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ABSTRACT. Consider a closed O*—algebra M on a dense linear subspace D of
a Hilbert space H, a locally compact group G with left invariant Haar measure
ds and an action « of G on M. Under some natural conditions, the O*—crossed

o* GW*
product M x G of M and the GW*—crossed product M x G are introduced.
~ o*
When G is also abelian, the dual action @ of the dual group G on M x G and
Gw* '
on M x G is defined, which makes it possible to study the crossed products

o* 0" GW* _ GW*
(M % G) x Gand (M x G) x G. In case of modular actions, these

@ (a7
constructions are used to obtain results on duality of type II-like and type
[II-like GW *—algebras.

1. INTRODUCTION AND PRELIMINARIES

1.1. Introduction. Research papers on crossed products exist in the literature
since 1958; see, for instance, [31, 34]. Though, a strong impetus to the devel-
opment of the theory of crossed products was given by the thesis of A. Connes
(1973) [5] and the paper of M. Takesaki (1973) [28] “Duality for crossed products
and the structure of von Neumann algebras of type I1I”. A crossed product in the
theory of von Neumann algebras is a method of construction of a new von Neu-
mann algebra from a given one on which a group acts. There are various forms
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and generalizations of crossed products and their construction is considered as
one of the most significant ideas in the theory of operator algebras not only for
the theory itself, but also for the applications. Recall that in quantum physics the
observables are represented by non—-commuting operators and in some physical
models the observables are assumed to form a C*—algebra. So time evolution of
the observables is described by a C*~dynamical system [4, 7, 14, 18, 19, 30]. Since
observables are often modeled by unbounded operators, dynamical systems based
on unbounded operator algebras or even on more general systems of unbounded
operators occur in a natural way, see [3, 16]. The interplay between operator
algebras and dynamical systems is realized through crossed products. The lat-
ter offer very powerful tools in various studies connected with operator algebras
and their strong link with dynamical systems relates them with quantum and
statistical mechanics. Moreover, the construction of crossed products gave rise
to the first non—trivial examples of factors and besides reduced the study of the
purely infinite algebras to the study of semifinite algebras, which is much more
familiar. For all these “Tomita—Takesaki Modular Theory” and its applications
to mathematical physics (see [13, 24, 26]) has played a fundamental role.

All the above gave us the motivation for the study of “crossed products of
algebras of unbounded operators”, provided that the yeast has already existed
(see e.g., [1, 8,9, 10, 11, 12, 13]). Our study is mainly connected with the results
presented in the monograph of A. Van Daele [32] on “Continuous crossed products
and type III von Neumann algebras” (see also [18, Chapter 7], [24, Chapter 1V],
[29, Chapter X]). There is a rich literature on “classical” crossed products, in
general, and apart from the monograph [32] and the chapters on crossed products
cited before, various books have been published on the algebraic or topological
aspects of the subject; see, for example, [14, 15, 17, 33]. Crossed products of
unbounded operator algebras by group actions appeared in the article of Yu.
Savchuk and K. Schmiidgen [20], Section 4. Unbounded crossed products by
actions of quantum groups appeared even earlier in the literature (see [22, 23]).
In [20] there was used an approach different to the one presented here and it
could be an interesting question of further investigation, whether crossed products
treated there could adapted to our setting of crossed products of generalized von
Neumann algebras (for short, GIW*-algebras).

The structure of the present paper is as follows: In the preliminary Subsec-
tion 1.2, some basic background material concerning O*—algebras, GW*-algebras,
traces, and tensor products is collected.

O*
In Section 2, O*—crossed products M x G are defined and investigated. Here

M stands for a closed O*—algebra with domain D, G is a locally compact group
with left invariant Haar measure ds and « is an action of G on M. Denoting by
‘H the Hilbert space completion of D, there will be considered also the Hilbert
space L?(G,H) completion of the linear space C.(G, H) of all continuous H—valued
functions on G with compact support, with respect to the inner product

(€| n) = / (€(s) | n(s)) ds.
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The triple (M, G, «) is said to be an O*—covariant system, whenever

Dy(M, G, a) = {5 € C.(G,H); &(s) € D, for all s € G and the map

G3s — as;1(v)é(s) € H is continuous, for all z € /\/l}

O*
is dense in L*(G,H). In this case, the O*—crossed products M x G of M by

the action a of GG is defined to be the closure of the O*falgebraagenerated by
operators A with domain Dy(M, G, «) defined by

(A&)(s) = are(z)£(ts ),

where € M and t € G (Definition 2.7).

In Section 3, using the results of Section 2 and in particular the domain
D(M,G,«a) of the O*—crossed product, we introduce the GW*—crossed prod-
uct. Assuming that (M, G, a) is an O*—covariant system such that M/ D C D,
where M/, is the weak commutant of M, and that the action « is spatial and

awr

strongly continuous, the GW*—crossed product M x G of M by « is defined

to be the space of elements of LI(D(M,G,«)), which are affiliated to the von
aw* aw*

Neumann crossed product (M!) x G. Then it turns out that M x G is a

aw*
GW*-algebra on D(M, G, «a) over (M.,)) . G containing /\/l G (Theorem

3.5). A characterization of a crossed product as an algebra of ﬁxed points for a
certam action of G on a tensor product algebra, which is known for von Neumann
algebras, will be generalized to GW*—crossed products (Proposition 3.6).

In Section 4 under the additional assumption that G is abelian there will be

o* 0" A o* W GW*
investigated the crossed products (M xG) x G, (M G) >4 G and (/\/l >4 G)
~ ~ o*
G by a dual action a of the dual group G on M x G and ./\/l ><1 G , respectlvely. It
o* aGw
is proved that @ is spacial on both M x G and M x G and strongly continuous

o~ o
on M x G (Lemma 4.3). For a complete characterization of (M >4 G) ><1 & see

o aW* _ GW* ~
Theorems 4.12 and 4.13. For (M x G) >4 G and (M X G) % G , we show that

«
*

if the domain D(M, G, «)) is invariant under the weak commutant of M x G

o* __GW* ~
and M is a regular GW*-algebra, then (M x G) % G is spatially isomorphic to

a specific GW*-algebra and isomorphic to a GW*~tensor product defined by the

von Neumann algebras (M., B(L*(G)) and WD(M, G, a) (Proposition 4.14).
aw* __Gw*
An analogous situation is true for (M x G) x G, when the domain DIt ]
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~

G and

Q
SNE=

is a Fréchet locally convex space; in this particular case, (M x G)
(0%

(M Gg G) g G coincide whenever M is regular (Theorem 4.16).

The subjects of the final Section 5 are crossed products by modular actions.
Given an O*-algebra M on D in H such that M! D C D, the notion of a stan-
dard vector &, for M is defined in such a way that the modular operator Ay,
of the left Hilbert algebra (M! )&, exists in the sense of [27, 29] and that the
formula o;(x) := AZ):EAgO“ (x € M and t € R) defines a 1-parameter group of
sx—automorphisms of M, called the modular action associated with the standard
vector &. Then it turns out that (M, R, o) is an O*—covariant system and the

o Gw
crossed products M xR and M x R are well-defined. By using the generalized

Connes cocycle theorem [1‘) Theorem 2.5.6], it will be shown, that these crossed
* GW*
products as well as (M >4 R) >4 R are independent of the special choice of

the standard vector &, up to a unltary equivalences (Propositions 5.3, 5.4). Fur-
GW*
thermore, there will be defined a faithful normal trace T on M x G (o = 0%,

depending on the standard vector £y). Under some additional conditions, 7 is
also semifinite (Theorem 5.9). All constructions will be illustrated by an exam-
ple. Finally, these constructions are used to obtain results on duality of type
[T-like GW*-algebras and type I1I-like GWW*-algebras (Theorem 5.14).

1.2. Preliminaries. Let D be a dense subspace of a complex Hilbert space H
with inner product denoted by (| ). Denote by B(H) the x—algebra of all bounded
linear operators on ‘H and by £(D) the algebra of all linear operators from D to
D. Let
LY(D) := {x € L(D); D C D(z*) and 2*D C D},

where D(z*) means domain of z*. Then LT(D) is a *—algebra under the usual
algebraic operations and the involution defined by = — ! := z* |p. A *-
subalgebra M of LT(D) that contains the identity operator of D as an element is
called an O*-algebra on D in H. Given an O*-algebra as before, D is endowed
with the graph topology ta given by the seminorms {|| ||, : z € M} (see [13, 21]),
with [|£]|. = ||#€]|, £ € D. Then M is called closed if the locally convex space
D[t r] is complete. Denote by D(M) the completion of Dltrm]. Then D(M) =
Nzem D(T), where T denotes the closure of the operator x. Put now ¥ =7 B

z€Mand M = {F; v € M}. M is then a closed O*—algebra on D(M) in H,
which is called the closure of M. We say that M is closed, if D = D(M). If D
coincides with D*(M) := (. D(2*), M is said to be self-adjoint.

We define now the notion of a “GW*-algebra”, which is an unbounded general-
ization of a von Neumann algebra. Let £7(D,H) be the set of all linear operators
x from D to H such that D C D(x*). Then LI(D,H) is a f-invariant vector
space under the usual operations = 4+ y, Az and the involution ' := 2* | D, for
any z,y € LI(D,H) and A € C. A f-invariant subspace of LT(D,#H) is called
an O*-vector space on D. Among other locally convex topologies on LT(D,H)
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are the so—called strong and strong* topologies, which will be denoted by 74, 74,
respectively. These topologies are defined by the families of seminorms

pe() = ||z€ll, pi(x) = pe(w) + pe(a’) resp., V€ €D and V€ LI(D, H).

The induced strong or strong* topology on an O*—vector space M is called strong
or strong* topology on M. Let M be an O*~vector space on D. We define the
commutants M/ and M., of M as follows:

M, = {ce BH); (cx& | n) = (€ | 2'n), Vo e M and &€ D},

M, = {s € LI(D); sz =uxs, Ve M}
Then M! is a *—invariant subspace of B(#), but it is not necessarily an algebra;
M. is an O*-algebra on D. Suppose that M is self-adjoint. Then it follows that
M! D C D, which implies that M/, is a von Neumann algebra and zn(M.,)’,
for every x € M. Recall that Tn(M,)" means that the operator T is affiliated
with the von Neumann algebra (M.))". Let [ - ]™* denote Tg—closure and let M
be an O*-algebra on D in H. If there exists a von Neumann algebra M, on
H such that M{D C D and M = [M, | D|™* N LI(D), then M is said to be
a GW*—algebra (abbreviation of the term “generalized W*—algebra”) on D over
M,. It is well-known that

M isa GW* — algebra over M,
== M= (M) |D),:={xecLi(D); x2c =cx&, Ycec M) and £ €D}
— M = {r e LI(D); TnMo}.
In particular, if M! D C D, then considering the unbounded bicommutant
M! = (M, | D). ={x € LI(D); xct =cxf, ¥Vece M), and €€ D},
one has the following (in this regard, see also [13, Proposition 1.7.5])
M = (M) 1 D™ 0 LYD) = {x € LI(D); Tn(M,)'}.

Then M . is a GW*-algebra over (M.,); in this case, we shall simply say that
M isa GW*-algebra. A closed O*—algebra M on D is said to be a GW*~algebra
if M!,)D C D and M = M . We remark that when M is a GIW*-algebra over
Mo, My # (M.,), in general; therefore M is not necessarily a GIW*—algebra. We
introduce now the notion of “regularity” for GW*-algebras. A GW*-algebra M
on D is said to be regular if (M;)" = (M., where M,, := {a € M;a € B(H)},
corresponds to the bounded part of M and M, := {@;a € M,}. A GW*-algebra
M on D over My is called regular if (M,)" = M,. Clearly, if M is a regular
GW*-algebra, then it is a regular GIW*-algebra over (M. )". Furthermore, it is
easily shown that if M is a regular GWW*-algebra over M, then (M,)" = My =
(M), so that M is a regular GW*—algebra too.

Now, let A be a unital *—algebra and D a dense subspace of a Hilbert space
H. A x—representation m of A on D is a homomorphism of A onto an O*—algebra
M on D in H, such that w(a*) = 7(a)', for every a € A and 7(1) = 1, where
1 is the unit of A and I is the identity operator in M. We shall say that = is
faithful, if m7(a) =0, a € A, implies a = 0. Given a x-representation 7 of .4 on
D, we shall write, for distinction, D(7) instead of just D. Denote by t, the graph
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topology tr(4y on D(m) with respect to the O*algebra M = 7(A). Whenever
D(m)[tx] is complete, m will be called closed.

The normality of a x—representation of an O*-algebra is defined as follows: The
positive wedge M of an O*—algebra M on D is defined by

My={zeM; (x| >0,VE&eD}.

We say that a net {z;} in M converges increasingly to an element z of M
and write x; T  if (2,6 | §) = (x;€ | £), for each £ € D, whenever ¢ < j and
lim (z,€ | §) = (x€ | £), for each £ € D. A s—representation 7 of M is said to be

normal if w(x;) 1 7(x), whenever x; 1T x; cf. [18].

If M is an O*—algebra on D in H, the symbol Aut(M) will stand for the set
of all x—automorphisms of M. An element o € Aut(M) will be called spacial
(21, p. 167], if there is an isometry u of H onto itself such that uD = D and
a(r)é = uru™1E, for any x € M and € € D. A *—automorphism « from M onto
M will be called strongly continuous, if it is continuous as a map from M|r]
onto M([7g]. A trace on an O*-algebra M is a map

7: My — [0,00] : © — 7(2) with the following properties:
(1) 7(z+y) =7(x) +7(y), Va,y € My;
(2) 7(Az) = A (x), VA >0 and 2 € M, where 0+ (+00) = 0;
(3) 7(2'z) = 7(x2?), V2 € M,
cf. [2, 13].
A trace 7 is said to be faithful if 7(zTx) =0, x € M, implies z = 0. Yet, 7 is
called normal if for every net {z,} in M, such that z, T x, z € M, one has

7(z)) T 7(x). Finally, we shall say that 7 is semifinite, whenever I, is strongly
dense in M, where

N, = {r € M; 7((ax)'(ax)) < 0o, Vaec M}.

Further, suppose that H; and H, are Hilbert spaces. Their algebraic tensor
product H; ® Hs is a pre—Hilbert space under the inner product defined by

(@& |Imen) = (| m)& | n), & m € Hiand &, 7o € Ha.

The completion of H; ® Hy under the norm induced by the preceding inner
product is a Hilbert space called the Hilbert space tensor product of Hi and H,
and is denoted by H;®H,. Let D; and Dy be dense subspaces of H; and Ha,
respectively. Then the algebraic tensor product D; ® D, is a dense subspace in
H1RHo.

Let x1 and x5 be linear operators on D; and Ds, respectively. The algebraic
tensor product x; ® x9 of 1, x5 on Dy ® Dy is defined by

(11 ® 22)(&1 ® &) = 2161 @ 282, &1 € Dy, & € Ds.

In particular, if 1 and x5 are bounded, then z; ® x5 has a continuous extension
to H1®H,, which is called tensor product of x1 and x5 and it is denoted by
11®x9. If My, My are von Neumann algebras on H;, H, respectively, then the
von Neumann algebra on H;®@Hs generated by {x1®x9; x1 € My, 9 € My} is
called the von Neumann (or W*=) tensor product of M; and My and is denoted
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W*
by M; ® Ms. In order to define unbounded tensor products generated by M;
and M, (see Section 3, discussion after the proof of Theorem 3.5), we make use

W*
of the preceding W*—tensor product M; ® My of M7 and M.
Suppose now that M; and M, are O*—algebras on D; and D,, respectively.
Then

M @My = {Z:ng) ®xék); xgk) € My, xgk) € /\/lg}
k=1

is an O*—algebra on D; ® Do, WEOSG closure is called the tensor product of My
and M, and is denoted by M;®M,. The domain D(M;®@Ms) of the closed

O*—algebra Mi®M, is denoted by D1 @Dy namely,

DieD= ()| D@
TEM1QM2

For x; € My and x5 € My, 21 ® T2 [p zp, is denoted by 11RT5 and
./Vlléé./\/lg = {Zml,kélec; T € ./\/ll, Tok € Mg}
k=1

If My and M5 are bounded O*—algebras, then DléDg = H,@Hs and 1119 =
11®x9, for any x1 € My, o9 € My. In this case M @My is the linear span of
the operators {z1®zy; 1 € My, 22 € My} and (M;®Ms)” coincides with the

W*-tensor product (M;)” % (My)" of the von Neumann algebras (M;)” and
(M)//‘

Let now G be a locally compact group equipped with a left invariant Haar
measure ds and let H be a Hilbert space. Denote by C.(G,H) the set of all
continuous maps from G into H with compact support and by L?*(G) the Hilbert
space of all (equivalence classes of) square integrable functions from G into C
with respect to ds. Under the inner product

€1 = /G (€(s) | n(s))ds.

C.(G,H) becomes a pre-Hilbert space, whose completion, under the norm induced
by the foregoing inner product, is a Hilbert space denoted by L?(G,H). The
Hilbert space H®L?(G) can be canonically identified with L?(G,H) through the
isomorphism U, given by

(U(&o @ f))(s) = f(s), s €G,

for all § € H and f € C.(G), the set of all C—valued continuous functions on G
with compact support [32, Proposition 2.2].

2. O*—CROSSED PRODUCTS

In this section we define a crossed product of an O*-algebra by an action of
a locally compact group. Throughout the whole section M will be a closed O*—
algebra on a dense subspace D in a Hilbert space H, GG a locally compact group
with Haar measure ds and « an action of G on M, thatis, G 3 s — a, € AutM
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is a homomorphism. We remark that « is not necessarily strongly continuous
since the modular action we deal with in Section 5 is not necessarily strongly
continuous.

Consider now the pre-Hilbert space C.(G,H), whose completion is the Hilbert
space L?(G,H). We shall define an O*—crossed product by the action a of G. Let

Do(M, G, a) = {g € C.(G,H); €(s) €D, Vse G and
G3>s = as1(x)é(s) € H is continuous, V x € M}
Definition 2.1. The triple (M, G, «) is called an O*—covariant system if the
linear space Do(M, G, ) is dense in the Hilbert space L?(G,H).
Lemma 2.2. Suppose that
Co(D) = {fg €D; G>s — ag1(x)éy € H is continuous, ¥ x € ./\/l}
is dense in H. Then (M, G, «a) is an O*—covariant system.

Proof. 1t is clear that
Ca(D)@C.(G) 1= linear span of {&® f; & € Ca(D), [ € C.(G)} C Dy(M, G, ),

where (§o ® f)(s) := f(s)&, s € G. Furthermore, since C,(D) is dense in H, it
follows that C, (D) @ C.(G) is dense in L?(G, H), which implies that (M, G, a) is

an O*—covariant system. O
Given an O*—covariant system (M, G, «) and x € M, put
(o ()€)(s) = a1 (2)€(s), s € G, &€ Do(M,G,a).
In this regard, we have

Lemma 2.3. Suppose that (M, G, a) is an O*-covariant system. Then 7 is a

x—representation of M on Do(M, G, ). Moreover, if Co(D) is dense in H, then

0

o 1S a faithful x—representation.

Proof. For all z,y € M and &, € Dy(M, G, ) we have
ag-1(2)(mo(1)§)(s) = a1 (zy)é(s) = (ma(zy)€)(s), Vs € G, and

(n0(2)E | 7) = /G (s (2)€(s) | n(s))ds
- /G (€(s) | o @hn(s))ds = (€ | 7)),

which implies that 70 is a *representation of M on Dy(M, G, «). Suppose that
C.(D) is dense in H. We show that 70 is faithful. Indeed, suppose 79 (z) = 0.
Then since

Ime(@)(& ® I = /G £ () los=1 ()&l [*ds = 0,

for any &y € Co(D) and f € C.(G) and G > s — |as-1(2)&] € R is continuous,
it follows that a,-1(z)& = 0, for each s € G. In particular, z&§, = 0, for each
& € Co(D). Hence, z = 0. O
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Definition 2.4. The action « is said to be spatial if there exists a strongly
continuous unitary representation w of G on H such that w,D C D and as(z) =
wsrw?, for all s € G and v € M.

Lemma 2.5. Suppose that « is spatial. Then (M,G,«) is an O*—covariant
system and 7 is a faithful normal *-representation of M on Dy(M,G, ).

Proof. Since « is spatial, there exists a strongly continuous unitary representation
w of G on H such that w,D C D and a,(x) = wszw?, for every s € G and z € M.
Put now
(WE)(s) = wik(s), se€G, €eLl*(G,H).

Then W is a unitary operator on L*(G,H) and (W*&)(s) = wi(s), for all s € G
and £ € L*(G,H). Since

as-1(x)(W (& @ f))(s) = f(s)wizéy, se€ G, ze M, felC(G), & e D, (2.1)
it follows that W*(D ® C.(G)) C Dy(M,G,«), which implies that (M, G, «a)

is an O*—covariant system. By Lemma 2.3, 7° is a * representation of M on
Dy(M, G, «). Furthermore, by (2.1), we have

o ()W (& ® fII* = ||x£o||2/ [f(s)["ds,
G

for all x € M, & € D and f € C.(G), which implies that 79 is faithful. We show
now that 70 is normal.
Indeed, let {z;} in M, with z; T = € M . Then for any £ € Dy(M, G, a) we
have
0= (a1 (z:)€(s) [ £(5)) = (mws€(s) [ ws€(s)) T (zwsl(s) | ws&(s))
= (ag-1(2)€(s) | £(5)),

for each s € GG, which by the Beppo—Levi theorem implies that
(ra ()€ 1€) 1 (ma(2)€ | £).

Y is normal and this completes the proof. Il

Hence, m,,

For any ¢t € G we define a linear operator A(¢) on L*(G,H) by
AB)E)(s) = &(t1s), €€ L*(G,H), s€q.
Then we have the following

Lemma 2.6. )\ is a strongly continuous unitary representation of G on L*(G,H)
such that
At) | Do(M,G,a) € LT(Dy(M,G,a)) and

MOT()A)TE =70 ()€, tE€G, veEM, €€ Dy(M,G,a).

67

Proof. 1t is easily shown that X is a strongly continuous unitary representation
of G on L*(G,H). Take an arbitrary ¢t € G. Since for all ¥ € M and ¢ €
D 0<M7 Ga O‘)

a1 (2)(A)E)(s) = ap-19-1 (a1 (2)E(E"s) and M) =At7Y), s, t€G,



CROSSED PRODUCTS 325
it follows that A() [pym,ce)€ L1(Do(M, G, a)). Furthermore, we have

(AT (@)AB)NE)(5) = (mo(@)ABONER ) = 11 (2) M) TE) (7 1s)
= a1 (a(2))E(s) = (o (2))€)(s), s € G,
for all z € M and £ € Dy(M, G, ). This completes the proof. O

By Lemma 2.6 the linear span 9 of the operators of the form 7%(x)A(¢t) with
r € Mandt € G isan O*algebra on Dy(M, G, «) in L*(G,H).

O*
Definition 2.7. We denote by M x G the closure of the O*—algebra 9, that is,

D(M,G,a) := DM ?4* G) is the completion of Do(M, G, a)[tm],

MNG ﬂD , and

Xem

M% G ={X | DIM,G,a); X €M)

O*
M x G is called the O*—crossed product of M by the action « of G.

By Lemma 2.6 we have the following

Lemma 2.8. Let 7, be the closure of the x—representation ©° of M. Then

t or =t and D(M,G,a)=D(r,),
MzG

where in the first equality we mean the corresponding graph topologies.
We now consider the case where « is strongly continuous.

Proposition 2.9. Suppose that o is strongly continuous. Then the following
statements hold:

(1) Co(D) = D. Hence, (M, G, ) is always an O*—covariant system and m,, s
faithful.

(2) DRC.(G) is dense in D(M, G, ) with respect to the graph topology tMO;G
Proof. (1) It is clear that C, (D) = D. By Lemma 2.3 (M, G, «) is an O*—covariant
system and 7, is faithful.

(2) By (1) and Lemma 2.2, D ® C.(G) C Dy(M,G,«). By Lemma 2.8, it
suffices to show that D®C.(G) is dense in Dy(M, G, ) with respect to t,,. Take
an arbitrary ¢ € Do(M, G, a) and any neighborhood U, of ¢ with respect to t,,
Then there exist € > 0 and a finite subset {zg := 1, z1,...,2,} of M such that

{€ € Dy(M, G, ); ||ma(zr)é — malzr)C|| <&, k=0,1,...,n} C U

Take an open subset V' of G with finite Haar measure |V|, which contains K, the
support of (. Take an arbitrary sqg € K. Since, for any x € M, the maps

Got — ap-1(2)((sg) €EH and G >t — ay-1(x)((t) € H
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are continuous, there exists a neighborhood Vj, of sy contained in V' such that

o1 (21)¢ (50) — 1 () (s0) | < 5
o1 (206 () = s (@) C(so)ll < 5

2IVI

2|V| (2.2)

for allt € V;, and k = 0,1,...,n. Then by the compactness of K there exists a

m
finite subset {s1, 9, . . ., s, } of K such that K C | Vi, consequently there exists
j=1

a subset {hq, ha, ..., hy} of C.(G) such that
e the support of h; CVy,, j=1,2,...,m;

¢ 0= h(s)£1, Vs€eG;

m

o Zhj(s):l, VseK.

Put £ = > h;((s;). Then £ € D®C.(G). Let s € G. Then hj(s) =0, if s ¢ V,
j=1
and if s € V,, by (2.2) we obtain

3

2y/|V]

3

2y/|V]

llevs=r ()¢ (s5) — a1 () Cs5)l <
lavs—1(24)C(5) = g1 (1) C(55) || <
which implies that

g1 (2x)€(s) — as-1(zi)((s)]]
Zh s)ag— (2r)C(s5) = > hi(s)ae (z1)¢(s)

S Z hy(s)l[es—1(21)C(55) — et (2x)C(5)]]
= Zhg( ) (H@s—l(fck)é(sg) — o (2r)C(s)
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So we conclude that
17 (1) — ma () C]1* = / lovg—1 (22)€(s) — g1 (1) (5) s
G
= [ e s(s(s) = 0w m)c(o) s
52
V=€ k=0,1,...,n

< —_
14
which means § € V;. This completes the proof. Il

3. GW*—CROSSED PRODUCTS

Throughout this section M is a closed O*—algebra on D in ‘H such that M/ D C
D, G is a locally compact group with Haar measure ds and « is an action of GG
on M, which is spatial; that is, a,(z) = waw?, © € M, s € G, where w is a

R

strongly continuous unitary representation of G on H such that wsD C D, for
each s € G.
By Lemma 2.5, (M, G, «) is an O*—covariant system and 7, is a faithful closed

O*
x—representation of M. Hence, the O*—crossed product M x G is well-defined.
«
Furthermore, we put
as(a) = wsaw?, a€ (M), seq.

Then « is a strongly continuous action of G on the von Neumann algebra (M)
and so we can consider the covariant system ((M.,)’, o, G). The crossed product
of the von Neumann algebra (M!)" by the action o of G will be denoted by
(M)’ xG. For any a € B(H) we define a bounded linear operator L, on L*(G,H)

by
(La&)(s) = a&(s), se G, e L*(G,H).

For t € G we also define a unitary operator p(t) on L*(G,H) by

(P()E)(5) = At)2E(st), s € G, &€ L*(GH),
where A is the modular function of G. Then we have the following
Lemma 3.1. (1) L, = a®1, for every a € B(H).

(2) For every t € G, p(t) = U&p,, where (p.f)(s) == A(t)2f(st), s € G, f €

L*(G); II and 1 are the identity operators on H and L*(G), respectively.

Proof. The claims follow from the relations
((a® 1)(& @ f))(s) = (ao & f)(s) = f(s)ago = (La(§ ® [))(s) and

(@ pe) (0@ ))(s) = (pef)(5)60 = (p(t) (&0 @ [))(s),
respectively, for all £, € D and f € C.(G). O

By [32, Theorem 3.12] the commutant of (M/,)’xXG is characterized by the

following

Lemma 3.2. (M) xG) ={d®1, w®p;; o' € M, t € G}".
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Lemma 3.3. (1) For any o’ € M., v € M and £ € D(M,G, ), we have that

(d'®1)D(M,G,a) C D(M, G, ) Zfﬁd (@' ®1)mo(2)€ = mo(z)(d'@1)E.
(2) (w®p) DM, G, ) € DM, G, ) and (w@py) o () = To(x)(w:Rp)E,
whenevert € G, z € M and £ € DM, G, a).

Proof. (1) This follows from the equalities
((@'@1)§)(s) = a'é(s), and

a1 (2)((@®1)§)(s) = d'ag-1(2)€(s) = ('@ 1) (ma(2)E)(s), s € G,
for all a’ € M! | £ € Dy(M,G,a) and x € M.
(2) We show that (w;@p;)Do(M, G, ) C Do(M, G, ), for all t € G. Indeed,
this follows from the equalities

((wi@p)€)(s) = A(t)2w;é(st) and

(a1 () (W, Rp)E) (5) = A(t) 2wiaey 1 (2)E(st), s € G,
for all £ € Do(M,G,a) and x € M. Furthermore, for any t € G, z € M and
&,m € Do(M,G, ), we have that

(mal) (Wi pr)E | 1) = / (g1 () (wiDpe)E(s) | m(s))ds

G

_ /G A(t)

- /G(Oésl(x)ﬁ(S) | wi A) (st ™))ds

_ /G (st ()E(s) | wi(p(t ) (s))ds

= (ma(@)€ | (wi@p)"n),

which implies that 7, (2)(w;®p)€ = (W@py)ma(x)E. This completes the proof.
0J

N

(wiev(sn-1(2)§(st) | n(s))ds

GW*
Definition 3.4. The GW*—crossed product M x G of M by the action a of
G is defined as
Gw* —
M x G:={X € LI(DM,G,a)); Xn(M.,) xG}. (3.1)
Then we have the following

aw*
Theorem 3.5. M x G is a GW*-algebra on D(M, G, a) over (M.,)'xG con-

o* GW*
taining M x G. Moreover, if M is a reqular GW*—-algebra, then M x G is a
(e «
regular GW*—algebra over (M)’ xG.

Proof. By Lemmas 2.8, 3.1 and 3.3 we have
(M) %G) DM, G, a) C DM, G, ),
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awr
which implies that M . G is an O*-algebra on D(M, G, ). Furthermore,
since a’®1 and w;®p; commute Wlth A(s), for each ¢/ € M. and s,t € G, i
aw* aw*
follows from Lemma 3.3 that M >4 GCcM >4 G, which implies that M >4 G

is closed. By [13, Proposition 1.7.5], M >4 G is a GW*-algebra on D(M, G, «)
over (M! )’ xG. Suppose now that M is a regular GW*-algebra. It is clear that

(MLYXGY C (M Q)Y (M%GY, C (Myx GY..

0
Conversely, we show (M, x G),, C ((M,,)’xG)". Indeed, it suffices to prove

O*
that m,(a)C = Cmy(a), for all a € (M) and C € (M, x G),,. Take an

arbitrary a € (M/)'. Since, (M,)" = (M), it follows from the Kaplansky
density theorem that there exists a net {a;} in M, such that ||@;|| < ||a|, for all
1 and @; — a in the strong* topology. Hence, we have

Jtgmr @)60 — aams (@)l < 2Nl oll, Vi, ¥ s € G and ¥ & € D,
so using the Lebesgue convergence theorem, it is shown that hrn To(@) (& ® f) =
Ta(a)(§o ® f), for each & € D and f € C.(G). This implies that

(Cmala)(&o @ f) [ n0 © g) = im(C7a(@:) (& @ f) [ 10 @ g)
= lm(C (& @ f) | ma(a;) (0 @ 9))
= (C&o® [f) | mala®)(no ® g)),

for all C' € (M, % Gy €0.mo € D and f,g € C.(G). Hence, C € (M),)'*xG)".
Thus,
awr o o
(M) %G) = (M % G), = (M x G), = (My x G,

Gw*
which implies that M x G is regular. This completes the proof. OJ

GW*
At the end of this section we shall show that the crossed product M x G is
(0%

the fixed point algebra in a GW*~algebra defined by the tensor product (M)’ VGVE)
B(L*(@)) of the von Neumann algebras (M)’ and B(L?*(G)), for a certain action
of G on it. For the case of von Neumann algebras it follows from [32, Theorem
3.11] that

(MY %G ={Ae (M) BIAG)): 6(A)=A VieG),  (32)

where 6 is an action of G on (M)’ v(g B(L*(G)) defined by
0:(A) = (w®p) A(we@pr)”, t € G.
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We generalize this to the case of GW*-algebras. Since,

*

(M) ® B(LYG)))D(M,G.a) = (M, ® 1)D(M,G,a) C D(M,G,a),
it follows that

*

GW — w
(M) & BIG) = (X € £I(D(M.G.0)): Kn(M,) © BIAG))

is an O*-algebra on D(M, G, «). By (3.2) we have

MEX G = {X € £I(D(M, G, a)); Kn(M,) x G}
— W
C (X € £I(D(M, G, 0)); Tn(M,) % BLA(G))
Y cwe 2
=(M,)"  ©  B(LYG)), (3-3)
D(M,G,a)
GW* Gw=
which implies that (M])" ®  B(L*(G)) is closed. Hence, (M!) ®
D(M,G,a) D(M,G,a)

B(L*(G)) is a GW*-algebra on D(M, G, «) over (M) % B(L?*(G)) and it is

W*
called the GW*~tensor product defined by (M.,)) ® B(L*(@)) and D(M, G, ).
For more details concerning GW*~tensor products, the reader is referred to [6].

W*
We extend now the action 6 of G on (M) ® B(L*(@)) to the action of G on
aw*
the GW*~tensor product (M) ®  B(L*(G)) by
D(M,G,«a)

*

_ _ GW
0(X) = (wip) X (wi@p.)", t G, X € (M) & )B(LZ(G)). (3.4)

Proposition 3.6. The following holds true:

Gwr 1 \/ GW* 2
Mo G={XeM,) © BILIG)0(X)=X, VteC}
6% DM,G,OZ

awr awr
Proof. Take an arbitrary X € M x G. By (3.3), X € M) ® B(L*G))
[e% D(M,G,Oé)
W*

and by (3.2) there exists a sequence {X,} in (M)) ® B(L*(G)) such that
0.(X,) = X, for all t € G and X,, — X strongly on D(M,G,«a). Since,
0,(X,) — 04(X)strongly on D(M, G, ), for allt € G, it follows that 6,(X) = X,
for all t € G. .

Gw
Conversely, take an arbitrary X € (M) ®  B(L*(Q)), such that 6,(X) =
D(M,G,a)

X, forallt € G. Let X = U|X]| be the polar decomposition of X and |X| =
J.° AdE(X) the spectral resolution of | X|. Put X,, = XE(n), n € N. Then X, €

(M;,)’Igi) B(L*(G)), foreachn € N. Let t € G. Since, X = 0,(X) = 0,(U)0;(| X)),
it follows by the uniqueness of the polar decomposition of X that 6,(U) = U
and 6,(|X|) = [X|. Furthermore, since |X| = 6,(|X|) = [;° Ad6;(E())), by the
uniqueness of the spectral resolution of | X | we have that 6,(FE(\)) = E()), for all
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A > 0. Therefore, 6,(X,,) = X,,, for all n € N and ¢ € G, which by (3.2) implies
that X,, € (M) x G, for each n € N. Since, X,, — X strongly on D(M, G, a),

— awr
we have Xn(M!,) x G. Hence, X € M x G by (3.1). This completes the
proof. O

4. DUALITY

Throughout this section, M is a closed O*-algebra on D in H such that
M D C D, G is an abelian locally compact group with Haar measure ds and a a
spatial action of G on M, that is, as(z) = wszw?, where w is a strongly contin-
uous unitary representation of G on H such that w,D C D, for each s € G. Let
G be the dual group of GG, that is, the locally compact group of all characters of
G and let dp denote the Haar measure of G. Given pE G s€ G, and f € L*G)
we set

(mpf)(s) = <5,p> f(s),

where < s,p > is the value of p at s. Then m : p — m,, is a strongly continuous
unitary representation of G on L?(G), whose properties are listing in the following

Lemma 4.1. (1) myAmy = <t,p >\, for allt € G and p € G.

(2) (I®my,)Do(M, G, ) = Do(M, G, ), (I&m,)D(M,G,a) = DM, G, ),
and (I@my,)ma(x)(A@my)*E = 7o (x)€, for all £ € DIM,G,a), v € M, and
peG. ~

(3) (w®p) (L @M,) (W, Rpy)* = < t,p > (I@my,), for allt € G and p € G.

Proof. (1) This follows by a short direct calculation.
(2) Since,

(1@&m,) (& ®9))(s) =<8,p0>g(s)éo=<5,p > (£0® g)(s),
forall s€ G, pe G, & €D, and g € C.(G), it follows that
(H@my)E)(s) = <s,p>E(s),
for all £ € L2(G,H). Clearly (#&m,)* = &m,-1. Hence,
(4&m,)Do(M, G, o) = Dy(M, G, ) and

(H&mp)ma()€)(s) = <5,p > g1 (2)8(s)
= a1 (2) (L @my)E) (s) = (ma (@) (L @myp)E)(s),
for all s € G, x € M, and £ € Dy(M, G, «). To complete the proof of assertion

(2), we show that the last equation is also satisfied for & € D(M, G, «). For
this we consider a net {;} i 1n Do(./\/l G, ) which converges to ¢ under the graph

topology generated by M >4 G. Then by using Lemma 2.8 several times, we
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obtain
(T @my) e (2)E = lm (A@my) T (2)&; = lim 7, () (L &m,)E;,

(L @my)ma ()€ = o () (L &my)E,
(I@my)E € DIM,G,a) and (T@my)T(2)E = ma(2) (L @M,)E,

which proves assertion (2).
(3) Givent € G, p € G, g € C.(G), and & € H, we have

(L @myp) (we@p)" (§o ® 9))(s) = (X&) (wi-1&@pi-1)(§o @ g))(s)
=ZspoglstHwa&=<tp><stp>g(st ) w1
= <t,p > (w®p) (L @my) (o @ g)(s).

Since, the linear span of elements of the form & ® g is dense in L*(G,H), this
implies assertion (3). O

Definition 4.2. The dual action @ of the dual group G on L£I(D(M,G,a)) is
defined by a,(X) = (I&m,) X (I&m,)*, X € LI(D(M,G,a)).

aw*
Lemma 4.3. For each p € G, a,(M >4 G) c M >4 G and a,(M x G) C

Gw* GW*
M ><1 G, so @ is a spatial action ofG on M >4 G and on M ><1 G. Moreover,

*

o)
the action a ofG on M x G 1is strongly continuous.

o* o*
Proof. As a consequence of Lemma 4.1, a,(X) € M x G, whenever X € M x G.

. Gowr aw* aw*
To show that oy, (M X G)cM X G,let X € M x G be fixed. By Proposition

3.6, X € LI(D(M, G, a)), X (M.,) © B(LXG)) and 6,(X) = X, for all t € G.
We show that a,(X) = (1&m,)X(I®&m,)* has the same properties. Indeed, it
belongs to LI(D(M,G,a)) by Lemma 4.1 (2); o, (X) = (I@m,) X (1®@m,)* is
affiliated to (M)’ V<§V§> B(L*(@G)), since, (I®m,) € (M) ‘}g@ B(L*(G)). Since,
Lemma 4.1 (3) implies that (wt®pt)(1[®mp) = <t,p>(LAm,)(w®p;) and
(I Rm,)*(w@p)* = < t,p > (w@py)* (L ®m,)*, we also obtain

0:(ap(X)) = (0 @py) (L &myp) X (L &myp)" (W @pr)"*
= Zhp S < tp > (TEm) (wdp) X (0,Ep) (TEm,)"
= 0, (0:(X)) = @ (X).

(
(3
'@

Gw*
By applying again Proposition 3.6, we see that a,(X) € M X G.

o*
To show that @ is strongly continuous on M >4 G, we use the fact, that M >4 G
is the linear span of elements of the form Wa(df) A(t), z € M, t € G. For those
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elements Lemma 4.1 implies that a,(m,(x) A(t)) = < t,p > 74 (z) A(t). Hence,
lim {|(0, (ma () A(£))§ — g (e (2) A =
p—po
lim [<t,p>—<t,po>]-[[(malz) A(t))E]| = 0,

P—Po

forallz e M, t € G, py € C/J\, and £ € D(M, G, «). This implies that the action

a is strongly continuous on M x G. OJ
(03

We may now consider the crossed products

o* 0" A 0* __GW* ~ GW* _ GW*
MxG) 3G MxG) x Gand (M x G) x G.

Note that Lemma 2.6 implies that A\(t)7,(z) = 7a(ai(x))A(t), for all z € M
and t € G. Using also (1) and (2) of Lemma 4.1, we conclude that for each
L*(G, H)—valued function ¢ on G the function

(@p1(Ta(@)A())O)(p) = < 1,07 > ma(@)AE)C(P) = < t,p > A(t)Ta(r-1(2))C(P)

depends continuously on p € G, if and only if p — ma(cu—1(z))¢(p) is continuous.
Hence,

DM % G, G.) = {¢ € CG LG 1) Clp) € DM, G
for all p € G and the map G > p — To(2)C(p) € L*(G,H)

is continuous, for all = € ./\/l} (4.1)

*

Since, @ is strongly continuous on M x G by Lemma 4.3, it follows from Propo-
sition 2.9 that

Do(M, G, ) ® C(G) is dense in D(M % G,G,a) =

o* 0" ~ o* __GW* ~
D(MxG)xG)=D(MxG) x G) w.rt

th h topol t or or..
e graph topology WS G)% &

(4.2)

0" 0% A 0* _GW* ~
Clearly, (M x G) x G) C (M x G) x G.

o *
To investigate the structure of (M x G) x G, we first consider another equivalent
o a

construction of it.
Lemma 4.4. For x € M, £ € Dy(M, G, ), and s € G, we put

[LaWEl(s) = 2(WE)(s).
Then L2 is a linear operator on W Do(M, G, a) and LOWE = Wr,(x)E, for all
r € M and £ € Do(M,G,a). L° : z — LY is a x—representation of M on
WDo(M, G, ) and LY := {L2 : x € M} is an O*—algebra on W Dy(M, G, ).
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Proof. Take arbitrary x € M and & € Dy(M, G, «). Since, (WE)(s) = wsl(s) €
D and (L2WE)(s) = zw.l(s) = wema(x)E(s), for all s € G, it follows that LYW ¢ =
Wra(x)é and LYW Do(M, G, ) C WDy(M,G, ). Then it is easy to see that
L is a x—representation of M on W Dy(M, G, a). O
Lemma 4.5. For each x € M, £ € Do(M,G, ) and t € G we have
7o (1) = WHLIWE and M) = W (w, @\ )WE.

Hence, we also have

() D(LY) = WD(M,G,q), L, =L} lwpsce)= Wra(z)W*.

reM

In particular, the O*—algebra MM generated by {m%(x)\;; v € M, t € G} is spa-
tially isomorphic to the O*—algebra on W Do(M, G, ) generated by the operators

{LY, W@\ wpoMmca); T EM, t € G}

and its closure M?JG is spatially isomorphic to the O*—algebra on W D(M, G, a)
generated by the ogemtors
{Ls, @M Twpmca); © € M, t € G}
Proof. By Lemma 4.4 we have that
LW Do(M, G, a) C WDo(M,G,a) and W*LIWE = m,(2)E,
for all z € M and & € Do(M, G, «), which implies that
(| P(LY) = WD(M,G,a) and L, = W (z)W*".
zeM
Moreover, given s,t € G and £ € Do(M, G, a), we have
ADE)(s) = E(t71s) = wemrwm1 (T "s) = wi((w@A)WE)(s)
= (W (wi@A)WE)(s),
which implies that (w,@\)WE = WA(H)E € WD(M, G, «). This completes the
proof. O

Note that the correspondence
P H. 3 {—) & ®e € HOLX(G) = L*(G,H),
eJ ved

where {¢, },cs is a complete orthonormal system in L?(G) and H, = H, for all
v € J, establishes a unitary equivalence of the direct sum €, ., H of Hilbert
spaces and the tensor product HQL*(G).

Lemma 4.6. For each © € M, we have

D(L) = { X &0 € € D) and 3 '€ <o f - and

ved ved

L;(Z £® gpL) = Z 76" @ ¢, whenever Z @y, €D(L,). (4.3)

vedJ vedJ ved
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Moreover,
Li=@1)=2"®1 and L,=02® 1= (z*®1)"

Proof. Since, W*(D® L*(G)) C DM, G,a), LLIWW*(& @ f) = (2@ 1) (& f),
for all § € D and f € L*(G), that is, x ® 1 C L,. Consequently, L’ C (z ® 1)*.
Suppose that >, ; & ® ¢, € D((z ®1)") and that (z @ 1)* (3., & ® ) =
ey C® g, € HOL(G) = L*(G,H). Then

(D)@ Y dee)=(La| Y ),

eJ eJ
for all £ € D and f € L*(G). This implies
(& | €°) = (& | ¢°) and consequently x*¢° = ¢?,
for all © € J. Hence,
> el = IR < o0 and a1y (X @op) =3 r@ o
eJ g eJ eJ

Conversely, given & € D(z*) with Y, ; [[#*)||* < oo, it is easy to see that

>y & ©p € D(L}) and L (3,5 & @ ¢.) = 2,5 7€) @, which completes
the proof. O

By Lemmas 4.5 and 4.6 we have

ﬂ Dx®1)= ﬂ D(L,) = WD(M,G,a) and
xeM reM

v ® 11, peen= Le v €M

so we may denote L, by z®1. By Lemmas 4.4, 4.5, and 4.6 we have the following

O*
Theorem 4.7. M x G s spatially isomorphic to the closed O*—algebra on the

domain WD(M, G, a) generated by the operators {x@1,w,@\s; © € M,s € G},
and it is self-adjoint if and only if M is self-adjoint.

O*
Proof. 1t is sufficient to show that M is self-adjoint if and only if M x G has

this property. Suppose that M is self-adjoint. Take an arbitrary ¢ =Y, Py, €
Noert D((x @ 1)*). Then it follows from Lemma 4.6 that ¢ € D(z*), for all
indices ¢ and x € M. By the self-adjointness of M, this implies that (° € D,
for all ¢ and 3", [|zQQ||* < oo, for all z € M. Hence, ¢ € (e P(x ® 1) and so
Neer Pz ® 1)*) € Nyem D(x ® 1). The converse inclusion is trivial. Hence,
we have

(N P(ze1))= () DPE®I1)=WDM,G,a),

zeM zeEM
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which implies that
DM% @) = () Dira(a)) = () DWWz @ 1)'W)

TEM reEM
= (| PWz®IW) = D(M,G,a),

zeM

O*
so that M x @ is self-adjoint.

O*
Conversely, suppose that M X G is self-adjoint. Since, (), D((z ® 1)*) =

Nyer D(z @ 1), it follows from Lemma 4.6, that (o ® ¢, € Nyem Pz ® 1), for
all {y € D*(M) and for all indices ¢. This unphes Co € Nyer D(T) = D, therefore
M is self-adjoint. This completes the proof. O

Let 1 denote the identity operator on LQ(@) and let W be the unitary operator
T®&m,®1 on the Hilbert space HRL*(G)QL*(G) = L*(G,H)®L*(G). Then

—~ _ . 0* ~
(W¢)(p) = (I&m,)((p) for p € G and ¢ € Dy(M X G,G, Q). Let also A, be the

unitary operator on L2(G) defined by (Xp 9)(q) = g(p~'q) and X(p) the unitary
operator 1[®]®)\ on ’H®L2(G)®L2(G) Using Lemma 4.1 and Theorem 4.7 for

the covariant system (M . @, G, @) instead of (M, G, ), we obtain the following

result.

*

0* — o ~
Lemma 4.8. (M >4 G)®1 is a closed O*—algebra on WD(M x G, G, Q) and

ma(ma (1)) = W*(Wa( )@,

ra(\($))¢ = W (\($)BT)IVC,

Ap)C = W (1@m, @A),
forallz e M, s€ G, pe G and ( € D(M%*G,é,&). Hence, (M%G) >;
G 15 spatmlly 1somorphic to the closed O*-algebra generated by restrictions 2?0

(./\/l X a, G, Q) of the operators {mo(2)@1, IR &1, 1[®mp®/):p; reEM, se
G, pe€ G}.
Lemma 4.9. For any f € C.(G x G), put
(V)(s,t) = f(st,t), Vs, t €.

Then V' may be extended to a unitary operator on L*(G x G) with the following
properties:

(1 )VC (G xG)CCG xG),

(2) (V*f)(s,t) = f(st™,), Vs, t € G,
(3) V*(m,@m,)V =m,®1, ¥ pe G,
(4) V¥(A®1)V = A\®1,V s € G,
(5) (IRV)(WD(M,G,a) @ L2(G)) CD(L,®1) and
V) (L, ® 1)(W§ ®@h)=L,® 1(HRV)(WERh),

(A
ifz
(1&
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forallz € M, £ € D(M,G,«) and h € L*(G).

(6) (IQV)*(WD(M,G,a)® L*(G)) C D(L, ® 1), and
(T&V) (Lo ® 1)(WED ) = (e ® 1)(AEV) (W h),
forallz € M, £ € DIM,G, ) and h € L*(G).

Proof. The statements, (1)—(4) are almost trivial.
(5) We define a unitary operator V on L*(G,H)RL?*(G), as follows:

V(€@ h)|(s,8) := E(s)h(t), ¥ s,t € G, € € LG, H) and h € L2(G).

Now, since

IV(E@h) — (V)@ g@h)|?* = //Hg (st)h(t) — nog(st)h(t)||*dsdt

= [RI*l1€ =m0 ® gll2

for all ¢ € L*(G,H), h € L*(G), ng € D, g € C.(G) and since D ® C.(G) is dense
in L*(G,H), we obtain

V(E®h) = (HQV)(E®N), Ve LG, H), and he LXQ).
Similarly we can show that
(TEV)(E® h))(s,t) = E(st™)h(D), (1.4)
for all s,t € G,¢ € L*(G,H) and h € L*(G). Note now that if {¢,} is an

orthonormal basis in L?(G), then the correspondence

é[ﬂ(G, H) 5 (fn) — ign & pn € LQ(G, H)®L2(G)

n=1

establishes a canonical identification between the direct sum @, , L*(G,H) of
the spaces L?(G,H) and the tensor product Hilbert space L?(G, H)QL*(G).
Similarly to the proof of Lemma 4.6, one obtains

D((L, ® 1)* {Z€n®g0n, & €D(LY), VneN and

n=1
Sl < oo, we M
n=1
and
n=1 n=1 n=1

Moreover,
(L3E)(st™) | (Wn)(S))
= )& | (Wn)(s))

Z (st [ x(Wn)(s)) = (§(st™") | x(Wn)(s)),  (4.6)
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forall ¢ =3, &/ @¢, € D(L:),n € DM, G, a) and s,t € G, which by (4.3) and
Lemma 4.6 implies that

(Lo @ 1)) a@pn | (HBV)(WE® h))

= S w g | (HEV)WE@ )

- | [ e | we)sono)dsd
-Y [eanar [z | Ve (st)ds
-3 [ eatonar [(Lest ) | (7Y (s)ds
—Z/wn (Rt /gnst )| 2(WE)(s))ds

(T e V)( an on) | (Lo ® 1)(WE @ B)),
for all z € M, £ € DIM,G, ), Y., & ® ¢, € D(Ly ® 1)*) and h,g € L*(G),
which yields that (ZQV)(WE® h) € D(L, ® 1) and
(L, @ 1)(IQV)(WER D) = (IRV) (L, ® 1)(WER h).
(6) This is proved in a similar way to (5) by using (4.4), (4.5), (4.6). O]
We now define a unitary operator
U: HRLX(G)QLXG) —» HRL*(G)RL*(G), by
U= (IQV)* (IR1&F) (W)W,

where § is the Fourier transform of L2(G) onto L2(G).
By Theorem 4.7, Ly ® 1 = (M®1)® 1 is an O*-algebra on WD(M, G, a) ®
FL2(G) in HR®L*(G)®L*(G), whose closure is denoted by Ly®1. That is,

D(Lm®1) = (| D(L, @ 1) := WD(M, G, a)RL*(G),
TEM
Lo®1 = Lo ® 1 |pp, 51,4 € M.

Since, L, ® 1 = (2®1)® 1 = x® (1 ® 1), for every z € M, we may denote
L,®1 by 2®1®1 and Ly®1 by MRI®1.
In this regard, we state the following

Lemma 4.10. We have

DIME1E1) = D(Ly@1) = WD(M, G, a)BLXG) = UD(M % G, G, a).
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Moreover, m5(mq(2))¢ = U*(ax®@1@1)UC, ma(Ms))¢ = U (w,d\Q1)UC(, and

*

— — AN O A~
Ap)¢ = U (I@m,&1)UC(, forallx e M,s € G,p € G and( € DIMxG,G,q).

Proof. We first show that

*

—~ o* ~ o] ~
WDy(M x G,G,8) = Dy(M x G,G,a) and (4.7)

— — O* o~
Ta(Ta(x))( = Wra(mo(2))W(, Vo € M and ( € Dy(M x G,G,a). (4.8)
o
Indeed, take arbitrary x € M and ¢ € Do(M x G,G,@). By Lemma 4.1,

(WO)(p) = (I&my)¢(p) € DM, G, a), Vp € C.
Again by Lemma 4.1, for every pg € G fixed, we obtain

[7a(@) (V) (p) = 7a(2)(WC) (o)l = (A @my)ma(@)C(p) — (A &y, )Ta(@)¢(po) |
S [Ima(2)¢(p) = ma(2)C(po) | + [[(A©my)ma(x)¢(po) — (X @mp,)Ta(2)C(po)ll-

Hence, (4.1) implies that the correspondence
G>p—s a1 (ma(2))C(p) € L*(G,H), is continuous , V x € M.

— O* -~ _= O* A~
Thus, W(¢ € Do(Mx G, G, a). Similarly we obtain that W*¢ € Dy(M x G, G, Q).
Therefore the statement (4.7) holds. Now by Lemma 4.1, for each z € M and

o A
¢ € Do(M x G, G, a), we have

(W () WC)(p) = ma(ma(2))C(p), ¥ p € G,
which implies (4.8). Furthermore, (4.2), (4.7) and (4.8) yield that

WDM % G,G.a) = DIM % G, G, a), (4.9)
Ta(ma(2))C = Wera(ma(@)WC, 2 € M, ¢ € DIM % G,G,8).  (4.10)

Yet by (5) and (6) of Lemma 4.9 and by (4.2) we conclude that
(IQV)(WD(M,G,)RL*(G)) C DIM®1&®1) = WD(M,G,a)@L*(G) and

(IRV)*(WD(M,G,a)RL*(G)) € WD(M, G, a)@L*(G),
which implies that

*

UDM % G,G,a) = (18V) (WD(M, G, )DL (G))
= WD(M,G,a)RL*(G).
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Continuing, we consider z € M, £ € Dy(M,G, ) and h € CC(@), so that we
have

a(ma(2))(§ © h)

= ma(z)(®h) (by (4.1))

=W 2@IW(E®h) (by Lemma 4.5)

= (WR1)" (a1 ® 1)(WR1)(£ @ h)

= (W1 (ID18F)* (2®1 ® 1)(ID10F)(WS1)(E® h)

= (W1)(ID12F) (ISV)(z@11) (IS V) (IS18F)(WS1)(€ @ h),
where in the last equality we applied Lemma 4.9. This, together with (4.2) and
Lemma 4.9 imply that

-~

Ta(ma(2))C = (WR1)*(AR1&F)*(ARV) (221 1)(ARV)(IR1&F)(WRT)C,

o~ ~
for all ( € D(M x G, G, &). Furthermore, by (4.9) and (4.10), we obtain

Wts(Ta(2))¢ = ma(mal(a))W¢
= (WR1) (LIQ18F) (LR V) (2211 ) (A V) (IS13F)(WS1)WC.

Hence, we have

*

ra(ma(@))C = U (@®1B1)UC, ¥ ¢ € DM % G, G, a).

Similarly,
T2(\(8)) = WHIRND W = U* (w,&\&1)U.

Using now that W and 7/®m, commute and that FA,§* = m,, for every p € CAJ,
we obtain

—

A(p) = W (L &@m,@\,)W
= W (W1 (A&m,@\,) (WRT)W
=W WD (IR10F) (I@m,&m,)(I21F)(WR1)W
=U*(I®m,®1)U (by Lemma 4.9 (3)).
This completes the proof. [l

By Lemmas 4.9 and 4.10 we have the following
o* 0" ~
Proposition 4.11. (M x G) x G is spatially isomorphic to the closed O*~algebra
« (e
o* A
on UD(M x G,G,a) generated by restrictions of the operators

{rR1R1,w,RN\R1, I@mM,R1; €M, s€ G, p€E E:}



CROSSED PRODUCTS 341

Let now 2 be the closed O*—algebra on WD(M, G, ) generated by the oper-
ators {z®1,w,@\,, I®&my,; v € M, s € G,pe G}. Then

o* 0" ~ -
(M > G)»xG=U"Ax1)U. (4.11)
Thus, we have the following

o* 0 ~
Theorem 4.12. (M x G) x G is spatially isomorphic to the closed O*-algebra

AR 1, where A is a closed O* —algebra on WD(M,G,«), generated by the opera-
tors

{2@1,w,R\,, I&M,; v €M, s€G, pE (AJ}
Now by (4.11) the map

*

o 0" ~ -
MxG)xGE—A:U(X1)U +— X,
is a x—isomorphism onto. Hence, we obtain

o 0" ~
Theorem 4.13. (M x G) x G is isomorphic to the closed O*~algebra 4 on the
domain WD(M, G, «), generated by the operators

{2@1,w,@\,, I@m,; v €M, s€G, pE @}

o* __aw* ~
For the GW*-crossed product (M x G) x G we now conclude

O*
Proposition 4.14. Suppose that (M x G)!, D(M,G, o) C D(M,G,«), which

O*
holds in particular, if M is self-adjoint. Then the GW*—crossed product (M x

GW* ~ o~ ~
G) x G of M x G by the action @ of G is well-defined. Furthermore, if M
o* __ GW*
is a reqular GW*-algebra, then (M x G) x G is spatially isomorphic to the
GW*—algebra
Gw*

(M) @  B(LG))1
WD(M,G,a)
aw
and it is isomorphic to the GW*~tensor product (M.,) ®  B(L*G)).
W D(M,G,a)

O*
Proof. By Theorem 3.5, the assumption (M x G)!, D(M,G,a) C D(M,G,«)
o* __GW*
guarantees that (M x G) x G is well-defined. Furthermore, if M is self-

O*
adjoint, M x G is self-adjoint by Theorem 4.7. This implies that the assumption

(M 4 G)!,D(M,G,a) C D(M,G, ) is satisfied.
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*

)
Suppose now that M is regular. Then it is easily shown that (M x G).)) =
(M) x G. Moreover, similarly to (4.11) one obtains that

~ Ww*
(M) xG)xG=U"(R ® 1)U, where
R = {a®1,w,R\,, 1&m,; a € (M,), s€ G, pe G}
Since, R = (M) @ B(L2(Q)), by [32, Lemma 1.4.9], it follows that
~ w* w*
(M) % G) x G =U*((M,) @ B(L*(G)) @ 1)U,

which implies that
o* __GW*
MxG) x G

_ UMX&1 € LUDM % G,G,a)): Xn(M.,) @ B(LAG))}U

GW* -
=UY (M)  ®  B(L*G))®1)U. (4.12)
WD(M,G,a)
o* _GW* A
Consequently, (M x G) x G is spatially isomorphic to the GW*-algebra

(MY B BUIAG)®1.
WD(M,G,a)

This completes the proof. O

Lemma 4.15. Suppose that D(tr] is a Fréchet space. Then the following state-
ments hold:
(1) DM, G, a)[tMO;G] is a Fréchet space and tMO;G = tMG‘Q/*G = L2t (D(M,G0)) -

[e3 [e3
*

(2) @ is a strongly continuous action of@ on M x G.

o~ W A
(3) DIM x G,G,q) = DIM x G,G,a) and they are Fréchet spaces under

the graph topology t(MO;G)%*a = t(MGVxY*G)G‘g*é' Hence, we have
o* 0" ~ GW* _ GW* ~
MxG)xGCT M x G) x G

Proof. (1) Since, D[t is a Fréchet space, there exists a sequence {a,} in M
defining the graph topology ¢, such that 0 < a; < ay < ---. Hence, for any
fixed element x of M there exists an element a,, and a positive constant v such
that

[2&ll < llanoll, ¥ & € D.
Then

Ima(e)él? = [ lowit(s)|ds < [ lanw.(s) Pds = +¥lma(an)e]
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for all &€ € D(M,G,«), which implies that D(M,G,a)[t o | is a Fréchet

MxG

space. Hence, it follows from the closed graph theorem that ¢ ao* =t gwr =
MxG M x G

@

tet(DM,GLa))-
aw*
(2) Take an arbitrary A € M x G. By (1), there exists an element a,, and a

constant v such that
14N = limalan)éll, ¥ € € DM, G, ), (4.13)
which by Lemma 4.1 (2) implies that for any £ € D(M, G, «)

101 (A)E = a1 (A = [[(d @myp) " AL ©@my)§ — (M @, ) AL @, )E]|
< [[(T@myp)" A((X&myp) — (L Rmy,) )|
+ 1 ((H@my)" = (A&, )") AT S K |

= Ymp(an) (L @myp) — (A &my, ) )E]|

+ [[((X@my)* — (L Rmy, ) ") AL @, )E ||
= (X &@my) — (TRmy,))ma(an)é]

+ [[((X@my)" — (T Rmy, ) ") AL @y, )E ||
p_)—p> 0.

*

Hence, @ is a strongly continuous action of G on M x G.
(0%

GW* o
(3) Take arbitrary A € M . G and ¢ € Do(M x G, G, @). Then from (4.13)
it follows that the map G > p+— A((p) € L2(G R) is continuous, which implies

that ( € Dy(M ><1 G, G, @). Hence, DO(MNGGQ)CDO(M ZX G, G, a).

o* GW*
The converse inclusion is trivial. Thus, we have Dy(M x G, G, a) = Do(M X

G,G, a). Furthermore, from (4.13) it follows that for any A € M x G

*

O* ~ G ~
Ima(A)CH = Ylima(an)Cll, ¥ ¢ € Do(M % G, G, &) = Do(M > GG, a),

o*
which implies that D(M x G,G,a) = DM >4 G G,a) and that they are

Fréch h h 1 = . +« . Theref
réchet spaces under the grap topology t( ‘5 t(MGVxY G)G‘Q/ a erefore

@ a

QXQ*

@)
o~ GW* ~ GW* GW*
we also have (M x G) x GC (M x G) x

«

Q) oxQ

O

Theorem 4.16. Suppose that Dltrs] is a Fréchet space. Then the following
statements hold:
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GW* _ GW*
(1) The crossed product (M x G) x G is spatially isomorphic to the GW* -

*

aw -
algebra (M) ®  B(L*(G))®1 and isomorphic to the GW*~tensor product
WD(M,G,a)

aw*
(M) @ B(L*G)).
WD(M,G,a)
(2) Furthermore, if M is regular, then (M % G) N G = (M GQ/ G) g G.

«

Proof. By Lemma 4.15 and similarly to (4.12), one obtains
GW* _ GW* ~ . .., Gwr ) -
M x G) x G=U"((My) ®  B(LY(Q)))®1)U,
@ a WD(M,G,a)
which implies the statement (1).
The statement (2) follows from Lemma 4.15 and Proposition 4.14. 0J

Throughout the rest of this section, we suppose that D[t ] is a Fréchet space.
We denote by a the dual action of a, and we call it bidual action of G on

the crossed product (M Gg* G) G‘g* G. Then & is implemented by the unitaries
I®1®my, s € G, where M is do(;ﬁned on L2(G) by (myh)(p) = < 5,p Sh(p),
h € L*(G), p € G. We show that & is transformed under the isomoprhism ~
between (M N G) G;«Y* G and (M) B G(g; B(L*(G)) to the action 6 defined
by (3.4) in Seczion 3. ) (M:a) .
Since, (I®1®my)* commutes with (W®&1) and W, we conclude that
IS = ps, V(1Rps)V = ps @ ps and W (ARp,)W = w,Rps, Vs € G.
Thus, we obtain (W®1)*U(I®1&m;)* = (ws®psRps)*(W&1)*U, for each s €
G, therefore
a (U (WR1)(X®1)(We1)U)
(1[®1®ms)U*(W®1)(X®J)(W®1)*U(1[®1®W/E)*
= U (WR1)(ws@ps@ps)* (X&1 ) (ws@ps@m;) (WR1)U
— U (WS 1) (wsBp) X (wsEpa) B 1) (WS 1)U
=U*(W1)(0,(X)1)(W&1)'U, Vs €q.

Hence, we have

~ GW* GW* ~
Y(as(X)) =0,(v(X)), VXeM % G) x G and scG.

We now obtain the following

aw* _ GW*
Proposition 4.17. The bidual action & of G on (M x G) x G is transformed
aws _owr © o
under the x—isomorphism v between (M x G) x G and (M) & B(L*(Q))
@ a D(M7G»a)

to the action 0.



CROSSED PRODUCTS 345

*

Finally we want to know whether the crossed product M x G coincides with

GW*
the image of m5(M x G) under the *—isomorphism . In this regard, we first

(e}
have

Lemma 4.18.
GW* A -~ GW= ~ 1 \/
{XeM x G a,(X)=X,VpeG}={XeM x G Xnr,((M))}

awr — —
Proof. Take an arbitrary X € M x G. Let X = UJ|X]| be the polar de-
composition of X and [X| = [7°AdE()) the spectral resolution of [X|. Put
X, = XFE(n), n € N. Suppose Xnma((M’)). Then E(n), X, € mo((M.)"), for

every n € N. Moreover, from [32, Proposition 1.4.12] it follows that for all p € @,
a,(E(n)) = E(n) and a,(X,) = X,, for all n € N. On the other hand, since,

a,(X,) =X, — X, strongly on D(M,G,«) and
ap(Xn) = ap(X)0(E(n)) = y(X)E(n) — ap(X), strongly on D(M, G, a),
we have a,(X) = X. Conversely, suppose a,(X) = X, for every p € G. Then in
the same way as in the proof of Proposition 3.6, it is shown that a,(X,) = X,
for all n € N, which by [32, Proposition 1.4.12] implies that X,, € m,((M.)),

for all n € N and the respective sequence converges strongly to X. Hence,
Xnma((M.,)). This completes the proof. O

aw* GW* _ GW* ~
Proposition 4.19. M x G ={y(X); X €¢ (M x G) x G, Xnma((M,,) x

G)}.
Proof. Using Proposition 3.6, Theorem 4.16 and Lemma 4.18, we obtain

GW* /o GW* 9
MS% G={y e MY “® BIXG)); 6,(Y)=Y, VseG)
« D(M,G,a)

*

oY)
=
=
>
I

= {0 X e 6)° 1X), V5 €6

)

— (y(X); X e M G)N @, au(X) =X, VseG)

*

~

G, Xnma((M,) % G)}.

AXE XTI VXS
)

—((X); xeM T @)°
]

Question: Suppose that M is a GW*-algebra on D in H. Does the following
equality

(X e M G Tima((M,,))} = ma(M)

hold? In the case of a positive answer, Proposition 4.19 can be clearly stated as

aw* aw*
M x G=7(ma(M x G)).
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5. CROSSED PRODUCTS WITH MODULAR ACTIONS
Let M be a closed O*-algebra on D in H such that M/ D C D.

Definition 5.1. An element &, of D is said to be a standard vector for M if the
following statements (1)—(4) hold:

(1) M& is dense in H.

(2) M & is dense in H.

(3) Aé’;D C D, V¥Vt eR, where A, is the modular operator of the achieved left
Hilbert algebra (M.,) &.

(4) ALMA =M, VieR.

Let & be a standard vector for M. We put

of’(x) = ALz A", 1€ M, teR.

Then o := {afo }er is a 1-parameter group of *—automorphisms of M and it is
called the modular action associated with &. Furthermore, since M/ &, C C,¢ (D)
and it is dense in H, it follows from Lemma 2.2 that (M, R, 0%°) is an O*—covariant
system Hence, as seen in Sections 3, 4, We ‘may consider the crossed products

GW* GW*
M >4 R and M x R. To show that M >4 R and M x R are independent

€0 €0 €0 050
of standard vectors & up to isomorphism in case that M is a GW*-algebra, we

introduce the generalized Connes cocycle theorem [13, Theorem 2.5.6]

Lemma 5.2. Let & and ng be standard vectors for a GW*—algebra M on D in
H. Then there uniquely exists a strongly continuous map R >t — u, € M
such that

(1) @, s unitary, t e R;

(2) o (z) = wo(z)ul, teR, ze€M;

(3) Uspr = w00 (ug) = 07 (us)uy, L, s €R.

Proposition 5.3. Let & and ng be standard vectors for a GW*—algebra M on
o* Gw*
D in H. ThenMN]R(mdMN]R aswellasMNRandMN]Rare

o0 o0 oo o"0
unitarily isomorphic.

Proof. We define a unitary operator U on L*(R,H) by
(UE(t) == u_f(t), teR, €€ L*(R,H).
Then
UDo(M,R,0%) = Do(M, R, o™). (5.1)
Indeed, take an arbitrary £ € Do(M,R,0%). Then (U&)(t) = u_£(t) € D, for
every t € R and the support of U¢ is compact. Furthermore, since
T,(2)(UE)(t) = o™ (x)u—&(t) = (by Lemma 5.2 (2)) u—o%(2)€(t),

for each x € M and t € R, it follows that R 5 ¢t +— 0770( JUE)(t) € H is
continuous, which implies that U¢ € Do(M, R, o™). Hence, UDy(M,R, c%) C
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Do(M, R, 0™). Take an arbitrary n € Do(M,R,o™). Then (U*n)(t) = u' n(t) €
D, for every t € R and the support of U*n is compact. Since,
o%,(2)(Un)(t) = 05 (x)ulyn(t) = (by Lemma 5.2 (2)) ul,o™(z)n(t

for each + € M and t € R, it follows that R 3 ¢t +— &% ( )(U*n)
is continuous which implies U*n € Do(M,R,0%). Hence, U*Dy(M, R,
Do(M,R,5%). Thus, (5.1) holds. We next show that

UrTogno (2)UE = o6 (2)E, € M, €€ Dy(M,R,5%). (5.2)

Indeed, this follows from (U*myn (2)UE)(t) = u' ,0™,(x)u_&(t) = (by Lemma 5.2
(2)) 6%%(2)E(t) = (mye (2)€)(t), for each z € M, € € Dy(M,R,0%) and t € R.
We shall also prove that

(UABU)E = (T e (u)A1))E, VT ER, ¥ E € Dy(M,R, %), (5.3)

);
t) €
0-770)

(UA(t)U*)U = (7Ta’70 (u—t))\(t))% Vie Rv v ne DO(MaRa am)' (54)
Indeed, (5.3) follows from

(UABOU)E)(s) = wL ADUE)(5) = uL(UE)(s ~ 1)
= u' uy_&(s — t) = (by Lemma 5.2 (3)) 0%, (ue)(A(t)€)(s)
= (o0 (u) A()E) (s),
for all £ € Do(M,R,0%) and s, ¢ E ]R The Statement (5.4) is similarly shown.
By (5.1)—(5.4), we have U*(M ><1 R)U =M %R Finally, we show that

80

aw
U'(M x RU=M R

o0 o'gt)

Indeed, by [32, Theorem 11.2.3], U*((M.,)" x R)U = (M.,) x R. Hence,

o0 o0

GW* GW*
UM x R)U={U*XU; XeEM x R}

leallt] a’lo

= {U*XU € L(D(M,R,c%)); U*XUn(M.,) x R}

aw*
=M x R.

80

This completes the proof. Il

We identify R with R itself as usual by setting < s,t >= €. As seen in
Section 4, the dual action is defined by

N _ _ GW*
o(X) = (I&m)X(T&my)*, X e M x R,

€0

where (m,f)(s) = e f(s), f € C.(R). We show that, in case of M x R,

80
—_~

ot +er 18 independent of &, up to isomorphism.
t
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Proposition 5.4. Let & and ny be standard vectors for a GW*-algebra M on
D inH. Put
GW*
I(X)=U'XU, XeM x R,
o0

*

where U is as in Proposition 5.3. Then d is a x—isomorphism of M x R onto
oo

GW*
M x R and

60

o9 (5(X)) = 6™ (X)), forall X e M % R andt € R.

"0

Proof. 1t is easily shown that U and (#/®m;) commute. Hence, we have
o (8(X)) = (I&mM)U* XU (A@m,)* = U*(A@my) X (I &my)*U
= U'a (X)U = §(07" (X)),

aw*
foreach X €¢ M x RandteR. O
o0
aw* GW* __ Gw*
By Propositions 5.3 and 5.4, M x Rand (M x R) x R are independent
a%o a%o ;5\0

of &, and so we simply denote ¢ and o by ¢ and &, respectively.
For any compact subset K of R we put

Exk =& @F fk and Pk = IQF My, 3§,

where § is the Fourier transform in L?(R), fx(s) = Xk(s)e*/?, s € R and
My, f = Xk f, f € L*(R). Then we have the following

Lemma 5.5. {x € D(M,R,0) and Pk is a projection in (M.,) x R such that
Prctic = &xc and {Pic} 1 1. ’
Proof. There exists a sequence {f,} in C.(R) such that 7}1—{& | fo — & fxl| = 0.
Since, & ® fn, € C,(D) @ C.(R) C Do(M, R, o), for every n € N and

€0 ® fo— &,

7o) (& © £) — 72 @)(60 © Full = Neoll 1 f — Fonll,— O,
for each z € M, we have {x € [, D(m,(z)) = D(M,R,0).

Since, Px = I®F* My, § belongs to the von Neumann algebra generated by
{A\(s); s € R}, Pk is a projection in (M) x R. It is clear that Px{x = {x and

{Pg} 11 O

Put 9 = (M., . R or M ./\/l ><1 R By Lemma 5.5, for any compact subset
K of R we can deﬁne a strongly posmve linear functional 75 on 9 by
TK(X> = (XgK ‘ 5}(), X eMm.

Then we have the following
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Lemma 5.6. Let K and K, be compact subsets of R such that K C Ky. The
following hold:

(1) |PeXe | = | P XTex], forall X €.

(2) 7(X) = 7K, (X)), forall X € M.

(3) Tr(u(X)) = et (X), forall X €M and t €R.

Proof. Take an arbitrary X € MGQ*R. Then there exists a net { Ay} in (M) %
R, which converges strongly* to X U The statement (1) follows from 0
1P X €, || = T || Pre AnE e, |1
= h}I\Il Tie, (P AxPr,)* (P AxPx,))
= h}I\Il Tie, (P AxPr, ) (P AxPr,)*)
= lim || Py, A3 Prc e, ||*
= || Pre, X"k ®
(see also [32, Lemma I1.3.4]). The statement (2) follows from
i, (X) = lim 7, (43) = b (A3) + (Ax (6, — €) | € — )}
= 7r(X) + (X ({x, — €k) | €y — €x)
(see also [32, p. 48]). The statement (3) follows from
7e(G(X)) = lim 7 (5(A2)) = e Ticss(Ar) = ¢ 7icss(X)
(see also [32, p. 49]).

By Lemma 5.6 (2) we may define a map 7 from 9, to [0, oo] by
7(X) =sup7x(X), X €M,.
K
Then for the W*—crossed product (M!)" x R we have
Lemma 5.7. ([32, Theorem 11.3.5]) 7 is a faithful semifinite normal trace on

(ML) x R), such that 7(5,(A)) = e 'r(A), for each A € (M) xR), and
teR.

GW*
On the other hand, for the GW*—crossed product M x R we obtain

*

G
Theorem 5.8. 7 is a faithful normal trace on (M x R)y such that 7(6:(X)) =

aw*
e '7(X), forall X € (M x R); andt e R.

aw*
Proof. We first show that 7 is a trace on (M x R),. Take arbitrary X,Y €

G
(M % R).. For any compact K in R we have

g

k(X +Y)=1(X)+7x(Y) £ 7(X) +7(Y)
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and so 7(X +Y T(X
have by Lemma )t

(2
T (X) + 75, (V)
(

< 7(Y). Furthermore, for any compact K; O K, we
6

) < 7(X) +
5. that
< 7, (X) + 7 (V) = 70 (X +Y) S7(X +Y),

)
which implies that 7(X) +7(Y) £ 7(X +Y). Hence, 7(X +Y) = 7(X) + 7(Y).
It is clear that 7(tX) = t7(X), for each ¢ > 0.

Gw*
We next show that 7(XTX) = 7(XXT), for each X € M x R. Indeed, take

*

arbitrary compact subset K of R and X € M x R. From Lemma 5.6 (1), we
conclude that ’
T (XXT) = || XT¢k|* = sup{|| Px, X'¢x|*; K1 D K}
= sup{|| Pk Xéx, |I*; K1 D K}
< sup{|| Xéx, |5 K D K}
— sup{rie, (X X); Ky > K}
=7(X'X),
where the suprema are taken over all compact sets K; D K. And so 7(XXT) <
7(XTX). Similarly, 7(XTX) < 7(XXT). Hence, 7(XTX) = 7(XXT). Thus, 7 is
a trace on (M g R),.

Since, 7 is the supremum of the normal functionals 7, it is normal.
We show that 7 is faithful. Indeed, suppose 7(X'X) = 0. Then we have

X(d&aF fx) = (d®1)X(&H®F k) =0,
for each compact K in R and ¢’ € M!,. Now, since {a'{y @ §*fx; o' € M,
K C R, compact} is dense in L*(R,H), we have X = 0. By Lemma 5.6 (3),
7(0:(X)) = e7'7(X), for every X € (M N R); and ¢ € R. This completes the
proof. 7 0

It is important to consider the following

Gw*
Question. When is the trace 7 on (M x R), semifinite? Concerning this
g

question we present

Theorem 5.9. Suppose that the graph topologies ta, and tare on D coincide,

where M? = {:U € M; oy(x) = x, ¥ t € R} is the fized point algebra for o.

Then Px € M >4 R, for each compact subset K in R. Moreover, T is a faithful
GwW*

normal semifinite trace on (M x R),.

Proof. Since, tpr = tpe and the family of seminorms {||-||.; * € M7} is directed,
for every x € M there exists an element zy in M such that

[z€]| = [Jzo€ll, ¥V & € D. (5.5)
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We now show that o is strongly continuous. Indeed, for each x € M, £ € D and
t € R, we have

los(2)€ — €| < | A e AT"E — Aag| + || A€ — x|
= 2 A7"E — 2 ATTAYE| + || ATwE — x|
< (by (5.5)) [[w0€ — 2 A"E]| + || A€ — x|
= [lwo€ — A'wo|| + [|A"2E — ],
which implies that %i_r)r&”at(x)f — z€|| = 0. Hence, from Proposition 2.9 it follows
that

D ® C.(R) is dense in D(M,R,o) w.r.t. the graph topology tMGW*R. (5.6)
We show now that PxD(M,R,0) € D(M,R o). Take arbitrary £ € D and

f € C.(R). Then there is a sequence {g,} in C.(R) which converges to F*Mx, § f
with respect to the L? norm. Since,

£@gn— Pr(€® f) and

0 ()E © ) = 7o)€ © g = [ (on(s) = gm(5) A s
< (by (5.5)) / 20(gn(s) — gum(s)) A€ |Pds
- / 120(gn(5) — gun(s))€ 1P

= [lzo&1?||gn — gm}linvﬁo@O, VazeM,

it follows from (5.6) that Px({ ® f) € D(M, G, o), which implies
Pr(D ®C.(R)) C D(M,R,0). (5.7)
Furthermore, for every x € M, & € D and f;, € C.(R), we have

WU(ZU)PK(;&C ® fk) 2 ‘
v (F My S fi) () A6,

~[|Fs

< (by (5.5)) /

2

D (F M Ffi)(s) A A,

k

2
ds

2

Zo Z(S*MXKgfk)(s)gk ds

k

B / D (F M i) ()0 | (8" Maesi§5)(5) o) ds
k.j

=5 (wobe | 208) (3 My S fi | § My 31)

k7j
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= Z(ifofk | ngj)/K(kaxS)(gfj)(S)dS

2

(3fk)( )70k

ka fofk
— Z xofk | 20&;)(Sfe | 1)
k,j
= Z(xofk | 20&) (fe | f5)
k,j

2
Zxoﬁk ® fr
k

7o (20) (Zik ® fk)

which by (5.6) and (5.7) implies that Pk D(M,R,0) C D(M,R,o) and by
awr
Lemma 5.5 that Px € M ><1 R.

Now, accordlng to Theorem 5.8, it remains only to show that 7 is semifinite.
We put

2

Y

GW*
N ={XeM x R, 7(X'X) < o0},

Gw*
N, ={XeN, AXeN), VAec M x R}
Then we have Px € Ii,, for each compact subset K of R. Indeed, take any
compact subset K; of R with K; D K. Then by Lemma 5.6 (1), for any A €

GW* .
M x R, we obtain
g

T, (P A)'(PxcA)) = || P Ali, |I” = || Pr, AV ||
Hence, we conclude that

T((PxA) (PrA)) = | AT¢k|® and

T((PxA) (PrA)) = T((APk)(APx)") = || A&k |,
which yields Px € M,. Furthermore, Pk 1 [ by Lemma 5.5. Hence, it follows
that 9, is strongly dense in M Ggﬁ R, i.e., 7 is semifinite. This completes the

proof. O

Corollary 5.10. Let D be a Fréchet space equipped with the graph topology t o
defined by {|| - |lz; * € My}. In particular, let D =\, D(h™), where h is a

Gw*
positive self-adjoint operator such that h | D € M?. Then Pk € M x R,
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for each compact subset K of R and 7 is a faithful normal semifinite trace on
GW*
(M x R),.
Proof. This is proved by applying the closed graph theorem and Theorem 5.9.
OJ

Example 5.11. Let {£,}°°, be the orthonormal basis in the Hilbert space L*(R)
consisting of all normalized Hermite functions. Let ¢ and p be the position and
the momentum operators on the Schwartz space S(R), respectively, and let h be
the number operator. That is,

1

h=5(g+ip)(a—ip) = D (n+1)6 @&, (5.8)

where &, ® &, stands for the operator £ —— (£ ]&,) &,. Then
= () D@"). (5.9)
n=0

Let A be the O*-algebra on S(R), generated by the position operator ¢, the
momentum operator p, and all bounded functions of h.
Denote by L?*(R)®L?(R) the Hilbert space of all Hilbert—Schmidt operators on
L*(R) with inner product < z | y >= tr(y*z), z,y € L*(R)®L?*(R). Put
SR)®LA(R) = {z € L*(R)DL*(R); zL*(R) C S(R)},
m(a)r = ax, a€ A, € SR)DLAR).
Then 7 is a self-adjoint *representation of A on S(R)®L2(R) such that

7(A), = 7'(B(L*(R))) = {7'(a); a € B(L*(R))},
(m(A),)" = 7"(B(L*(R))) = {7"(a); a € B(L*(R))},

w

where 7'(a)z = za, 7"(a)z = az, a € B(L*(R)), = € L*(R)QL2(R).
Now, for each g > 0, put

O P
n=0
Then €23 is a standard vector for the self-adjoint O*-algebra M := 7(A) on
S(R)®L2(R) and
0,7 (n(x)) = n(QL2Q;"), z € A t R
(see [13, Example 2.4.24]). Furthermore, by (5.8) the essentially self- adjoint

operator 7(h) is contained in M and by (5.9), SR)®L2(R) = N2, D(r 7(h)").
aw*

Thus, (M, Qg, 0%%) satisfies the conditions of Corollary 5.10. Hence, Px € M X
25

R, for each compact subset K of R and 7 is a faithful normal semifinite trace on

GW*
(M x R),.
oS8
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Also, for the maximal O*—algebra LT(S(R)) on S(R) instead of A, the *—repre-
sentation 7, the standard vector Q4 for the self-adjoint O*-algebra m(LT(S(R)))

on S(R)®L2(R), and the modular automorphism group {0?5 Her (for Q3) may be

aw
defined similarly. Then it follows that Px € 7(L7(S(R))) x R, for each compact
o8
aw*
subset K of R and that 7 is a faithful normal semifinite trace on (7(LT(S(R))) x

O_SZB
R),.

Finally we investigate the structure of type Ill-like GW*-algebras. It is well
known [29, Chapter XII, Theorem 1.1] that if the von Neumann algebra (M)’ is
of type 111, then (M!))" xR is of type II and (M) is isomorphic to the crossed

product ((M,)’ xR)xR. We extend this result to the case of GIW*-algebras. Let

M be a GW*-algebra on D in H. Suppose that the von Neumann algebra (M)’
is of type III. Then there exists a sequence {e,}, n € N, of mutually orthogonal
projections in (M.,), such that e, ~ I, for every n € N, and >~ e, = I [25,
Proposition 4.12]. Since, e, ~ 1I, for every n € N, there exists a sequence {v,},
n € N, of partial isometries in (M), such that

en=vv, and I =wv,v), ¥n €N, (5.10)
By [6, Theorem 5.3] we have the following

Lemma 5.12. Suppose that the graph topology tyr on D is defined by a sequence
{I- lles te € M} of seminorms such that v,ty, C tyv,, for all k,n € N, where
{vn} is as in (5.10). Then M is x—isomorphic to the GW*~tensor product

M S BILAR) = {X € LIDBLIAR)); Xn(M,) & BILAR)},

where DRL*(R) := () D(x®1).
zeM

Theorem 5.13. Let M be a GW*-algebra on D in H with a standard vector &;.
Suppose that

(1) the von Neumann algebra (M.,)) is of type 111;

(2) vptp C trvp, for all k,n € N, where {v,} is as in (5.10) and {t} is a
sequence in M defining the graph topology t .

Then (M) xR is a von Neumann algebra of type 1o, and M is isomorphic

awe oW

to (M x R) x R.
Proof. By Lemmas 4.5 and 4.6 we have

WD(M,R,0) = (| DPx®1)=DIL*(R),
reM

where W is the unitary operator on L*(R,#) defined by
(WE)(t) = A"¢(t), t € R, € € L*(R,H).
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By Theorem 4.16 and Lemma 5.12, this implies

GW* GW* /oy GW* 9
(M x R) x R=(M,) ®  B(L“(R))
o - WD(M,R,0)

— {X € LWD(M.R.0));: Xn(M,) & BILR))
— (X € LUDBIAR)); X (M) ® BLAR))}

— M°® B(I*(R))
=M.
This completes the proof. Il
Under the assumptions (1) and (2) of Theorem 5.13, (M) fR has a faithful

*

aw
normal semifinite trace, but we do not know whether the GW*-algebra M x R

has a faithful normal semifinite trace. By Theorems 5.9 and 5.13, we have the
following

Theorem 5.14. Let M be a GW*-algebra on D in H with a standard vector &;.
Suppose that
(1) the graph topologies ta and tpye coincide;
(2) the von Neumann algebra (M.,)) is of type 111;
(3) vntx C trvp, for all n,k € N, where {v,} is as in (5.10) and {t} is a
sequence in M defining the graph topology t .
GW*
Then (M) xR is a von Neumann algebra of type o, M X R has a faithful
‘.7 o _ awr W
normal semifinite trace and M is isomorphic to (M x R) x R.

Remark 5.15. Under the assumptions of Theorem 5.14, we have
DRL*(R) = WD(M,R,0) = D(M,R, o).

Indeed, take arbitrary ¢ € D®L?*(R) and € M. Then there exist sequences
{&} and {fx} in D and C.(R) respectively, such that

— 00

ka@f@:of and ($0®1)(ka®fk)ﬁ($€o<§>1)fa
k=1 k=1

where ¢ is as in (5.5); therefore,

Ima@) > o il = [ [22* Y sl ds < [ Y hcs)e| ds
k=n k=n k=n
k=n

—_—

Hence, £ € ( .(R))7e = D(M,R,0) and DRL*(R) ¢ D(M,R, o), where

D ® C.(R
the symbol (D ® C.(R))" means completion with respect to the graph topol-
ogy tr, on D(rm,). The inverse inclusion D(M,R,0) C DRXL*(R) follows from
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Theorem 5.14 (1) and the equality

Y

mo(10) Y &k ® fi (20 ®1)Y & ® fi
k=1 k=1

where g € M7 and Y} & ® fi € D ® C.(R). Thus, we conclude that

D(M,R,0) = DRL?*(R).

By Theorems 5.13 and 5.14 , we now have the following

Corollary 5.16. Let M be a GW*~algebra on D := (), D(R™) with a standard
vector, where h is a positive self-adjoint operator in H such that h|p € M. Sup-
pose that (M) is a von Neumann algebra of type 111 and that v,h C hv,, for all
n € N, where {v,} is a sequence of partial isometries in (M.,))" satisfying (5.10).
Then (M)’ xR is a von Neumann algebra of type 11, and M is isomorphic to

GW* __ GW* Gw*
(M x R) x R. Moreover, if h]p € M?, then M x R has a faithful normal

semifinite trace.

We now give an example of a GW*-algebra satisfying the assumptions of The-
orems 5.13 and 5.14.

Example 5.17. Let Mg be a von Neumann algebra on H of type III with a
cyclic and separating vector &. Let {e,} be a sequence of pairwise orthogonal

projections in M, such that » e, = I and e, ~ I, for all n € N. Let {v,}
n=1
be a sequence of partial isometries in M, such that e, = viv, and I = v,v},

for all n € N. Suppose that {v,} [ My is a von Neumann algebra of infinite
dimension. Then there exists a sequence {f,} of pairwise orthogonal projections

in {v,}" () My, such that Z fn = 1I. Then since ||&|*> = Z | fnéoll?, there exists
a subsequence {f,, } of {fn} such that || f,,, &l <e™* for all k € N. We put

D(h) = {5 e S K |l < oo}
k=1

he = kfné £ €D(h).

k=1

Then h is a positive self-adjoint unbounded operator affiliated with {v,}' (| M.
Furthermore, we define a GW*-algebra M on D as follows:

D :=D>(h) = {5 €M Y K fnkllP <oo, Vie N}
k=1

M = {w c L1(D), fn/\/lo} )

Then & € D and M is a GW*—algebra on D in ‘H over M, with standard vector
&y. Moreover, v, h™ C h™wv,, for all n,m € N. Thus, M satisfies all assumptions
of Corollary 5.16.
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In case that {v,}' N MY is a von Neumann algebra of infinite dimension, we
can similarly construct a positive self-adjoint unbounded operator affiliated with

{v,} Y MG and a GW*—algebra M on D*(h) with a faithful normal semifinite
aw* W
trace such that M and (M x R) x R are isomorphic.
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