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Abstract—AWG-based optical switching fabrics are receiving A AT, A9, A ———> = A0, AL A5
increasing attention due to their simplicity and good perfor- ‘
mance. However, ANGs are affected by coherent crosstalk, Ao A As Ay~ T ALAGL AL A
that can significantly impair system operation when the same ) AWG 0 e s
wavelength is used simultaneously on several input ports. To Aoy AL A A; T T A AL A
permit large port counts in a N x N AWG, a possible solutio_n 33 N3 A3 A2 20 AL A2 )3
is to schedule data transmissions across the AWG preventing 70> "1 72 73 372 0

switch configurations that generate large crosstalk. We study th
properties and the existence conditions of switch configurations Fig. 1.
able to control coherent crosstalk. The presented results show

:hat' b):j ru?nriTr:% .r?q.progfég’st‘;‘l’knsvtai.ged oi‘;h;g“'tiggoaggéhrgn devices behaving as multiport interferometers. In the N

VOI nimiz , 11 | - . .
AOW?B-ct))as:d switch v?/ith large port COUpntS without sFi)gnificant (N x 1)_Conf|gurat|0n, AWGs act as Wav_elength multiplexers
performance degradation. (demultiplexers). In theV x N configuration, AWGs behave
as wavelength routers: The information at an input port
is forwarded to an output port depending on the selected
wavelength. More specifically, at each input port, différen
wavelengths are used to reach different output ports. Since

. INTRODUCTION AWGs device are symmetrical, i.e., the role of input and

Internet traffic has been increasing at a pace faster theutput ports, and the direction of forwarded informatiom ca
Moore’s law, and electronic technologies may not be abhle reversed, information is received at each output porh fro
to support the realization of large packet switches and thfferent inputs with different wavelengths. Overall, Ahx N
routers in the near future. Power density and dissipatiofWG can be simultaneously traversed By? information
in particular, are becoming major bottlenecks [1]. Opticdlows, one for each input/output pair, leading to a full mesh
technologies may help in overcoming intrinsic limitatioos bipartite connectivity exploiting space and wavelengtpase-
current switching architectures [2], [3]. Indeed, photonition.
technologies exhibit a number of interesting properties: A The specific wavelengths used to route information through
switching complexity almost independent of the data raten AWG depend on the device design, but commercial devices
very high data rates supported via large information dissit typically exploit the ITU grid standard bands, with 100 GHz o
on physical interconnections, no significant constraimsh® 50 GHz spacing. Although other wavelength assignments are
physical size of the switch and on the length of internal slwit possible, we assume in this paper, with no loss of generality
interconnections (while electrical backplanes and imtenects that i) the N x N AWG operates with a set aV wavelengths
have severe distance limitations), and very good scafaluifi A = {\g, A\1,...,Axy_1}, and ii) at inputi, 0 < i < N —
power requirements. Nevertheless, all-optical packetchws 1, information is delivered to outpuf, 0 < 7 < N — 1,
are still far from being feasible, due to several limitasonusing wavelengtb\, with k¥ = (j —¢) mod N being the
such as the lack of optical memories, the very limited dateavelength channel number. This cyclic behavior is typafal
processing capabilities, and the inherent difficultieeiizing the interferometric nature of the AWG, whose routing behavio
functions in the time domain. Therefore, switching archis replicated over the wavelength axis with a period called
tectures in the near future will exploit both electronicdanFree Spectral Range (FSR). Our assumptions on the AWG
photonic technologies [4]: packet processing and storiily wbehavior imply that onlyV wavelengths are needed to support
likely be realized in electronics, while packet forwardiwdl N2 connections overV input and NV output ports. Fig. 1
likely rely on an optical switching fabric. depicts, for a1 x 4 AWG, the wavelength behavior considered

A promising approach to realize an optical switching fabrim this paper, where superscripts refer to input port inslice
is to use a passive wavelength routing device with tunakd@d subscripts to wavelength channel numbers.
transmitters and receivers at device inputs/outputs. yeéda We consider the non-blocking optical interconnection
Waveguide Gratings (AWGSs) [5] have been widely used iamong input and output ports depicted in Fig. 2. Slotted,
the commercial deployment of Wavelength-Division Multisynchronous operation is assumed: fixed-size data units,
plexing (WDM) transmission systems. AWGs are passiveamed cells, are temporarily buffered at input ports accord
ing to an Input Queueing (IQ) architecture, waiting for the
availability of the output line. To balance electronic and

Considered routing for the AWG device.

Index Terms—optical switching; AWG; coherent crosstalk;
input-queued switches; scheduling algorithms
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optical complexity, each input port is equipped with a singl

Tunable Transmitter (TT). Thus, at most one cell can be " rotal Penalty
transmitted from each input in each time slot, using the grop 25 ggDL
wavelength to reach the chosen output. The adopted switch ©-1X+OX Penalty

control (scheduling) algorithm must ensure that at most one 20k
cell is forwarded to each output at the same time, to avoide
output contention where buffering is not available. Cutren
schedulers typically use Virtual Output Queueing (VOQ) at
inputs to achieve high throughput: Incoming cells at each
input port are stored inV separate FIFO queues according 10
to their destination. Since, at each output port, cells are
received at a wavelength depending on the transmittingtinpu 5t
port and, at each time slot, at most a single cell is received . N geeeeemenn Qponarneasn
at each output, there is no need for tunable receivers at the I S G S SO T
outputs, and a single wideband receivers suffice. Yet, since 0 5 10 mberofporsgy o ¥
each output port receives (over time) cells from different

inputs, burst-mode operation—hence, Wideband Burst Mof@- 3. Power penalties as a function of port coiviin a N x N AWG.

isvcg“./erls (WlB MRé_'S plgce(jssary. Nlotetthat gt] th'ts sﬁlﬁp’ ttH“E\tive approach pursued in this paper and initially exmglore
IS 1argely under-utilized, as only at most out ot the [13], [14] is to prevent coherent crosstalk by contrailin

i 0% ) ) .
possibleN* input/output connections are used at a given t'miWG-based slotted switches with scheduling decisions that

This “”.der‘““"z?‘t")” Is a direct consequence of the s’ngflslvoid using simultaneously the same wavelengths at too many
transceiver architecture assumed in the paper, a ConStr%'ﬁ‘rerent inputs

:ptroduc;ed t? [jedl:jce t.he eI:;ctrc_)mc cor'npllexﬁy ﬁf t'”p““!"“’.‘“ In this paper, the crosstalk-constrained scheduling prabl
Iné-cards. Indeed, given the increasingly nigh ransimss ;. formally formulated in Sec. Il. We introduce the notion

speeds, it is becoming overly difficult and expensive to SUuBs k-legal permutations: A scheduling decisionfidegal if
port more than a single data flow at each input/output pog

. o . ach wavelength is re-used at mastimes in a given time-
especially when considering memory access speed. Differ Dt By choosing a proper value for, crosstalk figures

AWG-based optical switching architectures have been S’]’Udig"an be controlled and large port counts become feasible. In

Itﬂ the tec;]htnlc? : Ilteratr]qre (T)'gt't [6]_[83); althougtf;] S.Omt‘ %ec. IIl we discuss basic properties of the permitted switch
1€s€ architectures achieve better periormance, theyreeau configurations. Forl-legal permutations, we show that a
S|gn|f|cantly_h|gher electronic complexity and are not Reat difference exists between odd and even values of the number

coggdered |.n|t2{;¢,vgaper. id i i fer funci f input and output portsV. In Sec. IV we elaborate on
-ommercia S provide uniform transter functions, ang, performance obtainable with single-stage AWG switching
extinction ratios among adjacent channels in the order of 3 chitectures, showing that uniform traffic patterns can be

40 dB. These physical layer characteristics are largelfi-su hedul : : .
. . ) X . ing-legal permutations with n for
cient for multiplexers and demultiplexers, which are wtdieesc eduled using-legal permutations with no speedup for odd

| di ial WDM ¢ H ‘N and with a small speedup with evel. In Sec. V we
commonly used in commercia Systems.  HOWEVEL, w that general traffic patterns can be instead scheduled
significant coherent crosstalk figures were reported/is N

with 1-legal permutations using two-stage switches using the

AWSS ,[\’V'tlrpl\s\;%e. portt Ccmms [9].' If the ;ame'g\llavelleré%g; 'Tame small speedup, VOQs between the two switching stages,
used ata INputs, te maximum admissible vail and cell resequencing at outputs. We also show that

Zsseverelyéé;n;ned:tﬁg. 3| (X\?Vné [10)) sfhowts_: the ?E{)r\]/ver peylbal legal permutations permit to avoid intermediate VOQs and
AWG [N or a typica as a tunction of the NUMBET, ;04 encing problems for small values &t Finally, as
of ports N. While insertion losses (IL), non uniformities of

. 0 completely original contributions, in Sec. VI and Sec. VII
the transfer function (U), and polarization-dependensédss we formally prove that a2-stage AWG-based switch can

(PDL) are almost independent from the port cpunt, in-bamd (8e configured with pairs of-legal permutations (oB-legal
;?1zﬁ:;?:)tﬁgdpgitghbnﬂg (;,irr%susr;[g"(lélx+OX) increase plar permutations, in cas#' is a prime _number) yvith no buffering
: between the two stages, proposing a switch control scheme

We remark that several proposals in the literature assume, quadratic complexity in the number of ports
very large AWG port counts, even if this turns out to be unfea- '

sible without counter-measuring the above described taliss
impairments. These large crosstalks can only marginally be
reduced by improving the physical layer behavior of thedevi The considered IQV x N switch handles fixed-size cells
[11]. One possibility to overcome this impairment is to eipl that arrive at input ports and leave output ports in a time-
homologous wavelengths in several FSRs (as proposed in ScﬁmtEd manner: All the switch external lines are assumed to
studies, e.g. [12]). However, this increases the operatio€ synchronized. In each time slot, the scheduler defthes
bandwidth of the system (possibly preventing the utilmati scheduling decisionsvhereS is the switch speedup. At each
of optical amplifiers); furthermore, the behavior of the idev Scheduling decision, at most one cell can be sent from each
outside the principal FSR often degrades rapidly. The -altdéfput port and at most one cell can be sent to each output port.

Lawe [dB]

Il. PROBLEM STATEMENT
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Fig. 2. Simple single-stage AWG-based switch.

Thus, each scheduling decision iparmutation(or a partial- by restricting the switch scheduler to use only a certairetyp

permutation) of port indexes. We denote these permutatiosfspermutations:

by vectorsm = [x[0],#[1],...,7[IN — 1]], wherex][i] is the Definition 1: A permutationr is k-legal if, in the vector

output port index to which input forwards a cell. Clearly A(7) =7 — I, no index appears more tha@ntimes.

each output port index can appear at most once.idf the k represents the maximum number of times the same wave-

scheduling decision creates a partial permutation, sorimeen length is used at different input ports in a given scheduling

in 7 are “don’t care”. We denote by the unit permutation: decision. Our goal is to build a switch which can handle

I=[0,1,...,N—1]. the incoming traffic using only:-legal permutations, with the
The traffic to be forwarded by the switch can be describexnallest possible value df, to minimize crosstalk.

by a traffic matrixI" = [t; ;|, wheret; ; is the number of cells

(or, alternatively, the number of cells per time unit, or the Ill. PROPERTIES OFk-LEGAL PERMUTATIONS

number of cells per time frame) that must be forwarded from We start by investigating the properties bfegal permu-

Input i to. outputy. Using a matr_ix notation, an inlout/m.ﬂputtations. Definition 1 immediately implies that a permutatio
permutation could also be described by N permutation 7 is 1-legal if and only if its wavelength assignmehtr) is

matrix, 1€, a 0-1 matrixP = p[ij"], thre rows (c.ol'umns) also a permutation. Note that akylegal permutation is also
represents inputs (outputs), apfj] = 1 if and only if input m-legal, for anym € {k,...,N}. Furthermore,
i is connected to outpyt In a permutation matrix, at mosta | oo a1 ot X 6’{0 LN 1}V, such that all its

smsg_le ! |sdpre|ser_1tth|n eaA%r\}Gcqumr_] and '? each” ;OW' di elements arer. If a permutationn is k-legal, then the
ince we deal with an passive router, cell forwardinge . iavions + \ is alsok-legal.

throughl thets]wncthm? fabrlcd|st don_e bdy asts;g:mg t? eatcr? cel Proof: Assume towards a contradiction that+ y is
a wavelength out of a predetermined set/ofwavelengins k-legal, so iny = w4+ x — I there existk + 1 indices

A= {Ao,...,AN_l},.accordmg t.o the following rule: i1, ipsr SUCh thatw[ir] = ... = Wlixsa]. This implies
Acell sent from input port with wavelength\;, € A that «fi1] + x[i1] — 61 = ... = 7lins1] + X[irs1] — ips1.
is forwarded to output port+ & mod N*. Sincex[ii] = ... = x[ix41] = =, it follows that7[i;] — i; =

Given a permutationr, we call \(w) the wavelength assign- = _ ikt1] — irg1, implying thatr — I hask + 1 identical

mentof 7; that is, the vector of indices of the wavelengthgjements. This contradicts the assumption thas k-legal

that are needed at input ports to realize permutatiofNote and the claim follows. ]

that, with our wavelength assignment rule, the wavelengthnext, we show how to build-legal permutations for odd
used to reach outpyt from inputi is A(;_;) moa n- HENCE, values of N.

A(m) = (m —1I) mod N, when[ is the identity permutation. | emma 3.2:If IV is odd, then there exist Blegal permu-
As mentioned in Sec. |, other wavelength assignments aggion Todd Of {0,.... N —1}.

possible, depending on the design of the AWG device. These proof: Let Todg be the following permutation:
different wavelength behaviors can in some cases (for elamp

if output (i — k) mod N is reached from input using Toddléd] =2i mod N i€ {0,...,N —1}.

Ax) be modeled by relabeling wavelengths and ports in oyr, + j, then2i — 25 is even and does not equal Since N
formalization, so that the properties outlined in the séqotl ;¢ odd, this implies thai — 2j # 0 mod N, implying that

for several AWG wavelength assignments. moddi] # Toddi]- Hen_CG,Wodd is a Permutation_
Recall that performance degradation due to the coherertp, wavelength assignment of4q is mogg—I = 21— =

crosstalk arises when several different input ports in an AWG | hich is clearly a permutation. Thusgqq is 1-legal.

based switch use simultaneously the same wavelength tQote that similar arguments proves that theti-diagonal

send cells to different output ports. The impairments due b%rmutation—], whose wavelength assignmentig1, is also
coherent crosstalk increase as the number of input pontgj usi 1-legal permutation. -

the same wavelength increases, up to the point in which ther,o following lemma deals witrevenvalues of N. The

switch operation becomes impossible; this limit was estétha .0 ¢ i omitted, because the result was independentlyeprov
to be around 15 in [10]. We focus on avoiding such effec{)ﬁ [13].

lin the remainder of the paper themod N operator, denoting the Lemma 3.3:If NV is even there is nOI'IEQaI permutation
remainder of the division bV, may be omitted to improve readability. of {0,...,N —1}.



We next deal with2-legal permutations: “covering” permutation matrices. If we ignore the consitaif
Lemma 3.4:For everyN, there is &-legal permutation of using onlyk-legal permutations, a possible decomposition of

{0,...,N —1}. matrix 7" is achieved through a set df generalized diagonal
Proof: Since everyl-legal permutation is also 2legal (switching) matriceslItpy = {70, 71,...,7n—-1}, Where

permutation, the claim follows immediately by Lemma 3.2 fofr; = [ + x; mod N andy; is a vector in which all elements

odd values ofN. arei. For example, in the cas®¥ = 4, we have the following

Assume thatN is even and consider the following assigndecomposition:
ment permutation:

. . 1 1 1 1 1 0 0 07 [0 1 0 07

reverfi] = { 20 mod N i < N/2 11 11| o100 001 0
2i+1 mod N N/2<i<N-1 11 11| = looz1o|T]looo 1|

Clearly, mevenis a permutation: Its first half covers all the L - 0 001 -t L 000 -
even output ports and its second half covers all the odd butpu 8 8 (1] ? (1) 8 8 (1)
ports. We now compute the wavelength assignmentegtr 100017101 0 o

Lo 1.0 0] Lo o0 1 0]

. | ¢ mod N i< N/2 . . , o
Mmeven[i] = { i+1 mod N N/2<i<N—1 We look for a decomposition of a uniform traffic matrix in

k-legal permutations, and we wish to determine the minimum

Clearly, each input port except input pértand N — 1 has number ofk-legal sub-permutations needed to decompose a
a different wavelength assignment, while for input por&nd yniform traffic matrix.

N —1 we getA(reven)[0] = A(reven)[N — 1] = 0, implying 1y scheduling Uniform Traffic Usintrlegal Permutations:
that revenis a2-legal permutation. Hence, we have-degal Case 1. OddN:

permutation with only one wavelength repetition. B |f N is odd, we use the following covering sequence of

N 1-legal permutations, in which each input/output pair is
IV. SINGLE-STAGE AWG-BASED SWITCHES connected exactly oncdl = {mpqq+ Y« | 0 <z < N — 1},
We first consider a single-stage AWG switch. We start byhereryqq is the permutation defined in Lemma 3.2 angd
investigating the speedup required to realize any advatsais the N-vector whose elements are all equalztoBeing N

traffic pattern. odd, by Lemmas 3.2 and 3.1 all permutationglimre 1-legal.
Furthermore, each input poris connected to output pojtif
A. Worst-case traffic and only if the permutatiomyqq+ x. € II with = = (j — 2i)

. . . d N is used.
Due to the AWG switch crosstalk impairment, the most

difficult traffic to handle is a “generalized diagonal” traffi Case 2, Evenv. _ _
in which all cells from input port are directed to output port Recall that by Lemma 3.3, nd-legal permutation exists

i+ mod N (z € {0 N —1}), with the same value of when N is even. Thus, we cannot apply the same strategy as

x for each input port: All inputs are forced to use the sarﬁ’éith odd values ofV.

wavelength to reach the proper output. As a consequenceA straightforward way to get around this problem is to add

under generalized diagonal traffic, if we are restricted:to anotthefzr z?;t to thf SV\:'tf.h n,:alf{'r?g 'tst. port (.:tor]n.t odﬂdethe
legal permutations, at mogt cells can be forwarded in anyCOS ol adding ports refative 1o the entire Switch 15 ca

. s ; - - tial speedupf the switch and in this case it is+ - (a
scheduling decision, implying that the required speedup 04 - - N
S — N/k. Sincek should be a small constant (less thaﬁ'ngle additional port should be added fr existing ports).

16, as shown in [10], but possibly even smaller, in case Blpte that the. extra port will not be act.ive. in sending/re'rrcg'v.
all-optical cascades of switching stages) to avoid colter lIs, hence it does not add complexity in term of transceive
crosstalk impairments, this implies that single stage AW deaile' . itch desi ial q d
switches with large port counts require prohibitive spgetio . suafly In Swilch design, a spatial Speedup corresponas
cope with such an adversarial traffic. In contrast, a crass rectly to the (time) speedup of the switch (as defined is

switch, in which there is no restriction on the permutatio ec. Il). The rational behind it is that building & times

used, can schedule generalized diagonal traffic with sgee groer switch is logically equivalent (although this may be
S — 1 technologically true in the optical domain where the comple

ity of time operations is larger) to building &times faster
. . switch by speeding-up the time between the ports. This leads
B. Uniform traffic to a possible conclusion that an AWG-based switch with even
Let us now focus on the classical uniform traffic patterny can be realized by a (time) speedup lof- % The next
where the uniform traffic matrix’ contains all “1"s. It is theorem shows that this is not the case:
well known that anN x N uniform traffic matrix can be  Theorem 4.1:An AWG-based switch with eveV using1-
scheduled using a fixedime Division Multiplexing (TDM) legal permutations requires a speedup 1+1/N to schedule
approach, in which, during a frame df time slots, each a uniform traffic pattern.
input is in turn connected to the differei outputs. This can Proof: Let theweight of a sub-permutation be the num-
be interpreted as the decomposition of maffixn a set of NV ber of input (output) ports matched in this sub-permutation



Since N is even, Lemma 3.3 implies that there is e and weakly mixing, excellent delay performance and efficient
legal permutation of{0,..., N — 1}. Thus, the maximum buffer usage.
weight of a 1-legal partial-permutation of0,..., N — 1} It is important to notice that no cell buffering is required
is N — 1, i.e.,, the minimum number of repeated outputat inputs, as arriving cells are immediately forwarded. VOQ
in 7 is 2. Note also that, since each input port should Hmuffering is instead required between the two stages (cells
connected to each output port, the total weight of all (g§rti destined for different output ports are stored in separt©F
permutations in arV period isN2. This implies that at least buffers), in which cell queues may build up in case of
%} - {N+ 1+ 5| = N+2 > N+ 1 scheduling congestion.
i i i i i i he load balancing operation with VOQ buffering between
decisions are required in such a period, translating tonaefti T ' Ddl
speedupS > 1+ 1/N. m the two switching stages has the drawback of out-of-sequenc
This result highlights an interesting difference betweeq:]ellldelivery. To avoid this, either resequences modulestmu
space and time speedup for the considered switch archigect?® introduced at the outputs of the second stage, or more
2) Scheduling Uniform Traffic Using-legal Permutations: complex queuing structures and poI!C|es must be .used betwee
When N is odd, we already found in the previous sectiof’® o stages [16]-[18]. Both solutions must be implemente
a scheduling for uniform traffic providing 100% throughput? the electronic domaln_, and increase _gomplexny. Furthe_r
with no speedup, i.e. relying on 1-legal permutations. WhéRo"e, the s_econd solut_lon has scalablllty prob_lems, as its
N is even, and we permit-legal permutations, we can usdMPlémentation complexity grows polynomially with'.
the setll = {reven+ xz | 0 < = < N — 1}, wheremevenis The scheduling in the two stages can be fully distributed,
the permutation defined in Lemma 3.4 apdis an N-vector -8 based on local decisions at each input port, withoyt an
whose all elements are The correctness of the constructiorfeordination among different ports, apart from a switcldevi
is identical to the one described forlegal permutations. SOt Synchronization, provided that traffic is weakly migjno
In summary, in a single-stage AWG-based switch, unifor@void adversanall patterns t_hat would m_1payrthe load batan
traffic can be scheduled usinglegal permutations with no effect when the first stage is operated in fixed TDM. It can be
speedup whenV is odd. WhenN is even, either a time easily understood that, for both switch stages, the schegul
speedup larger thah+ 1/N or a spatial speedup df+ 1/N translates into a periodic sequence /éf permutations, such
are required forl-legal permutations. Alternatively2-legal that €ach input/output pair is connected exactly once im eac
permutations with no time or space speedup can be used. Pg&0d. This is equivalent to scheduling uniform traffic ma-
worst-case traffic scenario implies that a time speedu 6 trices in both stages; hence, the scheduling for the twgesta

is required to schedule all admissible traffic patterns atige /Y > /N load-balanced switch must cyclically run over a set of
k-legal constraint. N covering permutations for a uniform (i.e., comprising all

“1") traffic matrix. While theseN covering permutations can
be found in several ways, we are interested, for the AWG-

] ) ) _based switch, in a set oV k-legal permutations, which can
In this section, we consider an AWG-based two-stage switgR ptained as described in Sec. IV-B1.

architecture. We adapt the two-stage Load-Balanced Switchpgte that the twaV x N switching stages can be interpreted
introduced in [15] and briefly recalled below, and schedbe t 55 5 two-fold speedup realized in the space domain: 2i\to
AWGs switching stages to operate withlegal permutations. ¢e|is are simultaneously switched in every time slot.

Implications to AWG-based SwitchesThe results from the

A. The Two-Stage Load-Balanced Switch previous sections imply that any traffic pattern in the twage

The Load-Balanced Switch (Fig. 4) consists of two switclWG-based load-balanced switch can be scheduled with no
ing stages: The first stage performs load balancing of tBpeedup in each stage when the number of ports is odd. A
incoming traffic, while the second stage performs the actugipatial speedup equal tb+ 1/N is needed in the case of
switching of cells to their destination. The basic idea is t&ven number of ports. If considering the two-stage architec
transform any generic traffic pattern at the switch inpubintas a switch spatial speedup, a generic traffic matrix can be
a uniform traffic at the output of the first stage, hence at tis¢heduled with a speedup af (2 + 2/N) for AWGs with
input of the second stage. To achieve this, cells arriving @dd (even) number of ports. Since the spatial speedup avoids
one input in the first stage are forwarded in turn to all outpu@iny speed increase in components and transmission liigs, th
of the first switching stage, regardless of the final outp@rchitecture is well suited for the optical domain, keepling
port. This permits to evenly distribute the considered tnpglectronic speed in the feasible domain of today’s techgyolo
load to all first stage outputs. Since this traffic “spreatling
operation is performed at all inputs, all first-stage outpuB. Avoiding buffers in the middle-stage

receive, on average, the same amount of traffic. The traffica promising approach to circumvent the need for buffering
at the input of the second stage is therefore uniform: Same the middle stage and resequencing at the egress is to
load at all ports, and equal probability for any input/outpu

pair. This uniform traffic can be easily forwarded in a load- “A stochastic sequencga(t),t > 1} is weakly mixing [15] if for all

. } : : A.B € ROVMNT iy LS4 'Pr(fsa € A,a € B) — Pr(a €
balanced switch by a fixed TDM switch schedule in the seco Pr(a € B)| = 0, whered.a is the sequence shifted by’s time-slots:

stage, providingl00% throughput if the traffic is stationary 6.a = {a(t+s),t > 1}. Note that each weakly mixing stochastic sequence
is also ergodic.

V. TWO-STAGE ARCHITECTURES
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Fig. 4. A two-stage AWG-based switch. Electronic paths andpmmnents are highlighted with thick lines.
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- approach in which any existing (or future) scheduling algo-
— .. ™ T2 A rithm can beconvertedto be a crosstalk-preventing algorithm.
Y B S i We indeed model the scheduling algorithm as an oracle whose
ST T . output is its switching decisions (that is, a sequence of per
e ] mutations). Our algorithms get as an input these permuistio

(one by one) and produce the necessatggal permutations
needed for crosstalk-preventing scheduling (see illtistrén
Fig. 7). It is thus suited to operate widny input-queuing

scheduling algorithm.
Decompositio
Algorithm

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Fig. 5. lllustration of al-legal decomposition of the identity permutation in
a5 x 5 switch using permutations; = [0, 2,4, 1,3] andm2 = (0,3, 1,4, 2];
both 71 andmy are 1-legal permutations.

control the AWG in both stages simultaneously, so that the,

. . . . . . T
combination will produce the desired permutation. In thi$ oracle
setting, suppose we have amacle crossbar schedulethat

produces a sequence of permutations; our goal is to realize

each of these permutationsusing two k-legal permutations

m and my such thatr = 7, o my Whereo denotes function |

composition. We call the pair of permutatiofs;, m2) a k- |
]
|

legal decomposition of. Since the oracle may produce any -
permutation of{0,..., N — 1}, our algorithm must be able T L S
to decompose all these permutations. Fig. 5 depictdemal ! ) Tl :;"»-:: - |
decomposition of the identity permutation insax 5 switch. : et
The resulting architecture is depicted in Fig. 6, where Tun- T AAAAA -7 Qf’
able Wavelength Converters (TWC) (or equivalently, a WBMR T e
followed, with no cell buffering stage, by a TT) are needed l |
between the two stages to create the proper permutation. | . !

With this solution, VOQ buffering and O/E/O conversions are
no longer required between the two stages, and cell out-@f. 7. Exploiting an oracle to implement a decomposition.
sequence delivery is eliminated. VOQs are however needed
in front of the first stage, similarly to the classical 1Q sshit  For example, to reduce the number of reconfigurations of
architecture depicted in Fig. 2. the AWG devices one can use a scheduling algorithm which
Besides eliminating the need for buffering in the midtakes into account the reconfiguration delays and aims at
dle stage, our decomposition approach has other signiftinimizing the total delay (e.g., [21]-[23]). Since the nbas
cant advantages over the two-stage Load-Balanced Switnhpermutations under such schedulers are not frequent, the
approach. Firstly, while the load-balanced switch prosidewumber of needed decompositions decreases accordingdy, th
100% throughput on a wide range of traffic patterns, theracilitating the computation demands of our decomposition
are still pathological traffic patterns that make its thiopigt  algorithms.
arbitrarily small [19, Chapter 1.3.3]. Moreover, loaddraded  We now discuss for which values éfa k-legal decompo-
switches require a full switch reconfigurations at eachdahe sition exists for all permutations.
ing decision; these reconfigurations may become infeasileipossibility of Usingl-legal Permutations: Recall that by
as the line rates grow. Lastly, the two-stage load-balancgfeorem 3.3, nd-legal permutation exists for eveN’; this
switch is only aiming at providing00% throughput; however, implies that nol-legal decomposition exists. However, we
there is no bound on other important performance measuege able to prove, by a counter example, that Inegal
such as latency, smoothness (delay jitter) or fairness.s& hglecomposition algorithm exists for any, regardless of its
measures are crucial to provide the stringent QoS requiyed parity.
contemporary applications, and therefore a thorough reBea Theorem 5.1:For any N, the following permutationr =
was done in the last decade to devise scheduling algorithm,s1,27 ...,N—3, N—1, N—2] has nol-legal decomposition.
that perform better under these metrics (see, for exanp0g, [ Proof: Assume that there is #legal decomposition of
for a comprehensive survey). 7 into two 1-legal permutationsr; and my. Let Ay = A(mq)
Our decomposition algorithms offer a modular black-boxnd A, = \(7) the wavelength assignments of and -,



—voq, |~ ™ | —{ Twe, [— —{ wewr, —
—{voo, = ™ |+ AWG AWG

(stage 1) (stage 2)

_’l VOQN—IH TTN-1 }—> %—’ H’m’_’

Fig. 6. A two-stage AWG-based switch with no internal buffigri Electronic paths and components are highlighted wittkthines.

TABLE |

respectively; sincer; and m, are 1-legal, \; and X\, are NUMBER OF FIRSFSTAGE PERMUTATIONS NEEDED TO PROVIDE A
permutations. Since for every < N — 3, «[i] = i, then 2-LEGAL DECOMPOSITION
Ae[mi[i]] = —Ai[i]. Thus, in the composite permutation [ Number of | Number of | Number of2-legal || Size of I
W[l] — 7r2[7r1 [ZH =m [z] _ /\1[1-] = i+ /\1[1-] _ )\1[1-] = i, ports N permutations permutations (upper bound)
as required. 4 24 20 2
. . . . 5 120 65 Z

Since )\, is a permutation, the remaining elements = =50 205 5
Ao[m1 [N —2]] and Az [m1[IV —1]] must use the remaining values 7 5040 2338 12
N[N —2] and =\ [N — 1. If Ao[m [N —2]] = A [N —2], : 0320 15917 2

. ; B B 13275 5
this results int[N — 2] = ma[m [N —2]] =N —2# N — 1. o 3698800 183200 o7
Thus, we should have\z[m [N —2]] = —\[N — 1] and i1 39916800 11531641 237
Ao[mi [N — 1]] = =X\ [N — 2], implying that#[N — 2] = 12 479001600 123019776 543
mwo[m [N —2]] = N =2+ X [N —2]— X ;[N —1], which in turn
implies that\; [N —2]—X\; [N —1] = 1 sincer[N—-2] = N—1. VI. 4-LEGAL DECOMPOSITIONS
This yields thatm [N — 2] = N — 2+ M[N — 2] = In this section we describe a decomposition algorithm that,
N =1+ M[N -1} = m[N — 1], which contradicts that, iS  for any N’ and any permutation of {0,..., N — 1}, finds a
a permutation, and the claim follows. B 4 legal decomposition of.

Decomposition Usin@-legal Permutations: We continue by ~ We start by describing a method toorrect” a non-legal

investigating2-legal decomposition algorithms. First, fof = decomposition. This method is general for evénfegal

3, Theorem 5.1 and the fact that each permutatiofi0ol, 2} decomposition and it constitutes a single iteration of our

is either1-legal or3-legal immediately implies the following: algorithm. The procedure (see Algorithm 1 for a pseudo-code
Corollary 5.2: There is n®2-legal decomposition algorithm description) usesranspositionsof middle-stage ports, which

for N = 3. are defined as follows:

For N = 4,...,12, we verified by exhaustive search Definition 2: Given a decompositionr;,m) of m, the
that any permutationr of {0,...,N — 1} can be2-legally (i, j)-transposition of(m,m) is a decomposition ofr into
decomposed. Hence, we can state that: permutationsr}, 75 such that:

Theorem 5.3:There exists &-legal decomposition for all . R

. . J L=m ]
permutations withV € {4,...,12}. =1 i 0= [j]
Furthermore, it is important to notice that, given a per- ! LU

: . , . mi[f] otherwise
mutation 7, by choosing &-legal first permutationr;, one
only needs to verify that, = 7, ' o 7 is 2-legal to decide mali] =3
whether the decomposition is legal. Our experiments, tegor mhll] = melj] L=
in Tab. I, show that, to decompose any permutatignit ma[¢] otherwise

is sufficient to chooser; from a small setll; of 2-legal ;s easy to verify thatr, and , are still permutations and
permutations. SincH, can be pre-computed and programmegha¢ v o 7/ — 7. Fig. 8 illustrates g0, 1)-transposition of the
directly in the scheduler of the AWG, it implies that it isdecomposition described in Fig. 5.

feasible to implement this scheduler for these valuesvof

_—

Tab. | shows the size dfi; for different values ofN.

We were not able to find an algorithm to compute2-a ’ :
legal decomposition, nor we were able to prove thdd¢gal 4’7“\ L ;‘72\//74’
decompositions exist for everyy. We thus leave these two R S o (e
issues as open research problems and formulate the fojowin — Y
conjecture, partially supported by our exhaustive seartbe — B BN

small values ofN:
Conjecture 5.1:There exists &-legal decomposition for all Fig. 8. Illustration of a(0, 1)-transposition of the decomposition of the
permutations withV > 4 identity permutation depicted in Fig. 5. The resulting decosifion uses
. Lo . ermutationst; = [1,2,4,0,3] andmrs = [3,0,1,4,2].
The main contributions of this paper regard 4-legal and 8 =1 Jandmz = { }
legal decompositions, for which we provide constructiviesu

! , . The process of correcting a permutation is captured by a
and complexity assessment in the next sections.

potential function which counts the minimal number of input



Algorithm 1 A correction procedure of a decomposition usinglgorithm 2 A 4-legal decomposition algorithm that decom-

a single transposition. poses a permutation of {0,..., N — 1} to two permutations
1: {my,m) procedure CORRECT(7y, m2), k) 7 and
2: A is an (arbitrary) wavelength used iy more than 1 if N is eventhen
k times 2 T < Teven
3: i is an (arbitrary) input port ofr, using wavelength 3: else
A 4 T < Todd
4: A, is the set of wavelengths usedsin at leastk times ~ 5: end if
5: Af is the set of wavelengths usedn exactlyk —1  6: mp «—mo it
times 7: while 75 is not4-legal do
6: A, is the set of wavelengths usedsn at leastk times 8 (w1, m2) < CORRECT(mry, m2), 4)
7. Al is the set of wavelengths usedin exactlyk —1  9: end while
times 10: (m,7s) is a4-legal decomposition ofr
> Recall that all calculations are moduld constraint.
5) SetsAs; and Ag (Lines 12-13) deal with the delicate
8: Ay —{e| (€ —m i) € A} situation in which the wavelength assigneditis the
o Ay —{0] (i =7 h]) € Ay} same as the wavelength assigned;jtdn such a case,
10: As — {0 (ma]i] — €) € Ao} violating the k-legality of =; can happen even if the
11: Ay — {0 (ma]l] —i) € Ao} yvavelength was used only— 1 times inwy. Similarly,
12: As—{e]e+ ) =i+ i), i —a bl € A} !n_such a situation a_wavelength is critical7#n even if
13: Ag — {0 €+ mo[l) = i + mali], mali] — € € AL} it is used onlyk — 1 times.
14: Find an middle-stage pojt such that These constraints yield the following two lemmas:
jE AT UAsUA3 U A U A5 U Ag Lemma 6.1:If Algorithm 1 is given a first-stage:-legal
15: if no suchj existsthen permutationm; then the algorithm either fails or returnska
16: return | > The algorithm fails legal first-stage permutation.
17: else Proof: The proof follows from the construction of the
18: (m,7h) — (i,7) transposition of(my, ms) algorithm.
19: return (i, mh) Assumer is k-legal in the beginning of the execution and
20: end if denote by} the first-stage permutation resulting by executing
21: end procedure Line 18. Assume by the way of contradiction thdt is not

k-legal, implying that atr] a wavelength\ is used (strictly)
ports that should be corrected to make permutatiditlegal more thark times. The only wavelengths that were introduced
and is formally defined as follows: to first stage permutation at arg = j — wfl[j] and A\, =

Definition 3: Let #,r)[\] be the number of appearances — «;'[j], implying that\ is either\; or \s.
of wavelength\ € A in A\(7). The k-potential of =, denoted  If A = \; and \; # )., it implies that\; appearsk times
poti(m), is Y-\ cp max {0, #x(m [N — k}. in 71 and therefore belongs td;; thusj € A; contradicting
Clearly, the highest possible potential valueNs— &, given Line 14. If A = X\, and \; # ), it implies that )\, appears
to the identity permutatiod. On the other hand, eadhlegal [ times in w; and therefore belongs td;, thusj € A,
permutation has &-potential0. contradicting Line 14.

The correction is done by swapping a middle-stage port \We consider now the case that= \; = \,, which implies
whose wavelengti\(r2)[i] is used more thai times bym,  thatj + 7, '[j] = i + «; '[i]. If \ appearsk times inm; it
(we call such a port &iolating port), with another middle- belongs toA; andj € A;, contradicting Line 14; otherwise,
stage portj. Assumingr; to be k-legal, j is chosen under if \, appears: — 1 times inm, it belongs toA! andj € As,
the following constraints: also contradicting Line 14.

1) In the first stage, the wavelength assigned to reach Thus, we showed that all cases contradict the choicg of
from 7, [i] keepsm, k-legal. SetA; (Line 8) contains at Line 14, hence either the algorithm fails (no valid choice
all the choices ofj violating this constraint. of j exists) orr} is k-legal and the claim follows. [ ]

2) In the first stage, the wavelength assigned to reach Lemma 6.2:At each execution of Algorithm 1, either the
from 7, ! [j] keepsr; k-legal. Setd, (Line 9) contains algorithm fails or the potential of the second-stage peatiorn
all the choices ofj violating this constraint. mo strictly decreases.

3) In the second stage, the wavelength assigned to reach Proof: If the algorithm fails, the claim follows trivially.
ms[i] from j is not acritical wavelength (that is, it is Otherwise, the transposition in Line 18 is executed;ilahd
not already used: times or more). Setd; (Line 10) j be the ports used for this transposition. Furthermore, @eno
contains all the choices gof violating this constraint. by w5 the second-stage permutation at the beginning of the

4) In the second stage, the wavelength assigned to rea&xecution and lett;, be the second-stage permutation after
mo[j] from 4 is not a critical wavelength. Se#l; executing Line 18.

(Line 11) contains all the choices gf violating this



We will consider the followingt wavelengths:\; = w[i]—  which is 1-legal or reyvenwhich is 2-legal) and compute the

i, Ao = ma[j] — 4, A3 = ma[i] — §, Ay = ma[j] — 4. requiredm, to realize permutationr. Clearly, 7o needs not
We notice that the only changes in the number of appedo- be 4-legal. Then, the algorithm corrects,, keeping the
ances was in these four wavelengths, therefore following invariant:
pot(ra)—pot () = Z nax {07 #A(M)P\]—k} n 7(;1 tlﬁea;lléigﬂlfne.rmutatlon throughout the execution
Aeh The following lemma will prove that in this algorithm,
- Zmax{o, #A(wé)m*k} (1) the invocations ofcORRECT procedure in Line 8 never fail.
AEA Specifically, we will show that as long as is not a4-legal
= Z (max {0, #A(m)[)\]—k} + permutation, it is possible to choose a middle-stage pait th
Ae{A1,.Aa} keeps all the constraints.
—max {0, #x(x) [\ —k}) 2) Lemma 6.3:At each ipvocation of procedurteORRE_CTat.
every execution of Algorithm 2 (Line 8), there is a valid atwi
= Z max {0, #x(ry) [N =k} + of a middle-stage porf in Line 14.
A€{As,Aqa} Proof: We first observe that fixing a middle-stage port
+ Z (max{q #)\(71-2)[)\]_]‘3}"‘ 1 implies thatn;l[z'] and ms[i] are also fixed. Thus, each
Ae{ A} wavelength\ € A, adds a single port tel; and a single port
— max {0,#,\(7r§)[>\]—/€}) @) to As. Slmllarly, each wavelength € A, adds_ a single port
to A3 and a single port tod,. Hence, the size of the sets
> D> (max {0, #a gy [N -k} + A; and A, is bounded byjA;| and the size ofd; and A, is
Ae{A1,A2} bounded byA5|. Similarly, the size ofd; is bounded byA}|
—max {0, #x(xy) [\ =K }) (4) and the size ofd¢ is bounded byA)|.
> max {0’ #A(M)P\ﬂ—k} + (5) We focus now tdA4; U A, U/A5 , who_sg size is boum/jed by
|A1]|+|Az|+]As| < 2|A1]+[|A]]. In addition,4|A;]|+3]A]| <
—max {0, #x(xy) [M] -k} ®) N, since by definitiom\; NA} = () and each wavelength if;
> 1, (7) must be used by 4 different ports, while each wavelength in

| requires 3 ports. By solving this simple linear optimizatio

roblem, we get that the largest possible sizeAQfu A, U A5
js &, obtained wherjA;| = N/4 and|A}| = 0. We continue
fact that for each\ € {As, A4}, max {Oa#x(w;)[)\]—k} —o oy evaluating| Az U A_4 U A6|2 w_hich ha; a similar analysis
Assume otherwise, and consider first the case wherg \,. except for the following ff%t' since pprthas a wa\‘/ele‘ngth
Thus, if #x(ny[As] > & it implies that #5 () [As] > &, wh|ch is _used more thamtmes inms (Lines 2—3),7@.[1]71 €
hence\s; € A, and thereforej € A3, contradicting Line 14; A», yielding thati € A; ands € Ay, and, olbwouslyz € A3N
similarly, #x(x;)[As] > k implies j € Ay, also contradicting A4_I._k;l_'h(_aref|c_)re,|él]3uz4éuiﬁ\ §2L1A2| Z‘Ai— 1 SAN/2A_ L.
Line 14. In case\s = A4, #a(xy)[Xs] > k implies that is implies that|J,_, A,| < [A1UA;UAs| +]A3U AU
#(rmAs] > k& — 1, hencers € Aj and j + mo[j] = i + mli] As\ <N - 1 Thgrefore, there_ is always a middle-stage port
and thereforej € Ag, which contradicts Line 14 as well. 7/ such thatj ¢ LJ;_, A, and Line 14 can be executed. Note

. . 6 . .
Inequality (4) holds because each term in the first surmat' sincei € J,_, 4, the chosen middle-stage pgris not

mation is non-negative by definition. Inequality (6) stemgdual toi. ] : v
from the fact that the number of appearancespfiecreases Thearem 6.4:For any N gnd any permutationr .(.)f
betweenm, and 7, unlessAs — A3 of Ay — Ag in the {07....,N—%},_Algor|thm 2 finds a4-legal decomposition
latter case, with the same reasoning of (3), we get th%ftﬂl'an OIE_NC) “”.‘(f- bi ion L b
max {0, #x(x;)[Ae]—k} = 0 and Inequality (6) follows as he | _rpcl)f._ onsider an arbitrary per?utitloh_ ) Tt 1 ed
well. Finally, Inequality (7) holds since by the choice ioin the initia |rst-st_age perm_utat!on, ang .et € Initial second-
Line 3, #-,[\] > k and therefore stage permutation resulting in executing Llng 6. D.enote by
Almz) x = poty(my) < N—4. By Lemma 6.3, the invocations of
max {0, #x(r) [M]—F} = #r(ra) [M1] — K (8) coRRECT never fails. Thus, Lemma 6.2 implies that each
iteration of the algorithm (Lines 7-9) decreases the paént
of m by at leastl, implying that aftery < « iterations the
potential of the second-stage permutatignis 0. Therefore,
#ara) M) —Facry [M] > 1. (9) 2 is 4-legal. In addition, since thecORRECT procedure
o never fails and the initial first stage permutatian is 4-
Combining (8), (9) and the fact thaf(r;)[M] — k < |egal, Lemma 6.1 yields that first-stage permutatigris also
max {0, #x(ry)[M] — k} yields immediately Inequality (7). 4-legal after iterationy. Since i) the only changes in the
. ‘B permutations were made by transpositions (Line 18), and ii)
We proceed now by describing thielegal decomposition jfter the execution of Line 6t; o7 = 7, Definition 2 implies

algorithm which is based on this correction procedure. A{hat, when the algorithm ends; o 7 is still 7. Therefore,
gorithm 2 starts with ai-legal permutationr, (either moqq (7, 7,) is a4-legal decomposition of:.

where (1) holds by Definition 3 and (2) is since the onl
changes are related to wavelengiis. .., \4.
The gist of the proof lies in Inequality (3) and is due to th

and A\, € Ay. Therefore,\; is not equal to\s or A4, which
immediately implies that
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Algorithm 3 A 3-legal decomposmon algorithm that decome\,eryZ g, if A(rom 1)[i] = A(wom 1) [j] andA(mom, t)[i]

poses a permutatiom of {0, . — 1} to two permutations )(r o D, theni — j.
m andmy, assuming thatV' is a prlme number. Proof: Assume, without loss of generality, that > r».
1 my <= argming, jpe2, n—1} pots(mom, b We first observe that, for each € {i,j} andb € {ry,r2},
> 7, as defined in Definition 7.1 A\(r o 7, ')[a] = 7[a] — ab. Thus, we can state that:
-1
2. T9 «— MO O a0 .
3: while 7, is not 3-legal do il =i =wlj] =11y (10)
4: (my,ma) < CORRECT(m1,m32), 3) 7[i] — roi = w[j] — roj (11)
5. end while ) ) ]
6: (1, ) is a3-legal decomposition of By subtra_lctlng Equatlor_1 (10) from Equation (11) we get
(ri —r2)i = (ry — r9)j mod N. Note thatr; — ro €
The running time of the algorithm can be easily derived:l,...,N —2}, thusi = j sincer,,_,, is a permutation
Each iteration is linear in the number of ports, and the numbey Lemma 7.1. ]
of iterations is bounded bV —4. ™ Lemma 7.3:The 3-potential ofr, in Line 2 of Algorithm 3

Note that our algorithm can be used also foe 4, but we is at most&l.
could not prove its convergence in this case, except for the Proof: Assume towards a contradiction thadts (m2) >
special caseé: = 3 and N prime, which is discussed in the’y. We represent the conflicts between two input portsof

next section. as a graph whose vertexes are the ports. We construct the
graph by considering each input/output pair in permutation
VII. 3-LEGAL DECOMPOSITIONS Ty, = mom ' (r€{2,...,N —1}) one by one: For each

In this section, we assume that is a prime number and such permutatiom,» we add an edge betweérand,; if and

ly if ¢ andj use the same wavelength under
describe how to modify Algorithm 2 to achieve 3&legal on r
decomposition. For non-prime numbers, this implies that th Note tha; by Line 2 of]\ﬁlgonvt\?m 3 anc:] by tEe assumf)tlon
device needs some spatial speedup, which can be boundeé’ (m2,r) 2 pots(m2) > N/8. We next show that to realize
1.375. The maximum speedup is needed fér— 8, when3 otential of at leastV/8, we had to add at leastN/8
additional ports are required edges to the graph. Recall that by Definitionpdts(ms ) =
) !
The key insight behind the algorithm for prinfé is that 2-iea 1aX {0, # (s [N — 3} We focus on the set’ C A

by carefully choosing the first pair of permutations, one ca(?f wavelengths in whichf(x, . [A] > 3; notice that, for each

decrease the number of iterations needed by the algorithm®> ZVY?YS;?Q?tTEA]th% number of edges added to the graph is

complete. In addition, a finer analysis shows that the size of , while the potential it contributes is
setA; (that is, the set of wavelengths that are u8dimes in  #a(ms..) — 3. Thus, the number of edges per potential unit is
the first-stage permutation) in some iteratioins bounded by (o) N (#Faran (A — 1)

x. Thus, ifz < %, one can always find a middle-stage port 27 '_ 3)
j to decrease the potential of the second-stage permutation. Alma,r)

We start by the following lemma, which generalizeshis term is minimized wWhesy(r, [N = 3+ V6 = 5.45.

Lemma 3.2: Since #x(x,.)[A] is an integer, it |mplies that the number
Lemma 7.1:f N is a prime number, then, for everyc  of edges per potential unit is minimized whe ., [\] is
{2,..., N — 1}, the permutatiorr, defined as follows either5 or 6, which in both cases yields edges per potential
mli]=r-i modN ie{0,...,N—1}. unit, and at Iee_ls,BN/S edges for_ a potential ai/8.
Lemma 7.2 implies that two input ports that use the same
is al-legal permutation. wavelength in a permutation, , cannot use the same wave-
Proof: We first prove that for every € {1,..., N — 1}, length in another permutation. This implies that we candot a

m IS & permutation. Assume, is not a permutation, thus the same edge twice. Thus, to realize a potentiaV g in all

there arei, j such thati > j and m.[i] = . [j], implying N — 2 permutations we nee@lN (N — 2)/8 edges. However,

thatr(i — j) =0 mod N. Note that sinceV is a prime and for every N > 6, 5N(N —2)/8 > N(N — 1)/2, which is the

0 <7 (i—j) <N,r(i—j) =0 mod N implies the existence maximum number of edges iN-vertices's graph, and, hence,

of a zero-divisor in the fieldsF (V), which is a contradiction. a contradiction. FotV = 3 and N = 2, all permutations are
Furthermore, for every € {2,...,N — 1}, =, is 1-legal, 3-legal. Therefore, trivially the3-potential of w5 is 0. For

since the wavelength assignmexttr,) = 7, — I = 7.1 IS N =5, we verified by exhaustive search that the claim holds,

also a permutation because- 1 € {1,..., N —2}. B and that the potential of, is always0. [
The next lemma shows the correlation between the differentLemma 7.4:After each iteration: of Algorithm 3, 2|A; |+
permutationsr, . IAY] < 2z.
Lemma 7.2:If N is prime, then, for any permutation Proof: The proof is by induction on the iteration number

of {0,..., N —1}, for everyry,ry € {2,...,N — 1}, and for 2. We denote byA;(z) (A (x)) the setA; (A}) after the
iteration z, and by, , the first stage permutation obtained

SFor N > 28, this cl foll b I R d Schoenfeld’s
or N > 28, this claim follows by applying Rosser and Schoenfe after iterations.

bounds on the prime-counting function [24], showing thatvatue for NV is
strictly less than its value fot.375N. For N < 28, the statement can be
verified manually.
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When z = 0 (that is, before the first iteration)(0) = The correctness of our algorithm is given by the following
A} (0) = 0 since the initial first-stage iteration islegal and theorem.
therefore the base case holds. Theorem 7.6:For any primeN and any permutation of

We now assume that the claim holds after iteration 1  {0,..., N — 1}, Algorithm 3 finds a3-legal decomposition of
and prove that it holds for iteration. In each iteration, the = in O(N?) time.
algorithm introduces only a single transposition, impgythat Proof: Consider an arbitrary permutation. Let m;
at most2 input ports,: and j, changed their wavelengthbe the initial first-stage permutation chosen in Line 1 and
assignment in iteratiorr. Denote by); and A; the new m the initial second-stage permutation resulting in exeguti
wavelengths that ports and j use after iterationc. Without Line 2. Denote byr = pots(ms). By Lemma 7.3,x < %.
loss of generality, assume thgty, .)[\i] > #x(r, .)[Nj]. By Lemma 7.5 the invocations oEORRECT never fails.

Furthermore, note that by Algorithm R, \; ¢ Ai(xz — 1), Thus, Lemma 6.2 implies that each iteration of the algorithm

and, if \; = A;, then;, \; ¢ Aj(z — 1) as well. (Lines 3-5) decreases the potentialwefby at leastl, implying
We proceed by considering the following four cases, estatfrat aftery < x iterations the potential of the second-stage
lishing our induction step: permutationm s is 0. Therefore,ms is 3-legal. In addition,

e X\i # X\, \i ¢ Ai(z—1). In this case, in the worst Since theCORRECT procedure never fails and the initial first

case, both)\; and )\; appearedk — 2 times in 7y , stage permutation; is 3 legal, Lemma 6.1 implies that the
and therefore are added 10, (x). Hence,2|A(z)| + first-stage permutationr; is also 3-legal after iterationy.

A} (2)] < 2[A1(z — D)+ [N(z — 1) +2<2(x—1)+ Since i) the only changes in the permutations were made
2 = 2z, where the last inequality holds by the inductio®y transpositions (Line 18), and, ii) after the execution of
hypothesis. Note that situations in which only one of theine 6 m o o = =, Definition 2 implies that, when the
wavelengths is added th, and/or other wavelengths aredlgorithm ends,m; o m is still w. Therefore,(m;,m) is a

omitted either fromA; or A’ trivially hold as well. 3-legal decomposition of:.
e X = \j, \i ¢ Aj(z—1). In this case, in the worst The running time of the algorithm is derived by the fact that

case,\; € Aj(z) implying that 2|A; ()| + |A}(z)] < each iteration is linear in the number of ports and the number

2(|A1(z — )|+ 1) + [Af(z —1)| < 2(z — 1) + 2 = 2z Of iterations is bounded by [ |
as well. Note that if\; is added toA)(z), then2|A;| +
[Af] <22 —1< 2z, VIIl. HARDWARE CONSIDERATIONS

o Xi #Aj Ai € Aj(z —1),A; ¢ Aj(z —1). In this case, |n this section, we take a closer look at cregal decom-
in the worst case); € Ai(z) andA; € Aj(z). However, position algorithms (Algorithms 1 and 2) and presetinaar
since; # Aj, the Aj(z) = (A(z — 1)\ {NH U{N}  time parallel implementation, assuming that the following
and therefore the size of} does not change. Hence,primitives are available and that they operate in consfare t
2[A1 (@) + (AL (2)] < 2(|A(z=1)[+1) +[A1(z—1)| < (independent ofV):
20z -1)+2= 235'/ ) _ 1) Bitwise operations of widthV, including circular shifts

« A # )‘J Ai € Aj(z — 1), € Aj(z —1). In this (bitwise rotations). We denote circular shifts by.;..
case, in the worst case\;, \; € A;(z) and therefore (e.g., 101000101 ;. 2 — 011010001). Note that
Ai, Aj & A (). This implies that the size of; decreases circular shifts can be implemented by two arithmetic
by2 while the size of\; increases by 2. ThuQ]A1(x)|+ shifts and a bit-wise OR.

[A1(2)] = 2(JA(e = D] +2) + (A (e — 1) - 2) < 2) N-bit priority encoder, which given a vector o¥ bits
2z —1) +2=2z. returns the index of the left-most bit set 1o

u 3) Applying a permutationt on a bit-arrayA of length
It is important to notice that Lemmas 6.1 and 6.2 hold for any ~ n; the resulting bit-arrayA’ will have the following

value ofk. In particular, Lemma 6.2 implies that the number property: A’[x[¢]] = 1 if and only if A[¢] = 1. Sincer

of iterations required for Algorithm 3 to stop is at mokt is a permutation, this can be computed without conflicts
It is left to prove that the algorithm can proceed in each  ysing N parallel operations.
iteration:

) hi . ¢ . ¢ Al We divide the operations of the algorithm into three phases.
Lemma 7.5:At each iteration of every execution of A 90 The first phase is executed only once at the algorithm setdip an

rithm 3, the procedur€orRECTdoes not fail. , _takes linear time. The second and third phases are executed
Proof: It is sufficient to show that there is a valid choice .+ 1\ost N — 4 iterations. each taking constant time

of a middle-stage porf in Line 14 of Algorithm 1. ) _ ) L

Consider ther-th iteration ¢ < %)_ By Lemma 7.4, at The setup phase:This phase con§|sts qf computing the initial

the beginning of this iteration|A; U As U As| < |Ai| + value of the data structures depl_cted in Tablg Il. We assume

|As| + [As| < 2A1] + [A}] < 2z. Similarly to the proof that_ all sets are represgnted by blt.arrays of V\{INt_Isuch that

in Lemma 6.3, the size dfds U Ay U Ag| < 2[As| + [A}] — 1 abiti (0<i< N) is 1 !f and only if element; is in the set.

which is bounded by% 1, since 3|As| + 2/AL| < N. E_ach permutatlc_)m of is stored by an arra_y_oN [log N

Thus, UL, ] < 47U Uk 3 430y U g < DI SUEh e sleents nads (splety) e e

= . A k3 og . 1 2

ix;ﬁ(]v/?)) L= NV =1, where the last inequality s Slnce:sets:Ml [i] (M2[i]) holds the set (represented as a bitmap) of

-8 middle-stage ports using wavelengthin 7; (w3); moreover,
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TABLE 1l . . . .
DATA STRUCTURES MAINTAINED WHEN IMPLEMENTING ALGORITHMs 1 counter in mappings\/; and M,. The algorithm terminates

AND 2. when ¥ = () after the update phase.
A detailed example of a complete run of the algorithm is

™, ™y | Defined in Algorithm 2, Lines 1-4 worked out in the appendix.

T2, Ty Defined in Algorithm 2, Lines 5 Finall h his i | . K | f
The set of all middle-stage ports using a wavelength which is inally, we n(_)t.e that t .'S Imp em?ntat'on WOrKs a.so or
used inm; more thand times (3 times for Algorithm 3) our 3-decomposition algorithm (Algorithms 1 and 3) with the

My Ma_ppi_ng between a wavelength and the middle-stage ports foIIowing change in the setup phase: when computing
using it in . . .

M, Mapping between a wavelength and the middle-stage portt (Algorithm 3, Line 1), one should compute in parallel each
using it in o value of pots(m o 7,7 !) for each2 < r < N — 1 and then

2/1 me Sei gepneg in ﬁ:goﬂmm i t!neg choose the permutation with minimum potential. Each such

1 € set aefinea In Algorithm 1, Line . . . . .

As The set defined in Algorithm 1. Line 6 computation tgkgs Imee}r time, thgs, vy|th parallelism,gb&ip

Al The set defined in Algorithm 1, Line 7 phase works in linear time also in this case.

—Aq {N —L|le Al}

—A N—£|teA

A EN% geAﬁ IX. CONCLUSIONS

—A/ {N -] 0e AL} ; ;

3 2 e N B e Whose(z 7] element /s set F and In this paper we studied ways to overcome coherent

1 x, . . . . . . .
only if ¢+ 7. [¢] = z; we refer tok-th row of Q1 [k] crosstalk impairments in AWG-_based opt_lcal swﬂchm_g fa$1r|
as a bit array of sizeV. The notion ofk-legal permutations was introduced, in which

Q2 Anl NfXE N bltwi}“ﬂatrlx WhOS?(ac,tZ)ketfmem 'fS Qse[tk']f and each wavelength is re-used at mastimes. We first found
only 1 + o = x, We rerer tos-th row o 2 . _ . . .
as a bit array of sizé¥. properties ofl-legal permutations, showing that a difference

exist between odd and even values of the number of input
we assume there is an additional counter which counts thed output portsN. We then showed that uniform traffic
number of middle-stage ports using each wavelength in eaghiterns can be scheduled in input-queued cell switcheg usi
permutation. 1-legal permutations with no speedup for odd and with
Clearly, all values can be computed in linear time (notice small speedup with evelv. General traffic patterns can
that there are exactlyV 1-bits in matricesQ; and@-, and in be instead scheduled with-legal permutations using two-
mappingsM; and My; further, the sum of all the counters instage load-balanced switches using the same small speedup,
each mapping is alsd/). non input queues, VOQs between the two switching stages,

The body phase: This phase is computing the value of thénd Cell resequencing at output:legal permutations were
middle-stages ports and j which are used for thei, j)- observed to permit to avoid intermediate VOQs (but VOQs
transposition (Algorithm 1, Line 18). are needed at input ports) and resequencing problems fdr sma

First, we note that choosing the inpatwhich we need values of N. We left as an open research question to prove

to correct (Line 3, Algorithm 1) can be done by applyingh@t this holds for all values aN.

a priority encoder on se®. Given i, one can compute in Finally, we were able to formally prove that Zstage
constant time the valuezsfl[i] and ). load-balanced switch can be configured with pairst-dégal

Second, we notice that setf;,. .., A4 can be computed permutations with no buffering between the two stages and
in constant time using the primitivest; = Ay e 77 i], & guadratic decomposition algorithm is presentegtlegal
Ay = —Ay i oli], Az is obtained by applyirig permu- permutation pairs can be algorithmically found when the
tation 7, on _CX; > N i, and A4 is obtained by applying number of ports is a prime number, or when a small spatial
permutatiomrgl on Ay e i. SetAs is computed in two speedup is introduced for arbitrary number of ports.
steps: first we compute the sgt | i — 77 1[(] € A}} D As In summary, our results show that, by using proper hardware
by applyingm, on —A! ... i; then, we intersect it with configurations and scheduling algorithms, the physicgia
setQu i + 7 \[i]] using a bitwise-AND. Similarly, setls is impairments due to coherent crosstalk can be practically ne
computed bi/ intersecting séf|m[i] — ¢ € A} = —}\/2 > glected in AWG-based optical switches with arbitrary number

7a[i] With setQali + mai]]. of ports.

Finally, the setd; U A, U A3 U A, U A5 U Ag is obtained AcknowledgmentsThe work described in this paper was car-
by a bitwise-OR on the corresponding sets, and the middléed out with the support of the BONE-project (“Building the
stage portj (Algorithm 1, Line 14) is obtained by applying aFuture Optical Network in Europe”), a Network of Excellence
priority encoder on the negation of this result. funded by the European Commission through the 7th ICT-

The update phase: In this phase we update our data structurdg@mework Programme.
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pp. 2599-2605.
[23] B. Towles and W. Dally, “Guaranteed scheduling for shés with 00000000100 00000000000
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APPENDIX 00001000000 00010000100
This section provides a detailed example of a complete run 85888888828 8888(1)8888(1)8
of our 4-legal decomposition algorithm, and more specifically, 00000010000 00000000000
of its hardware implementation. 00010000000 00000000000
We consider anll x 11 switch and aim at decomposing

the

permutationt = [0,2,4,7,9,5,1,3,6,8,10]. Since N

is odd, the permutatiomyyq = [0,2,4,6,8,10,1,3,5,7,9]

is chosen as the first stage permutation this implies that We proceed by computing the 6 sets, ..

the

[0,1,2,3,4,6,7,8,9,10,5]. We also compute and store the

second-stage permutatiory, which is not 4-legal, is

inverse permutationsf1 = [0,6,1,7,2,8,3,9,4,10,5] and

—1
Ty

=1[0,1,2,3,4,10,5,6,7,8,9].

Two wavelengths are usedl times in my: wavelength\g
is used by middle-stage ports...,4 and wavelength\; is

The first iteration starts by applying a priority encoder on

U, resulting ini = 0. Note thatr; *[0] = 0 and m5[0] = 0.

. Aﬁ:

o« Ay = Ay e 7w H[i] = 00000000000 >cire 0
00000000000.

o Ay = mi(=A1 >cire i) = (00000000000 > i 0)
7r1(00000000000) = 00000000000.

o A3 = —Ay >ipe mfi] = 10000000001 >cire 0
10000000001.



THE VALUES OF THE DATA STRUCTURES AFTER THE FIRST UPDATE PHASE

TABLE Il

UNDERLINED ELEMENTS MARK CHANGES FROM THE INITIAL VALUES.

—T1

™ =[2,0,4,6,8,10,1,3,5,7,9] =w; =[1,6,0,7,2,8,3,9,4,10,5] of =
m =[2,1,0,3,4,6,7,8,9,10, 5] ﬂ2—1 =12,1,0,3,4,10,5,6,7,8,9] ’
¥ = 00000111110
[ 00000000000 T [ 01011000000 T
00000000000 00000111110
10100000000 10000000000
00010000000 00000000000
00001000000 00000000000 Andrea Bianco Andrea Bianco is Associate Pro-
My = | 00000100000 Mz = | 00000000000 fessor at the Electronics Department of Politecnico
00000010000 00000000001 di Torino, ltaly. He was technical program co-
00000001000 00000000000 chair of HPSR (High Performance Switching and
00000000100 00000000000 PLACE Routing) 2003 and 2008, and of DRCN (Design of
00000000010 00100000000 PHOTO Reliable Communication Networks) 2005. He has
L 01000000001 | L 00000000000 | HERE been guest or co-guest editor of several special issues
Ay = 00000000000 —A1 = 00000000000 in international journals, including IEEE Commu-
A7 = 00000000000 —A7 = 00000000000 nications Magazine and Computer Networks. He
A2 = 01000000000 —A2 = 00000000001 was TPC member of several conferences, including
Aj = 10000000000 —Aj = 10000000000 IEEE INFOCOM, IEEE GLOBECOM, and IEEE
[ 00000000000 T [ 00000100000 T ICC. His current main research interests are in the fields ofoppls and
10000000100 00000000000 architectures for all-optical networks and switch arattitees for high-speed
00100100000 11100010000 networks. He has co-authored over 130 papers publishedténnational
00000000000 00000000000 journals and presented in leading international confezeria the area of
00000000001 00000001001 telecommunication networks.
Q1= 00000001000 Q2 = 00000000000
00001000000 00010000100
01000000000 00000000000
00000000010 00001000010
00000010000 00000000000
L 00010000000 | L 00000000000 |
David Hay David Hay received his BA (summa
« Ay = 772_1(A2 Seire 1) = 71-2_1(11000000000 S cire cum laude) and PhD degree in computer science

0) = 75, 1(1100000000) = 1100000000.
o As = Q1]0] & w1 (—A} > cire i) = 00000000000.
o Ag = QQ[O] & —A/Q >cire 7T2[i] =
= 10000100000 & 00000000000 = 00000000000.

This ImpIIeS that—|(A1 | Ay | A3 | Ay | A5 | Aﬁ)
00111111110, and middle-port; 2 is selected for the
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and middle-port; 0 is selected for the transposition.
This results inm; = [2,5,4,6,8,10,1,3,0,7,9] and 2 =
[6,1,0,3,4,2,7,8,9,10,5] which are4-legal decomposition

from the Technion - Israel Institute of Technology
in 2001 and 2007, respectively. He is currently a

PLACE post-doctoral fellow at the Electronics Department
PHHEC})?TIS of Politecnico di Torino, Italy. His main research

interests are algorithmic aspects of high-performance
switches and routers: QoS provisioning, competitive
analysis and packet classification. Between 1999-
2002, David Hay was with IBM Haifa Research

transposition. Note that if we had selected middle-podr

Labs. During summer 2006, he was interning at

the Data Center Business Unit of Cisco Systems, San Jose. Of+Z2008,

middle-port10 it would have resulted in increasing the numbete was a post-doc fellow at the department of computer scidere Gurion

of middle-stage ports using; to 6.

University of the Negev, Israel.

We conclude by the update phase, in which we update a

constant number of elements after tf& 2)-transpositions.
Table Il depicts the updated data-structures where clsaaige
underlined. Notice that the sétnow shows only middle-stage

ports that use wavelengthy ; the update is done in constan
time by applying¥&(—Ms[0]), where M;[0] is the first row
of mapping M- of the first iteration.

In the second iteration, middle part 5 is selected. Notice
that 7, '[5] = 8 and m3[5] = 6. Thus, the six sets are as
follows:

o« A1 = A1 >cire 7T1_1

00000000000.

[i]] = 00000000000 >>girc 8
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o Ay = m1(=A1 >cire i) = (00000000000 > ipe 5)
71(00000000000) = 00000000000.

o A3 = —Ay > moli] = 00000000001 i 6
00000100000.

o Ay = 1o (A Seire 1) = 75 (01000000000 e
5) = 75 1(0000001000) = 0000010000.

o As =Q1[2] & 71 (—A >cire i) = 00000000000.

o As = Q2[0] & —AL > i moli] =
= 00000100000 & 00000010000 = 00000000000.

ThUS,_\(Al | A, | A3 | Ay ‘ A5 | Aﬁ) = 11111011111,
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IEEE ICC. His current research interests are in the fields efgpmance
evaluation of communication networks, high-speed and dltapnetworks,

packet switching architectures, discrete event simulatod queuing theory.
He has co-authored over 200 papers published in interrstjonrnals and
presented in leading international conferences.



