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CRITICAL BEHAVIOUR IN A FIELD FOR UNIAXIAL FERROELECTRICS
AND FERROMAGNETS WITH DIPOLAR INTERACTION

C. BERVILLIER

Service de Physique Théorique, Centre d’Etudes Nucléaires de Saclay
BP 2, 91190 Gif-sur-Yvette, France

Résumé. 2014 L’objet de cet article est d’obtenir les singularités logarithmiques qui apparaissent
dans les systèmes dipolaires uniaxes (ou bien dans la théorie à quatre dimensions) lorsque l’on
approche du point critique alors que le champ extérieur H n’est pas nul. Le résultat que l’on obtient
ne prend une forme simple que pour n = 1, n étant le nombre de composantes du paramètre d’ordre.
Par exemple l’inverse de la susceptibilité magnétique se comporte comme ~-1 ~ ~-1c.m. | log ~-1c.m. |-1/3
où c.m. se réfère aux quantités calculées dans la théorie du champ moyen lorsque H n’est pas nul.

Abstract. 2014 The purpose of this paper is to obtain the logarithmic critical singularities for uniaxial
dipolar systems (or for the four dimensional theory) in non zero external field. The result takes a
simple form only for n = 1, n being the number of components of the order parameter. For example
the inverse magnetic susceptibility behaves as ~-1 ~ ~-1m.f. | log ~-1m.f. |-1/3 in which m.f. refers to mean
field value when H is non zero.

1. Introduction. - Several years ago, Larkin and
Khmel’nitskii predicted that the critical behaviour of
uniaxial ferroelectrics [1] or ferro-magnets [2] with
strong dipolar interactions should be classical apart
from logarithmic terms. This was recently confirmed
experimentally by the measurements of the logarith-
mic contribution to the specific heat of the dipolar
ferromagnet LiTbF4 by Ahlers et al. [3]. Recent

measurements on ferroelectric substances, [4] the tri-
glycine sulfates (T.G.S.) also revealed this classical
behaviour and were compatible with the predicted
power of the logarithm but with much less accuracy.
Other measurements [5] were done on T.G.S. in a
field, but there was no calculation available to make
contact with theory. Of course, the renormalization-
group analysis readily leads to an answer to this

question. The simplest way of writing this answer
in terms of M and t is :

for the magnetic susceptibility, and

for the specific heat, in which the symbol m.f. refers
to the mean field value near 7~ i.e. :

a being a constant.
As will be shown later, in terms of H and t, we have

to replace M in eq. (1), (2) by the positive solution of
the equation of state in mean field theory, which
apart from a factor a is :

At first sight these results may look like almost
obvious consequences of the result of Larkin and
Khmel’nitskii, but one should stress the fact that
this simple form (1) and (2) is valid exclusively for
n = 1. For n &#x3E; 1, the result can only be written in
parametric form.

2. Calculations. - We will now use the ferro-

magnetic language, in the four dimensional theory
(which at leading order describes the uniaxial dipolar
system).
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In the critical domain, we cannot use perturbation
theory in the actual coupling constant g of the four
spin interaction, since the coefficients of that expan-
sion become larger and larger as one approaches the
critical point. But the Renormalization Group tech-
niques [6, 7] lead to an effective coupling constant in
the critical domain which is small, behaving as the
inverse of the logarithm of the correlation length ~,
so that perturbation theory can be applied in power
of this effective coupling constant. Indeed we know
that [7, 8] for example the free energy T(M, t, g)
satisfies a renormalization equation whose solutions
have the following property :

&#x3E;,

in which

The functions ~(~), ’1(g), v(g) can be determined
in perturbation theory [7]

If perturbation theory can be applied, then inte-
gration of eq. (8), (10) gives, at leading order :

Now, the correlation length ç(M, t, g) is also a solu
tion of a R.G.E. so it has the following property :

Until now A was an arbitrary parameter, but fol-
lowing K. G. Wilson [6] we can now choose it as
the solution of

for which À = ~~(M, t, g)~ -1.
So eq. (17) and (18) show that À goes to zero when

ç(M, t, g) becomes infinite, that is to say as one

approaches the critical point. Thus eq. (14) shows
that g(A) goes to zero as log /L -1 while ~(/)) is finite
and then perturbation theory may be applied.

Let us define the inverse square of the correlation

length as the second moment of the spin-spin corre-
lation function

r(2)(p2, t, M, y) is the inverse of the spin-spin corre-
lation function. In perturbation theory eq. (18) and
(19) give :

We have to solve eq. (20) for A, and when we want
to express our results in terms of H and t (H is the
external magnetic field), we replace M 2 by its expres-
sion in terms of H and t via the equation of state.
In perturbation theory we have :

Using eq. (16), (21) and (22), M(A) satisfies the

following equation :

which has only one positive solution [9] for H =t= 0 :
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So using eq. (11), ~ satisfies the following equation :

As we approach the critical point, A goes to zero
and g(À) becomes small going as eq. (14) :

So eq. (25) leads to :

and, for n = 1, has one uniform solution in H and t :

log A = 2 log f (H’, t) + log log terms . (28)

The magnetic susceptibility is, in perturbation
theory :

and, in the critical domain, for n = 1 :

In fact f (H’, t) is the inverse susceptibility, in
terms of H and t, calculated in mean field theory
with a rescaled field 7~/~, thus one sees that, close to
critical point, the behaviour of X-I is no longer
described by mean field theory :

In terms of M and t, we have the same form, by (24a),
(25b), (27) and (29)

in which the magnetization does not have its actual
value M in the present approximation, but its mean
field value M. Eq. (24a) exhibits the relation between
these two values for n = 1 :

And at leading order :

It follows that

The specific heat is proportional to the negative of
the second derivative with respect to t of the free

energy for a constant external field.

For n = 1, perturbation theory gives :

The last term of the r.h.s. of eq. (36) is due to the
additive renormalization of the energy-energy corre-
lation function.

In the critical domain, we can use eq. (36) :

And so, using eq. (24) and (26) 
’

Then one finds the following expression for the
specific heat :

in which Cm.f. is calculated in mean field theory,
that is to say :

and in which M is the mean field value of the magne-
tization related to M by eq. (34).
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