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CRITICAL BLOW-UP AND EXTINCTION EXPONENTS
FOR NON-NEWTON POLYTROPIC FILTRATION EQUATION
WITH SOURCE

JUN ZHOU AND CHUNLAI MU

ABSTRACT. This paper deals with the critical blow-up and extinction ex-
ponents for the non-Newton polytropic filtration equation. We reveals a
fact that the equation admits two critical exponents g1,q2 € (0,+00)
with g1 < g2. In other words, when ¢ belongs to different intervals
(0,q1), (q1,92), (g2, +00), the solution possesses complete different prop-
erties. More precisely speaking, as far as the blow-up exponent is con-
cerned, the global existence case consists of the interval (0, g2]. However,
when ¢ € (q2,+00), there exist both global solutions and blow-up so-
lutions. As for the extinction exponent, the extinction case happens to
the interval (g1, +00), while for ¢ € (0, 1), there exists a non-extinction
bounded solution for any nonnegative initial datum. Moreover, when the
critical case ¢ = q1 is concerned, the other parameter A will play an im-
portant role. In other words, when A belongs to different interval (0, A1)
or (A1,+00), where A1 is the first eigenvalue of p-Laplacian equation
with zero boundary value condition, the solution has completely different
properties.

1. Introduction

In this paper, we consider the following doubly degenerate parabolic equation
with source

up — div (|Vum|V2 Vum) = Auf, (z,t) € Q x (0, +00),

(L.1) u(z,t) =0, (z,t) € O x (0, +00),
u(z,0) = ug(x), x € Q,

where p > 1,m > 0,m(p—1) < 1,A > 0,¢ > 0,Q C RY(N > p) is a bounded
domain with smooth boundary, and ug(z) € Cy(£2) is a nonnegative function.
Throughout this paper, I denote @ = 2 x (0, 4+00),Q7 = Q2 x (0,T), Qs 1,) =
Q x (tl, tg).
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Parabolic equations like (1.1) appear in population dynamics, chemical re-
actions, heat transfer, and so on. In particular, equation (1.1) may be used to
describe the non-stationary flows in a porous medium of fluids under polytropic
conditions. In this case, equation (1.1) is called the non-Newtonian polytropic
filtration equations (see [5], [8], [11] and references therein).

The problem of determining critical exponent is an interesting one in the
general theory of blow-up or extinction solutions to different nonlinear evolu-
tion equations of mathematical physics (see [1], [3], [6], [7], [10] and references
therein). Recently, a lot of papers are devoted to discuss the following degen-
erate equation

up = (|(um)gc|1”—2 (um)m)z : z>0,t>0,
(1.2) — (™), P (™) (0, ) = u?(0,t), t>0,
u(z,0) = up(z), x> 0.

In [9], Wang et. al. considered (1.2) with m > 1,p > 2,¢ > 0. By constructing
various self-similar upper solutions and lower solutions, they obtain the critical
global existence exponent and critical Fujita exponent as ¢ = (m + 1)(p —
1)/p, qc= (m+1)(p—1). In [4], Jin et. al. consider (1.2) with m > 0,1+1/(m+
1) <p<1+1/m,q> 0. They also get the critical global existence exponent
and critical Fujita exponent as ¢qo = (m+ 1)(p —1)/p, ¢. = (m+ 1)(p — 1).
Furthermore, they get if 0 < ¢ < m(p — 1), then any nontrivial solution does
not go extinction for any nontrivial and nonnegative initial value.

The motivation of this paper is what happens if the problem (1.2) with
source and without boundary flux and to reveal the phenomena described as
[4], [9]. Following from [2], [8], [11], we can get the local existence of weak
solutions in the sense of the following definition.

Definition. A function v € E is called to be a weak upper (lower) solution
of problem (1.1), provided for any T' > 0 and any 0 < ¢ € E, the following
inequalities hold:

// utgpda:dt—F// IVu™ P2 Vu™Vpdzdt > (< )\// ulpdxdt,

ulaax(0,r) = (2)0 ,0) > (S)ug(z), where

E={uec L*Qr)NL*Qr),us € L*(Qr), Vu™ € L*(Qr)},

E = {u € L*Qr), ulsaxo,r) = 0,us € L*(Qr), Vu € LP(Qr)} .

Furthermore, u is called a weak solution of (1.1) if it is both a weak upper and
a lower solution.

To state our results, we introduce the following two functions:

1 A 1
F(u) = f/ [Vu™ P do — m7/ wltdz, H(u) = 7/ u™ M da,
PJa gt+mJo Q

m—+1
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and the following eigenvalue problem for p-Laplace equation in Q' D Q

—div (\Vu|p_2 Vu) = \u, z e,

(1.3)
u(z,t) =0, x €.

Denote A" and ™ be the first eigenvalue and its corresponding eigenfunction
of problem (1.3). It is obvious that A* > 0 and ¢* > 0 in @', so ¢* > 0 in Q.
Let

M* =maxe*(z) >0, m*=maxe*(z)> 0.
zeQ zeQ

Theorem 1.1. Let u(x,t) be a weak solution of problem (1.1) :

(1) If 0 < g < 1, then u(x,t) exists globally, and is locally uniformly
bounded,

(2) Ifm(p—1) < q, F(uo) <0 and H(ug) > 0, then lim;_ 4o [[u(-, )| Lo ()
= +00;

(3) If g <m(p—1), then u(x,t) is globally uniformly bounded,

(4) If g =m(p—1), then u(z,t) is globally uniformly bounded if X is small
enough such that \*m* > )\M*‘I/m;

(5) If ¢ > m(p — 1), then u(x,t) is globally uniformly bounded if the ini-
tial data ug is small enough such that &p*l/m > ug, where 0 is some
constant such that \*m* > Aéq_m(p_l)M*‘I/m;

(6) If g =1, F(uo) <0 and H(ug) > 0, then limy_, 4 H(u(t)) = +o0;

(7) If ¢ > 1, F(ug) <0 and H(up) > 0, then there exists T* with 0 < T* <
+oo such that lim;_,p~ H(u(t)) = +oo, i.e., u(z,t) blows up in finite
time;

(8) If g > 1, then u(z,t) is globally uniformly bounded if the initial data ug

*1/m

is small enough such that dp > ug, where § is some constant such

that \*m* > \§9—mP=1) prra/m

Theorem 1.2. Let \1 be the first eigenvalue of the p-Laplacian equation with
homogeneous Dirichlet boundary value condition. If g > 1 or1 > q > m(p—1),
then any bounded and nonnegative weak solution of problem (1.1) vanishes in
finite time for appropriate small initial datum ug(zx). In addition, if g = m(p—
1) with A < Ay, then any bounded and nonnegative weak solution of problem
(1.1) vanishes in the sense of || - |[pm+1(q) as t — 400, and in particular, if
p>(mN+N)/(Nm+m+1) orl <p< (mN+N)/(Nm+m+ 1) with
A < AAmP~ (p/(y +m(p — 1)), where v > max{0, (N+Nm—Nmp—p)/p},
then u vanishes in finite time too.

Remark 1.3. In fact, from the proof of Theorem 1.2, we see that when ¢ = 1,
the boundness restriction on the solution of u is unnecessary.

Theorem 1.4. Let \1 be the first eigenvalue of the p-Laplacian equation with
homogeneous Dirichlet boundary value condition. For any nonnegative initial
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datum ug(x), problem (1.1) admits at least one bounded nonnegative and non-
extinction weak solution for the case of g = m(p—1) with A > X\ or 0 < g <

m(p—1).

Remark 1.5. From Theorems 1.1, 1.2, 1.4, we get the q1, ¢ in the abstract is
q1=m(p—1),¢2 =1

Remark 1.6. Although we consider the case m(p—1) < 1, we prefer to give some
short note for the case of m(p — 1) > 1, which reveals a sharp difference from
the case we considered: let u be a nonnegative weak solution of the problem
(1.1) with m(p — 1) > 1, then w cannot vanish in finite time for any ¢ > 0 (see
the note in Section 3). In particularly, without any change of the proof (3), (5)
about Theorem 1.1, we can get that: If ¢ < m(p — 1), then wu(z,t) is globally
uniformly bounded; If ¢ > m(p — 1), F(ug) < 0 and H(up) > 0, then there
exists T with 0 < T* < 400 such that lim; .7« H(u(t)) = +oo, i.e., u(z,t)
blows up in finite time.

This paper is organized as follows. In the next section, we give the critical
blow-up exponent and prove Theorem 1.1. In Section 3, we give the critical
extinction exponent and prove Theorems 1.2 and 1.4.

2. Critical blow-up exponent

In this section, we consider the critical blow-up exponent to problem (1.1)
and prove Theorem 1.1.

Proof of Theorem 1.1. (1) Suppose u is a weak solution of problem (1.1), then
by the weak maximum principle (see [2], [8], [11], [13]), we conclude that

(2.1) [ullzee(@.) < lluollree (o) + tAllull 7 g,)-

Since 0 < ¢ < 1, then it is not difficult to see that w is locally uniformly
bounded.

(2) Note the definition of F(u) and H(u), and a simple calculation show
that

(2.2) df(;i“) —m /Q W ug)2da < 0,
u _ _ m|p qg+m — 1— mp q+m —pF
o /Q\Vu |” dz+A Qu dx ( q+m> A AT dr—pF(u).

According to (2.2), we see that F'(up) < 0 implies that F(u) < 0. Therefore
we get

(2.4) dHu) A(l mp )/uq+mdz.
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While for the case m(p — 1) < ¢ < 1, if u is a weak solution of problem (1.1),
then by the weak maximum principle (see [2], [8], [11], [13]), we conclude that
(2.5) ull (o) < lluollze= (@) + tAullf g,
which implies that u is bounded in any finite time. However, we have
(2.6) tiiinoo (-, t) || oo () = +00.

Suppose to the contrary, there would exist a positive constant M, such that
lu(-,t)|| Lo () < M. Then

(2.7) /u1+"Ldm < Ml_q/ ult™dz.
Q Q
From (2.4), we infer that
dH (u(t)) mp -1
2.8 ——= 2> D{1——— ) M9 H(u(t)).
(28) G = A (1 (ul))

Since ¢ +m > mp, then lim;_, o H(u(t)) = +o0.
(3) Let £ = sup,cq uo(z) and define

_ p\ 1/(m(p—1)—q)
Kozmax{g, (W <Pm+1m>) }
A1 pm

where A; is the first eigenvalue of the p-Laplacian equation with homogeneous
Dirichlet boundary value condition and denote Ay (t) = {z € Q;u(x,t) > h}.
In the following, we shall show that

(2.9) [u( )l L) < Ko
Multiplying equation (1.1) by (u — Ky)4 yields
(2.10)

1d

2dt Jq

A simple computation, we get

(u—Ko)a_dxﬁL/ [Vu P2 VumV(u—Ko)+dz:/\/ u?(u— Ko)sdz.
Q Q

/ VU P72 VY (u — Ko) 4 da
Q

/ VU™ P2 V" Vuda
Ak (1)
(2.11) .

== ut | Vu™ P da
M J Ak, (t)

_1< pm )”/
m\pm+1—m Axey (1)

. {u, if u> K,
U=

vyt =m)/p : dzx.

Take

(212) 0, otherwise.
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By using the Poincare’s inequality, we get
P
(2.13) / ‘vam“l—mm” dx > )\1/ amrriTmr,
Q Q

ie.,

(2.14) /
AKO (t)

Take (2.10) into account, we conclude that

1d A P

= | (u— Ko)idz + 21 (pm) / umPH=m o
2dt Q m pm+1—m AKO(t)

< )\/ ul(u — Kp)qdz.
Q

Vum+(1_m)/p’pdm > )\1/ umPTLITM g
AKO(t)

(2.15)

Furthermore, we get

(2.16)
1d A pm p/ _
- = — KN d ALY N b me=1) (4 — Kn).d
2dt/9(u o)+ m+m(pm+1—m) Qu (u 0)+dz

< )\/ ul(u — Kp)qdz.
Q

Recalling the definition of Ky, we arrive at

1d
24t

A1 pm p 1y
< Uy — K. _ m(p—1)—q <0 .
- /Qu(u O)+ (A m(pm—i—l—m) Y dr =0

Noticing that [, (u— Ko)3dz = 0, and combining with (2.17) we conclude that
Jo(u — Ko)3 daz = 0, which implies (2.9) holds.

(4) Tt is easy to see uw = 5@*1/m is an upper solution of (1.1), where ¢ is

(u— Ko)idx
(2.17)

large enough such that 5@*1/7” > ug(z). The conclusion follows by comparison
principle.

(5) Similar to (4), we can see @ = &p*l/m is an upper solution of (1.1), where §
is some constant such that \*m* > \§2—™m@=1 pr*a/m  The conclusion follows
by comparison principle.

(6) When ¢ = 1, it follows from (2.4) that

dH (u(t)) mp
2.1 —_— > 1)(1-— H .
(215) S = am e+ 1) (1 1) H ()
By a direct calculation, we obtain
(2.19) H(u(t)) > H(ug)el(mTDAA=mp/(L+m))t

Since 1 4+ m > mp, we have lim;_, ;o H(u(t)) = +o0.
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(7) If ¢ > 1, recalling Hoder’s inequality, we get

1 (g+m)/(m+1)
(2.20) /U‘Hmdx >C (/ um+1d:c) .
Thus, we get from (2.4) that
dH(u(t)) mp (g+m)/(m~+1)
2.21 ———2=>CN(1-— H .
(221) i) P (1 (w)

Since ¢ + m > mp and ¢ > 1, there must exists a positive constant 7" < +oo
such that lim;_ 7+ H(u(t)) = +oc.

(8) Similar to (4), we can see & = 5(,0*1/7“ is an upper solution of (1.1), where §
is some constant such that \*m* > \§2=™@=1 pr*a/m  The conclusion follows
by comparison principle. The proof of Theorem 1.1 is complete. O

3. Critical extinction exponent

Now, we characterize the critical extinction exponent of problem (1.1) and
prove Theorems 1.2 and 1.4.

Proof of Theorem 1.2. We divide the proof into three cases:
Case 1. ¢ > 1. Let M = ||ul|(q). Multiplying equation (1.1) by u”(y >
m(1 —p)), and integrating over Q, we get

1 i/ 7+1d:c+'ymp1( p >p/ ‘vuwwtz()pfl)
v+ 1dt Jq y+m(p—1) Q

= )\/ wtide < )\/ MI~ Ly g,
Q Q

p
dz

(3.1)

It is clear that the inequality is valid for ¢ = 1 even if u is unbounded. Since
N > p, recalling the imbedding theorem, we have

/‘V ytm(p—1)
u P
Q
Naame-1y |\ N PN
(3.2) >C u- N-»  dx
Q

(v+m(p—1))/(v+1)
>C (/ u“’“d:c) ,
Q

where v > max {0, m(1 — p), (N + Nm — Nmp — p)/p} . To simplify, we denote

(3.3) f(t):/ﬂwldx, a=(y+mp—1)/(r+1)<1.

p

dzx

Hence, we have

(3.4) F'@&)+Cre@E) <My +1)MTf().
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If there exists a to > 0, such that f(¢o) = 0, then

t
(3.5) £() < Ay + )M / f(r)dr.
to
Recalling Gronwall’s inequality, we obtain
(3.6) f(&) =0 for any t > t.
Otherwise, f(t) > 0 holds for all t. Then we get
(3.7) (F77) = A1 —a)(y + DML 170 < —C(1 - a).
By a simple calculation, we arrive at
(3.8)
7o

_ C 1
< fl-o Al—a)(y+1) M~ Al—a)(v+1)M™ 't 1
< 0 Ay + 1) M1 (6 )

IN

b C . C
7+l v Y atee)(ymee o Y
<</ o “”) Ay + 1>Mq1> ‘ PRSIy

Let ug(x) be sufficiently small such that

11—«
C
3.9 1+lg < -
(39 </Q 1o m) P CES N Ta
The two inequalities above give
C a-1
3.10 lapy< o = ( A(1—a)(y+1) M e 2) .
(310) f < oAy + D)Ma—1 \°

From (3.10) above, we see that there must exist a 7' > 0 such that f1=%(¢) <0
for t > T. Obviously, it is a contradiction. In conclusion, there exists a positive
constant 7™ such that

(3.11) / utde = 0 for any t > T*.
Q

Case 2. 1> q > m(p— 1). Multiplying equation (1.1) by u”(y > m(1 — p)),
and integrating over €2, we get

(3.12)
1 d p P mp=1)
_ ’Y"Fld + p—1 _ / ‘V P
v+1dt/nu v (Wrm(pl)) ol "
(v+a)/(v+1)
= ,\/ wtidg < )\|Q|(1—4)/(7+1) (/ u1+7dm> )
Q Q

Choosing v > max {0,m(1 —p),(N + Nm — Nmp — p)/p}. Then, according
to the imbedding theorem (N > p), we have

y+m(p—1) |P (’)/+m(p71))/("y+1)
(3.13) /)vuﬁ dz > Cy (/ fzﬂ“dx) .
Q Q

p
dx
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Substituting (3.13) into (3.12), we obtain
(3.14)

1 d ) v (r+m(p=1))/(+1)
——— | Wz +yCymPt <7) </ u'”ld:c)

(v+a)/(v+1)
< )\‘Q|(1—q)/(7+1) (/ u1+“’dx) )
Q

By a direct calculation, we further have
(3.15)

1 d (1=m(p—1))/(v+1)
_—— / utdx
1—-m(p—1)dt \Jq

(g=m(p—=1))/(v+1) » P
< )\‘Q|(1*q)/(w+1) (/ u“"dm) — 4 CymP ! ( ) )
Q y+m(p—1)

To simplify, we denote

(3.16)
p(u(t))
(g—m(p—1))/(v+1) p
= At 9/GHD </ ulﬂdaz) — yCymP~! (717 > :
Q y+m(p—1)

If p(up) < 0, we claim that p(u(t)) is decreasing with t. To see this, we
assume there exists some time 7' > 0, such that % p(u(t))|,_p > 0 and make
a contradiction. Since p(ug) < 0, it is easy to see that 4 ([, ul*7dz)|,_, <0
from (3.15). So 4 pu(u(t))|,_, < 0. Then there exist first positive time 7" < T
such that p(u(T")) < p(ug) < 0 and Lu(u(t))|,_p =0, ie.,

a—m(p—1)—~vy—1

1— — —1 ~F1
)\|Q|V+({q;nffl) (/ u“‘”dx) % </ uH"de) =0.
Q Q

t=T"'

If u(x,T") = 0, we complete our proof. If u(xz,T”) £ 0, we get

d 14y
7 (/Qu dw)

Then, using (3.15), we get

1 d (1=m(p—1))/(v+1)
0=———— / u T de
1—m(p—1)dt \ Jq

We can get a contradiction, so the claim is correct.

=0.

t=T"

< p(u(T")) <0.
t=T"
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We further get ﬁ% (f u1+"fd$)(1_m(p_1))/(7+1) < p(ug) from (3.15),

(1-m(p—1))/(v+1)
(/ ul'wdx)
Q

< (1= mp - D(uo)t-+ ( [ g

ie.,

(3.17) >(1—m(p—1))/(7+1)

It is evident that there exists a positive constant T > T” such that
(3.18) / u'Tde =0 for all t > T™.
Q

Case 3. ¢ = m(p — 1), < A;. Multiplying equation (1.1) by «™ and
integrating over 2, we conclude

1 d
1 _— milg / Vu™ P dx < \ M.
(3.19) m—i—ldt/gu x + Q\ u|Pdx < Qu x
Note that Ay [, u™Pdx < [, |[Vu™[" dz, then we have
1 d m—+1 m
(3.20) L A< — (=N [ umrda

Let €y = [lul|1=(q), v = u/lo, so, 0 < v < 1. Then we have v > v™*! for
mp < m + 1(since m(p — 1) < 1) and

i/ Ve < —(m 4+ 1) (0 — )\)/ v dz
at /o

(3.21) Q
< —(m+ 0PN — ,\)/ v g,
Q
which implies that
(3.22) / v e < e*(mﬂ)@(’f”*m*l()\r)\)t/ o,
Q Q

Therefore, we conclude that ||u(:,t)||pm+1() — 0 as t — +o0. In addition, by
(3.19), we have

1 d A
92 - m+1d / mpd <7/ mpd.
(3.23) m+1dt/ﬂu T+ Q|Vu \ m*)q Q|Vu |” dx

Using the imbedding theorem, we obtain if p > (mN + N)/(Nm 4+ m + 1)

1 d " A
- m <_-(1=-= vmp
m—i—ldt/Qu dv < ( )\1)/9 u"de

\ mp/(m+1)
< —-Cy (1 — )\1) </ ude:ﬂ)
Q

(3.24)
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ie.,

(m+1—mp)/(m+1) (m+1—mp)/(m+1)
(/ udex) < (/ ug”ldac)
(3.25) o °

— Co(m+1—mp) <1—)\) t.
A

So there exists a positive constant 7T, such that
(3.26) / u™dx = 0 for any t > T,
Q

which implies v vanishes in finite time.
The following argument is devoted to the discussion of the case of 1 < p <
(mN 4+ N)/(Nm +m +1). Similar to (3.1), we obtain

(3.27)

1 d/ _ p P J4m(p=1) |P
——— [ W dx + ym? 1() /’Vu » dx
y+1dt /g y+mp—1)/) Jao

= )\/ wYtme=D gy < i/ ‘Vuimépfl) pdx,
Q A Jo
ie.,
b i/zﬂ“dw
(3.28) y4+1dt Jq
_1 p P A y+m(p—1) |P
< = | ymP —_— - — ‘Vu P dzx.
v+ m(p—1) A/ Ja

. B P
Since A < yAymP~1 (WM) and v > max{0, (N + Nm — Nmp — p)/p},
then according to the imbedding theorem, we further have

(3.29)

P A (v+m(p—1))/(v+1)
< -C <'ymp1 (p ) — > (/ u“’“d:r) .
- v +m(p—1) A1 Q

Since (y+m(p—1))/(y+1) < 1, then a similar argument as before gives that
there exists a T > 0 such that

(3.30) / utde = 0 for any t > T*.
Q

The proof of Theorem 1.2 is complete. O

Proof of Theorem 1.4. The main method of the proof of Theorem 1.4 is con-
structing a pair of ordered upper and lower solution (u(z,t),u(x,t)) (u(x,t) >
w(z,t)) with u(z,t) is non-extinction, then the problem exists a weak solution
u(z, t) satisfying u(z,t) < u(z,t) < u(z,t) (see [2], [8], [11]) and we get the
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results. Firstly, we construct weak lower non-extinction solution of problem
(1.1).

Case 1. g =m(p—1), A > A1, let p1(z) is the corresponding eigenfunction
with [[¢1(2)| L) = 1. Take u(z,t) = g(t)p1(x), where g(t) satisfies

(3.31) g =A=A)g™®P D gt)>0fort>0, g¢(0)=0.
Hence, we get
= (A= A)p1g™ P < (A= Ap)p P gme-D

(3.32)
< div <|ng|p_2 ng) + ™),

That is u is a weak lower solution of problem (1.1).
Case 2. ¢ < m(p—1), let u(z,t) = pg(t)p1(z), where g(t) is a solution of
the following problem

(3.33) g'(t) = =Mg™P™Y £ Ag?, g(t) >0 for t >0, g¢(0)=0.
Then we have

(3-34) Uy = (—)\19m(p71) + )\gq) e,

(3.35) div (|wm|”*2 wm) Al = <A D gD T et
Then we can choose a 11 > 0 small enough such that

(3.36) APy (um(”’l)w?’(p*l) - wn) < Ag? (9] — ppr) .

In fact, from (3.33), it is not difficult to see that g(¢) is a nondecreasing and
bounded function. Let M = maxysoA/A1g™®~ D=4 In addition, let F(z) =
(7 — 2)/(x™P=1) — ), it is easy to check that F(x) is decreasing in (0, 1)
and lim,_,o+ F(z) = 400, lim,_;- F(z) =¢(1 —q)/(m(p—1)(1 —m(p — 1))).
Thus we can choose p > 0 small enough to satisfy (3.36). Next we construct
an upper weak solution of problem (1.1). Let u(x,t) be the solution of the
following problem

(3.37)
— div (\wmv’* wm) —Nay + 17, (2,0) € Q x (0, +00),
u(x,t) =0, x,t) € 9Q x (0, +00),
u(x,0) = ug(x) > 0, x € .

From [2], [8], [11], we know that problem (3.37) admits at least one weak
solution. In addition, the weak solution @(z,t) is also a weak upper solution
of problem (1.1). The following is devoted to prove u(z,t) < u(zx,t). From the
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definition of u(x,t) and w(z,t), we deduce

(3.38)
// (u —W)rpdadr + // (|Vym|p—2 Vu™ — [V P Vﬁm> Vdxdr
</\// — (@y +1)7) pdadr for all 0 < ¢ € E.

Take ¢ = (u — U)4, then we arrive at
(3.39)

1/(u—u d.%‘-i—// A v v QVH’”) V(u — )4 dxdr
<A//T (@ +1)7) (u— ) dudr
<xff (1) () e

< /\q// (g—ﬂ)idxdr.

Recalling Gronwall’s inequality, we get
(3.40) /(g —u)ider=0 forallt>0
Q

which implies that u < wa.e. in ). Hence problem (1.1) admits a weak solution
uw < u < w. Since u does not vanish, so does u. The proof of Theorem 1.4 is
complete. O

Note. We give the proof of Remark 1.6 in this note. The basic idea follows
from [12]. If w is a weak solution of (1.1), then u is also a weak upper solution
of the following problem

vy = div <|va|p_2 va) , (x,t) € Q x (0, Jroo),
(3.41) v(z,t) =0, (z,t) € 99 x (0, +00),
v(z,0) = up(x), x €.

The we can get the following property about v(z,t).
Lemma 3.1. Let v be a weak solution of problem (3.41). Then we have
(1) If m(p—1) > 1, then
v v
>
ot — (m(p—1)—1)t
in the sense of distributions.
(2) If0<m(p—1) <1, then
v v

o = T—m(p - D)

(3.42)

(3.43)
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in the sense of distributions.
Proof. Denote
(3.44) vp(t) = rv (x,rm(p_l)_1t>
for all (z,t) € Q and all € (1/2,1). Clearly, v, is a weak solution of equation
(3.41) with the following initial-boundary condition
(3.45) v (2, )00 x(0,400) = 0,  vp(2,0) = rug(x), Vo € Q.
Noting r € (1/2,1) and using (3.41) and (3.45) we get
(3.46) v,(z,1)]90x (0,400) = V(Z,1)|00x (0,400) = 0,  vr(x,0) < wug(x), Vo € Q.
Applying the comparison principle (see [2], [8], [11]) we have
(3.47) vp(z,t) <w(z,t), V(z,t) € Q.
(i) For m(p — 1) > 1, by (3.47), we get
(v, o)™ D1 — (v, )PV (1/p — 1)(v(a, )P

3.48
(3.48) ! . oot |
where 0= 'rm(Pfl)*l' Letting 0 — 17’ we get
1
(3.49) 2 oty 01 = Lu(a -0

in distribution, which implies that (1) holds.
(ii) For 0 < m(p — 1) < 1, by (3.47), we have

(0w, o)) ~"PD — (v(z, )" (o= 1)(v(z, £)' "D

3.50
(3.50) ot —t - ot —t ’
where o = rP=1=1 Letting 0 — 1T, we get

0 1
(351) & (ul, )' D < (e, ) eD)
in distribution, which implies that (2) holds. The proof of Lemma 3.1 is com-
plete. (I

Now we can demonstrate the weak solution of (1.1) can not vanish in finite
1/(m(p=1)-1),,
time if m(p — 1) > 1. The (1) of Lemma 3.1 tells us that % >0,

which means that

(3.52) suppv(-, s) C suppu(-,t) for all s,¢ with 0 < s < .

Since u is a weak upper solution of problem (3.41), then by the comparison
principle (see [2], [8], [11], [13]), we have u(z,t) > v(z,t), which implies that
u(zx,t) does not vanish in finite time.
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