t♦♣✬ ♦❢ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❛❧r❡❛❞② ❛t t❤❡ ✈♦✐❞ ❜♦✉♥❞❛r②✱ s❡❡ ❋✐❣✉r❡ ✶✸✱ ❛s ✐s ❝✉rr❡♥t❧② ❛ss✉♠❡❞
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✐♥ P❉ ❛❝t✐✈✐t② ♠♦❞❡❧s ❬✻❪✳ ❚❤✐s ✐s ❜❡❝❛✉s❡ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❢r♦♠ t❤❡ ❞✐s❝❤❛r❣❡ ❛t ✲✾ ❦❱ r❡♣❡❧❧❡❞ t❤❡ ❝❤❛r❣❡
❞❡♣♦s✐t❡❞ ❜② t❤❡ s✉❜s❡q✉❡♥t ❞✐s❝❤❛r❣❡ ❛t ✲✶✽ ❦❱✱ ✇❤✐❝❤ ❧❡❞ t♦ ❛ ♣❡❛❦ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❛✇❛② ❢r♦♠ t❤❡
s②♠♠❡tr② ❛①✐s ✐♥ t❤❡ s✉❜s❡q✉❡♥t ❞✐s❝❤❛r❣❡✳ ❚❤❡ r❡s✉❧t✐♥❣ ❝❤❛r❣❡ ❞✐str✐❜✉t✐♦♥ ✇❛s ❝❧♦s❡r t♦ ❜✐♣♦❧❛r t❤❛♥ t❤❡
❞✐str✐❜✉t✐♦♥ ❢r♦♠ ❛ s✐♥❣❧❡ ❞✐s❝❤❛r❣❡✳ ▼❡❛s✉r❛❜❧❡ q✉❛♥t✐t✐❡s ❢♦r t❤❡ ❞✐s❝❤❛r❣❡ ✇❡r❡ s✐♠✐❧❛r t♦ t❤❡ r❡s✉❧ts ❢♦r
✈✐r❣✐♥ ✈♦✐❞s✱ ✇✐t❤ ❛♥ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ♠❛❣♥✐t✉❞❡ ♦❢ ✷✷✵ ♣❈ ❛♥❞ ❛♥ ❛♣♣❛r❡♥t ❝✉rr❡♥t ♣✉❧s❡ ✇✐t❤ ❛ s✐♠✐❧❛r
s❤❛♣❡ ✇✐t❤ ❛ ♣❡❛❦ ❝✉rr❡♥t ♦❢ ✶✵✵ ♠❆✳ ❚❤✐s ✐s ❛♥ ✐♠♣♦rt❛♥t r❡s✉❧t✱ ❜❡❝❛✉s❡ ❛❧t❤♦✉❣❤ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡
❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s ❛♥❞ ❞✐s❝❤❛r❣❡ ❞②♥❛♠✐❝s ✇❡r❡ ♥♦t✐❝❡❛❜❧❡ ❞✐✛❡r❡♥t✱ t❤❡r❡ ✇❡r❡ ♥♦t s✐❣♥✐✜❝❛♥t ❞✐✛❡r❡♥❝❡s
✐♥ t❤❡ ♠❡❛s✉r❛❜❧❡ q✉❛♥t✐t✐❡s ♦❢ t❤❡ ❞✐s❝❤❛r❣❡✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐t ✐s ♥♦t ♣♦ss✐❜❧❡ t♦ t❡❧❧ t❤❛t t❤❡ s✉r❢❛❝❡
❝❤❛r❣❡ ❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s ❛r❡ s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t ❜② t❤❡ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ❛♥❞ ❛♣♣❛r❡♥t ❝✉rr❡♥t ❛❧♦♥❡✳

❋✐❣✉r❡ ✶✸✿ P♦❧❛r ♣❧♦t ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ♦♥ t❤❡ ✈♦✐❞ s✉r❢❛❝❡ ❞✉❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡ ❛t ✾ ❦❱✱ t❤❡ s✉❜s❡q✉❡♥t
❞✐s❝❤❛r❣❡ ❛t ✶✽ ❦❱ ❛♥❞ t❤❡ r❡s✉❧t✐♥❣ ❞✐str✐❜✉t✐♦♥✳

❚❤✐s ✜♥❛❧ ❝♦♥✜❣✉r❛t✐♦♥ ✐♥✈❡st✐❣❛t❡❞ t❤❡ ✐♠♣❛❝t ♦❢ s✉❜s❡q✉❡♥t ❞✐s❝❤❛r❣❡s✳ ❚❤❡ r❡s✉❧ts ✇❡r❡ ❜r♦❛❞❧② ❛s
❡①♣❡❝t❡❞✱ ✇✐t❤ t❤❡ ♣❤②s✐❝s ♦❢ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ❝♦♠♣❛r❛❜❧❡ t♦ t❤❡ ❞✐s❝❤❛r❣❡s ✐♥ ✈✐r❣✐♥ ✈♦✐❞s✳ ❍♦✇❡✈❡r✱
t❤❡ ❝❤❛r❣❡ ❢r♦♠ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✇❛s ♥♦t ❞❡♣♦s✐t❡❞ ❵♦♥ t♦♣✬ ♦❢ t❤❡ ❝❤❛r❣❡ ❢r♦♠ ❡❛r❧✐❡r ❞✐s❝❤❛r❣❡s ■♥st❡❛❞
t❤❡ ❝❤❛r❣❡ ❢r♦♠ t❤❡ s❡❝♦♥❞ ❞✐s❝❤❛r❣❡ ✇❛s ♠♦r❡ ✇✐❞❡❧② ❞✐str✐❜✉t❡❞ ❞✉❡ t♦ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ❢r♦♠ t❤❡ ❝❤❛r❣❡
❛❧r❡❛❞② ♦♥ t❤❡ s✉r❢❛❝❡ ♦♣♣♦s✐♥❣ ✐ts ❞❡♣❧♦②♠❡♥t✳ ❆♥ ✐♥t❡r❡st✐♥❣ ♣♦✐♥t ✐s t❤❛t ❛❧t❤♦✉❣❤ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡
❞❡♥s✐t② ❞❡♣♦s✐t❡❞ ❜② t❤❡ s❡❝♦♥❞ P❉ ✇❛s s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t t♦ t❤❡ ✜rst✱ t❤❡ q✉❛♥t✐t✐❡s t❤❛t ❝♦✉❧❞ ❜❡
♠❡❛s✉r❡❞ ❡①♣❡r✐♠❡♥t❛❧❧②✱ ❛♣♣❛r❡♥t ❝✉rr❡♥t ❛♥❞ ❛♣♣❛r❡♥t ❝❤❛r❣❡✱ ✇❡r❡ ♥♦t s✐❣♥✐✜❝❛♥t❧② ❞✐✛❡r❡♥t✳ Pr❡✈✐♦✉s
✇♦r❦ ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❤❛s ❝♦♥s✐❞❡r❡❞ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ♦♥ s✐♥❣❧❡ P❉s✱ ❬✸✽❪✱ ❜✉t t♦ t❤❡
❛✉t❤♦rs ❦♥♦✇❧❡❞❣❡ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✐♥✐t✐❛❧❧② ✇❛s ❛ss✉♠❡❞ t♦ ❤❛✈❡ ❛ ●❛✉ss✐❛♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤❡r❡❛s
✐♥ t❤✐s ✇♦r❦ t❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ✇❛s s❡t ❜❛s❡❞ ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❛♥ ❡❛r❧✐❡r ❞✐s❝❤❛r❣❡✳

✺ ❈♦♥❝❧✉s✐♦♥s

❆ ❞r✐❢t ❞✐✛✉s✐♦♥ ♠♦❞❡❧ ❤❛s ❜❡❡♥ ✐♠♣❧❡♠❡♥t❡❞ t♦ ✐♥✈❡st✐❣❛t❡ P❉s ✐♥s✐❞❡ ❛ s♣❤❡r✐❝❛❧ ❛✐r ✜❧❧❡❞ ✈♦✐❞ ✐♥ ❝♦♥❞✐t✐♦♥s
✇❤✐❝❤ ❛r❡ ✐♥❞✐❝❛t✐✈❡ ♦❢ t❤❡ ✐♥✐t✐❛❧ st❛❣❡s ♦❢ ❞✐s❝❤❛r❣❡ ❛❝t✐✈✐t②✱ ✇❤✐❝❤ ❝♦✉❧❞ ❧❛st ✐♥ t❤❡ ♦r❞❡r ♦❢ ❛ t❤♦✉s❛♥❞
✺✵ ❍③ ❆❈ ❝②❝❧❡s✳ ❚❤❡ r❡s✉❧ts ❢r♦♠ t❤❡ ♠♦❞❡❧ ❞✐s♣❧❛② ❛ ❣♦♦❞ ❛❣r❡❡♠❡♥t t♦ ♠❡❛s✉r❡♠❡♥ts ♦❢ s✉r❢❛❝❡ ❝❤❛r❣❡
❞❡♥s✐t② ❞✐str✐❜✉t✐♦♥s✱ ❛♣♣❛r❡♥t ❝✉rr❡♥t ♣✉❧s❡ s❤❛♣❡s ❛♥❞ ❛♣♣❛r❡♥t ❝❤❛r❣❡ ♠❛❣♥✐t✉❞❡s✱ ❛♥❞ ♣r❡✈✐♦✉s ♥✉♠❡r✐❝❛❧
s✐♠✉❧❛t✐♦♥s ❬✽✱ ✶✻✱ ✷✺❪✳ ◆❡✈❡rt❤❡❧❡ss✱ ✐t s❤♦✉❧❞ ❜❡ ♥♦t❡❞ t❤❛t t❤❡ ♠♦❞❡❧ ✐s r❡❧❛t✐✈❡❧② s✐♠♣❧✐st✐❝ ❝♦♠♣❛r❡❞ t♦
❛ ❢✉❧❧ ♠♦❞❡❧ ❝♦♥t❛✐♥✐♥❣ ❛❧❧ ♣❧❛s♠❛ ❝❤❡♠✐str② ❛♥❞ ❜♦✉♥❞❛r② ♣❤❡♥♦♠❡♥❛✱ ❬✶✶✱ ✶✷✱ ✸✷❪✱ ❜✉t ✐♥ s♣✐t❡ ♦❢ t❤✐s t❤❡
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r❡s✉❧ts ♣r♦✈✐❞❡ ❛ t❡st ♦❢ s♦♠❡ ♦❢ t❤❡ ❝♦♥❝❡♣ts ❡♠♣❧♦②❡❞ ✇❤❡♥ ♠♦❞❡❧❧✐♥❣ P❉ ❛❝t✐✈✐t②✳ ❚❤❡ ❦❡② ❝♦♥tr✐❜✉t✐♦♥s
♦❢ t❤✐s ✇♦r❦ ❛s ✐t ♣❡rt❛✐♥s t♦ P❉ ❛❝t✐✈✐t② ♠♦❞❡❧❧✐♥❣ ❛r❡ ❛s ❢♦❧❧♦✇s✿

• ❚❤❡ s✉r❢❛❝❡ ❝❤❛r❣❡ ❞❡♥s✐t② ❢r♦♠ P❉ ✐♥ s♣❤❡r✐❝❛❧ ✈♦✐❞s ✐s ♥♦t ❜✐♣♦❧❛r✱ ❛ r❡s✉❧t t❤❛t ❤❛s ❜❡❡♥ ♦❜s❡r✈❡❞
✐♥ ❡①♣❡r✐♠❡♥t❛❧ ✇♦r❦ ❬✷✺❪ ❛♥❞ ♣r❡✈✐♦✉s s✐♠✉❧❛t✐♦♥s ❢♦r ❝②❧✐♥❞r✐❝❛❧ ✈♦✐❞s ❬✽❪✳

• ❚❤❡ ✐♥❝❡♣t✐♦♥ ✜❡❧❞ ♣r❡❞✐❝t❡❞ ❜② t❤❡ ❞✐s❝❤❛r❣❡ ♠♦❞❡❧ ✇❛s ✐♥ r❡❛s♦♥❛❜❧❡ ❛❣r❡❡♠❡♥t ✇✐t❤ t❤❡ ❢♦r♠✉❧❛
❢r♦♠ t❤❡ ❧✐t❡r❛t✉r❡✳ ■t ✐s ❛❞✈✐s❛❜❧❡ t❤❛t t❤❡ ♦r✐❣✐♥s ♦❢ t❤❡ ✐♥❝❡♣t✐♦♥ ✜❡❧❞ ❡q✉❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❝♦♥s✐❞❡r❡❞
✇❤❡♥ ✉s✐♥❣ ✐t t♦ ♠♦❞❡❧ P❉ ❛❝t✐✈✐t②✳

• ❆❢t❡r t❤❡ ❞✐s❝❤❛r❣❡ t❤❡ ❡❧❡❝tr✐❝ ✜❡❧❞ ✐♥ t❤❡ ✈♦✐❞ ✐s s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡❞✱ t♦ ❛r♦✉♥❞ ✵✳✶ ❦❱✴♠♠✱ ❛♥❞ ✐s
❢❛r ❧♦✇❡r t❤❛♥ t❤❡ r❡s✐❞✉❛❧ ✜❡❧❞ ♣r❡❞✐❝t❡❞ ❜② ❡❛r❧✐❡r ✇♦r❦ ❬✺❪✳ ❆s s✉❝❤ t❤❡ ❛ss✉♠♣t✐♦♥ t❤❛t ❛ r❡s✐❞✉❛❧
✜❡❧❞ ❡①✐sts ❛t t❤❡ ♦r❞❡r ♦❢ ✶ ❦❱✴♠♠ ♠❛② ❜❡ ❡rr♦♥❡♦✉s ❢♦r P❉ ✉♥❞❡r ❝❡rt❛✐♥ ❝♦♥❞✐t✐♦♥s✳

❚❤❡ ❦❡② ❝♦♥tr✐❜✉t✐♦♥s ♦❢ t❤✐s ✇♦r❦ ❛s ✐t ♣❡rt❛✐♥s t♦ ♣❧❛s♠❛ ❞②♥❛♠✐❝s ❛r❡ ❛s ❢♦❧❧♦✇s✿
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