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Abstract

Cross-validation (CV) is a popular method for model-selection. Unfortunately, it is
not immediately obvious how to apply CV to unsupervised or exploratory contexts.
This thesis discusses some extensions of cross-validation to unsupervised learning,
specifically focusing on the problem of choosing how many principal components to
keep. We introduce the latent factor model, define an objective criterion, and show
how CV can be used to estimate the intrinsic dimensionality of a data set. Through
both simulation and theory, we demonstrate that cross-validation is a valuable tool

for unsupervised learning.
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Chapter 1
Introduction

Cross-validation (CV) is a popular method for model selection. It works by estimat-
ing the prediction error of each model under consideration and then choosing the
model with the best performance. In unsupervised contexts, though, there is no clear
notion as to what exactly “prediction error” is. Therefore, it is difficult to employ
cross-validation for model selection in unsupervised or exploratory contexts. In this
thesis, we take a look at some extensions of cross-validation to unsupervised learning.
We focus specifically on the problem of choosing how many components to keep for
principal component analysis (PCA), but many of the concepts we introduce are more
broadly applicable.

Before we can do anything, we need a solid theoretical foundation. To this end,
Chapter [2| gives a survey of relevant results from multivariate statistics and ran-
dom matrix theory. Then, Chapter |3 derives the behavior of the singular value
decomposition (SVD) for “signal-plus-noise” matrix models. These two chapters are
complemented by Appendices [A] and [B] which collect properties of random orthog-
onal matrices and give some limit theorems for weighted sums of random variables.
Collectively, this work provides the groundwork for the rest of the thesis.

In Chapter [4] we introduce the latent factor model. This is a generative model
for signal-plus-noise matrix data that expands the setup of PCA to include correlated
factor loadings. We motivate loss functions for estimating the signal part, and then

show how the SVD performs with respect to these criteria.
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The next chapter (Chapter focuses on cross-validation strategies. It covers both
Wold-style “speckled” hold-outs as well as Gabriel-style “blocked” hold-outs. We
define model error and prediction error for the latent factor model, and present the
two cross-validation methods as estimators of prediction error. The chapter includes
a comparison of CV methods with parametric model-selection procedures, showing
through simulation that CV is much more robust to violations in model assumptions.
In situations where parametric assumptions are unreasonable, cross-validation proves
to be an attractive method for model selection.

Chapter [6] the final chapter, contains a theoretical analysis of Gabriel-style cross-
validation for the SVD, also known as bi-cross-validation (BCV). This chapter shows
that BCV is in general a biased estimator of model error, with an explicit expression
for the bias. Despite this bias, though, the procedure can still be used successfully for
model selection, provided the leave-out sizes are chosen appropriately. The chapter
shows how to choose the leave-out sizes and proves a weak form of consistency.

Cross-validation is a valuable and flexible procedure for model selection. Through
theory and simulation, this thesis demonstrates the applicability and utility of cross-
validation as applied to principal component analysis. Many of the ideas in the
following chapters generalize to other unsupervised learning procedures. This thesis
shows that cross-validation can successfully be used for model selection in a variety

of contexts.



Chapter 2
Multivariate statistics background

Multivariate statistics will prove to be a central tool for this thesis. We use this
chapter to gather the relevant definitions and results, concentrating mainly on the
eigenvalues and eigenvectors from sample covariance matrices. The literature in this
area spans over fifty years. We give the basic definitions and properties of the mul-
tivariate normal and Wishart distributions in Section 2.1} Then, in Section 2.2 we
survey classical results about sample covariance matrices when the number of di-
mensions, p, is fixed and the sample size, n, grows to infinity. This material is by
now standard and can be found in any good multivariate statistics book (e.g. Muir-
head [61]). Lastly, in Section [2.3] we survey modern asymptotics, where n — oo and
p grows with n. Modern multivariate asymptotics is still an active research topic,
but today it is possible to give a reasonably-complete description of the objects of

interest.

2.1 The multivariate normal and Wishart distri-

butions

We start with the definition of the multivariate normal distribution and some basic

properties, which can be found, for example, in Muirhead [61][Chapters 1-3].
Definition 2.1 (Multivariate Normal Distribution). For mean vector pn € RP and

3



4 CHAPTER 2. MULTIVARIATE STATISTICS BACKGROUND

positive-semidefinite covariance matriz 3 € RP*P. a random vector X € RP is said
to be distributed from the multivariate normal distribution, denoted X ~ N (g, E) if
for every fized vector a € RP, the vector a*X has a univariate normal distribution

with mean o and variance a*Xa.

The multivariate normal distribution is defined for any positive-semidefinite covari-

ance matrix 3, but it only has a density when X is strictly positive-definite.

Proposition 2.2. If X € R? follows a multivariate normal distribution with mean p

and positive-definite covariance matrix 3, then its components have density

1
@) = @) e (<o - 05 -0 ) 21)
A basic fact about the multivariate normal is the following:

Proposition 2.3. Let a € R?, C € R™?, and X ~ N (Hv E) . DefineY = CX + a.
ThenY ~ N (Cp+a, CECT).

Two immediate corollaries are:

Corollary 2.4. Suppose that X ~ N (0, 0*I,) and that O € RP*? is an orthogonal
matriz. Then OX L X.

Corollary 2.5. If X ~ N (0, 2) and ¥ = CC" for a matriz C € RP*?, and if
Z~N(0,1,), then CZ L X,

We are often interested in estimating the underlying parameters from multivariate

normal data. The sufficient statistics are the standard estimates.

Proposition 2.6. Say that X, X, ..., X, are independent draws from a N (H, E)

distribution. Then the sample mean

X

S|

zn: X (2.2)
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and the sample covariance

502 g 2o (N ) (- ) (23)

are sufficient statistics for p and 3.
To describe the distribution of S,,, we need to introduce the Wishart distribution.

Definition 2.7 (Wishart Distribution). Let X, Xo,...,X,, € R? be an iid sequence
of random vectors, each distributed as N (0, X). Then the matriz

A=Y X

=1

15 said to have the Wishart distribution with n degrees of freedom and scale parameter

3. We denote this by A ~W, (n, 2).

When n > p and ¥ is positive-definite, the elements of a Wishart matrix have a

density.

Proposition 2.8. Suppose that A ~ W, (n, X). If n > p and X is positive-definite,
then the elements of A have a density over the space of positive-definite matrices,

given by
|n7571

1A [
f(A) = 2?|2|%Fp (%) exp (—2 t (Z A)) , (2.4)

where Ty (+) is the multivariate gamma function, computed as

n p(p—1)/4 b n + 1—2
£y (2) = oo [T (P5121). 29
i=1

We can now characterize the distributions of the sufficient statistics of a sequence

of iid multivariate normal random vectors.

Proposition 2.9. Let X,, and S,, be defined as in Proposition . Then X,, and S,
are independent with X,, ~ N (p, 13) and (n —1)S, ~W, (n — 1, ).
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White Wishart matrices—those with scale parameter ¥ = o2, are of particular
interest. We can characterize their distribution in terms of eigenvalues and eigenvec-

tors.

Proposition 2.10. Suppose that A ~ W, (n, o*I,) withn > p and let A = nOLO"
be the spectral decomposition of A, with L = diag (ly,ls,...,1l,) and ly > 1y > -+ >
l, > 0. Then O and L are independent, with O Haar-distributed over the group of

p X p orthogonal matrices and the elements of L having density

1 np/2 ,n.p 2/2 p 1)/ _ i
(202) T @ H“ GITTE e, (2.6)
v ( (3) i=1

1<j

In the random matrix theory literature, with o2 = 1 the eigenvalue density above is

sometimes referred to as the Laguerre Orthogonal Ensemble (LOE).

2.2 Classical asymptotics

In this section we present results about sample covariance matrices when the sample
size, n, tends to infinity, with the number of dimensions, p a fixed constant. A
straightforward application of the strong law of large numbers gives us the limits of

the sample mean and covariance.

Proposition 2.11. Let X1, X5,..., X, be a sequence of iid random vectors in RP
with E [ X3] = p and E [(Xl — /_L) (X1 — H)T} = 3. Then, as n — o0,

X

Il
Sl
rz;'

n

a.s
2%
i=1

and
n

1

S,
n—1

(Xz - Xn) (Xz - Xn)T (g. 3.

[y

1=
To simplify matters, for the rest of the section we will mostly work in a setting

when the variables have been centered. In this case, the sample covariance matrix
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takes the form S, = %Z?:l X; X' To see that centering the variables does not

change the theory in any essential way, we provide the following proposition.

Proposition 2.12. Let X1, Xs,..., X, be a sequence of random observations in RP
with mean vector p and covariance matriz 3. Let X, = %Z’Z:l X, and S,, =
ﬁ Z?:l (XZ- — Xn) (XZ- — Xn)T be the sample mean and covariance, respectively. De-
fine the centered variables X, = X; — p. Then

I ~ = 1
S,=-Y XX/ - ).
s on ()
In particular, this implies that
1K o o 1
Vn(S,—-%)=vn| - XX, =X |+0p(—=).
n -

Proof. We can write

1 1 S . T
= (— + m) Z‘X"Xl + (Xn —H) (Xn —H>

=1

The result follows since XZXZT =Op (1) and X,, — p = Op (\%) )

The next fact follows directly from the multivariate central limit theorem.

Proposition 2.13. Suppose that X1, Xo, ..., X, is a sequence of iid random vectors
in RP with
E[x.X]] =%

and that for all 1 <1i,7,4,j" < p there exists finite I';;;; with

E [(X1:X1; — 2ij) (X10 X1j0 — Birgr)] = g
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If S, = 2370 Xi X, then /nvec (S, — %) 2 vec (G), where G is a random p X p
symmetric matriz with vec (G) a mean-zero multivariate normal having covariance

Cov (Gija Gi’j’) = Fz’ji’j’-

In the previous proposition, vec is an operator that stacks the columns of an n x p
matrix to create an np-dimensional vector.

If the elements of X; have vanishing first and third moments (for instance if the
distribution of X is symmetric about the origin, i.e. X; 4 —X1),and if E [X1X1T] =
diag (A1, A2, ..., Ap), then I';;i; simplifies to

L = E [Xm -\ for 1 <i <p, (2.7a)

all other values of I';;;7;» are 0. In particular, this implies that the elements of vec (G)

are independent. If we also have that X; is multivariate normal, then

Diiii = 22 for 1 <i<p, and (2.8a)

It is inconvenient to study the properties of the sample covariance matrix when the
population covariance 3 is not diagonal. By factorizing ¥ = ®A®" for orthogonal
® and diagonal A, we can introduce X, = ®"X, to get E [XleT} =Aand S, =
P (% Sy X, XT ) ®". With this transformation, we can characterize the distribution
of S,, completely in terms of 1 377  X; X,

The next result we present is about the sample principal components. It is moti-
vated by Proposition and is originally due to Anderson [I].

Theorem 2.14. For n — oo and p fixed, let S1,8S9,...,5, be a sequence of ran-
dom symmetric p X p matrices with \/nvec (S, —A) 2 vec (G), for a determin-
istic A = diag (A1, Ao, ..., \y) having Ay > Ay > --- > A, and a random symmet-
ric matriz G. Let S, = UnLnUZ be the eigendecomposition of S,, with L, =
diag (1, lno, -5 lnp) and lyy > 10 > - > 1. If G = Op (1), and the signs of U,
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are chosen so that U, ;; > 0 for 1 <1 < p, then the elements of U,, and L, converge

jointly as
Vi (Unsi —1) 50 for1<i<np, (2.9a)
VU, -5 -3 G”’A for1<i,j<p withi+j, and (2.9b)
(A
Vi (lni — X)) 2 G for1<i<np. (2.9¢)

More generally, Anderson treats the case when the \; are not all unique. The key
ingredient to Anderson’s proof is a perturbation lemma, which we state and prove

below.

Lemma 2.15. For n — oo and fixed p let S1,S5,...,8, € RP*P be a sequence of

symmetric matrices of the form

1 1
Sn =A _Hn I )
T e (ﬁ)
where A = diag (A, A, ..., \p) with Ay > Xy > --- > A\, and H, = O(1). Let
S, =U,L,U} be the eigendecomposition of S,, with L, = diag (lnaslngs ooy lngp)
Further suppose that Uy, ;; > 0 for 1 <¢ <p andl,1 > l,2 > -+ >1l,,. Then for all
1<i,5 <pandi+#j we have

1

Un,ii =1+o0 (%) s (210&)
Iy 1

=40 (—) , and (2.10b)

B 1 H
VA=A vn

H, 1
lnzz)\z o —— . 21
() (210

Un,ij -
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Proof. Define p x p matrices E,, F,,, and A, so that

En = dlag (Un,n, Un7227 ey Un,pp) s (211)
F,=vn({U,-E,), (2.12)
giving
U E, + ! F d
n — Lin —F—4'n, an
NLD
1
L,=A+—A,
+ 7
We have that
S,=A+ ! H, + !
=U,L,U;
1 1
= E,AE} + — (E,AE, + F,AE + E,AF})+—M, (2.14)
Vn n

where the elements of M, are sums of O (p) terms, with each term a product of
elements taken from FE,, F,,, A, and A,,. Also,

I,=U,U;

1 1
—E,E*'+ — (F,E'Y+E,F') + -w, 2.15
N (FnE, + E F,) + —W,, (2.15)

where W, = F,F}. From (2.15) we see that for 1 < i,j < p and i # j we must
have

1=FE>

n,it

1
+ —an’, and (2163)
n

1
O - En,z’iFn,ji + Fn,z’jEn,jj + %Wn,ij‘ (216b)
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Substituting E2 ;; = 1 — 2W,,; into equation (2.14), we get
1
Hy i = E, il il + % (Myii — AiWh4i) +0(1), and (2.17a)
1

NLD
Equations ([2.16a)—(2.17b)) admit the solution

1
En,ii =14o0 (%) 5 (218&)

Hn,i'
Foij = 5= ;\j +0(1), and (2.18b)
Anii=Hyu+o0(1). (2.18¢)
This completes the proof. n

An application of the results of this section is the following theorem, which de-

scribes the behavior of principal component analysis for large n and fixed p.

Theorem 2.16. Let X, Xs,..., X, be a sequence of iid N (Hv 2) random vectors
in R?, with sample mean X,, and sample covariance S,. Let ¥ = ®APT be the
eigendecomposition of X, with A = diag (A, A, ..., Ap) and Ay > Ay > -+ > A, > 0.
Similarly, let S, = UnLnUz be the eigendecomposition of S, likewise with L, =
diag (ln1, ln2y - - lnp)s lna > lno > -+ > 1, and signs chosen so that (QJTUH)M >0
for1 <i<p. Then

(1) Lo LI\ for1<i<p, andU, 3 ® .

it) After appropriate cenering and scaling, {l,;}_, and U, converge jointly in
nJi=1

distribution and their limits are independent. For all 1 < i <p
Vi (L = A) 5 N(0, 202)

and

vn(@'u, -1,) 4 F,
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where F' is a skew-symmetric matriz with elements above the diagonal indepen-

dent of each other and distributed as

——— ], foralll <i<j<np.
Ai—Ajf) f Y

Proof. Part (i) is a restatement of Proposition [2.11] Part (ii) follows from Proposi-
tion and Theorem [2.15] O

2.3 Modern asymptotics

We now present some results about sample covariance matrices when both the sample
size, n, and the dimensionality, p, go to infinity. Specifically, most of these results
suppose that n — oo, p — o0, and % — v for a fixed constant v € (0,00). There
is no widely-accepted name for 7, but we will sometimes adopt the terminology of

Marcenko and Pastur [56] and call it the concentration.

Most of the random matrix theory literature concerning sample covariance ma-
trices is focused on eigenvalues. Given a sequence of sample covariance matrices
S1,8Ss,...,8,, with S,, € RP*? and p = p(n) these results generally come in one of
two forms. If we label the eigenvalues of S, as l,1,lh2,...,lhp, With 1,1 > [, 2 >

... > 1, .. then we can define a random measure

n,ps
1 p
o= =N "6 . (2.19

This measure represents a random draw from the set of eigenvalues of S, that puts
equal weight on each eigenvalue. It is called the spectral measure of S,. Results

about F°» are generally called results about the “bulk” of the spectrum.

The second major class of results is concerned with the behavior of the extreme

eigenvalues [, ; and [, ,. Results of this type are called “edge” results.
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2.3.1 The bulk of the spectrum

To work in a setting where the dimensionality p, grows with the sample size, n, we
introduce a triangular array of sample vectors. The sample covariance matrix S, is
of dimension p X p and is formed from row n of a triangular array of independent
random vectors, X, 1, Xp9,...,Xy,. Specifically, S, = %Z?zl Xm-)_(g’i. We let X,
be the n x p matrix X,, = <Xn,1 Xno -+ Xn7n>T, so that S,, = %XTTLXn Most
asymptotic results about sample covariance matrices are expressed in terms of X,

rather than S,,. For example, the next theorem about the spectral measure of a large

covariance matrix is stated this way.

Theorem 2.17. Let X1, X9, ..., X, be a sequence of random matrices of increasing
dimension as n — 00, so that X, € R™P and p = p(n). Define S, = %XEXTL If
the elements of X,, are iid with E|X,, 11 — ]EXn711|2 =1 and ;% — v > 0, then the
empirical spectral measure F5» almost surely converges in distribution to a determin-
istic probability measure. This measure, denoted FWMP, 15 called the Marcenko-Pastur

Law. For~y > 1 it has density

B (@) = %\/(w —a))(by—x), ay<z<b, (2.20)

2
where a, = (1 — %) and by, = (1 +

point-mass of (1 — ) at the origin.

%)2. When v < 1, there is an additional
Figure shows the density f;wp (x) for different values of v. The reason for choosing
the name “concentration” to refer to v becomes apparent in that for larger values of
v, FWMP becomes more and more concentrated around its mean.

The limiting behavior of the empirical spectral measure of a sample covariance
matrix was originally studied by Marc¢enko and Pastur [56] in 1967. Since then,
several papers have refined these results, including Grenander and Silverstein [37],
Wachter [92], Jonsson [47], Yin and Krishnaiah [98], Yin [96], Silverstein and Bai [82],
and Silverstein [81]. These papers either proceed via a combinatorial argument in-
volving the moments of the matrix elements, or else they employ a tool called the

Stieltjes transform. Theorem is a simplified version of Silverstein and Bai’s main
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1.5+
1.0
Concentration
>
= o 4
n
o — 1
= S 2
0.5 0.25
0.0- / I ~
[ [ [ [ [
0 2 4 6 8
Quantile

Figure 2.1: THE MARCENKO-PASTUR LAW. Density, f2'"(x), plotted against quan-
tile, x, for concentration v = 0.25, 1, and 4. Concentration is equal to the number of
samples per dimension. For v < 1, there is an addition point-mass of size (1 — ) at
r=0.

result, which more generally considers complex-valued random variables and allows

the columns of X, to have heterogeneous variances.

The meaning of the phrase “F*S* converges almost surely in distribution to FWMP”

is that for all # which are continuity points of F)',
Fo(z) 2 P (). (2.21)

Equivalently, Theorem can be stated as a strong law of large numbers.

Corollary 2.18 (Wishart LLN). Let X,, and {l,;},_, be as in Theorem |2.17. Let
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g : R — R be any continuous bounded function. Then
12
Z_?Zg (lni) = [ g(z)dF)" (). (2.22)
i=1

Concerning convergence rates for the quantities in Theorem [2.17] Bai et al. [4]
study the total variation distance between F°» and pr. Under suitable conditions
on X, 11 and v, they show that || — FMP||py = Op (n~%/%) and that with proba-
bility one [|[FS» — FMP||lpy = O (n=2/5%) for any ¢ > 0. Guionnet and Zeitouni [39]
give concentration of measure results. If X, 11 satisfies a Poincaré inequality and g is

Lipschitz, they show that for ¢ large enough,

- %logP{‘ / g(z) dFS"(z) — / g(x) dF}"™ (x)

with an explicit bound on the error. If one is willing to assume that the elements

> 5} =0 (6%, (2.23)

of X, are Gaussian, then Hiai and Petz [41] give an exact value for the quantity in
(2:23). Guionnet [38] gives a survey of other large deviations results.

It is interesting to look at the scaled behavior in equation (2.22) when the quan-
tities are scaled by p. Indeed one can prove a Central Limit Theorem (CLT) for

functionals of eigenvalues.

Theorem 2.19 (Wishart CLT). Let X1, Xo,..., X, be a sequence of random n X p
matrices with p = p(n). Assume that X, has iid elements and that E[X,, 11] = 0,
E [X;in} =1, and E [Xﬁ,n} < 0. Define S, = %XEXH and let F5» be its spectral

measure. If n — oo, > and g1, 9o, ..., gr are real-valued functions analytic on

the support of pr, then the sequence of random vectors

v ([ale)ars@) - [ @ i),

)
[ @) dF% @) = [ ga(o)dF (), .
[ o) drs(@) - / () AV ()



16 CHAPTER 2. MULTIVARIATE STATISTICS BACKGROUND

is tight. Moreover, if E [Xf{,n} = 3, then the sequence converges in distribution to a

multivariate normal with mean p and covariance ¥, where

s — 9il@) z:gi(bw) - % ” e _géif()b’y — iz (2.24)
and
/ / 9i( Zl )9; ZZ))) dilm(z )diZ?m(ZQ)dzleQ (2.25)
The integrals in are contour integrals enclosing the support of F,;MP , and
m(z) = —(+1-7H+V(z—a)(z-b) (2.26)

2z ’

with the square root defined to have positive imaginary part when Sz > 0.

The case when [E [Xn 11] = 3 is of particular interest because it arises when X, 11 ~

N(0,1).

This theorem was proved by Bai and Silverstein [6], and can be considered a
generalization of the work by Johnsson [47]. In computing the variance integral (2.25)),

it is useful to know that m satisfies the identities

m(z) =m(z),

and
-1

1 gl
m(z) * m(z)+1

Bai and Silverstein show how to compute the limiting means and variances for g(z) =

Z = —

logz and g(z) = z". They also derive a similar CLT when the elements of X,, are
correlated. Pastur and Lytova [66] have recently relaxed some of the assumptions

made by Bai and Silverstein.
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2.3.2 The edges of the spectrum

We now turn our attention to the extreme eigenvalues of a sample covariance matrix.
Tt seems plausible that if 7S+ % F'P then the extreme eigenvalues of S, should
converge to the edges of the support of FWMP. Indeed, under suitable assumptions,
this is exactly what happens. For the largest eigenvalue, work on this problem started
with Geman [34], and his assumptions were further weakened by Jonsson [48] and Sil-

verstein [76]. Yin et al. [97] prove the result under the weakest possible conditions [7].

Theorem 2.20. Let X1, X, ..., X, be a sequence of random matrices of increasing
dimension, with X, of size n X p, p = p(n), n — oo, and € (0,00). Let
S, = %XEXH and denote its eigenvalues by l,1 > l,0 > -+ > 1, ,. If the elements
of X,, are #d with EX,, 11 = 0, ]EXiH =1, and EXiH < 00, then

g =3 (1+ 7_1/2)2.

For the smallest eigenvalue, the first work was by Silverstein [78], who gives a result
when X, 11 ~ N (0, 1). Bai and Yin [10] proved a theorem that mirrors Theorem m

Theorem 2.21. Let X, n, p, and {l,,;}}_, be as in Theorem . IfEX;,, <o
and v > 1, then
p =5 (1—7711%)".

With the same moment assumption on X, 11, if 0 <y <1, then

lnpni1 25 (1— 47122

For the case when the elements of X,, are correlated, Bai and Silverstein [5] give a
general result that subsumes Theorems and [2.21]

After appropriate centering and scaling, the largest eigenvalue of a white Wishart
matrix converges weakly to a random variable with known distribution. Johans-
son [44] proved this statement and identified the limiting distribution for complex
white Wishart matrices. Johnstone [45] later provided an analogous result for real

matrices, which we state below.
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Theorem 2.22. Let X1, X»,..., X, be a sequence of random matrices of increasing
dimension, with X, € R™*, p = p(n), and n — oo with & — v € (0,00). Define
S, = %X:Xn and label its eigenvalues l,, 1 >l 0 > -+ > 1, ,. If the elements of X,

are iid with X, 11 ~ N (0, 1), then

lng — e d
n, n,p N Wl ~ FlTW,

where
Mn,p:%<\/n_1/2+\/p_1/2>7
1 ) X 1/3
an,pzﬁ(\/n—1/2+\/p—1/2> <m+ ,/’p_1/2> ’

and FI is the Tracy-Widom law of order 1.

El Karoui [28] extended this result to apply when v = 0 or v = co. With appropriate
modifications to p,, and o,,, he later gave a convergence rate of order (n A p)?/3
for complex-valued data [29]. Ma [53] gave the analogous result for real-valued data.
For correlated complex normals, El Karoui [30] derived a more general version of
Theorem [2.22]

The Tracy-Widom distribution, which appears in Theorem [2.22} was established
to be the limiting distribution (after appropriate scaling) of the maximum eigenvalue
from an n x n symmetric matrix with independent entries distributed as N (0, 2)
along the main diagonal and A (0, 1) otherwise [89] [90]. To describte FI'W let q(x)

solve the Painlevé II equation
¢"(z) = 2q(z) + 2¢°(2),

with boundary condition g(x) ~ Ai(z) as * — oo and Ai(x) the Airy function. Then
it follows that

) = e { = [Ta0) + (- o) o).
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Figure 2.2: THE TRACY-WIDOM LAW. Limiting density of the largest eigenvalue
from a white Wishart matrix after appropriate centering and scaling.

Hastings and McLeod [40] study the tail behavior of ¢(x). Using their analysis, one

can show (see, e.g. [70]) that for s — —o0,

while for s — oo,

™ s/ 2 5/
1—Fy (s)~4ﬁexp —3° .

The density of F'V is shown in Figure .
A result like Theorem holds true for the smallest eigenvalue. We define the
Reflected Tracy-Widom Law to have distribution function GTW(s) = 1 — F{'W(—s).

Then we have
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Theorem 2.23. With the same assumptions as in Theorem [2.29, if v € (1,00) then

lnp — 1)
P n, d
2 S~ GEW

g

where
iy = (V=12 = Vo= 172).
1/3
1 1 1
Umpzﬁ(\/n—l/Q—\/p—l/Z) (m— m) .

If v € (0,1), then

ln —n-+ H W
p—n+1 no d
p —_ |/ ‘/ 1 Y ‘ ;31 .

0—p7n

We get the result for v € (0, 1) by reversing the role of n and p. Baker et al [I3] proved
the result for complex data. Paul [67] extended the result to real data when v — co.
Ma [53] gives convergence rates. In practice, logl,, converges in distribution faster
than [, ,. Ma recommends appropriate centering and scaling constants for logl, , to

converge in distribution to a GTW 2/3,

Theorem does not apply when v — L Edelman [26] derived the limiting
distribution of the smallest eigenvalue when n = p. It is not known if his result holds

random variable at rate (n A p)

more generally when % — 1.

Theorem 2.24. Let X, and {l,;}_, be as in Theorem[2.24 If p(n) = n, then for
t >0,

t
1
P{nl,, <t} _>/ LV a2y g
) \/E

0

In addition to the extreme eigenvalues, it is possible to study the joint distribution
of top or bottom k sample eigenvalues for fixed k as n — oo. In light of Theorem [2.17],
for fixed k£ we must have that the top (respectively, bottom) sample eigenvalues
converge almost surely to the same limit. Furthermore, Soshnikov [83] showed that
applying the centering and scaling from Theorem to the top k sample eigenvalues

gives a specific limiting distribution.
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It is natural to ask if the limiting eigenvalue distributions are specific to Wishart
matrices, or if they apply to non-Gaussian data as well. There is compelling evidence
that the Tracy-Widom law is universal. Soshnikov [83] extended Theorem to
more general X, under the assumption that X, ;1 is sub-Gaussian and n — p =
O(p'/?). Péché [69] later removed the restriction on n — p. Tao and Vu [87] showed
that Theorem applies for general X, ; with EX,, ;; =0 and EX?LH =1.

2.3.3 Eigenvectors

Relatively little attention has been focused on the eigenvectors of sample covariance
matrices. While many results are known, as of yet there is no complete character-
ization of the eigenvectors from a general sample covariance matrix. Most of the
difficulty in tackling the problem is that it is hard to describe convergence properties
of U,,, the p x p matrix of eigenvectors, when n and p go to infinity. The individual
p? elements of U,, do not converge in any meaningful way, so the challenge is to come
up with relevant macroscopic characteristics of U,,.

Silverstein [74] was perhaps the first to study the eigenvectors of large-dimensional
sample covariance matrices. He hypothesized that for sample covariance matrices of
increasing dimension, the eigenvector matrix becomes more and more “Haar-like”. A
random matrix U € RP*P is said to be Haar-distributed over the orthogonal group
if for every fixed p x p orthogonal matrix O, the rotated matrix OU has the same
distribution as U. That is, OU L U. Silverstein’s conjecture was that asn — oo, U,
behaves more and more like a Haar-distributed matrix. The next theorem displays
one aspect of Haar-like behavior.

To state the theorem, we need to define the extension of a scalar function g : R +—
R to symmetric matrix arguments. If § = ULU" is the eigendecomposition of the

symmetric matrix S € RP*P, with L = diag(ly, [, ...,[,), then we define

9(8) = U diag (9(1), g(l2). ., 9(1,)) ) U™

With this notion, we can state Silverstein’s result.
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Theorem 2.25. Let X1, Xo,..., X, be a sequence of random matrices of increasing
dimension, with X, € R™? p =p(n), and X,, having iid elements with EX,, 11 = 0,
EX? 11 =1, and EX}! 11 < 00. Define S, = 1X?;Xn. Let aq,ao, ..., a, be a sequence
of nonrandom unit vectors with a, in RP and let g : R — R be a continuous bounded

function. If n — oo and 2 — v € (0,00), then

apg (Sn)an = [ g(z)dF}™"(z).

Silverstein [74] proves the result for convergence in probability and a specific class of
X .. Bai et al. [3] strengthen the result to a larger class of X,, and proves almost-sure

convergence. They also consider dependence in X,,.

It may not be immediately obvious how Theorem [2.25| is related to eigenvectors.
If S, =U,L,U, is the eigendecomposition of S,,, with L,, = diag (I, 1,ln2, .- -, lnp)
then g(L,) = diag (g(L,1), 9(ln2), - - .. 9(lnp)) and g(S,) = U,g(L,)U... We let b, =
U,a,. Then,

meg (2.27)

If U, is Haar-distributed, then b,, will be distributed uniformly over the unit sphere in
RP and the average in (2.27) will put about weight % on each eigenvalue. If U,, puts
bias in any particular direction then the average will put extra weight on particular

eigenvalues.

Silverstein investigated second-order behavior of eigenvectors in [75], [77], [79],
and [80]. He demonstrated that certain second-order behavior of U,, depends in a
crucial way on the fourth moment of X,, 1;. This greatly restricts the class of X, for

with the eigenvectors of S, are Haar-like.

Theorem 2.26. Let X, S,, and a, be as in Theorem [2.25. Suppose also that

EX! 11 = 3. Let g1, 92, ..., g be real-valued functions analytic on the support of FVMP.
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Then, the random vector

Vi (ako(S0. — [ alo)ar (o)
a,g2(S /92 ) dFM (), .

0T (S0 )an / (o) dFL(2))

converges in distribution to a mean-zero multivariate normal with covariance between

the ith and jth components equal to

[ @@ aP}" @) - [ g dE @) [ g0 P @),

Bai et al. [3] give a similar result for complex-valued and correlated X,,. Silver-
stein [79] showed that if g1(x) = = and go(x) = 2*, then the condition EX, ;; = 3 is
necessary for the random vector in Theorem [2.26] to converge in dlstrlbutlon for all
a,. However, for the specific choice of a, = < NI f) he later showed that
the conclusions of Theorem hold more generally when X, ;; is symmetric and

EX 1, < oo [80].
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Chapter 3

Behavior of the SVD in low-rank

plus noise models

3.1 Introduction

Many modern data sets involve simultaneous measurements of a large number of
variables. Some financial applications, such as portfolio selection, involve looking
at the market prices of hundreds or thousands of stocks and their evolution over
time [57]. Microarray studies involve measuring the expression levels of thousands
of genes simultaneously [73]. Text processing involves counting the appearances of
thousands of words on thousands of documents [55]. In all of these applications, it is
natural to suppose that even though the data are high-dimensional, their dynamics
are driven by a relatively small number of latent factors.

Under the hypothesis that one ore more latent factors explain the behavior of a
data set, principal component analysis (PCA) [46] is a popular method for estimating
these latent factors. When the dimensionality of the data is small relative to the sam-
ple size, Anderson’s 1963 paper [1] gives a complete treatment of how the procedure
behaves. Unfortunately, his results do not apply when the sample size is comparable
to the dimensionality.

A further complication with many modern data sets is that it is no longer appro-

priate to assume the observations are iid. Also, sometimes it is difficult to distinguish

25
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between “observation” and “variable”. We call such data “transposable”. A microar-
ray study involving measurements of p genes for n different patients can be considered
transposable: we can either treat each gene as a measurement of the patient, or we can
treat each patient as a measurement of the gene. There are correlations both between

the genes and between the patients, so in fact both interpretations are relevant [27].

One can study latent factor models in a transpose-agnostic way by considering
generative models of the form X = UDV " + E. Here, X is the n x p observed data
matrix. The unobserved row and column factors are given by U and V', respectively,
matrices with £ orthonormal columns each, and k¥ < min(n,p). The strengths of
the factors are given in the k x k diagonal matrix D, and FE is a matrix of noise. A
natural estimator for the latent factor term U DV can be constructed by truncating
the singular value decomposition (SVD) [36] of X. The goal of this paper is to study
the behavior of the SVD when n and p both tend to infinity, with their ratio tending

to a nonzero constant.

In an upcoming paper, Onatski [64] gives a thorough treatment of latent factor
models. He assumes that the elements of E are iid Gaussians, that /(U U — I},)
tends to a multivariate Gaussian distribution, and that V and D are both non-
random. The contributions of this chapter are twofold. First, we work under a
transpose-agnostic generative model that allows randomness in all three of U, D,
and V. Second, we give a more complete picture of the almost-sure limits of the
sample singular vectors, taking into account the signs of the dot products between

the population and sample vectors.

We describe the main results in Section B.2l Sections B.3H3.8 are dedicated to
proving the two main theorems. Finaly, we discuss related work and extensions in
Section [3.9 We owe a substantial debt to Onatski’s work. Although most of the
details below are different, the general outline and the main points of the argument

are the same.
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3.2 Assumptions, notation, and main results

Here we make explicit what the model and assumptions are, and we present our main

results.

3.2.1 Assumptions and notation

We will work sequences of matrices indexed by n, with
X, =vnU,D,V} +E,. (3.1)

We denote by /n UnDnVE the “signal” part of the matrix X,, and F,, the “noise”
part. We will often refer to U,, and V', as the left and right factors of X, and the
matrix D, will be called the matrix of normalized factor strengths. The first two

assumptions concern the signal part:

Assumption 3.1. The factors U,, and V,, are random matrices of dimensions n X k
and p x k, respectively, normalized so that U U, = VXV, = I. The number of
factors, k, is a fixed constant. The aspect ratio satisfies % =740 (\/Lﬁ) for a fized

nonzero constant vy € (0,00).

Assumption 3.2. The matrix of factor strengths, D, is of size k X k and diagonal,
with D,, = diag (dy1,dn2, ..., dyg) and dpy > dpo > -+ > dyx > 0. The matriz D,
converges almost surely to a deterministic matric D = diag(/v&/Q, uéﬂ, e ,,u,lc/Q) with
pa > g > - > g > 0. Moreover, the vector /n(dy, , — pa, d y — pa, ..., d2 g — i)
converges in distribution to a mean-zero multivariate normal with covariance matriz

3 having entries X;; = 0;; (possibly degenerate).
The next assumption concerns the noise part:

Assumption 3.3. The noise matriz E, is an n X p matriz with entries E, ;; inde-

pendent N'(0, o) random variables, also independent of U,,, D,,, and V.

For analyzing the SVD of X, we need to introduce some more notation. We
denote the columns of U,, and V', by w1, Un2, - . ., Unk and Up 1, Vp2, - . ., Un i, TESPEC-

tively. We let \/ﬁf] nﬁnf/: be the singular value decomposition of X, truncated
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to k terms, where D,, = diag(/},lﬁ, /),11{22, o ,/1111/,3) and the columns of U and V are

given by Uy, 1, Up2 ..., Uk and 0, 1,02, - - ., Uy, TESPECtively.

3.2.2 Main results

We are now in a position to say what the results are. There are two main theorems, one
concerning the sample singular values and the other concerning the sample singular

vectors. First we give the result about the singular values.

Theorem 3.4. Under Assumptions - the vector fl, = (fln,1, fn2, - - -5 fin k)

converges almost surely to i = (fi1, fia, - . ., fig), where
B (i +0?) <1 + %) when u; > %,
i = ) Bt . (3.2)
o (1 + ﬁ) otherwise.

Moveover, \/n(f1— i) converges in distribution to a (possibly degenerate) multivariate

normal with covariance matrix 3 whose ij element is given by

( 4 4
(-2
e VS " .
_ o wen#i7ﬂj>ﬁ) 33
T =N 46,20 (QM (149 02> (1 _ —2) (33)
TH;
0 otherwise.
\
When o;; = 2u?, and p; > 22 the variance of the ith component simplifies to ;; =

ol
0_4

Next, we give the result for the singular vectors:

Theorem 3.5. Suppose Assumptions — hold. Then the k x k matriz ©,,

sz/'n converges almost surely to a matriz @ = diag(6y, 0, . ..,0k), where
=) (1 2) o’
02 — (_w?><+m> when i = (3.4)

0 otherwise.
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Also, the k x k matriz ®, = UZlAfn converges almost surely to a matric ® =

diag(v1, @2, - - -, pr), where

—1
(1— 042> <1+U—2_> when p; > ”—2,
i = " v (3:5)

0 otherwise.

Moreover, 0; and ¢; almost surely have the same sign.

3.2.3 Notes

Some discussion of the assumptions and the results are in order:

1. Assumptions 3.1 and [3.2] are simpler than the assumptions given in many other
papers while still being quite general. For example, Paul’s “spiked” covariance

model has data of the form

where E is an p X k matrix of factors and Z is an n x k matrix of factor loadings
whose rows are iid multivariate N'(0, C') random variables for covariance matrx
C having eigen-decomposition C = QAQ". Letting Z = \/513[&1/2QT be the
SVD of Z, Anderson’s results [1] give us that A and Q converge almost surely to
A and Q, respectively, and that the diagonal elements of \/ﬁ(A—A) converge to
a mean-zero multivariate normal whenever C has no repeated eigenvalues. If we
define U = P, D = A"?, and V = 20, then X = /aUDV" + E, where the
factors satisfy Assumptions and [3.2] Dropping the normality assumption on
the rows of Z poses no problem. Moreover, we can suppose instead of iid that
the rows of Z are a martingale difference array with well-behaved low-order
moments and still perform a transformation of the variables to get factors of
the form we need for Theorems B.4] and 3.5

2. There is a sign-indeterminancy in the sample and population singular vectors.

We choose them arbitrarily.
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3. If instead of almost-sure convergence, D), converges in probability to D, then

the theorems still hold with f,, ©,, and ®,, converging in probability.

4. The assumption that \/n (d — py,d3 — pa, ... d2 — j) converges weakly is only
necessary for determining second-order behavior; the first order results still
hold without this assumption. If the limiting distribution of the vector of factor
strengths /n (d? — py1,d3 — o, .. .d2 — pg) is non-normal, one can still get at

the second-order behavior of the SVD through a small adaptation of the proof.

5. Most of the results in Theorems|[3.4]and can be gotten from Onatski’s results
[64]. However, Onatski does not show that /n(i; — fi;) £ 0 when y; is below
the critical threshold. Furthermore, Onatski proves convergence in probability,
not almost sure convergence. Lastly, Onatski does not get at the joint behavior

between ©,, and ®,,.

3.3 Preliminaries

Without loss of generality we will assume that o2 = 1. Until Section , we will also
assume that v > 1.

3.3.1 Change of basis

A convenient choice of basis will make it easier to study the SVD of X,,. Define

U, =U,, and choose U,, 5 so that <Un71 Un72> is an orthogonal matrix. Similarly,

put V, 1 = V,, and choose V5 so that (le Vn72> is orthogonal. If we define
E,;=U.E,V,;ad X,;; =U},X,V,;, then in block form,

U? nD, + En En
?1 X (Vn,l Vn,2> = v - R
U En,?l En,22

n,2
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Because Gaussian white noise is orthogonally invariant, the matrices E’MJ are all
independent with iid N(0, 1) elements. Let

_ A1/2
En,22 = \/ﬁ (On,l On,2> ( g ) PE (36)

be the SVD of By, 5, with A, = diag (An1, A2, - - Ap k) - Note that B, 5,y 00 ~
Wy (n — k, I, ). Define

I, 0 ~ -
0 OT (\/ﬁDn + En,ll En,12> (Ik 0 >
n,1 — —
, E, E, 0o P,
0 O,,
vnD, +E,1;1  E,

E, VA2
En,31 0

X

n

, (3.7)

where En,n = En,117 En,12 = En,lzpm En,21 = O;ilEn,Qla and En,31 = OEQEn,ZSl-
Let l}nﬁnf/n be the SVD of X n, truncated to k terms. Lastly, put the left and right

singular vectors in block form as
U,=|(_" (3.8)
Un,2

- Vv,
vV, = <~ 71) : (3.9)
Vn,2

where Tjn,l and ‘7”71 both k£ x k matrices.

and

We have gotten to X, via an orthogonal change of basis applied to X,. By
carefully choosing this basis, we have assured that:

1. The blocks of X, are all independent.

2. The elements of the matrices E,, ;; are iid N (0,1).
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3. The elements {n\,1,n\n2, ..., N\, ,—k} are eigenvalues from a white Wishart
matrix with n — k£ degrees of freedom.
4. X » and X, have the same singular values. This implies that ﬁn = Dn

5. The left singular vectors of X,, can be recovered from the left singular vectors
of X, via multiplication by an orthogonal matrix. The same holds for the right

singular vectors.
6. The dot product matrix U Zf]n is equal to U n1. Similarly, VEVH = VM.

This simplified form of the problem makes it much easier to analyze the SVD of X,.

3.4 The secular equation

~T ~
We set S,, = L = X X,. The eigenvalues and eigenvectors of S,, are the squares

of the singular values of \/LEX' » and its right singular vectors, respectively. In block

SRS
sn:( ) 510

form, we have

Sn,21 Sn722
where
2 1 T
Sn,ll = Dn + % (DnEn,ll + En,lan)
) (3.11a)
+ H (EgnEn,ll + E;I;QlEn,Ql + E;J;31En,31) )
and
1 T 1/2 "
S = (D,LE,L12 + EY, AL ) + =B} By (3.11b)
1 1
Snan = % <E2712Dn + A:L/QE"ﬂ) + EEE,mEn,lla (3.11c)

1
Sn,22 = An + —Ez 12En,12‘ (311d)
n b
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v
Now we study the eigendecomposition of S,,. If v = (1> is an eigenvector of S,
V2

Sn,n Sn,12 U1 —u (1
Sn,21 Sn,22 (%] (%)

If 1 is not an eigenvalue of S, 22, then we get

with eigenvalue p, then

Vg = — (Sn2 — ,UIp—k)_1 Sno1 01, and (3.12a)
(Sna1 — pdy — Sni2 (Sn2o — ply, )™ Sp21) v = 0. (3.12b)

Conversely, if (i, v1) is a pair that solves (3.12b)) and v; # 0, then

U1
v = 1 (3.13)
- (Sn,22 - MIp—k) Sn,21 U1

is an eigenvector of S, with eigenvalue p.

We define

T,.(z)=Sn11 — 2Lk — Sn12 (Snoe — ZIp—k‘)_l S (3.14)
fa(z,2) = Ty (2) z, (3.15)

and refer to f,(z, ) = 0 as the secular equation. This terminology comes from numer-
ical linear algebra, where a secular equation is analogous to a characteristic equation;
it is an equation whose roots are eigenvalues of a matrix. Typically, secular equations
arise in eigenvalue perturbation problems. The name comes from the fact that they
originally appeared studying secular perturbations of planetary orbits. A more stan-
dard use of the term “secular equation” would involve the equation det T',(z) = 0.

However, for our purposes it is more convenient to work with f,.
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3.4.1 Outline of the proof

Almost surely S, and S, 22 have no eigenvalues in common, so every eigenvalue-
eigenvector pair of S, is a solution to the secular equation. To study these solutions,

we first focus on T',(z).

It turns out that when z > (1+~~%/2)2, we can find a perturbation expansion for

T, (z). In Section [3.5] we show that for z above this threshold, we can expand

1
_Tn,l (2)7

NG

where T'o(2) is deterministic and T, 1(2) converges in distribution to a matrix-valued

T, (z) =To(z) +

Gaussian process indexed by z. With this expansion, in Section [3.6| we study se-
quences of solutions to the equation f,(2,,z,) = 0. Using a Taylor series expansion

for z, > (1 +~7%)?% we write

1 1

Zn = 2o + %Zn,l + op (%) s
1 1

Ty, = 2o+ —FTn,1 +op | — ],

Vi Vi

where (2%, 2°) is the limit of (2,,z,) as n — oo and (2,1,Z,1) is the order—\% ap-

proximation error.

In Section we get the singular values and singular vectors of \/LEX n. From
every solution pair (z,,x,) satisfying f,(z,,x,) = 0, we can construct an eigenvalue
and an eigenvector of S, using equation (3.13]). The eigenvalues are squares of sin-
gular values of \/LEX n, and the eigenvectors are right singular vectors. We can get
the corresponding left singular vectors by multiplying the right singular vectors by
X, and scaling appropriately. For z values above the critical threshold, we use the
perturbation results of the previous two sections. Below the threshold, we use a more

direct approach involving the fluctuations of the top eigenvalues of A,,.

Finally, in Section [3.8 we show that the results still hold when v < 1. For parts

of the proof, we will need some limit theorems for weighted sums from Appendix [B]
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3.5 Analysis of the secular equation

We devote this section to finding a simplified formula for T,(z) for certain values of
z. By a bit of algebra and analysis, we find the first- and second-order behavior of
the secular equation.

First, we employ the Sherman-Morrison-Woodbury formula [36] to get an expres-
sion for (8,22 — zIp_k)_l. As a reminder, this identity states that for matrices A,

B, and C with compatible dimensions, the following formula for the inverse holds:
(A+BC)'=A'-A'B(I+CA'B) 'cA™".

Using this, we can write

_ 1 !
(Sn2o — 21, k) = ((An —zI, ) + EEilenlz)

= (An — ZIp_k)_l
1
— (A, — 2D, )"

n

1 ) 1
: Ez,u (Ik + ﬁEn,w (Ap — 20, 4) ! Ez,u) E,

(A — 2D, )"
(3.16)
Next, we define D,=D, + \%Emll, so that
~1
Sn,12 <Sn,22 - ZIp—k;) Sn,21
1 /-1
= — (D, Eoiz + Bl AL?)
o (Do Bsa + B (3.17)

(Sp2 — ZIp—k)il
(BT Do+ AE,).

There are three important terms coming out of equations (3.16) and (3.17)) that
involve A,. These are E, 15 (A, — 2@, )" Eg,m, Ez,m (A, — 21, 1) " E,5, and
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E,» (A, — zIp_k)_1 A%L/2En,21. Each term can be written as a weighted sum of outer

products.

There is dependence between the weights, but the outer products are iid. For

example, with E,, 15 = <En,12,1 Enji2o - En,lz,p—k> , we have

p—k

. 1
E, 2 (Ap — 21, 4) ' Eg,ma = Z N L Eni2a EnTr2 ar

From the Central Limit Theorem and the Strong Law of Large Numbers we know
that kz nl2aEn12a_>Ik and that \/—< Z Enina By 190 — Ik>
converges in dlstrlbutlon to mean-zero symmetric matrix Whose elements are jointly
multivariate normal. In the limiting distribution, the elements have variance 2 along
the diagonal and variance 1 off of it; aside from the matrix being symmetric, the
unique elements are all uncorrelated. The difficulty in analyzing these terms comes

from the dependence between the weights.

When 2z is in the support of F7MP, the weights behave erratically, but other-
wise they have some nice properties. First of all, A, is independent of E, ;2 and
E, 5. Secondly, the Wishart LLN (Corollary 2.18) and Theorem ensure that
for = > (1+~712)2 = kZa 1 AM - = [ 2dFMP(t). Moreover, the Wishart
CLT (Theorem [2.19)) guarantees that the error is of size Op(%). These properties in

combination with the limit theorems for weighted sums in Appendix [B| allow us to

get the behavior of E,, 12 (A, — zIk)_1 Eilz and its cousins.

The function

t— =z

—(z—l—i—v‘l)—i-\/(z—by)(z—av)
2z

m(z)E/ L apvr

=7- (3.18)

is the Stieltjes transform of F)}F, where a, = (1 — 7_1/2)2 and b, = (1+ 7_1/2)2.
When restricted to the complement of the support of FéVIP, m has a well-defined
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mverse
1 1

=4 —. 3.19
2(m) m * l+~1tm ( )
Also, m is strictly increasing and convex outside the support of F}'*. This function

appears frequently in the remainder of the chapter.

Lemma 3.6. If z > b,, then

1 —_ a.s. —
EETL,H (A —20,y) ! Ezﬂ 2y im(2) - I, (3.20a)
1 — a.s. —
ﬁEz,m (A — ZIp—k?) ! E, — v lm(Z) P (3.20b)
and
1 a.s.
—Ep 12 (An — ZIp—k)il A}L/2En,21 — 0. (3.20¢)
n

Proof. We prove the result for the first quantity and the other derivations are analo-

gous. For each 1 <4,5 < k, we have that

—k E E
(TL n,12 ( n — Zdp k) n,12) B n p— Lk C?:l N\

ij na T %

Let N = p—Fk, define weights Wy o = (Apa—2)"!, and let Yy, = (Ey12),, (Eni2),, -
The function
— ift <b,,

—— otherwise,
N —Z

is bounded and continuous. Moreover, since A, ; s b, with probability one g(\,.q)
is eventually equal to Wy, for all @. The Wishart LLN (Corollary [2.18)) gives us
that + SN Whe B[ A=dFMP(t) = m(z). Since [Wyo| < Wiy ags by, the fourth
moments of the weights are uniformly bounded in N. The Yy , are all iid with EYy , =
d;; and EYy , < co. Applying these results, the weighed SLLN (Proposition B.2) gives

us that % Zgzl WyaYna = m(z)d;;. Since p%k — 1, this completes the proof. [

Lemma 3.7. Considered as functions of z, the quantities in Lemma and their

derivatives converge uniformly over any closed interval [u,v] C (bv, oo).
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Proof. We show this for the first quantity and the other proofs are similar. Defining

ij

1 _
en,ij(2) = (EEW (Ay —2I,)7" ETTL,n) :

a.s.

we will show that for all (4, j) with 1 <4, j <k, SUp,c.) lenii(2) — 7 m(2)d05] = 0.

Let € > 0 be arbitrary. Note that for z > b,, m/(z) > 0 and m"(z) < 0. We let
d = m/(u) and choose a grid u = 21 < zp < -+ < 2y—1 < 2y = v, With |z—2 4| = 2.
Then [y 'm(z) — v 'm(z41)| < §. From Lemma we can find N large enough
is large enough so that A, ; < u (this is possible since A\, => b, < u). Let 2 € [u, V]
be arbitrary and find [ such that z; < z < 2. Observe that e, ;;(z) is monotone
for z > A, 1. Thus, either e, ;;(2) < €,4(2) < €nij(zi11) O €n4(2i41) < €n,5(2) <

en,ij(zl)'

If i # j, we have for n > N, —5 < e,;5(2) < 5. Otherwise, when i = j, e,;(2)
is monotonically increasing and v 'm(z) — § < en;(2) < vy 'm(z41) + §, so that

Y Im(z) — e < enii(2) < v 'm(z) + . In either case, |e,,;(2) — v m(2)d;] < e.

Since dilz [ﬁ} = —ﬁ, which is monotone for z > A, the same argument applies
to show that the derivatives converge uniformly. O
Lemma 3.8. If z1, 29, ..., 2 > by, then jointly for z € {z1, 22, ..., 21}

Vn (%Em12 (Ap—2I,) " EL 5 — 7_1m(z)Ik) = F,(z) > F(z), (3.21a)

1
Vn (EEW (A, — 20, ;)" A}/QEW) = G.(2) > G(2), (3.21b)

vn (%Ezzl (A — 20, ) By — ’Ylm(Z)Ik) = H,(z) = H(2), (3.21c)

where the elements of F(z), G(z), and H(z) jointly define a multivariate Gaussian
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process indexed by z, with each matrixz independent of the others. The nonzero co-

variances are defined by

Cov (sz(zl)’ Ej(z2)> =7 (1 +6y) m(ZZ : Z<ZZ)7 (3.22a)
Cov (Gm (21)7 sz(22)> = ’7_1 & m(zl) : 22 m(ZQ), (3.22b)
Cov (Hij(zl), Hij(zg)) — 771 (1 4 4y) m(zz - 2(22), (3.22¢)

with the interpretation when z; = zo that

zm(z1) — zm(z) =m(z1) + z1m'(21).

miz) = m(z) =m'(z), and
21 — 29 21 — 22

Proof. We will need the Wishart CLT (Theorem [2.19) and the strong weighted mul-
tivariate CLT (Corollary [B.5|). To save space we only give the argument for the joint
distribution of F'(z1) and F'(z2).

Yna
Put N = p — k and consider the 2k?-dimensional vector Yna = <;~/N > , where

4 N«
i/N,a = vec (En,12,a Eg,l?,a) and B, 15 = (En,m,l Eni22 -+ Ehion ) . Define the
WN,&,I

WN,Q,Q
that for a =1,2,..., N, the Yn, are iid with

E Yval = 4" <"i)
H

and ¥ = vec (Iy). Also, we have

a TR

2k2-dimensional weight vector WNa = ( ) , where Wy i = ﬁl. We have

E (Vi — ") (Ywa - ") =3 = (i ;:) ,

~ T
where & = E[(Vec (Enion By, — Ik)> (vec (Bnioa BTy, — Ik)> ] is a k2 x k2
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matrix defined by the relation

E [(En,12,1Eg,12,1 - Ik)ij (En,12,1EE,12,1 - Ik)i,j,} = O(i,j)=(i",j) T O(i.)=(j"i")-

That is, the diagonal elements of En71271E;£ 121 — I, have variance 2 and the off-
diagonal elements have variance 1. Aside from the matrix being symmetric, the

unique elements are all uncorrelated.

Letting
dFMP(t)
w g
W — = i), d
0 / ra— m(z;) an
oW = / dET (1) _ m(zi) —m(z)
* (t — zi)(t — z) zi—zj
the Wishart LLN combined with the truncation argument of Lemma (3.6 gives us that
% Zixvil )\n7i—zi a—s> II"L’YV and % Zixvzl ()\n,a*Zz)I(An,a*Z]) a’_‘S) 0‘2‘/]‘/ r].j]:‘ﬂls7

1 i w pi'l
_ WN,a Lﬁ; " = B , and
N a=1 - Iugvl

N W11T ~Wq1T
1 W o1l o511
— E W, QWTQ L yW = == 2= = .
N N 2N, ( -

=

w T
a=1 1111

Moreover, the Wishart CLT tells us that the error in each of the sums is of size
Or (3)-

As in Lemma [3.6] the fourth moments of Wy, and Yy, are all well-behaved.
Finally, we can invoke the strong weighted CLT (Corollary [B.5) to get that the
weighted sum VN (% Zivzl Wyna®Yna — HW ) [_LT> converges in distribution to a

mean-zero multivariate normal with covariance

SW ey _ (1% ThETY)
05{2 0%2
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This completes the proof since
1 . _
Vv/nvec (gEle (A, — 2, )" EE’H — 1m(,u)Ik)
N

n 1 % [l
=~ : m(ﬁ Z Whai®Yna— 1 “3/>

p—k

a=1

(with " = V1), and 771, /o2 — 972, 0

Remark 3.9. [t is possible to show that the sequences in Lemma are tight by
an argument similar to the one used in [64)]. This implies that the convergence is
uniform in z. For our purposes, we only need that the finite-dimensional distributions

converyge.
With Lemmas [3.6[{3.8 we can get a perturbation expansion of T',(z) for z > b,.

Lemma 3.10. If [u,v] C (bv, oo), then T, (2) “> To(2) uniformly on [u,v], where

1 1
T = _D? I,. 3.23
() L+y"tm(2) + m(z) F (3.23)
Lemma 3.11. If z > b,, then
1
Tn(Z) = T()(Z) + —Tn,1<2>, (324)

Jn

where

T, (z) =— (1+~7'm(2)) - DF,(z)D
+(1+y7"m(2)) "
. {\/ﬁ (D% = D?) + D(Evny1 — Gu(2)) + (Eni1 — Gn(z))TD}

—2H,(2) ++vn (%EE)SlEn,gl —(1— 71)Ik) +op(1). (3.25)
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Proof. First, we have

S, =D +1,+ DE, , + E} D)

=
NZD

1

+ (E (EEJlEn,n + Ez,glEn,m + Eg;glEn,m) - Ik) .

Next, we compute

—1
1 -1
<Ik +~ Bz (An - ZIp_k> EZ’H)

= (Ik + 7 tm() I, + %Fn(z))
- B “Im(2)) CFa(2) + o L
= (1 m(e) = () R +or ().

Using this, after a substantial amount of algebra we get

-1
Sn,12 (Sn,Qz - ZIp—k) Sn,21

7_1m<z> D2

— I, - "\
zm(z) k+ 1_'_,}/71m(2) n

1 1 .

)
1+~"tm(z)

N <m)2 DF,(2)D + - Hn(Z)}

1 1
+ EEE,QlEan + op (%) -

The equations for Ty and T, ; follow. To simplify the form of Ty, we use the identity
Z- <1 + ”y‘lm(z)) = —m%z) + (1 —~71). O

(DE, . + E, D)
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3.6 Solutions to the secular equation

We will now study the solutions to f,(z,z) = 0, defined in equation (3.15)). If (z,z) is
a solution, then so is (z,az) for any scalar a. We restrict our attention to solutions
with [|z||2 = 1. We also impose a restriction on the sign of z, namely we require that

the component with the largest magnitude is positive, i.e.

max r; = max |z;|. (3.26)

3.6.1 Almost sure limits

First we look at the solutions of fy(z,z) = To(2)z, the limit of f,(z,z) for z > b,.

Lemma 3.12. Letting k = max{i : ju; > v~2}, if 1, pro, . . ., . are all distinct, then

there are exactly k solutions to the equation fo(z,x) = 0. They are given by

(ﬂiagi)a izl)"'vkv

where [i; 1s the unique solution

- 1
m(fi;) = ——,
(7) pi + vyt
and e; is the ith standard basis vector.
Proof. We have that
1 1
T =— — D? I,.
ol2) 1+ ~~tm(2) * m(z) g

Since this is diagonal, the equation fy(z,2) = 0 holds iff the ith diagonal element of

Ty(z) is zero and x = ¢;. The ith diagonal is zero when

i n 1
1+~7tm(z)  m(2)

=0,
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equivalently
1

m(z) = ————.
(=) i+

Note that m(z) > — (7_1/2 —l—’y‘l)_l and m’'(z) > 0 on (b,,00). Hence, a unique

solution exists exactly when p; > v~'/2. O

Given a solution of fy(z,z) = 0, it is not hard to believe that there is a sequence
of solutions (z,, x,) such that f,(z,,z,) = 0, with z, and z,, converging to z and z,

respectively. We dedicate the rest of this section to making this statement precise.

Lemma 3.13. If u > v~ Y/2 occurs | times on the diagonal of D?, then with probability

one there exist sequences zp 1, ..., zn; such that for n large enough:

L i # 2ng Jori 4 j

2. det Ty () =0 fori=1,...,1.

3. zm—>z0:m_1< L >

pty

The proof involves a technical lemma, which we state and prove now.

Lemma 3.14. Let g,(z) be a sequence of continuous real-valued functions that con-
verge uniformly on (u,v) to go(z). If go(2) is analytic on (u,v), then for n large
enough, g,(z) and go(z) have the same number of zeros in (u,v) (counting multiplic-
ity).

Proof. Since |go(2)| is bounded away from zero outside the neighborhoods of its zeros,
we can assume without loss of generality that go(z) has a single zero zy € (u,v) of
multiplicity I. Define g,(z) = f’;gT,)_l. The function go(z) is bounded and continuous,

and has a simple zero at zg. For r small enough, go(zo+1) and go(zo—r) have differing

signs. Without loss of generality, say that the first is positive.

The sequence §,(2) converges uniformly to go(z) outside of a neighborhood of z.
Thus, for n large enough, g,(z —r) < 0 and g,(z + r) > 0. Also, either g,(z) has a
zero at zg, or else for a small enough neighborhood around zp, sgn g,(z) is constant.

Since g,(z) is continuous outside of a neighborhood of zy, §,(2) and ¢, (2) must have
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a zero in (29 — r, 20 + 1) C (u,v). Call this zero z,;. Since r is arbitrary, z,1 — 2o,

and % — 2 uniformly on (u,v). We can now proceed inductively, since g0(2)
—Zn,1 zZ—20 Z2—20
has a zero of multiplicity [ — 1 at zj. m

Proof of Lemma[3.13. Let zy be the unique solution of m(zy) = (u+ vy~ *)~!. Define
gn(2) = det T',(z). Since det is a continuous function, g,(z) converges uniformly to
go(2) in any neighborhood of z;. Noting that go(z) has a zero of multiplicity [ at zo,
by Lemma we get that for large enough n, g,(z) has [ zeros in a neighborhood

of zg. By a lemma of Okamoto [63], the zeros of g, (z) are almost surely simple. [

The last thing we need to do is show that for each sequence z,; solving the
equation detT',(z,;) = 0, there is a corresponding sequence of vectors x,; with
fn(ZnisTni) = 0. Since det T, (z,;) = 0, there exists an x,; with T, (2,,) Z,; = 0.
We need to show that the sequence of vectors has a limit.

Every solution pair (z,;, z,;) determines a unique eigenvalue-eigenvector pair
through equation . Since the eigenvalues of S, are almost surely unique,
with the identifiability restriction of we must have that z,,; uniquely deter-
mines z,;. Suppose that z,; is the ¢th largest solution of det T',(2) = 0, and that

fn(2ni, Tni) = 0. We will now show that z,,; 22 e
Lemma 3.15. Suppose that f,(zni,Zni) = 0, that z,,; satisfies the identifiability
restriction (3.26), and that z,; 5 ;. If w; # p; for all j # 1, then z,; = e,.

We will use a perturbation lemma, which follows from the sin © theorem (see
Stewart and Sun [85][p. 258]).

Lemma 3.16. Let (z,x) be an approzimate eigenpair of the k x k matriz A (in the
sense that Az = zx ), with ||z||s = 1. Let r = Ax — zz. Suppose that there is a set L
of k — 1 eigenvalues of A such that

0 =min|l — z| > 0.
leL

Then there is an eigenpair (zo, zo) of A with ||zolla = 1 satisfying

13

xxg =41 — 52
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and

|2 = 20| < [[zfl2-

Proof of Lemma[3.19. We have that z,; > ji; and that T, (2,;)z,; = 0. Since
T, (%) 5 To(i;), we get

||T0(ﬂz)l'n,z||2 = || (Tn(zn,z - TO(ﬂz))f_En,zHQ

a.S.
= 0.

Since p; is distinct, 0 is a simple eigenvalue of T'o(f;). Thus, all other eigenvalues

have magnitude at least 6 > 0 for some J. Define r,, = To(f1;)2,,;- By Lemma [3.16]

there exists an eigenpair (zg, zo) of To(fi;) with |zo| < ||rn|l2 and 2, 29 > /1 — ”‘gg%.
Since ||r,|| %3 0, for n large enough we must have zp = 0 and zy = ¢; or —¢;. Lastly,

noting that zy and z,,; are both unit vectors, we get

me - ;E'oH% =2- 2;5?;14 Lo

220.
With the identifiability restriction, this forces z,, ; L2 e O

Finally, we show that eventually the points described in Lemma |3.13| are the only
zeros of f,(z,x) having z > b,. Since f,(z,2) = 0 implies det T',(z) = 0, it suffices

to show that T',(z) has no other zeros.

Lemma 3.17. For n large enough, almost surely the equation detT,(z) = 0 has
exactly k solutions in (bﬂ,, oo) (namely, the k points described in Lemma .

Proof. By Lemma for n large enough det T, (2) and det Ty(z) have the same
number of solutions in (u,v) C (by,00). Thus, we only need to show that the solutions
of det T, () are bounded. Since every solution is an eigenvalue of S,,, this amounts to

showing that the eigenvalues of S,, are bounded. Using the Courant-Fischer min-max
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characterization of eigenvalues [36], we have

1
Sn :_Xn2
Iall: = =Xl

1 2
< (10.DV I + 1181

= (Vi Vi)

Thus, the solutions of det T, (z) = 0 are almost surely bounded.

3.6.2 Second-order behavior

47

To find the second-order behavior of the solutions to the secular equation, we use

a Taylor-series expansion of f,(z,z) around the limit points. That is, if (z,,z,) —

(20, Z0), we let D f, be the derivative of f,, and write

0= ful2n, 2p) = fn(20,20) + D fr(20, 20) (

Zn — 20

Lp — Zo

We now want to solve for z, — 2y and z,, — . Without the identifiability constraint,

there are k equations and k + 1 unknowns, but as soon as we impose the condition

|znll2 = ||zol|2 = 1, the system becomes well-determined.

To make this precise, we first compute

Dfuz,2) = (Ty(z)z To(2)) +Op (%) ,

with pointwise convergence in z. Then, we write

fn(znal:n) = fn(Zo,Z_EQ) + Dfn(Zo,:_EO) (Zn — 20

Lp — Zo

(3.27)

) +O0p (20 — 20)* + [l2n — 20]13) -
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If fru(zn,xn) =0 and fo(z20,20) = 0, then we get

1 Zn — 2
0 = —=fn1(20, 20) + D fn(20, 20) “)+ Op ((Zn — 20)° + ||zn — £_6‘0||§) .
\/ﬁ Lp — Zo

If (2, ) =3 (20, 20), then the differences z, — 2o and x,, — o must be of size Op (\%)
and the error term in the Taylor expanson is size Op (%) The final simplification we

can make is from the length constraint on z, and xy. We have

= (2o + (z — Io))T<$o + (20 — 20))
1

+ 220 (2 — 20) + |20 — 20|,

so that zl (z, — o) = Op (%) With a little more effort, we can solve for z, — zg and

Ln — ZLg-

Lemma 3.18. If (z,,x,) is a sequence converging almost surely to (fi;, e;), such that
Jn(Zn, zn) =0 and p; # pj for i # j, then:

(i)

N (T"yl('&i))ii
Vin(z, — fi;) _(Tf)(—ﬂi))ii + op(1), (3.28)
(i)
Vn(zn;—1)=o0p(1), and (3.29)
(iii)
(T ()

T oy fri (3.30)

Jj

\/ﬁl’n,j = —

Proof. We have done most of the work in the exposition above. In particular, we

already know that (77) holds. Using the Taylor expansion, we have

0= %Tng(ﬂi)ﬁi + (T/o(ﬂi)ﬁi To(ﬂi)) (Zn - ’ui) +op (%) '

LTn — €&
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Since Ty and T, are diagonal, using (iz) we get

0= Ln(Tn1<,az))” + (T’O(ﬂl))“(zn — [ii) + op (%) 7
0= Ln(TnJ(ﬁz))ﬂ + (To(ﬂz))” Tn,j + op <%> for 1 7£ ]
Therefore, () and (i) follow. -

At this point, it behooves us to do some simplification. For p;, p; > 12 we

have
1

m(i;) = ————.
(5) i+t

Using (3.19)), this implies

—

i+
) (5.
( 125

Note that this agrees with the definition of f; in Theorem [3.4, Now,

fii = i+ 1+~ +

m(fi) —m(f;) 1 My
i = [ (i ) +971) g =~
so that
() 1 1
m\u;) = — . — .
(i 9712 i =
Also,
pim(fs) — jigm(fi;) 1
Hi = [ i pby — 7

We can compute

(To(ﬂz‘))jj = (pi — py) (MZ—;—T> for j # 1,

(To(:)),, = — (Mg l—ﬁv—l) (M ?1) |
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Since (1 -+ ’y‘lm(ﬁi))_l = %7;1, we get

T(fs) = (%EzﬁlEnBl —/n(1 - ”Y_l)Ik)

A1\ 2
- (M) DF,(m:)D
Hi

N (%) (VA(D2 = D) + DB, — Gu(p)

+ (En,ll - Gn(ﬂz))TD>
) (B ),

7

The first term converges in distribution to a mean-zero multivariate normal with
variance 2 (1 — ') along the diagonal and variance 1 — y~! otherwise; the elements

are all uncorrelated except for the obvious symmetry. Also, we have

[t N 1 1 fi
Cov (F; F.; =14 6,) - . |
v (Fy(n), Fij(p2) =7 i) (i + v (2 +971)  papp — 7!
1
CO G'L U 7Gi' [ = 71.—’
v ( i (i) J(,Uz)) Y p——
1
Cov (Hyj(fi), Hij(fi2)) = (1 +6;5) - o e

(+7v D+ papo —y 1

Therefore, for j # i we have variances

Var (T (fii) €:);) = 0 - (M)2

Hi (s ) (3.31a)
, . +7-
+2 (2 + 1+~ ) Eres + o(1),
Var ((Tua () e:),) = (2ui+1+7" )% +o(1), (3.31b)

and nontrivial covariances

Cov (T e0) . (Tunli)ey),) = oy - BT 5T o) (3320)

=i
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and

Cov ((Tn,l(ﬂi) ei); (Tnalfy) ﬁj)) = (pi+pj+1+~7")

i+ -1 At
(it )(u]_lv )+0(1).
Kifty — 7

All other covariances between the elements of T, 1(f;) e; and T, 1(f1;) e; are zero.

3.7 Singular values and singular vectors

The results about solutions to the secular equation translate directly to results about

the singular values and right singular vectors of \/LHX n-

3.7.1 Singular values

Every value z with f,(z,2) = 0 for some z is the square of a singular value of %ﬁX’ n-
Therefore, Section describes the behavior of the top & singular values. To complete
the proof of Theorem for v > 1, we only need to describe what happens to the

singular values corresponding to the indices i with p; < v~/2.

Lemma 3.19. If u; < v~ Y2 then the ith eigenvalue of S,, converges almost surely
to b,.

Proof. From Lemma [3.17, we know that for n large enough and ¢ small, there are
exactly k = max{s : p; > 7~'/?} eigenvalues of S,, in (b,ﬂ—a, 00). From the eigenvalue
interleaving inequalities, we know that the ith eigenvalue of S, is at least as big as
the ith eigenvalue of S, 22.

Denote by fi,,; the ith eigenvalue of S,,, with k < i < k. Then almost surely,

lim A,; < lm fin; < Im fin; < by +e.
n—oo

n—oo n—oo

Since A, ; iy b, and ¢ is arbitrary, this forces fi, ; s bs. O
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Lemma 3.20. If p; < v~ Y2, then /n(ji; — fi;) EiR 0, where [i; 1s the ith eigenvalue of
S

Proof. We use the same notation as in Lemma [3.19, Recall that in the present

situation, fi; = b,. Since \,; = b, + Op(n~%3), we have that
P
\/ﬁ()\n,i - b,y) — 0.

This means that
lim /n(f; — by) > op(1).

The upper bound is a little more delicate. By the Courant-Fischer min-max charac-

terization, ,&3/ % is bounded above by /13 / 2, the ith singular value of

1
X V(7 4 )2 = Y, T,

NZD
for any € > 0. From the work in Section [3.6], we know that
i = (1—1-771/24—8) 1—1—; + Op :
’ Y2 + e Vn

1/2_1 ~

v o)
= 2L - 40

(R T P<\/ﬁ>

where

1 2
~2
C =0y | 1—
% a( 1+271/25+752)

1
2(2(~1/2 1+~ H (1=
2071 T) (I e

= O(e).

Therefore, for all 0 < € < 1, we have

~ 1/2
\/ﬁ(,un,z_b»y_g m) SOP(F;/)
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Letting ¢ — 0, we get
i (s — by) < op(1).

n—oo

Together with the lower bound, this implies \/n (ﬂm - bv) Lo. O

3.7.2 Right singular vectors

For p; > v~ '/2, we can get a right singular vector of ﬁf( » from the sequence of

solution pairs (2, ¥,;) satisfiying fn(2ni, Zni) = 0 and z,; > fi;. The vector is

parallel to

L,
_(Sn,22 - ZnIp—k>71‘S,n,21 L,

We just need to normalize this vector to have unit length. The length of z,, is given
by
||i:n||§ - LZE (Ik + Sn,12(Sn,22 - ZnIp—k)_QSn,Ql) L (334>

It is straightforward to show that for z > 0.,

I+ S,12(Snoe — 20, 1) 28,01 5 —T4(2)

-1,/
_ i m(Z) 2D2+

(14 ~1m(z)) (m(z))

uniformly for z in any compact subset of (bw oo) It is also not hard to compute for

i >y~ /2 that
! (5 —
_T()(:ul) - ILLZQ _ 7_1

Therefore, if p; > /2 and (Znis Tni) “% (14, €;), then

~ a.s. ﬂz(,uz "”}/_1)

[ Znll5 = 55—
g =

1

_ 1 + Y Mg

11—

T

The behavior of the right singular vectors when p; < /2 is a little more difficult to
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get at. We will use a variant of an argument from Paul [68] to show that ||z, =5 oo,

Tn,i
1Zn,ill2

—2
Sn,lQ(Sn,QQ - Zn,in—k) Sn,?l goes to oo.

which implies that £3°0. We can do this by showing the smallest eigenvalue of

Write
p—k T
Sn.a S
-2 “n,x =n,o
Sn,12(5n,22 - Zn,in—k) Sn,21 = E S . g’

a=1 (Anaa - anl)
where s, 1,8n2, ..., 5, p—k are the eigenvectors of S, 22 multiplied by S, 12 = 5221,
and A\, 1, An2, ..., A\yp—i are the eigenvalues of S, 90. For ¢ > 0, define the event

Jn(€) = {zn; < by +¢}. From the interleaving inequality, we have z,; > S\M With

respect to the ordering on positive-definite matrices, we have

Sn,a Sp.a o Sn,a Sp.a
a=1 (An,a Zn,i)2 a a—i ()‘n,a Zn,z)
pk Sn.a S
= e on J,(e
- a=i (b'y te Zn 1) n( )

£30. Therefore,

. T
It is not hard to show that HZ;;II %
v n,i

= Sn.a §;£a a.s. v/ (bv + 5) 2 m’ (bv + 5) I

(by+e—220?  L+ytm(b, +e) (m(b, +¢)]?

k-
Asn — oo, we have P(Jn(s)) — 1. So, since m/ (bﬁ—s) > % for some constant C', let-
ting e — 0 we must have that the smallest eigenvalue of S, 19(Sn.20 — 2nidp—k) 2Sn21

goes to o0.

3.7.3 Left singular vectors

We can get the left singular vectors from the right from multiplication by \/LEX n-

Specifically, if ©,,; is a right singular vector of \/LEX' » with singular value 22 then

n,d

Up,i, the corresponding left singular vector, is defined by
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We are only interested in the first k& components of @, ;. If

7 1 -ljn,’i
Uni = 71= 5
b . _1
H’ZH,ZHQ _(Sn,22 - Zn,infk) Sn,21 Lni
then these are given by m.Rn(an) Zn.i, Where
Ln,i

1 1
—E, — —
NV

It is not hard to show that R,(z) =5 Ry(2), uniformly for z > b,, and R,(z) =
Ry(z) + \%Rn,l(z) + op (\%) pointwise for z > b,. Here,

R,(2)=D, + E, 15 (Sn2 — ZIp—k)_l St

Ro(s) = 15—y D
and
R,1(z) = (1+77'm(=)) " (Vil (Do = D)+ Eon)
— (14 ~7'm(2)) °Fo(2)D — G, (2).
Let yp; = mRn(zm) Zn;. A straightforward calculation shows the following:

Lemma 3.21. If p; > v Y2 and (2,4, 2ni) = ([, €i), then

1— 1 1/2
Yni =5 ( w?) e;
Yn,i 1 €;.
1+ I

If u; < Y2 and Zni s by, then

a.s.

yn,i — O

3.8 Results for v € (0,1)

Remarkably the formulas for the limiting quantities still hold when v < 1. To see
this, we can get the behavior for v < 1 by taking the transpose of X,, and applying
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the theorem for v > 1. We switch the roles of n and p, replace p; by u; = yu;, and

replace v by 4/ = v~!. Then, for instance, the critical cutoff becomes
i > 2,

which is the same formula for v > 1. The almost-sure limit of the square of the ith

eigenvalue of 1 X, X becomes
P n

The formulas for the other quantities also still remain true.

3.9 Related work, extensions, and future work

With the proofs completed, we now discuss some extensions and related work.

3.9.1 Related work

When Johnstone [45] worked out the distribution of the largest eigenvalue in the
null (no signal) case, he proposed studying “spiked” alternative models. Spiked data

consists of vector-valued observations with population covariance of the form

Y = diag(p, po, - - fk, 1, ..., 1).

Work on the spiked model started with Baik et al. [I1], Baik & Silverstein [12], and

Paul [68]. Baik et al. showed that for complex Gaussian data, a phase transition
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phenomenon exists, depending on the relative magnitude of the spike. Baik & Sil-
verstein gave the almost-sure limits of the eigenvalues from the sample covariance
matrix without assuming Gaussianity. Paul worked with real Gaussian data and
gave the limiting distributions when v > 1. Paul also gives some results about the
eigenvectors.

After this initial work, Bai & Yao [§] [9] derived the almost-sure limits and prove a
central limit theorem for eigenvalues for a general class of data that includes colored
noise and non-Gaussianity. Chen et al [I9] consider another type of spiked model
with correlation. Nadler [62] derived the behavior of the first eigenvector in a spiked
model with one spike.

The above authors all consider data of the form X = ZX'2. Onatski [64], like
us, examines data of the form X = UDV” 4 E. With slightly different assumptions
than ours, he is able to give the probability limits of the top eigenvalues, along with
the marginal distributions of the scaled eigenvalues and singular vectors. However,
Onatski does not work in a “transpose-agnostic” framework like we do, so his methods

do not allow getting at the joint distribution of the left and right singular vectors.

3.9.2 Extensions and future work

We have stopped short of computing the second-order behavior of the singular vectors,
but no additional theory is required to get at these quantities. Anyone patient enough
can use our results to compute the joint distribution of ||Z, (|2, Zn:, and y,;. This in
turn will give the joint behavior of the singular vectors.

Most of the proof remains unchanged for complex Gaussian noise, provided trans-
pose (1) is replaced by conjugate-transpose (!). The variance formulas need a small
modification, since the fourth-moment of a real Gaussian is 3 and that of a complex
Gaussian is 2.

For colored or non-Gaussian noise, we no longer have orthogonal invariance, so
the change of basis in Section is a little trickier. It is likely that comparable
results can still be found, perhaps using results on the eigenvectors of general sample

covariance matrices from Bai et al. [3].
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Chapter 4

An intrinsic notion of rank for

factor models

As Moore’s Law progresses, data sets measuring on the order of hundreds or thousands
of variables are becoming increasingly more common. Making sense of data of this
size is simply not tractable without imposing a simplifying model. One popular
simplification is to posit existence of a small number of common factors that drive
the dynamics of the data, which are usually estimated by principal component analysis
(PCA) or some variation thereof. The n x p data matrix X is approximated as a
low-rank product X ~ UV, where U and V are n x k and p x k, respectively, with
k much smaller than n and p.

The number of algorithms for approximating matrices by low-rank products has
exploded in recent years. These algorithms include archetypal analysis [21], the semi-
discrete decomposition (SDD) [49], the non-negative matrix factorization (NMF) [52],
the plaid model [51], the CUR decomposition [25], and regularized versions thereof.
They also include some clustering methods, in particular k-means and fuzzy k-means
[14].

A prevailing question is: How many common factors underlie a data set? Alter-
nately, how should one choose k7 In general, the answer to this question is application-
specific. If we are trying to use X to predict a response, y, then the optimal £ is

the one that gives the best prediction error for y. The situation is not always this

29
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simple, though. For exploratory analysis, there is no external response, and we want
to choose a k that is “intrinsic” to X. For other applications, we don’t have a single
response, Y, we have many responses y1, Y, . . . , Ym. We may not even know all of the
y; when we are processing X. We want a k that has good average-case or worst-case
prediction properties for a large class of responses.

In this chapter, we develop a precise notion of intrinsic rank for “latent factor” ma-
trix data. This choice of k is the one that minimizes average- or worst-case prediction
error over all bilinear statistics. We specifically work with the singular value decom-
position (SVD), but our definition can be extended to other matrix factorizations as
well.

Section introduces the latent factor model, the data model from which we
base our constructions. Section 2] defines intrinsic rank as the minimizer of a loss
function. We give a theoretical analysis of the behavior of some natural loss functions
in Section followed by simulations in Section [4.4] In Section [4.5], we examine the
connection between intrinsic rank and the scree plot. Finally, Section discusses

some extensions and Section [4.7] gives a summary of the chapter.

4.1 The latent factor model

We start by describing a model for data generated by a small number of latent factors
and additive noise. Suppose that we have n multivariate observations x1, zs,..., 2, €
RP. In a microarray setting, we will have about n = 50 arrays measuring the activa-
tions of around p = 5000 genes (or 50000, or even millions of genes in the case of exon
arrays). Alternatively, for financial applications z; will measure the market value of
on the order of p = 1000 assets on day i, and we may be looking at data from the
last three years, so n = 1000. In these situations and others like them, we can often
convince ourselves that there aren’t really 5000 or 1000 different things going on in
the data. Probably, there are a small number, k& of unobserved factors driving the
dynamics of the data. Typically, in fact, we think £ is on the order of around 5 or 10.

To be specific about this intuition, for genomics applications, we don’t really

think that all p = 5000 measured genes are behaving independently. On the contrary,
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we think that there are a small number of biological processes that determine how
much of each protein gets produced. In finance, while it is true that the stock prices
of individual companies have a certain degree of independence, often macroscopic
effects like industry- and market-wide trends can explain a substantial portion of the

value.

4.1.1 The spiked model

One way to model latent effects is to assume that the z; are iid and that their
covariance is “spiked”. We think that z; is a weighted combination of k latent factors

corrupted by additive white noise. In this case, x; can be decomposed as

k
;= E a;S;j + E
Jj=1

= As; + &, (4.1)

where A = (gl as - gk> is a p X k matrix of latent factors common to all
observations and s; € R¥ is a vector of loadings for the ith observation. We assume
that the noise vector ¢; is distributed as N'(0, 6%I,). If the loadings have mean zero
and covariance Xg € R¥** and if they are also independent of the noise, then z; has

covariance

S =E[ziz]] = ASgA" + 071, (4.2)

The decomposition in (4.2]) can be reparametrized as
Y =QAQ" + oI, (4.3)

where QTQ = I, and A = diag (A1, Aay ..., Ak), with Ay > Ao > -+ > X\ > 0.
Equation makes it apparent that ¥ is “spiked”, in the sense that most of its
eigenvalues are equal, but k eigenvalues stand out above the bulk. The first k eigen-
values are \; +0%, Ao +02, ..., \; +02, and the remaining p — k eigenvalues are equal

to 2.
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4.1.2 More general matrix models

We can introduce a model more general than the spiked one by specifying a distri-
T
bution for the n x p data matrix X = (:;1 Ty - gn> that includes dependence

between the rows. In the spiked model, the distribution of X can be described as
X L ZAV2QT + E, (4.4)

T
where E = <§1 gy - §n> and Z is an n X k matrix of independent N (0, 1)

elements. More generally, we can consider data of the form
X<, /nUDV" +E, (4.5)

where UTU = V'V = I}, and D = diag(dy, ds, . . ., dy) withdy, > dy > --- > dj, > 0.
We can get (4.5) from ([£.4) by letting ZAY? = \/n UDC™ be the SVD of ZAY? and
defining V' = QC'. Unlike the spiked model, (4.5) can model dependence between

variables as well as dependence between observations.

4.2 An intrinsic notion of rank

With Section [4.1]s latent factor model in mind, we turn our attention to defining the
intrinsic rank of a data set. This definition will be motivated both by the generative
model for X and by predictive power considerations. When X = /nUDV™T + E,
we think of /n UDV™ as “signal” and E as “noise”. We make a distinction between

the generative rank and the effective rank.

Definition 4.1. If the n x p matriz X is distributed as X = /nUDV" + E,
where UTU = VIV = I, D is a ky x ko diagonal matriz with positive diagonal
entries, and E is a noise matriz independent of the signal term whose elements are

iid N'(0, 0%), then we denote by ko the generative rank of X.

Intuitively the generative rank is the rank of the signal part of X.
The effective rank is defined in terms of how well the first terms of the SVD
of X approximates the signal /nUDV™. We let X = \/ﬁUbVT be the full
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[

SVD of X, where U = (@1 Uy - Qmp>, vV = <@1 SRR @n,\p>, and D =
diag (dl, d, . .. ,d,m,,> . If we let ﬁ(k) = diag (dl, dy, ..., dg,0,0,... ,O) , then the
SVD truncated to k terms is X (k) = \/ﬁUﬁ(kz)VT We are now in a position to

define effective rank

Definition 4.2. Given a loss function L : R"*P x R"*P — R, the effective rank of X

with respect to L is equal to

k: = argmin L (\/EUDVT, X’(k)) . (4.6)
k

The effective rank depends on the choice of loss function. In some settings it
is preferable to choose an application-specific loss function. Often, we appeal to

simplicity and convenience and choose squared Frobenius loss. Specifically,
Lp(A, A) = [|A - A|}. (4.7)

One way to motivate this loss function is that it measures average squared error over

all bilinear statistics of the form a™A 3,

1
A=Al = [ (2"A5—0"AB)" daas

“Q‘H2:17

18ll2=1

(see Section for details). In the context of the latent factor model, the effective
rank with respect to Ly is the rank that gives the best average-case predictions of

bilinear statistics of the signal part (with respect to squared-error loss).

A common alternative to Frobenius loss is spectral loss, given by
Ly(A, A') = ||A - A'|l3. (4.8)

This can be interpreted as worst-case squared error over the class of all bilinear
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statistics,
A — A’||§ = sup (QTA@ — QTA’@)Q )

llefl2=1,

18ll2=1

In the sequel, we denote the optimal ranks with respect to Frobenius and spectral

loss as kf and k3, respectively.

4.3 Loss behavior

In this section we investigate the behavior of the loss functions introduced in Sec-
tion [4.2 First, we need to be more precise about our working assumptions on the
data matrices. The theory is easier if we work in an asymptotic setting, introducing
a sequence of data matrices X1, X, ..., X,, where X,, € R"*?_ p = p(n), n — oo,

and 3 — 7 € (0,00). We will need three assumptions.

Assumption 4.3. The matriz X,, € R™? can be decomposed as
X,=+v/nU,D,VI +E,. (4.9)

Here, U, € RV D, € RFoxko and V,, € RP**0_ The left and right factors U,
and V., satisfy UTU, = VIV, = I,. The aspect ratio satisfies % =v+o0 (\/Lﬁ) for
a constant vy € (0,00). The number of factors kqy is fized.

Assumption 4.4. The matriz of normalized factor strengths is diagonal with D, =
diag (dn1,dn2, ... dnk,) - For 1 <i <k, the diagonal elements satisfy d2ﬂ- 3, for

n

deterministic p; satisfiying pg > g > -+ > g, > 0.

Assumption 4.5. The noise matriz E, has iid elements independent of U,,, D,
and V., with E, 11 ~ N(0, ¢?).

These assumptions allow us to apply the results of Chapter [3|to get the first-order be-

havior of the SVD of X,,. As before, we let w1, Un 2, ..., Unk, a0d Uy 1, Vn 2y - -+, Uiy
A AT

denote the columns of U, and V,,, respectively. We set X,, = /nU,D,V, to

be the SVD of X,,, where the columns of Tjn and Vn are U 1,Un 2, .-, Upnap and
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N N N . . A . L1/2 ~1/2 . 1/2
Un150n.2, - Unnnp, Tespectively. With D, = diag (,uml oy Hpnnp ), We set

D, (k) = diag (ﬂ;{f,g;{g,... a2 0. o,...,o) so that X,(k) = vaU,D,(k)V, is

' HFny ko

the SVD of X,, truncated to k terms.

We can decompose the columns of V,, into sums of two terms, with the first term
in the subspace spanned by V,,, and the second term orthogonal to it. By setting
O, = V?;Vn and taking the Q) R decomposition of Vn - V,0,, the matrix of right

factors can be expanded as
vV,=V,0,+V,0,, (4.10)

with V,, € Rpx(p—ko) satisfying Vz‘_/n =TI, , and V,TLVn = 0. We choose the signs

so that ©,, has non-negative diagonal entries. Note that
,. (4.11)

In particular, since ©,, is upper-triangular, if ®,, converges to a diagonal matrix ©,
then ©,, must also, converge to a diagonal matrix, (I E— @2)1/2. This makes the

decomposition in equation (4.10|) very convenient to work with.

The same trick applies to U,,. We expand
Uu,=U,®,+U,®,, (4.12)
with U,, and ®,, defined analogously to V,, and ©,,. Again, we have that
[,=3"®,+3 &, (4.13)

Likewise, if ®,, converges to a diagonal matrix, then ®,, must do the same.

We can new get a simplified formula for X, (k). With the decompositions in

equations (4.10) and (4.12)), we get

_ : 2 2.D,(k)8,) (V,
Xu(k)=vn (U, T,) <<i>nf)n(k)®§ <T>n15n(k)(:)3> (VT>' (4.14)
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We can get the asymptotic limits of the quantities above. For 1 <17 < kg, we set

4 g2 ol Rl
(#’+0)<1+w¢> when p; > 7

Hi = 2 (4.15a)
o? (1 + \%) otherwise,
f\/ 1 h )
1-— ) (1 + Z ) when u; > 0—,
0; = ( i h M= A (4.15b)
\0 otherwise,
=) (em) :
— + < > when pu; > =,
o = W SR (4.15¢)
0 otherwise,

\

2
while for ¢ > ko, we set ji; = 02 (1 + > and 0; = ¢; = 0. For ¢« > 1, we define

L
ﬁ

0; =+/1— 02, (4.15d)
@i =1/1— ¢} (4.15¢)

With
D(k) = diag ( V20,0, ,o) € RMP (4.16a)
and
O = dlag (91, 92, R ,Qp) s (416b)
P = diag (90 P2, -5 Pn) (4.16¢)
= diag (61, . 6,), (4.16d)
dlag (@ 9027 ) @n) ’ (4166)
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Theorems [3.4] and [3.5] give us that for fixed k as n — oo,

®,D, (k)0 3 dD(k)O",
$,D, (k)0 “3 3D (k)O",
®,D, (k)0 2 dD(k)O",
3,D, (k)0 “3 3D(k)O".

This result makes it easy to analyze the loss behavior. Letting p; = 0 for ¢ > ko,
putting z1;(k) = fi; 1{i < k} and

2 _1)2 RV
_(Pz :uz (k) 92 _901 :uz (k) 0
we have that for || - || being spectral or Frobenius norm, for fixed k as n — oo,
]. 5> a.S. .
%H\/EU,LDTLVE — X, (k)| =5 || diag (F1(k), Fa(k), ..., Fruk (k) ||
Thus,
1 A 2 kVko )
NGRSO IR (419
and
1 " a.s.
VROV - R e RO A

Similar results can be gotten for other orthogonally-invariant norms. A straightfor-

ward calculation shows
F} (k) Fi(k)

_ (m — 2012011, (k) + 02 (k) — il i (k) + %m(k))
- 1/2-1/2 )

il " (k) + 0,0:1: (k) 07 fui (k)
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so that
tr (Fy (k) Fi(k)) = p; — 20, iy (k) + k),
det (FzTUf) Fz(k>) = @07 i (k).
When p; > %, we can use the identities @ieigi%;l/z’ =1- ;:2 and P07 =
get
2 (302 + (v + D) ifi <K,
tr (F} (k) Fi(k)) =™
Hi otherwise,
2
2
b i+ o) (v +0?) ifi<k
det (F (k) Fi(k)) = () (o) opa %)
otherwise.

2
ot (14 L) ifi<k
i (FE(k) Fuk) =4 Vi
i otherwise,
2
2 1 . .
HiO (1—1—%) ifi <k

0 otherwise.

dot (FE (k) Fi(k) —

We can use these expressions to compute

1F:(R)I[E = tr (F5 (k) Fi(k)),

1703 = 5 or (BT () (k)

/[ (FI (k) Fi(k)]* — det (FT (6) F(h) }

ol

— to
yu2

(4.20a)

(4.20Db)

(4.21a)

(4.21D)

(4.22)

(4.23)

The expression for the limit of 1|\/nU,D,V, — X (k)13 is fairly complicated. In

the Frobenius case, we have
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Proposition 4.6. For fixed k as n — oo, we have
1 N
n

ko 2

a.S. ]-

= E ot + E i + o (1 + —) (k—ko)s, (4.24)
i=1 i=k+1 val

where
2 (302 + (v + V) if s > %
w?( " Hi i = 5

, N2 (4.25)
1+ o (1 + W) otherwise.

o =

Figure [4.1] shows «; as a function of ;. It is beneficial to include the ith term

when «a; < 1, or equivalently u; > pg, with

14771 1+ 1\ 3
pp=o? | = +\/< - >+; . (4.26)

This gives us the next Corollary.

Corollary 4.7. Asn — oo,
K 5 max {i : pu; > ph},

provided no py, s evactly equal to .

The theory in Chaptertells us that when pu; > %, the ¢th signal term is “detectable”
in the sense that the ith sample singular value and singular vectors are correlated with
the population quantities. Proposition tells us that when p; € (\(’}—;, ,ui}) , the ith
signal term is detectable, but it is not helpful (in terms of Frobenius norm) to include
in the estimate of \/nU, D, V. Only when ju; surpasses the inclusion threshold s
is it beneficial to include the ith term.

Figure shows the detection and inclusion thresholds as functions of .
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Figure 4.1: FROBENIUS LOSS PENALTY. Relative penalty for including the ith factor
in the SVD approximation of y/n UnDnVE, with respect to squared Frobenius loss.
When the ith factor has signal strengh p;, the cost for excluding the ¢th term of the
SVD is p;, and the cost for including it is «; - ;. Here, we plot «; as a function of y;
for various aspect ratios v = g. The units are chosen so that o = 1.
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Figure 4.2: SIGNAL STRENGTH THRESHOLDS. Detection threshold v~/? and inclu-

2 2
When the normalized signal strength £ is above the detection threshold, the ith
sample SVD factors are correlated with the population factors. With respect to
Frobenius loss, when the normalized signal strength is above the inclusion threshold,
it is beneficial to include the ith term in the SVD approximation of v/nU,D,V}.

_ ~ N2
sion threshold pf = 2 -+ \/ <1+7 1) + % plotted against the aspect ratio v = 2.
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4.4 Simulations

We confirm the theory of the previous section with a Monte Carlo simulation. We

generate a matrix X as follows:
1. The concentration 7 is one of {0.25,1.0,4.0}.

2. The size of the matrix s is one of {144,400, 1600,4900}. We set the number of
rows and columns in the matrix as n = /s and p = /s/7, respectively. This

ensures that v = % and s = np.

3. The noise level is set at 02 = 1. The noise matrix E is an n X p matrix with
iid NV (0, 1) elements.

4. The generative rank, ko, is fixed at 5. The normalized factor strengths are set at

(k1 2y 3y pas fs) = (45, 205, Bi, 545, 145), and the factor strength matrix
. . /2 1/2 1/2
lsDzdlag(m JH T s )

5. The left and right factor matrices U and V are of sizes n x 5 and p x 5,
respectively. We choose these matrices uniformly at random over the Stiefel
manifold according to Algorithm in Appendix [A]

6. We set X = /nUDV" + E and let X (k) be the SVD of X truncated to k

terms.

After generating X, we compute the squared Frobenius loss 1|/nUDVT — X (k)2
and the squared spectral loss %H\/HUDVT — X (k)||? as functions of the rank, k. In
Figures and [£.4] we plot the results over 500 replicates. For the Frobenius case,
we should expect the loss to decrease until k£ = 2, stay flat at kK = 3, and then increase
thereafter. This is confirmed by the simulations. The spectral norm behaves similarly

to the Frobenius norm.
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Gc'0
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Figure 4.3: SIMULATED FROBENIUS LOSS. Squared Frobenius loss t||v/rUDV™T —

X (k)||% as a function of the rank, k, for X generated according the procedure de-

scribed in Section and X (k) equal to the SVD of X truncated to k terms.
The concentration v = ;% is one of {0.25,1.0,4.0} and the size s = np is one of
{144,400, 1600,4900}. The solid lines show the means over 500 replicates with the
error bars showing one standard deviation. The dashed lines show the predictions
from Proposition We can see that as the size increases, the simulation agrees
more and more with the theory.
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Figure 4.4: SIMULATED SPECTRAL LOSS. Squared spectral loss 1|/nUDV " —

1)

X (k)||? as a function of the rank, k, with X and X (k) as in Figure Sample size
s = np is shown in the columns and concentration v = 2 is shown in the rows. Solid
lines show the means over 500 replicates with the error bars showing one standard
deviation; the dashed lines show the predictions from Section [4.3] specifically from
equations (4.19), (4.20a}{4.21D)), and (4.23). The simulations agrees quite well with
the theory, especially for large sample sizes.
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4.5 Relation to the scree plot

Cattell’s scree plot [I§] is a popular device for choosing the truncation rank in prin-
cipal component analysis. One plots the square of the singular value, ciz, against the
component number, k. Typically such a plot exhibits an “elbow”, where the slope
changes noticeably. This is the point at which Cattell recommends truncating the
SVD of the matrix.

In some circumstances, the elbow is close to the Frobenius and spectral loss mini-
mizers, ki and k3. In Figure , we generate a matrix X = /nUDV™T + E € R™?,
with n = p = 100, such that elements of E are iid A/(0, 1). In the first column, we set
D? = diag(5.0, 4.75, 4.5, ..., 0.5, 0.25). The figure shows the scree plot along with
|v/RUDVT — X (k)||? for Frobenius and spectral norms, where X (k) is the SVD
of X truncated to k terms. There is substantial ambiguity in determining the loca-
tion of the most pronounced elbow. Despite this subtlety, there is indeed an elbow
relatively close to kj and k3, the minimizers of the two loss functions.

We can easily manipulate the simulation to get a scree plot with a more pro-
nounced elbow in the wrong place. In the second column of Figure 4.5 we aug-
ment the factor strength matrix with three additional large values, so that D? =
diag(20.0, 15.0, 10.0, 5.0, 4.75, 4.5, ..., 0.5, 0.25). With this modification, there is a
clear elbow at k = 4. However, compared to the optimal values, truncating the SVD
at k = 4 gives about a 25% worse error with respect to squared Frobenius loss and
about 50% worse with respect to squared spectral loss.

In general, we cannot make any assurances about how close the elbow is to kf
or k3. Through a simulation study, Jackson [42] provides evidence that if the latent
factors are strong enough to be easily distinguished from noise, then the elbow is a
reasonable estimate of the loss minimizers (he does not actually compute the loss
behavior, but this seems likely). However, when there are both well-separated factors
and factors near the critical strength level ujf, the second example here illustrates

that the elbow might be a poor estimate.
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Figure 4.5: SCREE PLOTS AND LOSS FUNCTIONS. We generate a matrix as X =
VaUDV?T + E and set X (k) equal to the SVD of X truncated to k terms. The left
and right columns show different choices of D, described in the text. The top row
contains scree plots, where the square of the kth singular value of X, CZ%, is plotted
against component number, k, with units are chosen so that ), cfi = 1. The next
two rows show |[vnUDV™T — X (k)||2 and |[/nUDV™ — X (k)||2, as functions of
the rank, £ with units chosen so that the minimum value is 1.0. Dashed lines show
the elbow of the scree plot and the minimizers of the two loss functions. The elbow of
the scree plot (which is fit by eye) gives a reasonable estimate of the loss minimizers
in the first column, but not in the second.
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4.6 Extensions

We have focused specifically on truncating the singular value decomposition because
that is the case for which the theory has been most developed. We have also focused
specifically on Frobenius and spectral losses. One could easily extend our work to look
at the nuclear norm loss (sum of singular values) [32] or Stein’s loss [43]. Alternatively,
it is not hard to adapt our analysis to study forms like ||l7ﬁ(k‘)2ffT - UD*U"|.
For matrix decompositions beyond the SVD, extension of our work is more difficult,

mainly because very little scholarship has been devoted to their theoretical properties.

We have not examined shrinking the singular values at all, but in some situations
this may be beneficial. For example, the Frobenius norm of the F'; matrix from
Section , which is involved in the Frobenius loss |[v/nUDV"™ — X (k)||%, converges
to

1/2-1/2 |
Hi — 2%9#%/ Mi/ + i

whenever k > 7. Recall that ji; is the almost-sure limit of the 6212, the square of the
1th singular value of \/LEX . If we shrink the 7th singular value, replacing d; with f (dl)

for continuous f(-), then the Frobenius penalty for including the ith term converges

to
1/2 pr-1/2 _1/2
i — 2%‘91‘%‘/ f(ﬂi/ )+ f2<ﬂi/ )-
This quantity is minimized when f(,ail/Q) = Ng/zgplﬂi = /1;1/2 (Mz‘ — ;—;) . After some

algebra, the optimal f takes the form

] 2 g4 1/2 A
Fd) = (d?—2(1+%)02+(1—%) d—$> Whendi>a<1+%),

0 otherwise.

(4.27)

With this shrinkage, it is always beneficial (in terms of Frobenius norm) to include
the ith term.
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4.7 Summary and future work

We have described a plausible model for data generated by a small number of latent
factors corrupted by additive white noise. With this model in mind, we have moti-
vated two loss functions, the squared Frobenius norm and squared spectral norm, as
measuring average- or worst-case quadratic error over the class of all bilinear statis-
tics. These loss functions in turn determine the intrinsic ranks kj; and k3. We have
shown how the losses and the ranks behave for the truncated SVD, both theoretically
and through simulation. Finally, we have explored the relation between intrinsic rank
and the scree plot, and then discussed some extensions.

We did not describe a way to estimate the error from truncating an SVD, nor
did we propose a practical method for choosing k. For now, our hope is that this
work is useful in developing intuition for how the SVD behaves and that it provides a
suitable starting point for designing and evaluating such procedures. In later chapters,

we explicitly discuss estimation and rank selection.



Chapter 5

Cross-validation for unsupervised

learning

The problem unsupervised learning (UL) tries to address is this: given some data,
describe its distribution. Many estimation problems can be cast as unsupervised
learning, including mean and density estimation. However, more commonly unsuper-
vised learning refers to either clustering or manifold learning. A canonical example
is principal component analysis (PCA). In PCA, we are given some high-dimensional
data, and we look for a lower-dimensional subspace that explains most of the variation
in the data. The lower-dimensional subspace describes the distribution of the data. In
clustering, the estimated cluster centers give us information about the distribution of
the data. The output of every UL method is a summary statistic designed to convey
information about the process which generated the data.

Many UL problems involve model selection. For example, in principal component
analysis we need to choose how many components to keep. For clustering, we need
to choose the number of clusters in the data. Many manifold learning techniques
require choosing a bandwidth or a kernel. Often in these contexts, model-selection is
done in an ad-hoc manner. Rules of thumb and manual inspection guide most choices
for how many components to keep, how many clusters are present, and what is an
appropriate kernel. Such informal selection rules can be problematic when different

researchers come to different conclusions about what the right model is. Moreover,

79
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even when there is an obvious “natural” model to human eyes, it may be hard to pick
out in computer-automated analysis. For objectivity and efficiency, it is desirable to

have a well-specified automatic model selection procedure.

For concreteness, in this chapter we focus on principal components, though many
of the ideas generalize to other methods. We suppose that the data, X, is an n x p
matrix generated according to the signal-plus-noise model X = /n UDV™' + E. We
consider the first term to be the “signal” matrix, and the second term to be “noise”.
Often the signal term is a low-rank product. Our goal is to estimate this term as best
as possible by truncating the singular value decomposition (SVD) of X. Here “best”
means with respect to the metrics introduced in Chapter [l We are interested in the
model selection problem where each model is defined by the number of terms we keep
from the SVD of X.

We would like our model selection procedure to be non-parametric, if possible.
To work in a variety of contexts, the selection procedure cannot assume Gaussianity
or independence across samples. We would like the procedure to be driven by the
empirical distribution of the data. Cross-validation (CV) is a popular approach to
model selection that generally meets these criteria. Therefore, we seek to adapt CV

to our purposes.

CV prescribes dividing a data set into a “test” set and a “train” set, fitting a model
to the training set, and then evaluating the model’s performance on the test set. We
repeat the fit/evaluate procedure multiple times over different test/train partitions,
and then average over all replicates. Traditionally, the partitions are chosen so that
each datum occurs in exactly one test set. As for terminology, for a particular replicate
the test set is commonly referred to as the held-out or left-out set, and likewise the

train set is often called the held-in or left-in set.

Most often, cross-validation is applied in supervised contexts. In supervised learn-
ing (SL) the data consists of a sequence of (z,y) predictor-response pairs. Broadly
construed, the goal of supervised learning is to describe the conditional distribution

of y given z. This is usually for prediction or classification. In the supervised context,
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for a particular CV replicate there are four parts of data:
Xtrain Ytrain
Xtest Ytest

Implicit in the description of cross-validation is that the replicates use X to predict
Y iest. So, the held-in data looks like

We extrapolate from X to predict Y ieg:.

It is not immediately obvious how to apply cross-validation to unsupervised learn-

ing. In unsupervised learning there is no Y'; we instead have the two-way partition

There is nothing to predict! Renaming X to Y does not make the problem any

better, for then the division becomes:

Ytrain
Ytest ’
Ytrain

. .

Now, there is nothing to extrapolate from to predict Yi.:! For cross-validation to

with hold-in

work in unsupervised learning, we need to consider more general hold-outs.

We look at two different types of hold-outs in this chapter. The first, due to Wold,
is “speckled”: we leave out random elements of the matrix X and use a missing data
algorithm like expectation-maximization (EM) for prediction. The second type of

hold-out is “blocked”. This type, due to Gabriel, randomly partitions the columns of
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X into “predictor” and “response” sets and then performs the SL version of cross-

validation.

5.1 Assumptions, and notation

We will generally assume we have data X € R"*P generated according to the latent

factor model
X =y/nUDV"' +E. (5.1)

Here, U € RV, V ¢ Rk and D = diag(dy,ds,...,dy,), with UTU = I,
vy = Iy,,and dy > dy > -+ > dg, > 0. We call \/ﬁUDVT the signal part and E
the noise part. In the spirit of data-driven analysis, we avoid putting distributional
assumptions on U, D, V, and E. This makes the terms unidentifiable. While this

indeterminacy can (and should!) bother some readers, for now we will plod on.

We denote the SVD of X by

A A

X = /nUDV', (5.2)

with U € RV ¢ RP*n" and D = diag(cil,cig,...,czmp). Here, U0 =
VTV = I,,,, and the singular values are ordered ch > cZ2 > e > Jn/\p > 0. We set

ﬁ(k) = diag(azl, dy, ... dy,0,... ,0) € RMP*nAP g that
X (k)= VaUDK&)V" (5.3)

is the SVD of X truncated to k terms. Similarly, we define U(k) € R™* and
V (k) € R?** to be the first k rows of U and V', respectively.

We focus on estimating the squared Frobenius model error
ME(k) = [|VnUDV™ — X (k)| (5.4)

or its minimizer,
kg = argmin ME(k). (5.5)
k
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Here, || - ||% is the sum of squares of the elements.
Another kind of error relevant to cross-validation is prediction error. We let E’

be a matrix independent of E but having the same distribution conditionally on U,
D, and V. We set X' = /nUDV" + E’ and define the prediction error

PE(k) = E| X' — X(k)|I% (5.6)

Likewise, we set
kpr = argmin PE(k). (5.7)
k

If FE is independent of U, D, and V', then

PE(k) = E|vrUDVT — X (k) + E'||2
= E[|vrUDV" — X (k)|
+2E [ir (VaUDV" - X(k)"F')| + E| B'|}
= E[ME(k)] + E| E||}. (5.8)

The prediction error is thus equal to the sum of the expected model error and an
irreducible error term.

Finally, we should note that our definitions of prediction error and model error
are motivated by the definitions given by Breiman [I5] for cross-validating linear

regression.

5.2 Cross validation strategies

In this section we describe the various hold-out strategies for getting a cross-validation
estimate of PE(k). It is possible to get an estimate of ME(k) from the estimate of
PE(k) by subtracting an estimate of the irreducible error. For now, though, we choose
to focus just on estimating PE(k).

For performing K-fold cross-validation on the matrix X, we partition its elements

into K hold-out sets. For each of K replicates and for each value of the rank, k, we
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leave out one of the hold-out sets, fit a k-term SVD to the left-in set, and evaluate its
performance on the left-out set. We thus need to describe the hold-out set, how to fit
an SVD to the left-in data, and how to make a prediction of the left-out data. After a
brief discussion of why the usual (naive) way of doing hold-outs won’t work, we survey
both speckled hold-outs (Wold-style), as well as blocked hold-outs (Gabriel-style).

5.2.1 Naive hold-outs

The ordinary hold-out strategy will not work for estimating prediction error. Suppose

we leave out a subset of the rows of X. After permutation, the rows of X are
X

partitioned as ! , where X1 € R"*P and X, € R™*P, and n; + ny = n. The

2
only plausible prediction of X5 based on truncating the SVD of X is the following:

1. Let X; = \/ﬁfflﬁlfflT be the SVD of Xy, with Dy = diag(dgl), czél), e d,&ﬁ)Ap).

2. Let Dy(k) = diag(dVd)...,d0,....0) so that X,(k) = n U, Dy (k)V, is
the SVD of X truncated to k terms. Similarly, denote by V1(k) € RP** the

first k& columns of V.

3. Let (*) denote pseudo-inverse and predict the held out rows as X,(k) =
X, X (k) (X1 (k) X1 (R)T) " X1 (k) = X2 Vi(k)V (k)T

The problem with this procedure is that || X5 — X5(k)||2 decreases with k regardless
of the true model for X . So, it cannot possibly give us a good estimate of the error
from truncating the full SVD of X.

A similar situation arrises if we leave out only a subset of the columns of X.
To get a reasonable cross-validation estimate, it is therefore necessary to consider

more-general hold-out sets.

5.2.2 Wold hold-outs

A Wold-style speckled leave-out is perhaps the most obvious attempt at a more general
hold-out. We leave out a subset of the elements of the X, then use the left-in elements

to predict the rest.
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First we need to introduce some more notation. Let Z denote the set of indices of
the elements of X, so that Z = {(i,5) : 1 <i <n,1 < j < p}. For asubset [ C Z,

let I denote its complement Z \ I. We use the symbol * to denote a missing value,

and let R, = RU {x}. For I C Z, we define the matrix X; € R?*? with elements

X if (¢,4) e,
Xrij = ’ (.9) (5.9)
* otherwise.
Similarly X 7, has elements
X, if (i,4) ¢ 1,
Xiij = ’ (h0) ¢ (5.10)
* otherwise.
Finally, for A € R*P we define
IAlF, = ) A% (5.11)

(i)l
This notation allows us to describe matrices with missing entries.

A Wold-style speckled hold-out is an unstructured random subset I C Z. The held-
in data is the matrix X7 and the held-out data is the matrix X ;. We use a missing
value SVD algorithm to fit a k-term SVD to X;. This gives us an approximation
UkaVE, where U, € R™* and V|, € RP** have orthonormal columns and D €
R*¥** s diagonal. We evaluate the SVD on the held-out set by |[UpD V' — X |3 ;.
Aside from the algorithm for getting U, D,V from X, this is a full description of
the CV replicate.

When Wold introduced this form of hold-out in 1978 [95], he suggested using an
algorithm called nonlinear iterative partial least squares (NIPALS) to fit an SVD
to the held-in data. This algorithm, attributed to Fisher and Mackenzie [33] and
rediscovered by Wold and Lyttkens [94], never seems to have gained much prominence.
We suggest instead using an expectation-maximization (EM) as is consistent with

current mainstream practice in Statistics. Either way, there are some subtle issues in
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taking the SVD of a matrix with missing values. We explore these issues further in
Section and present a complete algorithm for estimating the factors U kaV;f.

5.2.3 Gabriel hold-outs

A Gabriel-style hold-out works by transforming the unsupervised learning problem
into a supervised one. We take a subset of the columns of X and denote them as the
response columns; the rest are denoted predictor columns. Then we take a subset of
the rows and consider them as test rows; the rest are train rows. This partitions the

elements of X into four blocks. With permutation matrices P and @, we can write

X1 X12> (512

Here, X'1; consists of the train-predictor block, X5 is the train-response block, X o;

is the test-predictor block, and X 95 is the test-response block. It is beneficial to think

of the blocks as
Xll X12 _ Xtrain Ytrain
X21 X22 Xtest Ytest

A Gabriel-style replicate has hold-in

X1 X
X21 *
and hold-out Xo,.

To fit a model to the hold-in set, we take the SVD of X; and fit a regression
function from the predictor columns to the response columns. Normally, the regres-
sion is ordinary least squares regression from the principal component loadings to the
response columns. Then, to evaluate the function on the hold-out set, we apply the

estimated regression function to Xs; to get a prediction X 99.

In precise terms, suppose that there are p; predictor columns, ps response columns,

ny train rows, and ns test rows. Then X1 € R™*Pt and X9, € R™*P2 with p1+ps = p
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and nq, + ny = n. First we fit an SVD to the train-predictor block
A A AT
X, =vnU, D/ V..

Then, we truncate the SVD to k terms as \/ﬁﬁl(/@)ﬁl(/@)ﬁ(i{;) in the same way as
is discussed in Section . This defines a projection Vl(k) and principal component

scores

Z1(k) = X1 Vi(k) = vVn U (k)Dy(k).

Similarly, we can get the principal components scores for the test-predictor block as
Zo(k) = X V1 (k).

Next, we model the response columns as linear functions of the principal component
scores. We fit the model X1, ~ Z;(k)B with

B=(Z\(k)"Z:(k) Z1(k)* X 15 = % Dy (k)" U (k)" X1,

Finally, we apply the model the test rows to get a prediction for the test-response

block
1

NG

This gives a complete description of the CV replicate.

Xy =Zy(k)B=Xy ( Vi(k)Dy(k)* U‘l(k)T) X1 (5.13)

Remark 5.1. Typically for Gabriel-style C'V, we have two partitions, one for the rows
and one for the columns. If the rows are partitioned into K sets and the columns are
partitioned into L sets, then we average the estimated prediction error over all KL
possible hold-out sets. This corresponds to =~ K and p% ~ L. In this situation, we

say that we are performing (K, L)-fold Gabriel-style cross-validation.

We can get some intuition for why Gabriel-style replicates work by expressing
the latent factor decomposition X = /nUDV™" + E in block form. We let P =
(Pl PQ) and Q = (Q1 Qz) be the block-decompositions of the row and column
permutations so that X;; = P;FXQJ-. We define U; = P}U, V= Q]-TV, and
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E;; = P;FEQj so that
PT
PTXQ = <P1T> (VaUDV" + E) (Q, Q,)
2

B \/ﬁ<U1DV1T U1DV2T> . (En E12)

U,DVT U,DVT E; Ey

Thus, all four blocks have the same low-rank structure. If the noise is small then

X9 ~ /nUy;DV and
Xy~ VnU,D(VIV, (k) D(k)* (U,(k)*U,) DV

If the noise is exactly zero, k = ko, and rank(Xes) = rank(X), then Owen and
Perry [65] show that X9y = X 9. For other types of noise, the next chapter proves a

more general consistency result.

5.2.4 Rotated cross-validation

When the underlying signal UDV'T is sparse, it’s possible that we will miss it in the
T T
training set. For example, if U = <1 0 0 0) and V = (1 0 00 0> , then

dy 000 0
UDVT — 0000
0000
00000

Either the test set will observe this factor, or the train set, but not both. Only the
set that contains X;; will be affected by the factor.

One way to adjust for sparse factors is to randomly rotate the rows and columns
of X before performing the cross-validation. We generate P € R"*"™ and Q € RP*P,
uniformly random orthogonal matrices, by employing Algorithm [A.1 Then, we set
X = PXQ" and perform ordinary cross-validation on X. Regardless of the factor

structure in X, the signal part of X will be uniformly spread across all elements of
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the matrix. We call this procedure rotated cross-validation, abbreviated RCV.

RCV is similar in spirit to the generalized cross-validation (GCV) described in
Craven & Wahba [20] and Golub et al. [35]. GCV is an orthogonally-invariant way of
performing leave-one-out cross validation for regression. The difference is that GCV
rotates to a specific non-random configuration of the data that gives equal weight to
all observations in the rotated space, while RCV rotates to a random configuration

that gives equal weight in expectation.

5.3 Missing-value SVDs

To perform a Wold-style cross-validation we need to be able to compute the SVD of
a matrix with missing entries. This is a difficult problem. First of all, the problem
is not very well defined. If A is a matrix with missing entries, there are potentially
many different ways of factoring A as an SVD-like product. Often, one attempts to
force uniqueness by finding the complete matrix A" € R™? of minimum rank such

that Aj; = A;; for all non-missing elements of A. Even then, A’ may not be unique.

Take
1
A= ( *> .
* %
10 11 10 11
, , , and
0 0 0 0 10 11
are all rank-1 matrices that agree with A on its non-missing entries. We might

discriminate between these by picking the matrix with minimum Frobenius norm. In

)

presents an interesting problem. We can either complete it as

()= )

this case, the matrix
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The first option has rank 1 and Frobenius norm 2. The second option has higher

rank, 2, but lower Frobenius norm, v/2. Which criterion is more important? It it not
clear what the “right” SVD of A is.

We can alleviate the problem by considering a sequence of SVDs rather than a
single one. For each k = 0,1,2,..., define A} to the rank-k matrix of minimum
Frobenius norm that agrees with A on its non-missing elements. If no such matrix
exists, let I C Z be indices of the non-missing elements of A and define the candidate

sets

A = {A, € R"P : rank(Ay) = k}
Cr = {Ak c A : ||A — AkHF,I = Brilelgk ||A — Bk“F,I}

Lastly, put

A}, = argmin ||A||p ;-
Ar€eCy,

We then define the rank-k SVD of A to be the equal to the SVD of Aj.

There are still some problems with these SVDs. First of all, in general there may be
no relationship between Aj and Aj_; the two matrices may be completely different
and have completely different SVDs. We lose the nesting property of ordinary SVDs;,
where the rank-k£ SVD is contained in the rank-(k + 1) SVD. Secondly, although it
seems plausible, we do not have any guarantees that Aj is unique. Situations may
arise where two different rank-k matrices have the same norms and the same residual
norms on the non-missing elements of A. Finally, finding A, is a non-convex problem.
The function ||A — Ag|/r; can have more than one local maximum. We need to be

aware of these deficiencies.

Rather than get too deep into the missing-value SVD rabbit-hole, we choose in-
stead to live with an approximation. We acknowledge that computing the best rank-%
approximation as defined above is computationally infeasible for large n and p. In-
stead of proving theorems about the global optimum, we focus on an algorithm for

computing a local solution.
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We use an EM-algorithm to estimate A},. The inputs to the algorithm are k, a non-
negative integer rank, and A € R"*P| a matrix with missing values. The output is Aj,
a rank-k approximation of A. The algorithm proceeds by iteratively estimating the
missing values of A by the values from the first & terms of the SVD of the completed
matrix. We give detailed pseudocode for the procedure as Algorithm [5.1} This is
essentially the same algorithm as the SVDimpute algorithm given in Troyanksaya et
al. [91], except that we use a different convergence criterion. SVDimpute stops when
successive estimates of the missing values of A differ by less than “the empirically
determined threshold of 0.01.” We instead stop when relative difference of the residual
sum of squares (RSS) between the non-missing entries and the rank-k SVD is small
(usually 1.0 x 107* or less). Our reason for using a different convergence rule is
that the analysis of the EM algorithm in Dempster et al. [22] shows that the RSS
decreases with each iteration, but makes no assurances about the missing values
converging. Regardless of which convergence criterion is used, the algorithm is very

easy to implement.
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Algorithm 5.1 Rank-£ SVD approximation with missing values

2. For 1 < j < p let u; be the mean of the non-missing values in column j of A,
or (0 if all of the entries in column j are missing.

3. Define A € R™*? by

" p;  otherwise.

4. Initialize the iteration count N « 0.

5. (M-STEP) Let

nAp
AW — ZdEN)y(N)U(N)T

)
=1

be the SVD of A™) and let A;(N) be the SVD truncated to k£ terms, so that

6. (E-STEP) Define AN ¢ R™P as

A;c(i.vj) otherwise.

A(.N+1) _ {Al] if (%.]) S I7
ij

7. Set
RSSM = A - A2 .

If |[RSS®Y) — RSSW=1| is small, declare convergence and output A;(N) as Aj.
Otherwise, increment N «— N + 1 and go to Step [3
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5.4 Simulations

We performed two sets of simulations to gauge the performance of Gabriel- and Wold-
style cross-validation. In the first set of simulations, we compare estimated prediction
error with true prediction error. In the second set, we evaluate the methods’ abilities

to estimate kpp, the optimal rank.

Each simulation generates a data matrix X as X = /anUDV" + E. We fix the
dimensions and number of generating signals as n = 100, p = 50, and ky = 6. For
“weak” factors we set D = Dy = diag(10,9,8,7,6,5) and for “strong” factors,
we set D = Dygirong = V/ND oo We generate U, V| and E independently of each
other. To avoid ambiguity in what constitutes “signal” and what constitutes “noise”,
we ensure that the elements of E are uncorrelated with each other.

We consider two types of factors. For “Gaussian” factors, we put the elements of
U distributed iid with Uy; ~ N(0, ;) and the elements of V' iid with Vi; ~ N/(0, 1),
also independent of U. For “Sparse” factors we use sparsity parameter s = 10% and
set
P{U;; =0} =1—s,

1 1 S
S T W

IP’{UH —

Similarly, we put
P{Vi; =0} =1—s5,
1 1 s
p{Vii - —W—p} =r{v - WT—p} “y
The scalings in both cases are chosen so that E[UU] = E[V'V] = I,,. Gaussian
factors are uniformly spread out in the observations and variables, while sparse factors
are only observable in a small percentage of the matrix entries (about 1%).

We use three types of noise. For “white” noise, we generate the elements of E
iid with Ey; ~ N (0, 1). For “heavy” noise, we use iid elements with E; ~ o, 1¢,,
and v = 3. Here t, is a t random variable with v degrees of freedom, and o, =
m is chosen so that E[F?] = 1. Heavy noise is so-called because it has a

heavy tail. Lastly, for “colored” noise, we first generate o%,...,02 ~ Inverse-x?(v1)
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and 77,..., 72 ~ Inverse-x*(12) independently, with 14 = v, = 3. Then we generate
the elements of E independently as Ej; ~ ¢!, - N(0, 07 + 7']-2), where ¢, ,, =

V1/(r1 —2) +1/(v2 — 2). Again, c,,,, is chosen so that E[E}] = 1. Colored noise

simulates heteroscedasticity. All three types of noise are plausible for real-world data.

Obviously, this set of simulations comes with a number of caveats. We are only
looking at two choices for the signal strengths, one choice of n and p, and a single
hold-out size. Moreover, this example uses relatively small n and p, potentially too
small for consistency asymptotics to kick in. Despite these deficiencies, the simula-
tions still convey substantial information about the behavior of the procedures under

consideration.

5.4.1 Prediction error estimation

Our goal with the first simulation was to get intuition for the behavior of Gabriel-
and Wold-style cross validation as prediction error estimators. We generated random

data of the form X = /nUDV™ 4 E, described above. With X(k‘) being the SVD

of X truncated to k terms, the (normalized) true prediction error is given by
PE(k) = |[v/RUDVT — X (k)| + 1.

Cross-validation gives us an estimate ISE(k‘) of the prediction error curve. We wanted
to see how P/’E(k) compares to PE(k).

Figures [5.1] and show the true and estimated prediction error curves from
(2, 2)-fold Gabriel CV and 5-fold Wold CV, along with their RCV variants. The plots
only show one set of curves for each factor and noise instance, but other replicates
showed similar behavior.

For most of the simulations, the cross-validation estimates of prediction error are
generally conservative. The only exception is with weak factors and colored noise,
perhaps because of the ambiguity in what constitutes “signal” and what constitutes
“noise” in this simulation. This global upward bias agrees with previous studies
of cross-validation (e.g. [15] and [I7]). The RCV versions of the methods generally

brought down the bias. Some authors have observed a downward bias at the minimizer
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of ISE(k) for ordinary cross-validation ([16], [88]). This bias does not appear to be
present here.

A striking difference between Wold- and Gabriel-style CV is their behavior for k
greater than kjp. Gabriel-style CV does a better job at estimating the true PE(k),
which is relatively flat. Wold-style CV, on the other hand, increases steeply for £k past
the minimizer. In some situations, the Wold-style behavior is more desirable, but as
the heavy-noise examples in Figure [5.2] illustrate, the steep increase is not always in
the right place. Gabriel-style cross-validation is better at conveying ambiguity when

the underlying dimensionality of the data is unclear.

Strong Gaussian Factors Strong Sparse Factors
Gabriel CV Wold CV Gabriel CV. Wold CV.
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Figure 5.1: CROSS-VALIDATION WITH STRONG FACTORS. Estimated prediction
error curves for Gabriel- and Wold-style cross-validation, both original and rotated
(RCV) versions, with strong factors in the data. The true prediction error is shown in
black, the CV curves are red, and the RCV curves are blue. Error bars are computed
from the CV replicates. Despite their upward bias, the methods do well at estimating
PE(k) for k < kjg.
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Weak Gaussian Factors Weak Sparse Factors
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Figure 5.2: CROSS-VALIDATION WITH WEAK FACTORS. Estimated prediction error
curves for Gabriel- and Wold-style cross-validation, both original and rotated (RCV)
versions, with weak factors in the data. As in Figure the true prediction error is
shown in black, the CV curves are red, and the RCV curves are blue. Error bars give
are computed from the CV replicates. The methods have a harder time estimating
PE(k) and its minimizer.
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5.4.2 Rank estimation

In the next simulation, we see how well cross-validation works at estimating the

optimal rank, especially as compared to other rank-selection methods. We generate

data in the same manner as before, and record how far off the minimizer of ﬁ](k‘) is

from the minimizer of PE(k).

We compared the four CV-based rank estimation methods with seven other meth-

ods. They are as follows:

e AIC: Rao & Edelman’s AIC-based estimator [71].

BIC;, BIC,, and BICj3: Bai & Ng’s BIC-based estimators [2].

F: Faber & Kowalski’s modification of Malinowski’s F-test, with a significance
level of 0.05 [31], [54].

MDL: Wax & Kailaith’s estimator based on the minimum description length
principle [93] .

UIP: Kritchman & Nadler’s estimator based on Roy’s union-intersection prin-

ciple and their background noise estimator, with a significance level of 0.001

Kritchman and Nadler [50] give concise descriptions of four of the estimators. The

other estimators, Bai and Ng’s BICs, are defined as the minimizers of

n-—+p np

BIC, (k) = log || X — X (k)| + k ] 5.14
1(k) = log || (F)llf + np B (5.14a)
BIC, (k) = log | X — X (k)||2 + k p log C,y p, (5.14b)
. log C2
BICs (k) = log | X — X (k)| + k Oi ne. (5.14c)
n’p

where C,,, = min(y/n, \/p).
Tables 5.4 summarize the results of 100 replicates. For the strong factors in

white noise, almost all of the methods correctly estimate the true PE-minimizing

rank. When the noise is non-white, Wold-style CV seems to be the clear winner.



98 CHAPTER 5. CROSS-VALIDATION FOR UNSUPERVISED LEARNING

Estimated Rank

Method -7 -6 -5 -4 -3 -2 -1 0 +1 42 43 44 45 46 +7 >7T

White Noise

CV-Gabriel 99 1

RCV-Gabriel 97 2 1

CV-Wold 100

RCV-Wold 100

AIC 99 1

BIC; 100

BIC, 100

BIC3 100

F 100

MDL 100

UIP 100
Colored Noise

CV-Gabriel 32 42 18 5 2

RCV-Gabriel 6 7 18 13 15 26 9 4 2

CV-Wold 97 3

RCV-Wold 22 39 29 7 2 1

AIC 2 9 19 70

BICq 14 26 31 20 4 4 1

BICo 23 41 24 9 1 2

BIC3 1 1 3 4 5 3 4 79

F 4 11 29 27 15 12 1 1

MDL 13 24 36 20 3 3 1

UIP 1 5 14 28 23 19 9 1
Heavy Noise

CV-Gabriel 61 35 4

RCV-Gabriel 42 27 12 14 5

CV-Wold 99 1

RCV-Wold 68 26 5 1

AIC 3 20 22 32 18 4 1

BICy 65 27 7 1

BICo 70 26 3 1

BIC3 32 27 20 13 4 4

F 38 29 27 6

MDL 64 28 7 1

UIP 18 35 27 18 2

Table 5.1: RANK ESTIMATION WITH STRONG GAUSSIAN FACTORS. Difference
between the estimated rank and the true minimizer of PE(k) for 100 replicates of
strong Gaussian factors with various types of noise.

However, as Figure demonstrates, there is not much Frobenius loss penalty for
slightly overestimating the rank. Therefore, Tables and may be exaggerating
the advantage of Wold-style CV.

For the weak factors in white noise, the AIC, F' and UIP methods fare well, and
the performance of the cross-validation-based methods is mediocre. For non-white
noise and weak factors, none of the methods perform very well. This is probably due
to the inherent ambiguity between what constitutes “signal” and what constitutes

“noise” in these simulations.
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99

Estimated Rank

Method -7 -6 -5 -4 -3 -2 -1 0 +1 42 43 44 45 46  +7T  >7
White Noise

CV-Gabriel 8 73 11 7 1

RCV-Gabriel 98 2

CV-Wold 1 8 91

RCV-Wold 1 99

AIC 100

BIC, 1 99

BIC, 1 99

BIC3 100

F 100

MDL 100

UIP 100
Colored Noise

CV-Gabriel 4 34 19 24 8 6 5

RCV-Gabriel 1 5 13 13 22 20 10 8 8

CV-Wold 1 1 8 83 4 3

RCV-Wold 26 32 25 12 2 2 1

AIC 2 10 19 69

BIC; 17 23 29 20 3 4 2 2

BIC, 24 36 27 9 2 1 1

BIC3 3 2 2 4 7 2 80

F 4 9 32 28 14 11 2

MDL 16 24 31 19 6 2 1 1

uIp 4 17 27 23 18 9 2
Heavy Noise

CV-Gabriel 5 52 29 11 2 1

RCV-Gabriel 39 24 19 11 6 1

CV-Wold 1 1 11 83 4

RCV-Wold 66 28 5 1

AIC 2 21 24 33 11 6 3

BIC; 1 63 27 6 3

BIC, 1 71 22 5 1

BIC3 28 31 19 14 7 1

F 32 41 14 12 1

MDL 63 28 6 3

uIpP 20 32 27 15 6

Table 5.2: RANK ESTIMATION WITH STRONG SPARSE FACTORS.

Difference between

the estimated rank and the true minimizer of PE(k) for 100 replicates of strong sparse

factors with various types of noise.
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Estimated Rank

Method -7 -6 -5 —4 -3 -2 -1 0 41 +2 43 44 45 46 47 >7

White Noise

CV-Gabriel 3 56 32 9
RCV-Gabriel 5 66 20 8 1
CV-Wold 4 31 65
RCV-Wold 3 32 65
AIC 3 95 2
BIC; 1 13 46 40
BIC, 1 8 29 a7 15
BIC3 99 1
F 99 1
MDL 6 44 50
uIpP 99 1
Colored Noise
CV-Gabriel 2 9 22 21 25 10 3 5 2 1
RCV-Gabriel 2 4 11 16 14 12 19 9 13
CV-Wold 1 4 4 7 9 17 14 34 4 2 1 1
RCV-Wold 2 29 24 17 8 6 7 2 4 1
AIC 4 14 14 68
BIC; 2 26 22 20 9 8 3 2 4 4
BIC, 4 39 28 12 5 4 1 3 3 1
BIC3 1 1 5 11 1 3 4 74
F 1 7 16 24 17 13 10 1 11
MDL 1 25 23 21 8 9 4 1 4 4
uIP 2 11 12 22 19 15 4 15
Heavy Noise
CV-Gabriel 1 1 2 10 51 25 8 1 1
RCV-Gabriel 13 37 24 13 9 2 1 1
CV-Wold 1 4 6 4 13 17 21 32 1 1
RCV-Wold 1 2 13 59 16 4 2 1 1 1
AIC 7 15 28 25 14 7 1 2 1
BIC; 1 2 16 58 16 3 2 1 1
BIC, 4 15 23 46 8 1 1 1 1
BIC3 38 21 23 8 4 4 1 1
F 45 22 19 11 1 1 1
MDL 2 14 61 15 3 3 1 1
uIP 27 29 27 9 4 3 1

Table 5.3: RANK ESTIMATION WITH WEAK GAUSSIAN FACTORS. Difference be-
tween the estimated rank and the true minimizer of PE(k) for 100 replicates of weak
Gaussian factors with various types of noise.
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Estimated Rank

Method -7 -6 -5 —4 -3 -2 -1 0 41 42 43 44 45 46 47  >7

White Noise

CV-Gabriel 8 16 39 27 8 2
RCV-Gabriel 1 8 53 27 9 1 1
CV-Wold 2 2 11 16 29 40
RCV-Wold 2 15 29 54
AIC 6 7 16 1
BIC; 1 4 21 45 29
BIC, 1 4 14 27 37 17
BIC3 1 2 86 11
F 85 15
MDL 2 19 42 37
uIP 73 26 1
Colored Noise
CV-Gabriel 2 5 16 19 19 12 9 3 10 3 2
RCV-Gabriel 1 2 7 12 15 19 11 8 25
CV-Wold 1 3 6 11 10 17 21 25 2 2 1 1
RCV-Wold 2 22 21 19 12 11 3 5 3 2
AIC 2 8 9 81
BIC; 1 22 23 20 10 9 4 2 3 6
BIC, 1 7 37 17 13 9 7 1 3 4 1
BIC3 2 2 2 4 8 7 75
F 4 6 21 22 14 13 6 14
MDL 22 19 22 12 10 5 2 3 5
uIpP 5 9 22 19 17 10 18
Heavy Noise
CV-Gabriel 2 4 22 25 24 20 3
RCV-Gabriel 1 4 9 18 20 18 12 13 2 1 2
CV-Wold 1 1 4 10 16 19 29 18 1 1
RCV-Wold 2 19 51 7 16 3 1 1
AIC 2 17 16 19 22 8 4 10 2
BIC; 1 4 21 51 5 13 3 1 1
BIC, 2 4 16 32 31 4 9 1 1
BIC3 3 25 23 17 12 10 4 4 1 1
F 2 29 21 23 10 7 5 2 1
MDL 3 19 52 6 15 3 1 1
uIP 20 23 22 13 12 3 5 1 1

Table 5.4: RANK ESTIMATION WITH WEAK SPARSE FACTORS. Difference between
the estimated rank and the true minimizer of PE(k) for 100 replicates of weak sparse
factors with various types of noise.
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5.5 Real data example

We conclude this chapter with a neuroscience application. The Neural Prosthetic Sys-
tems Laboratory at Stanford University (NPSL) is interested in studying the motor
cortex region of the brain. Essentially, they want to know what the correspondence is
between neural activity in that part of the brain and motor activity (movement). Re-
search is still at a very fundamental level, and the basic question of how many things
are being represented is still unanswered. It is thought that desired position, speed,
and velocity get expressed as neural activity, but conjectures about the dimensionality
of the neural responses vary from 7 to 20 or more.

NPSL has designed and carried out an experiment meant to measure the di-
mensionality of neural response for a two-dimensional motion task. The experiment
involves measuring the activity in 49 neurons as a monkey performs 27 different
movement tasks (conditions).

For a particular neuron and condition, a simplified explanation of the experiment

is as follows:
1. At time t = Oms, start recording neural activity in the monkey.

2. At time ¢ = 400 ms (TARGET-ON), show the monkey a target. The monkey is

not allowed to move at this point.

3. At a random time between time ¢ = 400ms and time ¢ = 1560 ms, allow the

monkey to move.

4. At time ¢t = 1560 ms (MOVEMENT), the monkey starts to move and point at the

target.
5. Record activity up to but not including time ¢t = 2110 ms.

Each condition includes a target position and a configuration of obstacles. The same
monkey is used for every trial. Measurements are taken at 5Hms intervals, so that
there are 422 total time points. It is necessary to do some registration, scaling,

and interpolation before doing more serious data analysis, but the details of those
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processes are not important for our purposes. Figure [5.3| shows the preprocessed

responses for each neuron and condition.
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Figure 5.3: MOTOR CORTEX DATA. Response rates in 47 neurons for 27 movement
tasks. The subplots show the normalized response rates in a single neuron as functions
of time. Each color corresponds to a different movement task. The plot on the left is
a zoomed-in view of the data for the first neuron.

The data from the NPSL motor cortex experiment can be put into a matrix
where each neuron is thought of as a variable, and the timepoints of each condition
are thought of as observations. This gives us a matrix X with p = 49 variables and
n = 27-422 = 11394 observations. Of course, the rows of X are nothing like iid, and
the noise in X is not white. Parametric methods are not likely to give very reliable
estimates of the dimensionality of X, but cross-validation stands a reasonable chance.

After centering the columns of X, we performed Wold- and Gabriel-style cross-
validation to estimate the dimensionality of the signal part of X. For Gabriel-style
CV, we first tried both (2,2)-fold and (2,49)-fold; both resulting f’E(kJ) curves had
their minima at the maximum k. For 5-fold Wold-style CV, there is a minimum at
k = 13. The BIC, F', MDL, and UIP estimators all chose k = 48 as the dimensionality,
while the AIC estimator chose k = 47. We show the cross-validation estimated

prediction curves in Figure [5.4 It is likely that the true dimensionality of X is high.
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Figure 5.4: MOTOR CORTEX ESTIMATED PREDICTION ERROR. Prediction error
as a function of rank, estimated by three cross-validation methods. The units are
normalized so that the maximum prediction error is 1.0. Error bars show one standard
error, estimated from the folds. The prediction error estimate from Wold-style CV
shows a minimum at k£ = 13, but the Gabriel-style CV estimates always decrease with
k. 1t is likely that the true dimensionality of the data is high.
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5.6 Summary and future work

We have described two different forms of cross-validation appropriate for model se-
lection in unsupervised learning. Wold-style CV uses a “speckled” leave-out, and
Gabriel-style CV uses a “blocked” leave-out. We have defined two forms of error
associated with SVD/PCA-like models, the prediction error and the model error.
Through simulations, we have shown that both forms of CV can be considered to give
estimates of prediction error. Both methods perform well, but Wold-style CV seems
to be more robust to badly-behaved noise. We have applied these cross-validation
methods to a data analysis problem from a neuroscience experiment.

We have focused on latent factor models and the singular value decomposition.
However, it is relatively easy to translate the two styles of cross-validation presented
here to other unsupervised learning methods. For Wold-style hold-outs, an EM-
like algorithm can usually be applied to the models in many unsupervised learning
contexts. The Gabriel-style philosophy of “treat some of the variables as response and
the others as predictors” can also be applied more broadly. We are in the process of
investigating both cross-validation strategies for clustering and kernel-based manifold
learning.

This chapter leaves a number of open questions. Mainly, we have not provided
any theoretical results here, only simulations. A quote from Downton’s discussion of

Stone’s 1974 paper on cross-validation equally applies to our work:

A current nine-day wonder in the press concerns the exploits of a Mr. Uri
Geller who appears to be able to bend metal objects without touching
them; [The author| seems to be attempting to bend statistics without
touching them. My attitude to both of these phenomena is one of open-
minded scepticism; I do not believe in either of these prestigious activities,

on the other hand they both deserve serious scientific examination [86].

Despite Dowton’s skepticism, cross-validation has proven to be an invaluable tool
for supervised learning. It is our hope that with some additional work, CV can be

just as valuable for unsupervised learning. In the next chapter, we provide some
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theoretical justification for Gabriel-style cross-validation, but analysis of Wold-style

cross-validation is still an open problem.



Chapter 6

A theoretical analysis of

bi-cross-validation

In this chapter we will determine the optimal leave out-size for Gabriel-style cross-
validation of an SVD, also known as bi-cross-validation (BCV), along with proving
a weak form of consistency. In Chapter [ we rigorously defined the rank estimation
problem, and in Chapter [5 we introduced Gabriel-style cross validation. Here, we

provide theoretic justification for Gabriel-style CV.

First, a quick review of the problem. We are given X, an n X p matrix generating

by a “signal-plus-noise” process,
X =vnUDV"' +E.

Here, U € R™ D ¢ RFoxko VvV ¢ RP¥*% and E € R™P. The first term,
VaUDV?" s the low-rank “signal” part. We call U and V the matrices of left
and right factors, respectively. They are normalized so that U'U = VIV =
I,. The factor “strengths” are given in D, a diagonal matrix of the form D =
diag(dy, da, . .., dk,), with dy > dy > - -+ > dg, > 0. Also, typically kg is much smaller
than n and p. Lastly, E consists of “noise”. Although more general types of noise are
possible, for simplicity we will assume that E is independent of U, D, and V. We
think of the signal part as the important part of X, and the noise part is inherently

107
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uninteresting.

The rank estimation problem is find the optimal number of terms of the SVD
to keep to estimate the signal part. We let X = \/ﬁUﬁVT be the SVD of
X, where U € R™"" and V € RP** have orthonormal columns, and D =

~

diag(czl,(fg,...,cin/\p) with dy > dy > -+ > dnpp- For 0 < k < n A p, we define

D(k) = diag(dy, ds, . .., dy, 0,0,...,0) so that X (k) = /aUD(k)V " is the SVD of

X truncated to k terms. The model error with respect to Frobenius loss is given by
ME(H) = —IVaUDV" - X (k) }
The optimal rank is defined with respect to this criterion is
k* = arglgnin ME(E).
The problem we consider is how to estimate ME(k) or k*.

Closely related to model error is the prediction error. For prediction error, we con-
jure up a noise matrix E’ with the same distribution as E and let X' = \/aUDV " +

E’. The prediction error is defined as

PE(k) = —E| X' — X (k)]

1
np
which can be expressed as

PE(k) = E]ME(k)] + nipJEHEH%.

The minimizer of PE is the same as the minimizer of E[ME(k)], and one can get an

estimate of ME from an estimate of PE by subtracting an estimate of the noise level.

The previous chapter suggests using Gabriel-style cross-validation for estimating
the optimal rank. Owen & Perry [65] call this procedure bi-cross-validation (BCV).
For fold (i,7) of BCV, we permute the rows of X with matrices P and QY), then
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partition the result into four blocks as

P(l)TXQ(]) — X11 X12 ‘
Xo1 Xoo

We take the SVD of the upper-left block and evaluate its predictive performance on

the lower-right block. If X1, = /aU D,V is the SVD of X11 and X1 (k) =

\/ﬁﬁlﬁl(k)VT is its truncation to k terms (with D;(k) defined analogously to

D(k)), then the BCV estimate of prediction error from this fold is given by

| X5 — X1 X 11 (k)" X 1|2

PE(k;i,j) =

N2 P2

Here, * denotes pseudo-inverse and X 95 has dimensions ny X py. For (K, L)-fold BCV,

the final estimate is the average over all folds:

| KL
ZEZZPE k:,z,j

i=1 j=1

From ISE(k:) we can get an estimate of the optimal rank as k = argmin, P/’E(k‘)

In this chapter, we give a theoretical analysis of P/’E(/{) This allows us to de-
termine the bias inherent in ﬁ)(k) and its consistency properties for estimating k*,
along with guidance for choosing the number of folds (K and L). Section sets
out our assumptions and notation. Section gives our main results. Then, Sec-
tions and are devoted to proofs, followed by a discussion in Section [6.5]

6.1 Assumptions and notation

The theory becomes easier if we work in an asymptotic framework. For that, we

introduce a sequence of data matrices indexed by n:

X, =vnU,D,VI +E,. (6.1)
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Here, X, € R with p = p(n) and % — 7 € (0,00). Even though the dimensions
of X, grow, we assume that the number of factors is fixed at ky. The first set of

assumptions is as follows:

Assumption 6.1. We have a sequence of random matrices X,, € R™*P with n — oo

and p = p(n) also going to infinity. Their ratio converges to a fized constant v €

no_ 1
(0, 00) as;-’y—l—o(\/ﬁ).

Assumption 6.2. The matriz X,, is generated as X, = \/ﬁUnDnVE + E,,. Here,
U, c Rk D, € Roxko v c Rk qnd E, € R™P. The number of factors, ky,
is fized.

Assumption 6.3. The matrices of left and right factors, U, and V,, have or-
thonormal columns, i.e. U U, = VIV, = I,. Their columns are denoted by

Un 1, Un2, - s Unky ONA Up1,Un2, ..., Unky, TeSpectively.

Assumption 6.4. The matrix of factor strengths is diagonal:
Dn = diag(dml, dmg, Ce 7dn,k0>‘ (62)

The strengths converge as d%ﬂ- Y2 i and d%i — i = Op <\/iﬁ>, strictly ordered as
1 > e > e > g, > 0.

Assumption 6.5. The noise matriz E, is independent of U,, D,,, and V,. Its

elements are iid with E, 11 ~ N (0, 0?).

These assumptions are standard for latent factor models.
We can apply the work of Chapter [4] to get the behavior of the model error. We
let X, = /nU,D,V. be the SVD of X, and let X,(k) = /aU,D,(k)V, be its

truncation to k terms. Then the model error is
1 N 2
ME, (k) = — U,D, VI - X, (k.. 6.3
(k) = ||V e A1 (63)

With Assumtions [6.1 we can apply Proposition to get that for fixed k as
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n — 00,
k ko 1 2
pMED) S Yot Y et (14 0] ke (6
i=1 i=k+1 val
where

0'2 : 0'2
7_,%2(3‘72 + (v Dpa) i g > 7

Qi = 52 1\ 2 ) (6.5)
1+ o (1 + ﬁ) otherwise.
Defining k& as the minimizer of ME,, (k), we also get that
Er Y% max {i g > flerie) (6.6)
where
1+471 1+ 1\> 3
crit = 2 - 6.7
Herit = O 5 + \/( 5 + 5] (6.7)

provided no p; is exactly eqaul to piei. We therefore know how ME, (k) and its
minimizer behave.

To study the bi-cross-validation estimate of prediction error, we need to introduce
some more assumptions and notation. As we are only analyzing first-order behavior,
we can restrict our analysis to the prediction error estimate from a single fold. We
let P, € R"™" and Q,, € RP*P be permutation matrices for the fold, partitioned as
P, = (P, P,)adQ, = (Q, Q) vith P,y € R™™, P,, € R,
Q.. € R and Q, , € RPP2. Note that n = ny + ny and that p = p; + p,. We
define X, ;; = Py .XQ, ;, Eny;; =Py ,EQ,; U,; =P, U, and V,; = Q, V.

Then in block form,

PTX Q _ <XTL,11 Xn,12>

Xn,?l Xn,22

Un,anV;I;’l Un,anVZg)_'_(En,ll En,12>

6.8
Un,Q-DnVE’l Un,QDan,Q En,21 En722 ( )

-

This is the starting point of our analysis.
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A A AT
Now we look at the estimate of prediction error. We let X,, 11 = /nU, 1D, Vi
be the SVD of X, ;;. Here,

fjn,l = <Qn1’)1 @nly)g ce @737211/\}71> 3 (69&)

V1 = (@“} 0l AS}LM) , (6.9b)
and

D, = diag (cifj’i’ A0 Mm) . (6.9¢)

For convenience, we define u(l) (al,(1 )) For 0 < k < ny A pq, we let

D, (k) = diag (d}, ), ... d\),0,0,...,0) (6.10)
so that X, 11(k) = \/ﬁﬁnlf)nl(k)Vfl is the SVD of X, 1; truncated to k terms.
This matrix has pseudo-inverse Xn,ll(kﬁ = \/iﬁ Vn,lﬁnjl(k)JrlA]Z’l. Therefore, the
BCV rank-k prediction of X, is

X 0(k) = XleX:,n(k)Xn 12
= (VnU,2D, V| + E,2) (Xn 1(B)) (VU 1DV, + E, 10)
=vnU,; 2D, VI V,:D,,(k)"U, U, DV,
+ U, 2D,V V1D (k) Un’lEn,u
+ By Vi Doy (1)U, U, D, VY,

1 A AT
—E,wV,..D,,(k)'U ,E,
+\/ﬁ 21 Vn1Dya(k) n18n,12

=VnU,2D,0,.D, (k)"® D, V],
+ Un,2Dn®n,1-[)n,1(k)+En,12
+E, 0D, ,(k)*®r DV},
1

—E,o1 D, (k) E,, 1,
+\/ﬁ 21Dy (k) 12

(6.11)
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where ©,,; = Vilvn,l, P, = Uill}'n,l, E~n,12 = (AJ:JEMQ, and En,21 = En,mf/n,l.
Note that En,n and En,gl have iid N (0, 0?) entries, also independent of the other
terms that make up X-n’gg(k?> and X, 55. By conditioning on E~n,12 and En,m, we can
see that XQQ(k:) is in general a biased estimate of \/ﬁUnnganz.

To analyze X 22(k), we need to impose some additional assumptions. The first

assumption is fairly banal and involves the leave-out sizes.

Assumption 6.6. There exist fited K, L € (0,00) (not necessarily integers), such
no_ 1 2 1
that - —K+0(ﬁ> and - —L+0<\/ﬁ>.

The next assumption is not quite so innocent and involves the distribution of the

factors.

Assumption 6.7. The departure from orthogonality for the held-in factors U, ; and
V.1 is of order \/Lﬁ Specifically,

2

< oo, and
F

sup E H\/nT(UEJUn,1 _ %Ik>
2

supE H\/p_1<VE,1Vn71 — %I;m) . < 0.

This assumption is there so that we can apply the theory in Chapter |3 to get at the
behavior of the SVD of X, ;;. It is satisfied, for example, if we are performing ro-
tated cross-validation (see subsection or if the factors are generated by certain
stationary processes. Proposition in Appendix [A]is helpful for verifying Assump-
tion [6.7] It is likely that the theory presented below holds under a weaker condition,
but a detailed analysis is beyond the scope of this chapter.

6.2 Main results

The BCV estimate of prediction error from a single replicate is given by

1

@n(k) B N2 P2

1 X 100 — X oo ()|2. (6.12)
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It turns out that E [F/’En(k’)} is dominated by the irreducible error. However, if we
have a /np-consistent estimate of o2, then we can get an expression for the scaled

limit of the estimated model error. This expression is the main result of the chapter.

2
n

satisfying E [« /np (62 — 02)} — 0. Define the BC'V estimate of model error from a

n

Theorem 6.8. Suppose that 6% is a sequence of \/np-consistent estimators of o>

single replicate as

ME, (k) = PE, (k) — 62. (6.13)
Then, for fized k as n — oo,
o kAko ko
E[p-MEW(K)] = " Bimit > pitn- (k= ko, (6.14)
i=1 i=k+1
where
i e GV )
. 2 1 i > U_;
R R O L o IR (6.15a)
1+ ﬁ otherwise,
K—-1 L-1
= — 6.15b
P="7 T (6.15b)
and

n= i 5 (6.15¢)
(VD)

It is interesting to compare (3; with the expression for «; in equation , which
appears in the scaled limit of the true model error, p - ME,, (k). Although the BCV
estimator of model error is biased, this bias is small for large p;, K, and L.

A corollary gives the behavior of the minimizer of the expected model error esti-

mate. We let &, be the rank that minimizes E [1\//11\*]”(@} Note that k, is a deter-
ministic quantity. The next two results follow from Theorem
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Corollary 6.9. Asn — oo,

J a { Lo \f} (6.16)
n — MAX 1l > —— [ — ¢, )
Ve

(provided no u; is exactly equal to % . \/%, in which case the limit is ambiguous).

We can use Corollary to guide our choice of K and L. If we choose them

carefully, then k, and ky will converge to the same value.

Corollary 6.10. If

V2

pP=—F=""FF; 6.17
AN ENES: (017
where )
12 4 A—1/2
¥ = (%) : (6.18)

then k,, and k* converge to the same value (provided no p; is exactly equal to % . \/%)

Interestingly, the first-order-optimal choices of K and L do not depend on the
aspect ratio of the original matrix. All that matters is the ratio of the number of
elements in X, 1; to the number of elements in X,,.

For a square matrix, v =4 = 1, and the optimal p is %. If we choose K = L, then

this requires

so that

—1
5
K= (1—%) ~ 1.89.

For general aspect ratios (y # 1), this requires

W 3
S 3-2(V7F3-4A)

For very large or very small aspect ratios (y — 0 or v — 00), K — 1. In these
situations one should leave out almost all of the matrix when performing bi-cross-

validation.
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The remainder of the chapter is devoted to proving Theorem [6.8]

6.3 The SVD of the held-in block

The first step in analyzing the BCV estimate of prediction error is to see how the SVD
of X, 11 behaves. With Assumptions 6.7, we can start this analysis. Our strategy
is to use Assumption to apply a matrix perturbation argument in combination
with Theorems 3.4l and 3.5

We show that we can apply Theorem to \/n Un,anVf;l + E,, 11 even though

U, and V, ; do not have orthogonal columns. First we set

K-1 L
== .= . 1
N=—e g0 (6.19)

and note that % = p£1 . % =y 4o (\/%) . Next, for 1 <1 < kg, we define

L -1
=2t (6.208)
K-1 o?
S (s + o? < ) when p1; > 7=,
=14 i v (6.20D)
K—1 2 1 :
o <1 + ﬁ) otherwise.
-1
L—1 ot o? o?
g, =LV I \/<1 a 71#?,1-) (1 + WM) when piri > 55 (6.20c)
0 otherwise,
-1
K—1 ot a2 o?
o=dV K (1 B 71“%,1’) (1 * /ﬂn‘) when pini > a2 (6.20d)
0 otherwise.

2
For i > ko, we put fi; = £=4- 02 (1 + \/%7) . Now, for k > 1 we let ©,(k) and ®,(k)

be kg X k matrices with entries

0, ifi=j, . ifi= 3,
ol =9 ’ and o) =" / (6.21)

0 otherwise, 0 otherwise,
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respectively. In this section, we prove the following:

Proposition 6.11. For fized k as n — oo, the first k columns of @1, and ®,,

converge in probability to ©1(k) and ®,(k), respectively. Likewise, for 1 < i < k,
PO

ni

We prove the proposition by leveraging the work of Chapter [3, We have that
X, = \/ﬁUmanVi1 + E, 11. The first term does not satisfy the conditions
of Theorems and since U, ; and V,; do not have orthonormal columns.
Moreover, the scaling is /n instead of \/n;. We introduce scaling constants and

group the terms as

X1 =/ \/ Unl plD @/ an +En11 (6.22)

With this scaling,

(/500" - (V) (Ev-0)] -2

and the diagonal elements of <1 /%Dn> converge to ul/l ,u}g, o ,,ui/kzo So, Propo-

sition should at least be plausible.
T
We prove the result by showing that ( ﬂUn 1) ( %Dn> (, /ﬁVm) is almost

an SVD. We denote its ko-term SVD by Un 1Dn 1Vn 1, and demonstrate the following:
Lemma 6.12. Three properties hold:
(1) For1<i<ko, [2d2, —d2,| = Op (%ﬁ) .

(2) For any sequence of vectors xi,Zs, ..., x, with x, € R",

(3) For any sequence of vectors yi,ys, ..., Yn with y, € RP,

/ [ynl2
H an yn_ nlyn :OP<_\/H)

~ T

T
H Un1> En—Un1$n
ny
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Above, czm 15 the ith diagonal entry of D,,, which are assumed to be sorted in de-

scending order.

Proposition is then a direct consequence of Lemma combined with Theo-
rems [3.4] and 3.5

Proof of Lemma[0.19, First, let | /-*U,1 = U, R, be a QR-decomposition so that
U, € R™*% has orthonormal columns and R, is an upper-triangular matrix. Define

R, = n(R,1 — I,) so that R,, = Iy, + \%le. We can write

n 1 1
—Uvr U, =1 — (R, + R} “R'' R, ;.
ny n,l 1 ko + \/ﬁ ( 1 + n,l) + n n,1 1

By Assumption T%UEJUM — I, = Op <\/iﬁ> . Therefore, R, 1 = Op (1).
The same argument applies to show that there exits a V,,; € RP1*F with or-

thonormal columns such that

P ~ 1
p_lvn,l =V (Iko + %Sn,l) )

and S, ; is upper-triangular with S, ; = Op(1).

We now look at

(1 ) () 1+ 5]

1
=D, + (R,1D,, + Dnsgl) + ﬁRn,anSil.

1
NLD
Since the diagonal elements of D,, are distinct, we can apply Lemma twice to
get that there exist ko X ko matrices R, 1, S, and A,, of size Op(1) such that

(1 Lr) () (1 s’

~ (1, + %Rn,l) (Da+t %An) (11 + %S‘M)T,

with Iy, + \%Rm and Iy, + \/Lﬁgn,l both orthogonal matrices, and A,, diagonal.
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We define ﬁm - ﬁm(I’“O + x/LﬁR"J)? ‘7”71 = Vn,1<Iko + \/%;gnJ), and D,, =
Yo (Dn + %;A)- Now, as promised, U1 D, V,, | is the SVD of

(o) (52 ()

We can see immediately the property (1) holds. For property (2), note that

1 _
Ui = Ui (T + —= R

vn
n 1 -1 1 =
-/ tu, <I —_R, ) <I R, )
n )1 k0+\/ﬁ )1 k0+\/ﬁ )1

n 1 -~
= [0 (L + =)
n, A\ Lk + \/ﬁ )1

for some R, ; = Op(1). Therefore,

~T 1 ~71
IT IIT _ R ITT
n1fn —Up1Tn = \/— n,1Y n,1Ln
n

so that
10 120~ UL 22 < LIIRn e - N Unalle - [[znll2
n,l= n,l= — \/ﬁ ) ) =
[ Zn]]2
=0 .
’ ( D
A similar argument applies to show that property (3) holds. O

6.4 The prediction error estimate

In this section, we study the estimate of prediction error

1

Ng P2

ISEn(k:) = | X 1,22 —Xn22(k)||%
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We can expand this as

]-SEn(k) = - tr ((Xn,22 — Xn22(k)) (Xn,22 — Xn,22(k?))T>
1 ~
= tr ((\/ﬁ Un,2Dan72 +E, 2 — Xn,22(k‘))
N P2

. (\/ﬁ Un’QDnVZQ + FE, 2 — Xn,22(k))T)

— mlp2 (H\/ﬁ(fwl)nv{2 — X, ()|}
Y2 tr (Ew(\/ﬁ U,>D, V', Xn,zg(k))T> (6.23)
F B} ).
It has expectation
E [ISEn(k)] —E {n;m |vnU, D, VT, - Xn,gg(k)u} +o?. (6.24)

The first term is the expected model approximation error and the second term is the

irreducible error.

The expected model approximation error expands into four terms. We have

A~

ViU, 2DV, — X oK)
_E [tr ( (VnU,2(D, — D,©,,D, ,(k)"®,,D,) VL,
- Un,ZDn@n,lﬁn,l(k)+En,12

~E,»D,,(k)*®! DV},

1 =~ . -
- _En,21Dn,1 (k)+En,12)

Jn
: (\/ﬁ Un,Q(Dn - Dn@n,lbn,l(k)+¢n,1Dn)VE72

- Un,ZDn@n,lbn,l (k)+En,12
~E,uD,,(k)*®! DV},

_ %Emmﬁm(k)*En,m)T)] (6.25)
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By first conditioning on everything but En,lg and En’gl, the cross-terms cancel and

we get

A~

E[VAU,2DaV Ty = X k)|;
=E|vnU,2(D, — D,©,.D,,(k)*®,,D,)VL,|:
FE|[U,2D,8,1 Dy () Bro?
+ E”En,mﬁn,l(]f)ﬂI’ZJDnVrTL,ZHi

1 - . -~
+EIIﬁEn,mDn,mkﬁEn,Hu; (6.26)

Since Emg and En,Zl are made of iid N'(0, 0%) random variables, the last three terms

are fairly easy to analyze. We can use the following lemma:

Lemma 6.13. Let Z € R™ "™ be a random matrix with uncorrelated elements, all

having mean 0 and variance 1 (but not necessarily from the same distribution). If
A € R" P s independent of Z, then

E|ZAl[; =m-E|A]}.

Proof. The square of the 75 element of the product is given by

(ZA);, = (Zn: ZiaAaj>2
a=1

= i ZRAL 4D ZiaAajZigAg
a=1 a#p

This has expectation
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so that

—m-E||AJ2. =

We also need a technical result to ensure that after appropriate scaling, the ex-

pectations are finite.

Lemma 6.14. For fized k as n — oo, CZSL 18 almost surely bounded away from zero.

Proof. We have that d\) is the kth singular value of =X 1, = U, DV}, +
\/LEEWH' This is the same as the kth eigenvalue of

1 1
ﬁXn,llX?z,n = UHJDHV;SJVTLJD”UZJ + %UHJD“V;SJE:,H
1 1
+ _nEn,llvn,anUz,l + EETL,HE;{,H‘

NG

For each n, we choose O,, = (Oml OmQ) € R™"™ to be an orthogonal matrix with
O,.5 € R™" " and OZ,QUn,l = 0. Then, with A\x(-) denoting the kth eigenvalue, we
have

An711 An,12
= )‘k )
An,21 An,22
for An;; =10, X} 11X, 110,;. Note that A, 22 = 20, ,E,11E} 1,0, is an (n —

k) x (n — k) matrix with iid A(0, o%) entries.
Define G,, = \;(A,, 22) By the eigenvalue interlacing inequality [36], we have that
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n.k =

3 a.s. 2
> G',. Moreover, Theorems [2.17] and [2.20| give us that G, = o2 (1 + L) :

Hence, almost surely for n large enough dASk > G, > o O

With these lemmas, we can prove the following:

Lemma 6.15. The terms in the expected model approximation error converge as:

A~ 2

E{ P ﬂUn,z(Dn—Dn@n,an,l<k)+<I>n,1Dn>V§2(]

Ng P2 BRIry
kAko o 2 ko (6.27a)

— Z,Mz‘ <1 —\/= ZA91,2‘801,Z‘) + Z fis
i=1 P i=k+1

p 9 0_2 kAko lu
E HUn D,©,.D, (k) E, H TN Hig 6.27h
[nﬂ)z ? 1Dna(k) e v ; f1,i L ( )

p B 9 kNko M
E E,oD, (k) ® D,V }—>02- “t 6.27c
{712]92 21 (k) 1 2|| 121 ﬂu%, ( )

and

S (6.27d)

E| -2

1 - . - 2
—E, D, (k)"E, H
ngng\/ﬁ ,21 71( ) 12 » -

Proof. The squared Frobenius norm in the first term is equal to

tr ((VAU2(Dy = D3y Dy (k) @,1D,) V)
. (\/ﬁ Un,2<Dn - Dngn,lﬁn,l(k)—i_(ﬁn,an)VE’Q)T)
—n-tr (Do = Dy©ui Dy (k) @1 Dn) - VI,V a2)

(Do = D281 D1 (k) @01 D,) - (UU,2) ).
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T P 1 T P
Now, U, 2Un2 = %1y, V,2Viz — 11k, and

D, —D,®,.D, (k)" ®,.D,

/2 1/2 1/2 1/2

1/2, _—1/2 1 2
it diag (/h Hl/ 0, AH, 1/ (k> Priy 5 Mo / 01,270y 2/ (k) P12y 5 ey

1/2 1/2 _—1/2 1/2
/'Lké - /Lké el,koul,ké (k> Sol,ko,uké )7

where
_ fig  ifi <k,
firi(k) =
0 otherwise.
We can apply the Bounded Convergence Theorem to get the result for the first
term since the elements of U, 3, V2, ©,1 and ®,; are bounded by 1 and since

Lemma ensures that the elements of D, 1 (k)" are bounded as well.

The last three terms can be gotten similarly by applying Lemmas [6.13] and [6.14]
[l

We can now get an expression for the limit of the estimated model approximation

error. Specifically,

E[n H\FUMDV anz(k:)HQ}
2 P2 F

kAko /,L ,LL 4
IZ{M(l—,/_Z@uS@Li) +0° Z( 19%z+901z)+ - }
i1 M i 14
ko o2 k o
IDIRRSS e
i=k+1 i=ko+1 'ull

kAko -2
—Z@MH— Z /~L1+_<1+L) '(k_kO)-H (628)
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where
2 2 4
i o 1 o
Bi = (1 —/ _M 91,i901,i) +— (v 19%1 + ‘Pu) +—
K1 M Hi Y
i i 2 1 O'4
=1-2 _IUllel,i(plz i 0219011 ( 10%2+9011)+_ :
M1 ,U/Lz M1 Hi ’Y,MI 7

If llfl,i ~ \/—, then 911 =1 = 0 and lal,i — K-1 0.2 <1 + 1

2
\/_'Tl> , so that
1 o2 1\7?
DTN N
A7 vV

. . . 2
In the opposite situation (g ,; > ;—71), we define

L-1 K-1
P="L K
and get the simplifications
(1 o? ot
By (140 T 2,
125 Mg Y1y

i ot
Orivri=p- ,M ' (1— 3 ),
M1 AV

2 4 2
i o 1\ O o
=—p2<“) (1— 2)(1+2(1+711) +3
i V1IHT 5

2

M V1M

L o N\ ([ ot o? ot
- _p2<_“) ( 2)(14—(1—1—7{1) + 2).
i T M Y1

Mg V1M

and

).

i Y1 ;

2 4 2 4
g —1p2 2 2 M o 1\ O o
- 07+ 1) = < )(1— ><1+ +2 )
oy (V01 +0li) =p i ey T+ 5

125

(6.29)
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Putting it all together, we get

S\ 2 2 4
et () (- (=)
[ 71,111Z Hii V1M1,
2 4
( )<1+1+7 J+U)}
71#’11

,ul i 71#%,1'

Hi ot
_1+p< ) <2 1)(1+(1+’y ) + 2)
i 71#1 j His V1M1,

2 -1

+ ’yly’lz
L (L) + 5%

’yl“lz
Svu + (14910 )/—Ll

e
1+(1+7 >M12 +’Yl#%1

i (30' + (4 D)
— . (6.30)

— o 0.4
1+(1+’71 ),TJWLFLU

In particular, note that ; < 1 when 2 — 1 < 0, or equivalently pu; > % : \/% .
1 K3
Getting the final expressions for ; and 1 in Theorem is a matter of routine

algebra.

6.5 Summary and future work

We have provided an analysis of the first-order behavior of bi-cross-validation. This
analysis has shown that BCV gives a biased estimate of prediction error, with an
explicit expression for the bias. Fortunately, the bias is not too bad when the signal
strength is large and the leave-out sizes are small. Importantly, our analysis gives
guidance as to how the leave-out sizes should be chosen. Our theoretical analysis
agrees with the simulations done by Owen & Perry [65], who observed that despite
bias in prediction error estimates, larger hold-out sizes tend to perform better at
estimating k.

The form of consistency we give is rather weak since we did not analyze the
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variance of the BCV prediction error estimate. As a follow-up, it would be worthwhile
to address this limitation. For now, though, we can get some comfort from empirical
observations in [65] that the variance of the estimator is not too large. Indeed, based
on these simulations, it is entirely possible that the variance becomes negligible for

large n and p.



128 CHAPTER 6. A THEORETICAL ANALYSIS OF BCV



Appendix A
Properties of random projections

We use this section to present some results about random projection matrices. We
call a symmetric p X p matrix P a projection if its eigenvalues are in the set {0, 1}.
Any projection matrix of rank k& < p can be decomposed as P = VV for some V
satisfying V'V = I,. We call the set

Vi (R?) = {V eR" . V'V = I} CRP (A1)

the rank-k Stiefel manifold of RP. 1t is the set of orthonormal k-frames in RP. Simi-

larly, we call the set
G (R") ={VVT':V eV, (R)} CR (A.2)

the rank-k Grassmannian of RP; this is the set of rank £k projection matrices. If
(V V) is an p x p Haar-distributed orthogonal matrix and V is p x k, then we say
that V is uniformly distributed over Vi (RP) and that V'V is uniformly distributed
over Gy (IRP).

A.1 Uniformly distributed orthonormal k-frames

We first present some results about a matrix V' distributed uniformly over Vi (IRP).
We denote this distribution by V' ~ Unif (V;(RP)). In the special case of k = 1, the

129
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distribution is equivalent to drawing a random vector uniformly from the unit sphere
in R?. We denote this distribution by V' ~ Unif (Spfl).

A.1.1 Generating random elements

The easiest way to generate a random element of Vi (R?) is to let Z be a p x k matrix
of iid A(0, 1) random variables, take the QR decomposition Z = QR, and let V be
equal to the first £ columns of Q. In practice, there is a bias in the way standard
@R implementations choose the signs of the columns of Q. To get around this, we
recommend using Algorithm [A.T] below.

Algorithm A.1 Generate a random orthonormal k-frame

1. Draw Z, arandom pxk matrix whose elements are iid N'(0, 1) random variables.

2. Compute Z = QR, the Q) R-decomposition of Z. Set @, to be the p x k matrix
containing the first & columns of Q.

3. Draw S, a random k x k diagonal matrix with iid diagonal entries such that

P{Sn =-1} =P{S; =+1} = 1.
4. Return V = Q,S.

This algorithm has a time complexity of O (pk?). Diaconis and Shahshahani [23]
present an alternative approach called the subgroup algorithm which can be used to
generate V' as a product of k Householder reflections. Their algorithm has time com-

plexity O (pk). Mezzadri [60] gives a simple description of the subgroup algorithm.

A.1.2 Mixed moments

Since we can flip the sign of any row or column of V' and not change its distribution,
the mixed moments of the elements of V' vanish unless the number of elements from
any row or column is even (counting multiplicity). For example, E [V V5] = 0 since

we can flip the sign of the second row of V' to get

V2Vir L V2 (Vi) = =V Vi
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This argument does not apply to Vi3 ViaVaaVay or VAVA.

In the special case when k = 1, the vector (V3,V3,...,V3) is distributed as

Dirichlet (%, %, cee %) . This follows from the fact that if Y7,Y5,...,Y, are indepen-

dently distributed Gamma random variables and Y; has shape a; and scale s, then
with S = >"" Vi, the vector (%, %, e %) is distributed Dirichlet (aq, as, . .., a,).
Using the standard formulas for Dirichlet variances and covariances, we get the mixed

moments up to fourth order. They are summarized in the next lemma.

Lemma A.1. If V ~ Unif (V;(R?)), then

21 .
E[Vi] = 5 (A.3a)

E [Vi1Vai] = 0, (A.3b)
47 3 c

E Vi) Cplp+2) (4.3¢)
EViVE] = o (A3d)

The odd mixed moments are all equal to zero.

Using Theorem 4 from Diaconis and Shahshahani [24], which gives the moments
of the traces of Haar-distributed orthogonal matrices, we can compute the mixed
moments of V' for more general k. Meckes [59] gives an alternative derivation of

these results.

Lemma A.2. If V ~ Unif (V,(R?)) and k > 1, then the nonzero mized moments of
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the elements V' up to fourth order are defined by

1
AR
3
E[Vi] = —"—,
gl p(p+2)
1
E[VEV2] = ——,
vl =

E[ViVs] =

E [V11 V1oV Vo] =
p\p

Proof. The first three equations follow directly from the previous lemma. We can

get the other moments from the moments of O, a Haar-distibuted p x p orthogonal

matrix. For the fourth equation, we use that

E [tl”(O)]4 = Z E [OT‘T’OSSOttOuu] .

7,8,t,u

Only the terms with even powers of O;; are nonzero. Thus, we have

sluo))' = (*)E o4] + () (5)E 0202

=pE[O},] +3p(p — 1) E [07,05,] .

Theorem 4 of Diaconis and Shahshahani [24] gives that E[tr(O)]* = 3. Combined

with Lemma [A.T], we get that

1
E [0},0%,) = wo=1)
3

T 3pp-1) {3_p'p(p+1)

{Etx(0))" - pE [01]}
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For the last equation, we use E [tr(04)]. We have that

(04)ij = Z OirorsOstOtj-
r,8,t
We would like to compute E [(04)11]. Note that unless r = s =t = 1, there are only
three situations when E [01,0,s040;1] # 0. Two of them are demonstrated visually
by the configurations

1 S 1 T
1 017» Om 1 Otl Olr
: and
S On Og - r Ot Ors
r=1,s=ts#1 t=1r=sr#1l

The other nonzero term is when s = 1, r = t, and r # 1, so that 01,0,,0404 =
03,02,. In all other configurations there is a row or a column that only contains
one of {O1,, O, Oy, Oy }. Since we can multiply a row or a column of O by —1
and not change the distribution of O, for this choice of r, s, and ¢ we must have
01,0,:04,04 < —01,0,5040y. This in turn implies that E [01,0,:;040] = 0.

With these combinatorics in mind, we have that

E[(0*)11] =) E[01101.0,04] + Y E[01,0,,0,1011] + Y _E[07,0}] + E[0}]
s#1 r#1 r#1

= 2(p - ]‘)E [011012022021] + (p - 1)E [0%2031} + E [0111]
=2(p — DE [01101202:051] + (p — 1)E [07,03,] + E [O}]

Again applying Theorem 4 of [24], we have that E [tr(04)} = 1. Combined with
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Lemma [A 1] we have

E [011012022021] = ;_ 1E [tr(04)} —E [Ozlll] — (p — 1)E [0%1032]
2(p—1)

A.2 Uniformly distributed projections

When P € RP*P is chosen uniformly over the set of rank-k p x p projection matrices,
we say P ~ Unif (G;(R?)). With the results of the previous section, we can derive the

moments of random projection matrices.

Lemma A.3. If P ~ Unif (G,(R?)), then
k
E[P|= I, (A.5)

Proof. Write P = VV™T where V ~ Unif(Vk(]Rp)). For 1 <i,5 < p we have

k
Py=> ViV,
r=1

SO
RKE[VA],  wheni=j,
[Py] =
EE[V11Va1], otherwise.
The result now follows from Lemma [A.1] O

Lemma A.4. Let P ~ Unif(gk(]Rp)). If1<i, 5,7, <p, then

Cov [Py, Pryr] = m (g) (1 - g) (A.6)

' (P Oig)=(.3") F P Oig)=(") — 2 5(1',@"):@,;"))-
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This gives us that aside from the obvious symmetry (P; = Pj;), the off-diagonal

elements of P are uncorrelated with each other and with the diagonal elements.

Proof. We need to perform six computations. As before, we use the representation
P =VVT" where V ~ Unif (V;(R?)). We have

=1

k
:ﬂ2%+zﬁ5}

i=1 i#j

3 1
= +k(k—1

v T PE Y T
k(k+2)
p(p+2)

which gives us that

Next,
k 2
B[P —E| (L vva) ]
=1
k
= E{Z VEVE + Z V1iV2iV1jV2j}
i=1 i£j
1 —1
—k—— 4 k(k—1)-
p(p+2) ( )p(p—l)(p+2)
s () ())
- = _(Z)(1=-=),
(p—1(p+2) \p p
so that

Var [P] = (p_lfm (S) <1 - §> .
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Also,
E [Py Py) = [(Z‘ff)(i‘”ﬁ)]
{Z Y Y vivi)
i=1 j#i
:k_erk(k—l)-p(pf;g(;H)
oo () (73)+ ()
so that

Cov [Py, Py = m (g) (1 - g) '

Since P is symmetric, we have
Cov [P127 le] = Var [Plg] .
The other covariances are all zero. This is because

E [Py Pys) = {XMM%&

2¥)

E [Pio Pos) = {Z VMVQZV'ZJ%J} :

]

and
E [Py Pa) = {Zm%%mJ
,J

Each term in these sums has an element that appears only once in a row. Thus, the

expectations are all 0. O
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A.3 Applications

We now present two applications of the results in this section.

A.3.1 Projections of orthonormal k-frames

Suppose we have U € RP** an orthonormal k-frame, and we randomly project the
columns of U into RY, with ¢ < p. If we denote the projection matrix by VT and set
U = VU, it is natural to ask how close U is to being an orthonormal k-frame. We

can prove the following:

Proposition A.5. Suppose U € RP** satisfies U U = Ij,. Let V ~ Unlf( )
with k < q < p and set U = \/P VTU Then there exists a decomposition U =

f]o + \/Laffl such that l}gf]o =1, and

E|U,|% < %k’(lﬂ—l) (g)Q (1—€). (A7)

p

In particular, this implies that E|U4||% < =k (k+1).

T
The main ingredients of the proof are a perturbation lemma and a result about U U,

stated below.

Lemma A.6. Suppose U € RP*F satisfies U'U = I),. Let V ~ Unif (V,(RP)) with
k<q<pand set U = /p/qVIU. Then E [TjTﬁ] = I, and

EH\/_ (00 - )Higk(ml) <%>2 <1—%>, (A.8a)

with a matching lower bound of

i > k(k+1) <%>2 (1 . %) <$) . (A.8b)

E|va(@'0 - 1)
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Proof. Set P = VVT so that U'U - §UTPU. Now,

E [ﬁTlﬂ ~PUuTEPU = 1.

3

Also, since O PO L P for any p x p orthogonal matrix O, we must that U PU
has the same distribution as the upper k& x k submatrix of P. This implies that

k k
~T ~ 2
EHU U -1, F:E;Var[ﬂj]

_€(1—9){k-i+k(/«c—1) }
p p p+2 (p—1p+2)

:M(z) (1_z) (FL)
(p—1+2) \p p p(k+1))

The lower and upper bounds follow. O

The next ingredient is a perturbation theorem due to Mirsky, which we take from

Stewart [84] and state as a lemma.

Lemma A.7 (Mirsky). If A and A+ E are in R"*?, then

nAp

2
> (oi(A+B) ~0i(4))" < | Bl (A.9)
i=1

where o;(+) denotes the ith singular value.

We can now proceed to the rest of the proof.

Proof of Proposition[A.5. We have that U0 = I, + E, where E|\/gE|} < C and
C is given in Lemma[A.6] We can apply Lemma [A.7] to get

> (0@ 0) - 1) < | B[}

Setting ¢; = Ji(ffof) — 1, we have 0;(U) = I +¢, Note that E[g, €] <
EllaE|% < C. Let R and S be p x k and k x k matrices with orthonormal columns
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such that
U=RI,+A)S"T

is the SVD of U, where A = diag(Ay, Ay, ..., Ay), and A; = /T+¢& — 1. Set
Uy=RS" and U, = ,/g RAS". Then,

U,0,=SRTRS™ = §S™ = I,

and
_ k L C
E|U, % = ZE [QA?] < §ZE [qsﬂ < bR
i=1 i=1
where we have used that v/1+4+¢; > 1+ %ei — %53 O

A.3.2 A probabilistic interpretation of the Frobenius norm

As another application of the results in this section, we give a probabilistic represen-

tation of the Frobenius norm of a matrix. It is commonly known that for any n x p

matrix A,
swp (2" A4y)" = AL (A.10)
lylla=1

where || - ||2 is the spectral norm, equal largest singular value (see, e.g. [36]). The

function f(z,y) = 2T Ay is a general bilinear form on R™ x RP. The square of the
spectral norm of A gives the maximum value of (f(@,y))Q when z and y are both
unit vectors. It turns out that the Frobenius norm of A is related to the average

value of (f(X, Y))2 when X and Y are random unit vectors.
Proposition A.8. If A € R"*P  then
T 2 1 2
(e7 Ay) dody = — A} (A1)
np
HE”2:17

llylla=1

Proof. There are two steps to the proof. First, we show that if X ~ Unif (8"*1) and
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a is arbitrary, then
2 1
E[X"a]” = ~[lal3.

Next, we show that if ¥ ~ Unif (S§77!), then
21 2
EllAY; = ];l‘AHF'

The result follows from these two facts. To see the first part, since X is orthogonally
invariant we have

XTQ XT (HQH2§1) = HQHz Xi.

To see the second part, let A =UXV" be the SVD of A and write

nAp

d
JAY [} = |[ZVTY |3 = BY]3 =) ol(A) Y O
=1



Appendix B
Limit theorems for weighted sums

In this appendix we state and prove some limit theorems for weighted sums of iid

random variables. First, we give a weak law of large numbers (WLLN):

Proposition B.1 (Weighted WLLN). Let X, 1, Xp2,...,Xn, be a triangular ar-
ray of random variables, iwid across each row, with EX, ; = p and IEXil uniformly
bounded in n. Also, let W, 1,Wya,..., Wy, be another triangular array of ran-
dom wvariables independent of the X, ; (but not necessarily of each other). Define
W, =150 W IfW, LW and E (L5 W2,] is uniformly bounded in n, then

T n

1 < _
n

i=1

We do not give a proof of Proposition but instead derive a strong law of large

numbers (SLLN) below. The proof of the weak law is similar. Here is the strong law:

Proposition B.2 (Weighted SLLN). Let X,, 1, Xy, 2, ..., X, be a triangular array of
random variables, wid across each row, with EX, 1 = p and ]EX?L1 uniformly bounded
inn. Also, let Wy 1, Wy a,..., W, be another triangular array of random variables
independent of the X,,; (but not necessarily of each other). Define W,, = L 3" W, ;.
IfW, W and E [% Yo Wﬁz} i1s uniformly bounded in n, then

1 « s o
n
=1

141



142 APPENDIX B. LIMIT THEOREMS FOR WEIGHTED SUMS

Proof. Define S,, = Y7 W,,; X,,; and let BV = o(W,1, Wya, ..., W,,). We have
that

1 _ 1 &
~Sp = Wap=—> Wi (Xoi— 1)
=1

Note that
4
—1
1
= ( X1 — W4 +3E [(Xn1 — 1)*(Xup — 11)?] ZW&W&)
= i#]

e ]

for some constant C; bounding E [X,,; — p]* and 3E [(X,,1 — p)?(Xp2 — 1)?]. There-
fore, the full expectation is bounded by some other constant C5. We have just shown

that A
1 _
n n

for some constant C'. Applying Chebyschev’s inequality, we get

1 _
P{’—Sn—Wnu‘>5}§ 204.
n n’e

Invoking the first Borel-Cantelli Lemma, see the sum converges almost surely. O

Next, we derive a central limit theorem (CLT). To prove it we will need a CLT

for dependent variables, which we take from McLeish [58]:

Lemma B.3. Let X, ;, F.;,i = 1,...,n be a martingale difference army If the

Lindeberg condition Y | E[X?2 ’an‘ >e] — 0 is satisfied and Y, X i o’
then Z?zl Xn,i i) N(07 02)'

nz?

With this Lemma, we can prove a CLT for weighted sums.

Proposition B.4 (Weighted CLT). Let X,.;,i = 1,...,n be a triangular array of
random vectors in RP with X, ; tid such that EX,,; = p*, Cov[X, ] = X and all
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mized fourth moments of the elements of X,, 1 are uniformly bounded in n. Let W, ;,
1=1,...,n be another triangular array of random vectors in RP, mdependent of the
X but not necessarily of each other. Assume that %Zf 1 WMWT EW, and

— N,

that for all sets of indices j1, Jo, J3, ja, with each index between 1 and p, we have that
E [% Z?:l Wi Wn,ijQWn,,»jSWmm] 15 uniformly bounded in n. Then

1 n
\/ﬁ[_ZW ZWM-M ] LN,V exY),  (B3)

where o denotes Hadamard (elementwise) product.

Proof. Let
1 o 1 ¢ x
=Vn [ﬁ ;:1 WhieXni— o ;:1 Whiep

We will use the Cramér-Wold device. Let § € RP be arbitrary. Define

'I’Ll_ ZQWT’LL} TLZ] )7

so that 615, = > | Y, Also, with F,,; = 0(Yy1,Yno, .., Yni-1), the collection
{Y,.i, Fni} is a martingale difference array. We will use Lemma to prove the

result. First, we compute the variance as

2

Zyn%z:_z ZGWH’LJ n,gj )
=1

=1 Lj=1

n n p
% DD 00 Wi Wi (Xoig — 15) (X — 117

i=1 j=1 k=1

where we have used the fourth moment assumptions and Proposition to get the
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convergence. Lastly we check the Lindeberg condition. We have that
> E Y[Vl > €]
i=1

< LS Ry
=1

g2 4

1 n
T 2p2 Z Z {‘91'19?29]'391’4 “E [Whijs Waijs Wijs Wiji
=1 j1,..., 74
-E [(Xn,ijl — 1) (Xnizy — 100) (Xnigs — 1) (Xinigy — Mﬁ)} }
Cy 1 —
< €2_n Z E EZWn,ijlwn,ijgwn,ijgwn,ij4
J1yeeerda i=1
0102])
eZn
— 0

where C is a constant bounding |0;|* and the centered fourth moments of X, ;;, and

C5 bounds the fourth moments of the weights. m
For some classes of weights, we can get a stronger result.

Corollary B.5. With the same assumptions as in Proposition [B.4), if the mean of
the weights converges sufficiently fast as \/n [% Yo Wi — HW] LN 0, then

l - , W x| d w X
vn n;ufm.)_(m pV e SN (0, =Y e xY). (B.4)
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