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Abstract

We prove |z|72 decay of the critical two-point function for the continuous-time weakly
self-avoiding walk on Z¢, in the upper critical dimension d = 4. This is a statement that
the critical exponent n exists and is equal to zero. Results of this nature have been proved
previously for dimensions d > 5 using the lace expansion, but the lace expansion does not
apply when d = 4. The proof is based on a rigorous renormalisation group analysis of an
exact representation of the continuous-time weakly self-avoiding walk as a supersymmetric
field theory. Much of the analysis applies more widely and has been carried out in a previous
paper, where an asymptotic formula for the susceptibility is obtained. Here, we show how
observables can be incorporated into the analysis to obtain a pointwise asymptotic formula
for the critical two-point function. This involves perturbative calculations similar to those
familiar in the physics literature, but with error terms controlled rigorously.

1 Main result

1.1 Introduction

The critical behaviour of the self-avoiding walk depends on the spatial dimension d. The upper
critical dimension is 4, and for d > 5 the lace expansion has been used to prove that the asymptotic
behaviour is Gaussian [20,29-31143]. In particular, for the strictly self-avoiding walk in dimensions
d > 5, the critical two-point function has \x|_(d_2+’7) decay with critical exponent 1 = 0, both for
spread-out walks [2IL[30] and for the nearest-neighbour walk [29]. For d = 3, the problem remains
completely unsolved from a mathematical point of view, but numerical and other evidence provides
convincing evidence that the behaviour is not Gaussian. In particular, numerical values of the
critical exponents v and v [22][42], together with Fisher’s relation v = (2 — n)v, indicate that
the critical two-point function has approximate decay |z|~1%! for d = 3. For d = 2, the critical
two-point function is predicted to decay as |2|~°/?* [40], and recent work suggests that the scaling
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behaviour is described by SLEg/s [37], but neither has been proved. The case of d = 1 is of interest
for weakly self-avoiding walk, where a fairly complete understanding has been obtained [33]. More
about mathematical results for self-avoiding walk can be found in [81[38].

In the present paper, we prove that the critical two-point function of the continuous-time
weakly self-avoiding walk is asymptotic to a multiple of |z|72 as |x| — oo, in dimension d = 4.
This is a statement that the critical exponent 7 exists and is equal to zero. The proof is based
on a rigorous renormalisation group method; a summary of the method and proof is given in [12].
Early indications of the critical nature of the dimension d = 4 were given in [3,[9], following proofs
of triviality of ¢* field theory above dimension 4 [2,25].

Logarithmic corrections to scaling are common in statistical mechanical models at the upper
critical dimension, and are predicted for the susceptibility and correlation length and several other
interesting quantities [L0LB35,145], but not for the leading decay of the critical two-point function of
the 4-dimensional self-avoiding walk. In [5], it is proved that the susceptibility of the 4-dimensional
weakly self-avoiding walk does have a logarithmic correction to scaling, with exponent i. We now
extend the methods of [5] to study the critical two-point function.

We use an integral representation to rewrite the two-point function of the continuous-time
weakly self-avoiding walk as the two-point function of a supersymmetric field theory, and apply a
rigorous renormalisation group argument to analyse the field theory.

Our proof involves an extension of the ideas and structure developed in [5], and to avoid
repetition we refer below frequently to [5] for ideas and notation that apply without modification
to our present purpose. A feature present here but not in [5] is the use of a complex observable field
o; this requires aspects of [6l[I7HI9] concerning observables that were not used in [5]. A similar
extension was used to study correlations of the dipole gas in [23].

Our general approach applies more widely. In [44], it has been extended to prove existence of
logarithmic corrections to scaling for 4-dimensional critical networks of weakly self-avoiding walks,
and for critical correlation functions of the 4-dimensional n-component |¢|* spin model.

1.2 Main result

We now define the two-point function for continuous time weakly self-avoiding walk, and state our
main result. Fix a dimension d > 0. Let X be the stochastic process on Z? with right-continuous
sample paths, that takes its steps at the times of the events of a rate-2d Poisson process. Steps are
independent both of the Poisson process and of all other steps, and are taken uniformly at random
to one of the 2d nearest neighbours of the current position. Let E, denote the corresponding
expectation for the process started at X (0) = a. The local time at x up to time T is defined by
L1 = fOT L x(s)=2ds, and the self-intersection local time up to time T is I(T) = Y ;4 L2 ;. The
continuous-time weakly self-avoiding walk two-point function is then defined by

Ggﬂj(a, b) = / Ea (6_gI(T)]1X(T):b) e_VTdT, (11)
0

where g > 0, and v is a parameter (possibly negative) chosen so that the integral converges. By
translation invariance, G, (a,b) only depends on a,b via a —b. For d = 4, the continuous-time
weakly self-avoiding walk is identical to the lattice Edwards model; see [38, Section 10.1].

In (L), self-intersections are suppressed by the factor e=9/("). In the limit g — oo, if v is
simultaneously sent to —oo in a suitable g-dependent manner, it is known that the limit of the



two-point function (L) is a multiple of the two-point function of the standard discrete-time strictly
self-avoiding walk [13]. The model defined by (1)) is predicted to be in the same universality class
as the strictly self-avoiding walk for all ¢ > 0. Our analysis is restricted to small g > 0.

The susceptibility is defined by

Xo(v) =Y Gyula,b), (1.2)

bezd

and the critical value v.(g) is defined by v.(g) = inf{r € R : x,(v) < oo}. It is proved in [5
Lemma A.1] that v, = v.(g,d) € (—00,0] for all g > 0 and d > 0, and that moreover

Xg(¥) < oo if and only if v > . (1.3)
Moreover, it is shown in [5, Theorem [1.2] that for d =4, as g | 0,

ve(g) = —ag(1 + O(g)), (1.4)

where the positive constant a is given by a = —2A;;. In particular, (L4) implies that v.(g) < 0
for small positive g.

Our main result is the following theorem which gives the decay of the critical two-point function
in dimension 4, for sufficiently small g.

Theorem 1.1. Let d = 4. There exists 6 > 0 such that for each g € (0,0) there exists ¢(g) =
(27)72(1 4+ O(g)) such that as |a — b| — oo,

Goweig(a,b) = |ac(_gz))‘2 (1 +0 (ﬁ)) : (1.5)

In [12], an extension of Theorem [[I] states that the critical two-point function has decay
la — b]*~¢ for all dimensions d > 4, but [12] provides only a sketch of proof. Our principal interest
is the critical dimension d = 4, and we provide the details of the proof for d = 4 here. The
restriction to d = 4 avoids additional complications required to handle general high dimensions.
We intend to return to the general case in a future publication.

We define the Laplacian A on Z¢ by (Af), = > elel=1(fate = fz). For g =0 and v > 0, the
two-point function is given by Go,(a,b) = (—=A +v),,}, and v.(0) = 0. Theorem [T proves that
for d = 4 and small positive g, the critical two-point function has the same |a — b|=2 decay as the
lattice Green function —A_' on Z*. In contrast, for v > v.(g), G, (a,b) decays exponentially as
la — b] — oo; an elementary proof is sketched below in Proposition 211

In [5, Section [4], it is shown that the susceptibility of the weakly self-avoiding walk is equal to
the susceptibility of the simple random walk with renormalised diffusion constant (field strength)
1 + 2 and killing rate (mass) m?, with 2y and m? functions of g,e with ¢ = v — v.(g). More

precisely,

_1‘|‘Z()
= 2

XH(V) ) (16)

with 29 = O(g) and with m? asymptotic to a multiple of (loge™)~'/* as ¢ | 0. In the proof of

Theorem [[T] we extend this correspondence and prove that (with zy = zo(g,0))

Gy (@) ~ (14 20)(—Aza)s) (Ja —b| = 00), (1.7)
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which shows that the critical interacting two-point function is asymptotic to the critical non-
interacting two-point function, with the same renormalised diffusion constant.

The proof of Theorem [[.] uses a supersymmetric integral representation for the two-point
function, which requires us to work first in finite volume and with v > .. Because of this, our
analysis initially stays slightly away from the critical point. A related issue is that the Laplacian
annihilates constants in finite volume, and hence is not invertible without the addition of some
mass term. Ultimately, we first take the infinite volume limit with v > v,, and then let v | v,.

A variant of the 4-dimensional Edwards model was analysed in [34] using a renormalisation
group method. Although this variant is not a model of walks taking steps in a lattice, it is
presumably in the same universality class as the 4-dimensional self-avoiding walk, and the results
of [34] are of a similar nature to ours. For the 4-dimensional ¢! model, related results were obtained
via block spin renormalisation in [26H2832], and via partially renormalised phase space expansion
in [24]. Our method is applied to the n-component |¢|* model in [7,44].

2 Integral representation for the two-point function

The proof of Theorem [L.Ilis based on an integral representation for a finite volume approximation
of the two-point function. To discuss this, we first show how the two-point function can be
approximated by a two-point function on a finite torus.

2.1 Finite volume approximation

Let L > 3 and N > 1 be integers, and let A = Ay = Z%/LNZ? denote the discrete torus of side L".
We are ultimately interested in the limit N — oo, and regard Ay as a finite volume approximation
to Z2. Tt is convenient at times to consider Ay to be a box (approximately) centred at the origin in
72, without identifying opposite sides to create the torus. For fixed a,b € Z?, we can then regard
a,b as points in Ay provided N is large enough, and we make this identification throughout the
paper. In particular, we tacitly assume that /N is sufficiently large to contain given a, b.

For a,b € Ay, let

GN,g,V(a, b) = / Eé\N (e_gI(T)]lx(T):b) 6_VTdT, (21)
0

where EAV denotes the continuous-time simple random walk on the torus Ay, started from the
point a. By the Cauchy-Schwarz inequality, T = Y _, L% < (|A[I(T))"/? and hence I(T) >
T?/|A|, from which we conclude that the integral (2.1) is finite for all ¢ > 0 and v € R. The
following proposition shows that the infinite volume two-point function (II]) can be approximated
by the finite volume two-point function (21I), and that it is possible to study the critical two-point
function on Z% in the double limit in which first N — oo and then v | v,.

Proposition 2.1. Let d >0, g > 0, and v > v.(g). Then G,(a,b) decays exponentially in |a — b|,
and

Gyu(a,b) = ]\}im Gngu(a,b). (2.2)
Also, for all v > v.(g),
Gyu(a,b) = h/lin A}im Gng(a,b). (2.3)



Proof. We fix g > 0 and drop it from the notation. Once we prove (2.2)), (Z3]) then follows because,
by monotone convergence, G, ,(a,b) is right continuous for v > v.(g).

Let cr(a,b) = Ea(e_gI(T)]lx(T):b) and cyr(a,b) = EﬁN(e‘gI(T)]lx(T):b). Fix v > v/ > 1, and
S > 0. By the triangle inequality,

o0

s
|Gy(a,b) — Gnp(a,b)| < / ler(a,b) — eyr(a,b)|le™7dT + / cr(a,b)e™"TdT
0 S (2.4)

+ / CN,T(CL, b)e_”TdT.
S

For the analysis of the right-hand side of (Z4)), we define xn(v) = > ., Gn(a,b), and recall
from [5, Lemma 2.1] that xn(v) < x(v). From this it follows that

limsup G,/ (a,b) < limsup xn (V') < x(V') < . (2.5)

N—o0 N—o0 -

Let § =v —v' > 0. Then

/ er(a,b)e™TdT < e7°3G,(a,b), (2.6)
s

lim sup/ enr(a,D)e ™ dT < e limsup Gy, (a, b). (2.7)
N—o0 S N—o00

This shows that the last two terms in (24 can be made as small as desired, uniformly in N, by
choosing S' large.

To estimate the first contribution, let (Y;);>¢ be a rate-2d Poisson process with corresponding
probability measure P. Since contributions to the difference |cr — ¢y 1| only arise from walks that
reach the inner boundary OA of the torus (identified with a subset of Z? so that it does have a
boundary), for any 0 <7 < S we have

lcr(a,b) — enr(a,b)| < B, (6_gI(T)l{X([O,T})ﬂaA;AQf}) +E} (6_gI(T)l{X([O,T])naA;AQ})
< P {X([0,T))NOA # @} + P {X([0,T]) NOA # o}
< 2P {Yr > diam(A)} < 2P{Ys > diam(A)}, (2.8)

and the right-hand side goes to zero as N — oo with S fixed. By this estimate, the first integral
in ([2:4) converges to 0 as N — oo, for any fixed S. This completes the proof of (2Z2]) and hence
of 23).

We do not use the exponential decay in this paper, and its proof is standard, so we only sketch
the argument. Given any o > 0, we write x = b — a and make the division

oo

oz
G,(a,b) :/ cr(a, b)e_”TdT+/ cr(a,b)e " TdT. (2.9)
0 «a

|z

For the second integral on the right-hand side, we set cp = Y, ., cr(a, b) and use c¢p(a,b) < cp. It
can be shown that ¢y obeys cgir < cger and that this implies c%p/ T seveasT — oo, from which
we see that cp(a,b) < Cee+97T for any € > 0. This gives exponential decay in z for the second

integral. For the first integral, we recall the Chernoff estimate for the Poisson distribution, in the

>
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form that if X is Poisson with mean A and k > ), then P(X > k) < e *(eA/k)*. Since a walk
can travel from a to b in time T only if the number of steps taken is at least x, it follows from the
Chernoff bound that if 2da < 1 and 7' < alz| then

cr(a,b) < P(Yr > |z|) < e 2 (2dTe)|z| 71l < (2dea)l. (2.10)

By choosing « sufficiently small depending on v (recall that v < 0 is possible), we see that the
first term on the right-hand side of (2.9]) also exhibits exponential decay in z. |

2.2 Integral representation

We use the supersymmetric integral representation for the two-point function discussed in detail
in [5l, Section 3]. We refer to that discussion for further details, notation, and definitions, and here
we recall the minimum needed for our present purposes.

In terms of the complex boson field ¢, ¢ and conjugate fermion fields v, introduced in [5]
Section 3], and using the same notation, for x € A we define the differential forms

T = Gao + Vp A Uy, (2.11)

TAx = %<¢x(_A(5)w + (_A¢)x(5x + wm A (_AIE)SD + (_Aw>m A @m)v (212>

where A = A, is the lattice Laplacian on A given by A¢, = Zy:|y_x|:1(¢y — ¢). Here A denotes
the wedge product; we drop the wedge from the notation subsequently with the understanding
that forms are always multiplied using this anti-commutative product.

Let Ec denote the Gaussian super-expectation with covariance matrix C, as defined in [5
Definition 3.2]. In [5 (4.7)—-(4.8)], it is shown that for N < 00, g > 0, v € R, m? > 0, and 2z, > —1,

Grg(a,b) = (1+ 20)Ec (67" Magy) (2.13)
where C' = (—A +m?)7,
UO(A) = Z (907-5 + VoTy + ZOTA,x)> (214)
TEA
and
dJo :9(1+Z0)2, vy = (1+z0)y—m2. (2,15)

The identity (2ZI3) is a rewriting of an identity from [IIL[I5] that was inspired by [39,41]; see
also [16, Theorem 5.1] for a self-contained proof.

In [5], we also use (ZI3), but there write V instead of U. In the present paper, we use V for
an extension of U that incorporates also an observable field, discussed next.

2.3 Observable field

We introduce an external field o € C and define
Vo(A) = Up(A) — 000 — 5. (2.16)
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We refer to o as the observable field. Then we can compute the two-point function using the
identity
2

0007 lo

which follows from (2.I3]). To prove Theorem [[LT], we analyse the derivative of the Gaussian super-
expectation on the right-hand side of (ZIT), without making further reference to its connection
with self-avoiding walks.

An external field is also employed to analyse the susceptibility in [B, Section [4.1], but in a
different way. There the external field is a test function J : A — R, and Uy(A) becomes replaced
by Up(A) — erA(qugx + Jo$). In [5] the interest is in the constant external field J, = 1 for
all x € A, and the macroscopic regularity of this test function is important. Here, in contrast,
([Z18) corresponds to setting J, = ol,—, and J, = 51,—;, (so the two are not precisely complex
conjugates). To work with such a singular external field, we use a different analysis based on ideas
prepared in [I7HI9]. It would be desirable to allow all coupling constants to be spatially varying,
not just the external field. This extension has been achieved for hierarchical models in [IJ.

Our attention to the dependence on the external field is quite limited: we only wish to compute
the derivative (ZI7)), and as such we make no use of any functional dependence on 0,5 beyond
expansion to second order, i.e., including terms of order 1,0,5,06. We formalise this notion by
identifying quantities with the same expansion to second order, as follows. Recall the space N
of even differential forms introduced in [5, Section 3.1], which we now denote instead by N'?. As
in [B (3.5)], an element of N'? has the form

S Fo(6, )i, (2.18)

x?y

Grgw(a,b) = (14 20) Ece oW, (2.17)

We extend this notion by now allowing the coefficients F, , to be functions of the external field
0,7 as well as of the boson field ¢, ¢. Let N be the resulting algebra of differential forms. Let Z
denote the ideal in A consisting of those elements of N” whose expansion to second order in the
external field is zero. The quotient algebra N /Z then has the direct sum decomposition

N/IT=N° N OGN BN, (2.19)

where elements of N%, N, N'® are respectively given by elements of N'? multiplied by o, by &,
and by oo. For example, gbmq;yibxi/?x € N2, and 0¢, € N There are canonical projections
7o : N — N for a € {@,a,b,ab}. We use the abbreviation 7, = 1 — 7y = 7, + 7 + Tap. The
quotient space is used also in [I7HI9], e.g., around [17, (1.60)]. Since we have no further use of
N, to simplify the notation we henceforth write simply A instead of N'/Z. As functions of the
external field, elements of N are then polynomials of degree at most 2, by definition. For example,
we identify €%t and 1 + 0d, + Gdp + 0G Db, as both are elements of the same equivalence
class in the quotient space.

3 Renormalisation group map

In this section, we sketch only the most important ingredients of our renormalisation group method
from [BL6,18,[19]. A more detailed introduction is given in [5] (see also [7,[12]).
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3.1 Progressive Gaussian integration

We use decompositions of the covariances C' = (—Ay, +m?)™! and (—Ag: + m?)~! for the torus
and Z*, respectively, as discussed in [5, Section 5.1], and we use the same notation as in [5]. These
decompositions take the form

(=Ag +m?*)~* C; (m* € [0,46)), (3.1)

Il
1M

r

C = (—AAN + m2)_1 = Cj + CN,N (m2 S (0,5)), (32)

1

<.
Il

where the covariance Cly y is special because of the effect of the torus. The particular finite-range
decomposition we use is developed in [4l[14], with properties given in [6]. The finite-range condition
is the statement that Cj,,, = 0 when |z — y| > £ L7; this condition is important for results we use
from [I8,19]. As discussed in [3], Section 5.1], the Gaussian super-expectation of F' € N can be
carried out progressively, via the identity

EcF = (ECN,N oEq, ,00---0Eg 9) F. (3.3)
The external field o, 7 is treated as a constant by the super-expectation. To compute Eqe="0(®)

of (2.IT), we use ([B3), and define
Zy=e"WN 7, =K, 0Z; (j<N). (3.4)

For j+1 = N, we interpret the convolution E¢, 6 as the expectation E¢, , i.e., the last covariance
is taken to be the one appropriate for the torus Ay. Then the desired expectation is given by Z%(0),
where the superscript 0 denotes projection onto the degree-0 part of the differential form (i.e., the
fermion field is set to 0) and the argument 0 means that the boson field is evaluated at ¢ = 0.
Thus we are led to study the recursion Z; — Z;,,. By ([2I7), the two-point function is given by

G gola,b) = (1 + 20) Z3.,5(0), (3.5)

where F,; € N denotes the coefficient of 05 in F € N, i.e., 723 = 0523 ,5.

3.2 The interaction functional

Let Q© and QM respectively denote the vector space of local polynomials of the form

VO = 97'2 + T 4+ 27 — A1, 0’& — M1, 09, (3’6)

VW =V — 305(gla + asLs),
where g,v,2 € R, Ay, A\, o, @ € C, and the indicator functions are defined by the Kronecker
delta 1,, = 0,,. (We believe that in fact only real coupling constants \,, Ay, ¢a, g» are required,
but we did not prove this and it costs us nothing to permit complex coupling constants.) The
terms involving o are referred to as observables, while the terms involving 72, 7, and 7a are
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bulk terms. We frequently identify elements of Q® and QW) as sequences VO = (g, v, 2, Ao, \p),
VW) = (g,v,2, Aoy M, Gas @), and typically write U = 7,V = (g, v, 2).

Recall from [5, Section [5.3] the set B, of scale-j blocks, and the set P; of scale-j polymers in
A. We also recall from [5, Section [5.4] the interaction functional I; : Q© x P; — N defined for
BeB;, X €Pj,and V € QU by

L(V,B)=e VP 1+ W,(V.B)), L(V.X)= [] L(V.B), (3.8)

BeB;

where W; is an explicit quadratic function of V' defined in [6]. In particular, W, = 0. We often
write simply 1;(X) = I;(V, X). By B8), Io(V,X) =e V& forall X C A, with V(X) =Y,y Vi

Motivation for the definition (B.8)) is given in [0, Section 2]. In the present paper, we do not
give the details of the definitions of W; and I; since we do not need them here. They are, however,
important in [6,[1819] and we rely on results from those references. The V' domain of I; is larger
here than in [5], due to the presence of observables, but the larger domain is permitted and present

in the analysis of [6,I8,19].

3.3 Renormalisation group coordinates

Given Fy, Fy : P; — N, we define the circle product Fy o F5 : P; — N by

(FoR)(Y)= > RXRBRY\X) (YeP). (3.9)

XeP;j:XCY

The terms X = @ and X = A are included in the summation on the right-hand side, and we
demand that all functions F' : P; — N obey F(&) = 1. The circle product depends on the scale j,
is associative, and is also commutative due to our restriction in N to forms of even degree. Its
identity element is 1, defined by 1,(X) =1 if X is empty, and otherwise 14(X) = 0.

In the definition of Iy we set V' = Vj, with Vj defined in ([2.16]), so that Io(X) = In(Vo, X) =
e X) for all X ¢ A. Let Ky : Py — N be defined by Ky = 1y, and set gy = 0. Then
Zo = 1o(Vo, A) of (B4 is also given by

Z(] = ](](A) = €q006(10 o Ko)(A> (310)
Our strategy is to define ¢; € C, V; € QO K; : P; — N, and set I; = I;(V}), so as to maintain

this form as
Zy= (Lo K)(A) (0 )< N) (3.11)

in the recursion Z; + Z; 11 = E¢,,,07; of (3.4]), with the initial condition given by ([B.I0). At the
final scale 7 = N, the only two polymers are the single block A = Ay and the empty set @, and
since [;(@) = K;(&@) = 1, by assumption, (311 simply reads

Zn = e (I o Kn)(A) = ™7 (In(A) + Kn(A)). (3.12)
If we set 0¢;+1 = ¢j+1 — g;, then (B.I1)) can equivalently be written as

Ec,.,0(1; 0 K;)(A) = 4197 (141 0 K1) (A). (3.13)
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In view of ([BI3), and since I; is determined by Vj, we are led to study the renormalisation group
map

(Vi K5) 7> (0541, Vi1, Kjpa).- (3.14)
The coupling constants of V; & Q) are written as 9j,Vj, Zj, Aaj, \pj- Ultimately we express the

two-point function in terms of the sequence (g;), so this sequence is fundamentally important in
the proof of Theorem [[.Il Our construction creates dg; as the average

1
i = 5\0%a,; J :
0q 2(<5q i+ 0q,5) (3.15)

of two sequences dq, ; and &, ; (see [19, (1.50)]).

3.4 Renormalisation group map

To implement the above strategy, given suitable V; € QO and K ;2 P; = N, we define d¢;4; € C,
Vis1 € QO and Ky : Pjy1 — N in such a way that

Zj1 = Ecj+19Zj - eqjaaECjﬂe(]j o K;)(A) = eqj+1a6(]j+1 o Kj)(A) (j<N). (3.16)

Thus (BI1)) does retain its form under progressive integration. We use the explicit choice for the
renormalisation group map (B.I4]) that is given in [I9], from now on. This choice achieves ([B.10]) for
fixed j < N, assuming that (V}, K;) is in an appropriate domain, and it provides good estimates
for (8gj41, Vi1, Kji1)-

To simplify the notation, we set V. = (3¢, V{?) € QW and write B14) as (V, K) — (V, K4).
We typically drop subscripts 7 and write + in place of j+ 1, also leave the dependence of the maps
on the mass parameter m? of the covariance (—A + m?)~! implicit.

3.5 Bulk flow
By [19, (1.68))], the renormalisation group map has the property

W@V_’.(V, K) = V+(7Tgv, W@K), W@K.’.(V, K) = K+(7Tgv, W@K) (317)

Thus, under (BI4), the bulk coordinates (75V;, mzK;) satisfy a closed evolution equation of their
own. We denote its evolution map by (V?, K7) and write U = 75V. Then [BI4) reduces to

(Ujr1, 1o K1) = (V2 (Uj, moK;), K (Uj, mo Kj)). (3.18)

The construction of a critical global renormalisation group flow of the bulk coordinates (BI]])
is achieved in [5]. Namely, there is a construction of (U;, nyK;) for 0 < j < N such that (3.18)
holds for all 0 < j < N. This construction provides detailed information about the sequence Uj,
and good estimates on 75 K, sufficient for studying the infinite volume limit at the critical point.
In Section M, we use this bulk flow to study observables.

It is convenient to change perspective on which variables are independent. The weakly self-
avoiding walk has parameters g, v. In (ZI4), additional parameters m?, go, o, 20 were introduced.
For the moment we consider these as independent variables and do not consider g, v directly. The
relation between m?, gy, 1, 2o and the original parameters ¢, v is addressed in Section 3.6l
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To state the result about the bulk flow, let g; be the (m?, go)-dependent sequence determined
by gj+1 = G5 — £;G; with go = go and with 3; = £;(m?) defined in [3], (6.5)]. We also recall the
sequence X; defined in [5, (6.7)], but its precise definition is not important for our present needs.
It obeys 0 < y; < 1, eventually decays exponentially when m? > 0, and is identically equal to 1
when m? = 0. Also, by [5, Proposition 6.1] and [5, (8.22)] respectively,

_ 9o . : 2 2
3. <0 forml L90) € [0,6)2, 3.19
6 <0 (T2 ) wiformiy in (1, g0) € 0.0 3.19)
> gt = O(x;9)). (3:20)
k=j

Without multiplication by ¥, the sequence g; converges to 0 when m? = 0 but not when m? > 0.
(To apply (23), in which the limit v | v, follows the limit N — oo, we do consider limits j — oo
with m? > 0, corresponding to v > v, to prove Theorem [LT1)

The following theorem is a reduced version of [B, Proposition 8.1]. Some of its notation is
explained after the statement.

Theorem 3.1. Let d = 4 and let 6 > 0 be sufficiently small. There exist M > 0 and an infinite
sequence of functions U; = (g5,v5, 25) of (m?, go) € 10,0)?, independent of N € N, such that:

(i) assuming o = 0, given N € N, for initial conditions Uy = (go, 1§, 25) with go € (0,9), Ko = 1y,
and with mass m* € [0,0), a flow (U, K;) € DY ewists such that BI8) holds for all j +1 < N,
and given m* € [SL™*N=Y_§), also for j +1= N. Then, in particular,

1K |lw, = |maK;llw, < Mx;g; (j <N) (3.21)

and g5 = O(g;). In addition, 2§ = O(x;g;) and v; = O(x; L~ g;).
(ii) 25, V5 are continuous in (m?, go) € [0,6)?.
The definition of the W; norm in ([3:2])) is discussed at length in [19], and we do not repeat the
details here, as we now only need the fact that (321]) with j = N implies that
mo K3 (A)] < Mxngy, (3.22)

uniformly in m? € [§L72N=1 §), as a consequence of [19, (1.64)].

The W; = W;(5) norm depends on a parameter § = (m?,g) € [0,8) x (0,d). Its significance
is discussed in [5 Section 6.3]. In particular, useful choices of this parameter depend on the scale
j, as well as on approximate values of the mass parameter m? of the covariance and the coupling
constant g;. Throughout the paper, we use the convention that when the parameter 5 is omitted,
it is given by § = s; = (m?, g;(m?, go)). Here m? = m? is the mass parameter of the covariance,
and g = g; is defined in terms of the initial condition gy by

35 = 3;(m*, 90) = (0, 90) Li<j, + Gjn (0, 90) Ly, (3.23)

where the mass scale j,, is the smallest integer j such that L*m? > 1. By [5, Lemma [7.4],
g =5; +0(g)), (3.24)
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so the two sequences are the same to leading order. However, g; is more convenient for aspects of
the analysis in [5].

The domain D = D7 (3) also depends on § (with the same convention when the parameter is
omitted) and is defined as follows. For the universal constant Cp > 2 determined in [5], for j < NV,

D7 (5) ={(g.v.2) ER’: Cp'g < g < Cpg, L¥|v],[2] < Cpg} x Bye(ax;4°). (3.25)

The first factor is the important stability domain defined in [I8 (1.55))], restricted to the bulk
coordinates and real scalars. In the second factor, By (a) denotes the open ball of radius a centred
at the origin of the Banach space X, and « is fixed in [5]; it can be taken to be 10M where M
is the constant of Theorem Bl Compared to [19], we have replaced x*/2 by x for notational
convenience. The space W7 is the restriction of W to elements K € W with 7, K (X) = 0 for all
polymers X. Since the renormalisation group acts triangularly, by ([B.I7), the distinction between
W and W? is unimportant for the bulk flow, and W¥? is denoted by W in [5].

3.6 Change of variables

Theorem B.11is stated in terms of the parameters m?, gq, rather than the parameters g, v of the
weakly self-avoiding walk. The following proposition, proved in [5 Proposition [4.2(ii)], relates
these sets of parameters via the functions z§, 5 of Theorem 3.1l and (2.15]).

Proposition 3.2. Let d = 4 and let §; > 0 be sufficiently small. There exists a function [0,81)* —

0,8)%, written (g,€) (~ (9,€),90(g,€)), such that [ZI3) holds with v = v.(g) + €, if 2o
26(m?, go) and vy = v§(m?, Go). The functions m, gy are right-continuous as € | 0, with m?(g,0) =

0, and m*(g,e) > 0 if e > 0.

We also write

20(97 )_ZO( (gv )§0(976))7 ﬂO(gv )_VO( (gv ).60(976))' (326>

The functions Zy, 7y are right-continuous as € | 0. For the problem without observables, considered
in [5], we analysed the sequence Z; by choosing variables as follows. First, starting from (g,v),
Proposition B2 gives us (m?, go), and then Theorem Bl gives us an initial condition Uy = (o, 2o, 7o)
for which there exists a global bulk flow of the renormalisation group map. In the next section,
we extend this to include observables.

4 Observable flow
It follows from Proposition 2.1 and (3.3]) that

‘ 0
CGyve(ab) =lim lim Gy gpie(ab) =lim (14 2) lim Z%,,), (4.1)
provided the parameters (m?, go, v, z9) implicit on the right-hand side obey ([ZIH) with v =
ve(g) +¢. To analyse (41]) via the renormalisation group flow, our remaining task is to supplement
the bulk flow of Theorem [3.]] with the flow of the observable coupling constants A, j, Apj, o js @b,
and of the observable part 7, K; of K;. In other words, we extend Theorem [B.]] to the case of
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nonzero ¢. This is truly an extension, in the sense that the bulk flow needs no modification
because the equations for A\, ;, Ay j, qa,j, @.j, T«K; depend on but do not appear in the flow of
(9, 24, vj, Tz K;) which corresponds to o = 0, by (B.17). With the estimates provided by [19], we
will prove Theorem [LIlusing the kind of perturbative calculations familiar in the physics literature,
in a mathematically rigorous manner.

4.1 Perturbative flow of observables

Definition 4.1. Given a,b € A, the coalescence scale jup, is defined by

Jab = | log,(2]a —b])]. (4.2)

The coalescence scale is related to the finite-range property of the covariance decomposition
mentioned in Section Bl namely that Cj,,,, = 0 if |z —y| > 1L7. Thus j, is such that Cj,,.., = 0,
but C;., 1.4 need not be zero. By definition, L~%a is bounded above and below by multiples of
la — b|72, in fact LI« < 2|a — b|.

In [6], the flow of the coupling constants in V' is computed at a perturbative level. The
perturbative flow is without control of errors uniformly in the volume, and we address the uniform
control below. The perturbative flow is determined by a map V = (g,v, 2, Ao, Mo, @a, @) — Vot =
(Gpt> Vpts Zpts Aapts Ab.pts Gapts Gb,pt); here we are only interested in A, g. The perturbative flow of A, ¢
is reported in [0, (3.34)—(3.35)] as the scale-dependent map V' +— (Aut, gpt) given, for z = a,b, by

1 = §[rw®DN, i+ 1< 7,
Azpt = ( | ) (] ] 2 (4.3)
A (] +1 Z ]ab)>
Qz,pt = 4z + )\a)\b Cj—i—l;a,b- (44)

In [L3)—-[E4), j refers to the scale of the initial V', with (Au, gpt) being scale-(j + 1) objects. Also,

5[1/111(1)] = V+'wj('i_)1 - V'wj('l) with v7 =v + 2ng+1;070. (45)

The coalescence scale j,, has the property that ¢, = 0 if ¢ = 0 for j < ju because the factor
Cjt1.0p on the right-hand side of (4.4]) is zero when j + 1 < j,,. The considerations that lead to
the stopping of the flow of A at the coalescence scale in ([£3]) are discussed in [6] Section [3.2].

As discussed above (3.13)), it is convenient to express the renormalisation group map in terms of
8¢ rather than g. For this, we identify elements V € Q) with elements of Q") having ¢, = ¢, = 0,
and, when V € Q© we write dg,; instead of gpy.

4.2 A single renormalisation group step

Now we consider the renormalisation group map
(V.K) = (VY Kp) = (0gs, Vi, Ko, (4.6)

which pertains not only to the bulk, but also to the observable coupling constants as well as
T K = (1, K, mp K, 1, K). To state the estimates we require from [19] for the map ([Z.0), we recall
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([3.29), and define similarly

D;(5) = {(g,v, 2, Aas M) €ER? x C*: C3'g < g < Cpg, L¥|v, |2| < Cpg,

. 4.7
Nl ol < Co} % By, (00, 4.7

The first factor is the same as [19, (1.55)], but restricted to real values. Compared to D? of (B.23]),
the coupling constants A,, A, are included in D of (£X). Also, the Banach spaces W; = W;(5)
now pertain to K with components in N, N'®, N'; these spaces are discussed in detail in [I9,
Sections [1.6H1.7]. The domain D? is obtained by projecting both factors in the definition (£7) by
the appropriate definitions of 75 on Q© and W, separately.
A j-dependent norm on QW is defined by
IVllo = max{lgl, L¥|v;], |21, €€oj|al, €010, € 5160l €2 10} (4.8)

U?j

where . - N
U =1Ll U, = 2(§_Jab)+L(J/\jab)§‘ (4.9)

0—7]

The significance of the weights ¢;, £, ; is explained in [I8, Remark 3.3]; the constant ¢, > 0 is
determined in [I8 (1.73)] and is of no direct importance here.

The following theorem concerns a single renormalisation group step ([B.14]), with observables. It
is a reduced version of the main result of [I9], combining the relevant parts of [19, Theorems [1.10-
1110 1.13] into a single statement. Such a result was used in [5, Theorem 6.3], but now observables
are included in V and K. In fact, only the observable part of the statement is of interest here—
the bulk flow is independent and has already been analysed—but it is convenient to state the
theorem in its general form, applying to both bulk and observables simultaneously. The bounds
on derivatives provided by [19] are not stated in Theorem as they are not needed here.

The map Vf) = (0q+,Vy) is a perturbation of the map Vj; discussed in Section @] and it is
convenient to describe it in terms of the difference

Ry (V. K) = VIOV, K) = Vi (V). (4.10)

Thus R, is an element of QM) with a component for each of the seven coupling constants
(9,7, 2, Aay by 0qa, 0qp), and dq is defined by dg = %(5% + dqy). As in [5], considerable care is
required to express the continuity of the maps R, , K, in the mass parameter m?, and we define
the intervals

I = {[0’5] (‘7: <) (4.11)

and, for m? € I,

[Em22m N, (M2 4

2 )

0
. 4.12
0, L7201 (02 = 0). (4.12)

I =1;(m*) = {

For the statement of the theorem, we write § = (m?,§) and 5, = (m? g;). We assume 1g, <
g < 2g, and write y = x;(m?). We subsequently use the explicit choice § = s; and 5, = s;41,
discussed in Section 3.5 and the choice of o mentioned below (3.25]). Then in particular ¥ = ;.
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Theorem 4.2. Let d =4. Let Cp and L be sufficiently large. There exist M > 0 and 6 > 0 such
that for g € (0,9) and m? € 1, and with the domain D defined using any o > M, the maps

Ry D) x I, (m?) — oW, K, :D(3) x L .(m?) = W, (5,) (4.13)
are analytic in (V, K), and satisfy the estimates
IRl < MRE, 1Ky lw, < MG (4.14)
In addition, R, K are jointly continuous in all arguments m?,V, K.

In a precise and non-trivial sense, Theorem shows that the error to the perturbative calcu-
lation of Section A1]is of third-order in the coupling constants. However, unlike the bulk coupling
constants, which remain small, the observables are not small, e.g., \g = 1, and this is compensated
by the weights in (£.9).

In the remainder of the paper, we write

f < g when there is a C' > 0 such that f < Cy; (4.15)

the constant C' is always uniform in g, e and the scale j but may depend on L.
For z = a,b, let Rj\r”” denote the coupling constant corresponding to A, in R, and similarly for
R% . In [19, Proposition [1.14], it is shown that or (V, K) € D; and = = a, b,

|RY | < X597 Lj<juss (4.16)
|R%| < fa—b] X470 g 1, (4.17)

The perturbative contribution A, , to the observable coupling constant is independent of x =
a,b, as is apparent from ([A3]). However, the paving of the torus A by blocks breaks translation
invariance, and this allows A, to have non-perturbative contributions that depend on the relative
positions of = a, b within blocks. Nevertheless, our main result Theorem [[.T] does not depend on
the positions of a, b in the initial paving of A by blocks.

4.3 Observable flow

The achievement of Theorem . 2is to show that if (V}, K;) lies in the domain ID;, then we have good
control of A, i1, s j4+1 and also the observable part of K1 (whose bulk part has been controlled
along with the bulk coupling constants already in Theorem B.]). The following proposition links
scales together via an inductive argument to conclude that (V}, K;) remains in D; for all j < N.

In particular, this requires that the bulk flow is well-defined for all j < N. For this, we recall
that, given the parameters (m?, go) € [0,0)?, the critical initial conditions for the global existence
of the bulk renormalisation group flow are given by

Uo = Us = (90, 25(m*, 90), v5(m?, g0)), (4.18)

by Theorem Bl We also recall the corresponding sequence U;(m?, go).
According to [19, (1.69)], in the presence of observables, (8.17) is supplemented by the statement

that, for x = a, b,
if 7,V =0 and 7, K(X) =0 for all X € P then

(4.19)
Ve =mVe =0and 7, K (U) =, K (U) =0 for all U € Py,
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and, in addition, A, + is independent of each of \,, m K, and 7, K, and the same is true with a,b
interchanged.

As a consequence, using Theorem[4.2] the next proposition shows that the flow with observables,
and with initial conditions

ﬂ-@% - Ugv )‘:E,O € {07 1}7 qz,0 = 07 (LU = a, b) (420)

exists for all j < N. Note that we permit one or both of A\, to equal zero, and in this case we
regard the observable at x as being absent, so the concept of coalescence becomes vacuous. We
therefore use the convention that

Jab =00 if Agg =0 or Apg = 0. (4.21)

Proposition 4.3. Let \,p € {0,1} and g, =0 for x = a,b.

(i) For (m? go) € [0L720=V§) x (0,0), there is a choice of (quj,qv, Vj, K;) such that (B.16)
holds for 0 < j < N. This choice is such that 75V, = U;(m?, go). If Aeo = 0 then \,; = 0 for all
0 <j <N, whereas if \,o =1 then

N {(1 + ijg(-l))_l(l +3097 f%,k) (J+1<jw)
N . .
Njup—1 (J+12> jap)-

If \po = 1 for one or both of v = a,b then q,; = q; = 0 for all 0 < j < N, whereas if
Aa0 = Moo = 1 then, for x = a,b,

(4.22)

7j—1
Gog =Y (Magur—1M0urmt Cirtiap + Vgi) (4.23)
1=Jab—1
1K llw, < Mx;3;. (4.24)

In the above estimates, M is the constant appearing in (A1), and 0y, ;,v,,.; € C obey, uniformly
in (m2ago) € [075)27

|Ox0i| < X592 Lj<iun Vgoi] =< la — ] 2x;47 VI gl s (4.25)

(ii) For j < N, each of Ay ;,0Gs . s is independent of N, in the sense that, e.g., qui,.-., e N
have the same values on Ay as on a larger torus Ay, with N’ > N. In addition, each is defined
as a continuous function of (m?, go) € [0,0)?. Finally, for j < ja, Aa; is independent of N\yo, and
Ao,j 15 independent of N, .

Proof. To simplify the notation, we drop the labels x = a, b from A, ¢ when their role is insignificant.

(i) As a preliminary step, we introduce a change to variables that diagonalise the evolution of A
to linear order in V. For (V}, K;), we write Ay, = A\pt(V;) and vx; = R}, (V;, K;). Then the
A-component of (6] can be written as A\j11 = Ay + vy ;. We define

A= N1+ v, (4.26)
By (@3), the recursion for \; can then be written as
A1 = Aj 4 Ox (4.27)
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with
- 1 1 1
Onj = (Vj41 — Vj))‘jw]('—gl + o (1+ Vj+1w]('+)1) —0; [Vw(l)])\j’/j+1w](~421~ (4.28)

The solution to [E27) with initial condition Ao = 1is A; = 1+ 37_{ 9, and hence
j-1
A= (vl (143 o). (4.29)
k=0

By (@4) and ([&I0), and with v, ; = Rf, ,(V}, Kj), dg; is simply given by
0qj+1 = 0Gpt + Vg j = Ao j Mo ;Cittiab + Vg (4.30)
Now we can prove (£.22)—([.25) by induction on j, with induction hypothesis:
IH; : for all & <j, (Vi, Kj) € Dy, (£22)-(£25) hold with j replaced by k.

By direct verification, IHy holds (with 9y 1 = v, 1 = 0).

We assume IH; and show that it implies IH;.;. By IH; and the bound (£I4) of Theorem 2]
K1 obeys ([£24). In particular, this estimate implies K11 € By, (ax;d;)-

By BI7)-BI8), npV; = U; for all j, and by Theorem B.I], U satisfies the bounds required for
7V in the definiton of D. Therefore, to verify (Vj41, Kj11) € D44, it suffices to show |\ < Cp.

By (@I0), (£3), and (II6), A\; = Aj,,—1 for all j > ju, so we assume that j < ju, — 1. To
estimate 0 ;, we use the fact that |\;| < Cp by assumption, and |v;| < L™%y;g; by Theorem B.11
We apply [0l Lemma [6.2] and [19, (1.80)] to see that w]m < L* and |vj41 — v)| < L™¥x;g;, and
also |Vj\w](-1) =< L_ijjgjw§1) < x;g;- The factor v, ; is bounded via (£I0]), and the last term on the
right-hand side of ([£.28) is similarly bounded (without any need for cancellation in the ¢ term).
We conclude that [0y ;| < x;97, as required. With ([B.20), this leads to [A\j11] = 14+ O(go) < Cp
(since we have assumed above ([3.25]) that Cp > 2). This establishes that \;1; obeys the condition
required in the definition of the domain D, and all necessary properties for A;;; have been
established.

By (#.30) and (4.17) with IH;, (£.23) holds with v, ; obeying (£.25)). This advances the induction

and completes the proof of part (i).

(ii) The N-independence of \;,d¢q; follows exactly as in the proof of [5, Proposition 8.1], so we
only sketch the argument. By (L3)-(Z4), A\, and dgy are independent of N. Moreover, by [19]
Proposition [1.18(i)], R+ (V, K) is independent of N provided that V' is independent of N and that
the family K has Property Z¢ defined in [19]. That the renormalisation group map preserves
Property Z? for K is shown in [19, Proposition [1.17].

To show that \;, dg; (and thus also ¢;) are continuous as functions of (m?, go) € [0,0)?, assuming
that Vo = VE(m?, go), we can proceed exactly as in [B, Section [8.2]. The definition of continuous
functions of the renormalisation group coordinates at scale-j, provided by [5], Definition 8.2] for the
bulk coordinates, applies literally also to the renormalisation group coordinates with observables.
By Theorem for Ry and [6l Lemma 6.2] for V,, both of A\;, d¢, are continuous functions of the
renormalisation group coordinates at scale-j. By [5 Proposition 8.3], which also applies literally
with observables, we conclude continuity of A;, dg; for all j.

Finally, it follows inductively from (£I9) and the statement below (AI9) that if j < ju, then
Aq,j 1s independent of A\, o, and vice versa, as required. This completes the proof. [ ]
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In the following lemma, we denote the derivative of Z% (¢, ¢) with respect to ¢, in the direction
of a test function J : A — C, as D3 Z% (¢, ¢; J) = LZ% (¢, p+tJ)|o. Let 1 denote the constant test
function 1, = 1 for all x € A. We systematically use subscripts o or oa to denote the coefficient of &
or 06 in F' € N, under the decomposition (ZI9). For example, we write K y.,5(A) = =7 Ky (A).

Lemma 4.4. Let A,y € {0,1} and ¢, =0 for x = a,b. The flow of Proposition[{.3 obeys
Aan = D3 Z3.,(0,0;1) = DgWR., (A;0,0; 1) — DKR,.,(A; 0,0;1). (4.31)
Proof. As in [5], (8.13)],
Z% = I%(A) 4+ K (A) = e "W (1 + W(A)) + K (A). (4.32)
Therefore, since 7,(FG) = (1, F)(15G) + (75 F)(7,G), and since
To(e”VRWY = e URM) | (e NI) = g\, v, (4.33)
we obtain
280 = Aanbae UKD (1 + W7 (A)) + e UNWWS (A) + K, (A). (4.34)
Differentiating with respect to ¢ at (¢, ¢) = (0,0), we obtain
D3Z3%.5(0,0;1) = Ao v + DgWR.,(A;0,0; 1) + Dy KR, (A; 0,0 1), (4.35)

where we used e U400 — 1 and the fact that W](\),’@(A; 0,0) = 0 since W]?,’@ is a polynomial in ¢
with no monomials of degree below two. [ ]

The W and K terms in the statement of Lemma [4.4] are estimated using the following lemma.

Lemma 4.5. The following bounds hold uniformly in m? € [§L=2N=1 §):

1 1
0 . _
}KN;O’&(Aj 0, O)} < 4(N—jab)+ ‘CL — b|2 XNAN, (436)
I (N—=jab)+
DK (A:0,0: )] < xv i (5) | (437)
I (N—jab)+
|D$W1%;U(A§O>0§ D] < x~gn (5) . (4.38)

Proof. Recall the definitions of the Q norm from (4.§]), and the definitions of the T} ;(¢;) and ®,(¢;)
norms from [5], Section [6.3]. By definition of the T ;(¢;) norm,

S (A50,0)] < [ Ky (A) e (4.39)
and, for any F' € N9 and any test function J : A — C,

|D<;_5F0(0a0; J)| < ||F||T0,N(5N)||J||‘1>N(5N)' (440)
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Recall from [I7, (1.61)] that in the Ty norm each occurrence of o or & gives rise to a weight
ly; = 2(j_jab)+L(j/\jab)§j. (4.41)

There is therefore a factor €2 - inside the norm of 7, K;. We apply [19, (1.62)], which uses this
fact, and which implies that the bound

KR (0,0)] < LAIEN (M)l wien) < Gl Kl < 470w L72erx gy (4.42)

holds uniformly in m? € [§L72V=Y §). As mentioned below Definition BT} L%« and |a — b| are
comparable. With (£24) and ([3:24)), this shows that that (Z30) holds.
By definition, ||1]|ley ) = {5 (see [B, (8.55)]). With (@40), this gives

| D5 (50,0 D] < € N N (M) 13 e Ll oien) = Lol Iy (4.43)
With (£9) and ([£24), this proves (437). Finally, by [I8, Proposition 4.1],
Wx (Ml < Xvgx (4.44)

and (£.38) then follows as in ([A.43). u

The next two lemmas apply Proposition to study limits of the sequences A, ;,q;. By
Proposition .3(ii), ¢, ; is independent of N (assuming that N is larger than j,), and A, ; is
independent of j,, and N if j < ju» < N, and we can therefore define sequences A} ; for all j € N,
with A} o = 1, such that A, ; = A} ; for j < jap. The sequence A} ; is independent of Ay, and vice
versa. By definition,

J

Arj = A, (4.45)

2,jA(fap—1)?

and
Aaj = A, ; forall j < N when Ao =0. (4.46)

We make the dependence on (m?, go) explicit by writing A\, ; = A\, j(m?, go) and ¢, ; = ¢, j(m?, go).

Lemma 4.6. For (m? gy) € [0,0)?, forx =a orx =10, for A\, =1, and for j € Ny,

11— Xi(m?, go)| < X, (4.47)

In particular,
|1 - )\xyjab—l(m2a gO)| = XjasGjas (4'48)

Proof. By Proposition [.3] the flow of ), is independent of the choice of A, and vice versa. We
give the proof for the case x = a, and the same argument applies to z = b.

We choose the initial conditions (Mg 0, A\po) = (1,0). As discussed above Proposition 3] in this
case we have j,, = N. By Lemma [£4]

N — D(Z_SZR[,CT(O? 07 1) - D(ZEW](\)LU(A7 07 07 1) - D(EKR/,U(A7 07 07 1) (449)

By Lemma [.5] this gives
Now = D3Z3,5(0,0; 1) + O(xwgn). (4.50)
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The limit of the first term on the right-hand side of (LE0), as N — oo, can be evaluated exactly,
as follows. Let C be the covariance defined in (3.2]). Recall from [, (4.23)] that, for any external
field J: A — C,

Su(J,J) = Ec <e—VO<A>+<Jv<5>+<f7¢>> = ICD 20 (0], C ), (4.51)

where the superscript 0 denotes projection onto the degree-0 part of the form Zy. As opposed
to [5], we include the observable term o¢, in Vy and Zy here, and we emphasise this by writing
Y, instead of ¥; the potential V;, without observable terms is again denoted by U,. Each side of
(AE1) has a decomposition as in (219), and we equate the coefficients of ¢ in the components in
N to obtain o i

Ec <e—Uo<A>+<Jﬁ¢>+<J7¢><5a) = CN 78, (CJ,C). (4.52)

Let 1 be the constant test function 1, = 1 for all x € A. Then C'1 = m~21. Differentiation of
([E52) at (0,0) with respect to J, in direction 1, gives

D Eo (67" Meuda) = D3 Z3(0,0;C1) = m ™Dy Z3,.,(0,0; 1). (4.53)

By translation invariance of Es and Uy, the left-hand side is independent of a € A. In fact, it
is equal to Yy defined in [5, (4.9)], which converges to m=2 as N — oo, by [5, Theorem 4.1].
Therefore,

dim. D3Z3.,(0,0;1) = 1. (4.54)

We then apply Lemma (with (N — ja)+ = 0), together with yygn — 0, to conclude from
(4.54]) that the right-hand side of ([A50) tends to 1. On the other hand, by ([£.22), together with
(4.25]) and the estimate |Vj|w](-1) < X;g; used in the proof of Proposition .3

th >‘:N =1+ E ’(VJ)\z’k, SO E ’(VJ)\z’k =0. (455)
—00 ’
k=0 k=0

(Note that the convergence of the sum in (£55) is guaranteed by (£23) and ([3.20).) Finally, by
([E22) and [B:20), uniformly in (m?, go) we have

N — 1= vl =Y o = 0(x3). (4.56)
k=j
and the proof is complete. [ ]

Lemma 4.7. For (m?, go) € [0,0)? and x = a,b, the limit
qm,oo(m27 gO) = JILIEO qzv,j (m27 gO)v (457>

exists, is continuous, and, as |a — b| — oo,

Groo(0, 90) = (—Az1),) (1 +0 (ﬁ)) : (4.58)
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Proof. We again drop the labels z = a, b from )\, ¢ when their role is insignificant.

By (@.23)),

j—1
6= Y Paju1Mju1 Cirriap + V) (4.59)
i:jab_l
Since Cit1.4p = 0 for ¢ < jg, we can restore the scales @ < jg to the sum in the first term on the
right-hand side. In the limit j — oo, we obtain the complete finite-range decomposition for the
inverse Laplacian on Z* as in (3.J)),

Z Ci-i—l;a,b = Z Ci—i—l;a,b = (—AZ4 + mz);bl. (460)
1=Jap—1 i=0

The dependence of A, , 1 is continuous in [0,d)? by Proposition B3 and (—Agzs + m?2);} is
continuous in m? € [0, ). By Proposition 3] in the limit j — oo the sum of v,; on the right-hand
side of (£59) is a uniformly convergent sum of terms that are continuous. Therefore the sum
doo(m?, go) is also continuous, and

Qoo = Majur— 1M1 (= Dzt +mP) 51+ vy (4.61)
i:jab
By (E.17),
D fvgil < la =72 4705, < Ja — b 72X, G5 (4.62)
1=Jab 1=Jab
Therefore,
|Goe = Aajup—1 20y 1 (= Dzs +m%) 3 | < X0, G500 — b 72 (4.63)
By Lemma [4.6]
11 = Aajun=1200p 1] < XjarTjas- (4.64)

With [EG3) and |(—Az: +m?) ' < |a — b|72, this gives
‘qoo - (_AZ4 + m2)c7b1‘ = Xjabgjab|a - b|_27 (465>

uniformly in (m?, go). By BI9), Xj.,75., < Jur < (log|a —b])~L. In particular, the limit g.,(0, go)

obeys (L53). u

4.4 Proof of main result

We now prove Theorem [I.]l In addition to the study of ¢;, which provides the leading contribution,
this requires the estimate ([£386]) on ., K.
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Proof of Theorem[I. For small g,e > 0, set v = v.(g) +¢, and let (m?, go, 10, 20) = (M2, Go, Yo, Z0)
be the functions of (g,e) given by Proposition Since zy = Z(g,¢) — 20(9,0) as ¢ | 0, (&)
gives

Gyw.(a,b) = (1+ Z(g,0)) lim lim Z3}.,,(0). (4.66)

£l0 N—oo

The arguments 0 on the right-hand side mean that the fields ¢, are to be set to zero in Iy, Ky.
Thus I$(A) =1, and for K$(A) only dependence on o, 5 remains. From (3.12) we obtain

Z3(0) = ™77 (IR (A, 0) + K3 (A, 0)) = €™ (1 + K3 (A, 0)), (4.67)
with ¢y = %(q& N+ @ n) as in (B.15). Equating the coefficients of o4 on both sides gives
Z30.05(0) = qn (1 + 7o KR (A, 0)) + K05 (A, 0). (4.68)

Since € > 0 by assumption, it follows that m? > 0, by Proposition 3.2 Therefore, for N sufficiently
large, the bounds (B:222)) and (€30) hold. In particular, by (3I19),

lim 7oK (A,0) =0, lim K%.,.(A,0) =0, (4.69)
N—oo N—oo ’
and therefore
1
. 0 IRT o _
J}I_If})o ZN;U&(()) = ]\]fl_I’)I(l)o AN = Qoo = 2(%,00 + Qb,oo>- (4.70)

With (4.66) and Lemma (7], this gives

Ggu.(a,b) = (1 + Z(g,0)) laifélqw

1
= (14 2(g,0))(=Az) ) (1 +0 | —— ] |- 4.71
(14l ) (-02003 (140 (i )) (4.7
It is a standard fact that (—Agz) ' = (27)"2a—b|~2(1+O(Ja—b|72)) (see, e.g., [36]—the different
constant (27)72 takes into account our definition of the Laplacian). Since Zy(g,0) = O(g), the
proof is complete. (Although our analysis allows ¢; to become complex, the left-hand side of (A.71))
is real by definition, so the right-hand side is as well.) [ |

Remark 4.8. The proof of (4TI used the fact, proved in Lemma L6, that \;; — 1 as j —
oo. The fact that this limit is exactly equal to 1 (without O(g) error, as one might expect) is
intimately related to the interpretation of lim;_,..(1 + z0)Y 2\;; as field strength renormalisation.
Without using A} , = 1, the above proof would show that the two-point function is asymptotic to
(1+ zo))\;oo)\;j’oo(—A);bl. Thus, A} = 1 means that the field strength renormalisation is given by
(14 2)"/? only. This was anticipated already in [5l, Section 4], when we split the original potential

V,..1 into an effective free field with field strength (1 + zp)/? and mass m, and a perturbation.

Remark 4.9. Note that
Gywe(a,b) = (14 Z(9,0))g (4.72)
is an equality, and not merely an asymptotic formula. As such, it contains all information about the

two-point function, including not just the leading asymptotic behaviour but also all higher-order
corrections.
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Remark 4.10. Equations (£41))-(£30) provide corrections to [12], (109)—(111)], which contain
erroneous powers of gy in the upper bounds. In [12, (109), (111)], the g3, in the upper bound
should be gy, and in [I2] (110))] a factor gy is missing on the right-hand side (it is present in
(@410)). The above proof shows that the correct powers here remain sufficient to prove (LT71)).
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