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Abstract. The g-deformed vertex operators of Frenkel and Reshetikhin are studied in
the framework of Kashiwara’s crystal base theory. It is shown that the vertex operators
preserve the crystal structure, and are naturally labeled by the global crystal base. As
an application the one point functions are calculated for the associated elliptic RSOS
models, following the scheme of Kang et al. developed for the trigonometric vertex
models.

1. Introduction

The integrable RSOS models of Andrews-Baxter-Forrester (ABF) {1] and their
generalizations [2-4] are built upon elliptic solutions of the Yang-Baxter equation
(YBE) in the interaction-round-a-face (IRF) formulation [5]. The one point functions
in these models are known to be given in terms of branching functions for some
coset pair of affine Lie algebras. (To be precise, this is so in one region of the
parameter space of the model, called “regime 111.”) Similar results hold also for the
vertex models corresponding to trigonometric solutions of YBE. As shown by Kang
et al. [6,7], the theory of crystal base [8,9] offers in the latter case a powerful and
systematic method for computing one point functions on the combinatorial level (i.e.
assuming the validity of the corner transfer matrix method [5]).

In a recent work {10} Frenkel and Reshetikhin studied the g¢-deformation of the
vertex operators a la Tsuchiya-Kanie [11] in conformal field theory. They showed that
the correlation functions satisfy a g-difference analog of the Knizhnik-Zamolodchikov
equation, and that the resulting connection matrices give rise to elliptic solutions of
YBE of IRF type. It seems quite likely that the previously known models mentioned
above are special cases of their construction. This has been confirmed in [10] in the
simplest case including the ABF model.

The purpose of the present article is to study the g-vertex operators of [10] in
the framework of the crystal base theory [6, 8]. As an application we show that the
computation of the one point functions in the elliptic RSOS models can be treated in
much the same way as is done in [6].
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Throughout this paper we follow the formulations in [6]. In Sect. 2 we recall some
basic facts about the crystal base theory following Kashiwara [8,9]. The discussions
about the vertex operators begin with Sect. 3. The vertex operators we consider are of
the form @:V(\) — V(u) ® V, where V(\) is an integrable highest weight module,
V(u) is a completion of V' (u), and V is a finite dimensional module of the quantized
enveloping algebra U_(q). This is an equivalent of the vertex operators &(z) in the
formulation of [10]. Unlike Frenkel and Reshetikhin who treat general highest weights,
we restrict ourselves to the case of dominant integral weights since the crystal base
theory is specific to the latter situation. Our basic observation is that, provided V'
has a crystal base, the vertex operators preserve the crystal structure (Theorem 3.4).
Assuming that V' has a global crystal base [9,12] we are led to a natural basis of
the space of vertex operators labeled by “admissible triples” (Proposition 3.3). In
Sect. 4 we consider compositions of vertex operators. We prove in particular that the
composition ®(z;) o ¥(z,) with another vertex operator ¥(z) is well defined at 2, = 2,
(Lemma 4.1). Section 5 is devoted to the description of the connection (or braiding)
matrices relating the compositions of vertex operators in different order. As shown in
[10] these connection matrices provide elliptic solutions of the Yang-Baxter equation
in the face formulation. From the observation above it follows that these solutions
share the same energy function with the corresponding trigonometric R matrix [Sect.
5.3, Eqg. (5.11)]. We shall prove the second inversion relation (Proposition 5.2) for the
connection matrices, which is necessary in order to apply the corner transfer matrix
method. In Sect. 6 we show that the highest weight vectors in the tensor product
module V(§) ® V() are labeled by “restricted paths” (cf. [13]). Finally we relate
these facts to the one point functions of the lattice model defined by the connection
matrices.

2. Preliminaries

et a4

l
2.1. Notations. We fix an affine Lie algebrag. Let A,, h, = a;/, oy, 6= Z a,c,,and d

have the same meaning as in [14], except that for the type A(zzl) WE reverse the ordering
of vertices from [14]. Thus we have a, =1 in all cases. The canonical central element

!
will be denoted by ¢c= > a/h,. Set I={0,1,...,l}, P=ZA & ... ® LA, B LS,
i=0

P*=Zhy® ... Zh) ® Zd, and Q  =Z- 0y & ... ® Z>ooy. We normalize the
invariant form on P so that (¢, ;) =1 for a short simple root «;. It is related with
the normalized form (|) in {14] via (A, ) =7(A|p)/2, where the number r is such
that the dual algebra gV (the one obtained by reversing arrows of the Dynkin diagram

!
of g) is of type X{”. Setting 9= Z A, we have 2(p,6)=rhY, bV = E a; being
the dual Coxeter number i=0 =0
Throughout this paper we shall mostly follow the notations of [6] unless oth-
erwise stated. In particular we use g; = ¢‘“»*), [k], —-(qZ — ¢ ™ /(q, — ¢, and

[k];! = [k],[k — 11, .. .[1],. Set P,, = P/Z6, (P,)* = @Zh C P*,and let cl: P —

P, denote the canonical map. We fix af: P, — P by af(cl(a N=c, (G #iz=0)
and af(cl(Ag))= A, so that ¢l o af =id and af(cl(ay) =0y — 0. Wlth the data
g, P, I above is associated the quantized affine algebra U =U (g; P, I) defined over
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Q(g¢) (¢ an indeterminate). Its presentation is those given in (2.1. 7) (2.1.12) in [6].
The subalgebra of U generated by ¢.. f, (i € I) and ¢" (b € (P,)*) is denoted by
Ul = Ué(g; P, I). We shall use the coproduct A= A, and the antipode ¢ =a_ given
by

Ae)=c, 21+t @e, A(f)=[ ot +1a /., A @H=¢"2¢". Q1
a(e)=—t"e a (f)=~fiti a ") =q". 2.2)
This differs from the Hopf algebra structure adopted in {6]

Ae)=c ot +lwe, A(fy=Ffalt+,2f. A ¢")=q¢"24¢", @23
a_(e;) = —e;t;, a_(f) = —t] f,,., (1,,,‘((1 “=yqg - (2.4)

The formulations based on these two structures will be compared in Sect. 2.6.
As in [6] we put

A ={f € Q]S has no pole at ¢ = 0} .

2.2 U- and U'-modules. For a positive integer k we set (P), ={\ € P|(h,.\) €
L.y Vie L{c,\y=k}, (P, ={) € (P),}{d. \) =0}, and likewise for (P, ),.. As
in 6] V(\) denotes the irreducible hlghest weight U7-module with highest weight A,
We fix a nonzero highest weight vector u, of V(A) throughout. In general a weight
space of a U-module M is denoted by A{,, (v € P), and likewise for U’-modules.
We write wte=v for v € M, . Let V(\)= & V(\), be the weight space
decomposition. We set VEA-Q

voo= ] vo,. (2.5)

PEA—C)y

Let Mod’ denote the set of finite dimensional U//-modules V such that

I
wi(V) C Ay + Z Zcl(er)) for some Ay € P, (c.af(Ny)) =0. (2.6)
1=0

For V € Mod/ we shall identify the dfﬁnization Aff(V) ({6], Sect. 3.2) with the
U-module structure on V{z, 2~ '1=Q(¢) [z, 2~ '1 & V defined as follows:

e, M) = PR ev. [E"T R = 2700 f.v,

\ (2.7)
wt(z" @ v) = nd + af(wtv),

where n € Z, v € V is a weight vector and wtv signifies its weight. We shall often
write 2" @ v as vz".

Analogously, for an invertible element = € Q(g), let V, denote the U'-module
whose underlying space is V, equipped with the structure map 7, :U" — End(V)

m,(e,) = .11:5"’7r(f,ii), 7,.(f) = :1;"5”“7"('&), T, G" = w").

where 7 signifies the original structure map. (The notation V, conflicts with that of
weight spaces, but the meaning will be clear from the context.)

2.3. Crystal base. We recall from [8,9] some basic notions concerning the crystal
base.
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Let M be an integrable U-module. For each ¢ € I, any weight vector u € M can
be uniquely decomposed as

N
U= Z fP, ey, =0, wtu, = wtu + ka, (2.8)
k=0

where f* = ¥ /[k],!. Using (2.8) one defines the linear maps &7, fiP, glow  flow ¢
End(M) as follows [9]:

N

N
~1 k—1 k+1
owu_Zfl( )k7 ﬁowu:Zf;+)uk7
k=0

N
&Py =% [(hy, wtu) ]+k+ i feby

k=1

N
[k +1]; flr,

prs [(h;, wtu) + k],

The notions of upper (resp lower) crystal, crystal lattice and crystal base at ¢ =0 are
defined in [8, 9] using &,°, f (resp. ”1"“’, f}°w). Those at ¢ = oo are defined similarly
replacing A by A= {f € Q(¢)|f has no pole at ¢ = oco}.

It is known [8] that an integrable highest weight module V' ()\) has the standard
crystal base at ¢ =0 described as follows ([9], (3.3.1-2), (4.2.9)):

LY = Z Af vy (2.9)

K

BlY() = {flov. . "1°WuAmoqul°W(A)}\{0} (2.10)

a4l
LUP()\)V — q()\,)\)~(u,u)Llow()\)V , Bup()\)u — q()\ A — (v, V)BIOW(A)V ) (2] 1)

Let ¢ denote the anti-automorphism of U given by
ple)=Ff, ef)=e, v =d".
Then V(A) carries a unique symmetric bilinear form (,),, such that
(u/\,uk)go =1, (:Bu,v)ﬂo = (u,go(x)v)w foralu,v e VM) andz e U. (2.12)
The upper crystal lattice can also be characterized as ([9], (4.2.7))
L) = {u € V)|, L"(\), < A}. (2.13)

Crystal lattice/base can be formulated also for U’-modules, but for finite dimen-
sional modules the existence of a crystal base is not guaranteed in general. A family
of finite dimensional modules having “pseudo-crystal base” have been studied exten-
sively in [7].

2.4. Dual modules. In general, let H be a Hopf algebra, ¢ an anti-automorphism of
H, and M an H-module. We shall regard the linear dual M* = HomQ(q)(M , Q)
as equipped with an H-module structure via ¢:

(zv*,v) = (¥, dxw) e M veM,recH, (2.14)
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where (,) denotes the canonical pairing of M™* and M. This module structure is

denoted by M*?. If M is finite dimensional then M 22 (M*®)*¢™! (canonically).
Taking ¢ to be the antipode a we have the canonical identification

Hom (L, M ® N) = Hom,(M** ® L, N), (2.15a)
Hom (L ©® N, M) = Hom (L, M ® N*%), (2.15b)
We remark that the dual of (2.5),

Ve =wontr= @ vo)*
ve )\—Q+

is a lowest weight module with lowest weight — .
Now let ¢ denote the anti-automorphism of U given by

we)=¢e;, uf)="F, uM=q¢".

(We have changed the sign of ¢ from {6]). Let M be an integrable U-(or U’-)module,
(,) the canonical pairing of M™* and M. It can be verified directly that

(Eov* vy = (v, &8P0),  (F0%,0) = (0%, fP), e M ue M.

We have also the same relations with up and low interchanged. Suppose that A has
an upper (resp. lower) crystal base (L, B). Then (L*, B+) with

Lt = {v* ¢ M*|(v*, L) C A}, (2.16a)
B = the base of L+ /qL* dual to B with respect to (), (2.16b)
is a lower (resp. upper) crystal base of M™** [9].

2.5. Global base. Tn Sect. 3 we need the global crystal base for finite dimensional
U’-modules. Let us recall this notion briefly from [9].
Let U’Q be the subalgebra over Qlg,q '] of U generated by e\™, ff") (1 el

h n
ne ZZO) and qh’ {ZL } — H (qh+l7k_q~h71+k)/(qk_q—k:) (h e (Pcl)*’ ne ZEO)'
k=1

Suppose V € Mod” possesses

an upper crysial base (L, By) at ¢ =0, (2.17a)

an upper crystal base (L, B, ) at ¢ = o0, (2.17b)

a U'%Lsubmodule Vg such that Vg, . R 1]Q(q) >V, (2.17¢)
lg.q™—

Assume further that the natural map L, — L/¢L, induces an isomorphism
VoNiLynL,, > Ly/qLy - (2.17d)

Let G denote the inverse map of (2.17d). Under these conditions, {G"P(b)}, By is

a base of V, called the upper global base. We say simply that V has a global base if
(2.17) are satisfied.
The following fact will be used later ([9], Lemma 5.1.1).

For b € Ly/qL, and n > 0 we have e7T'GP(b) =0 < &7 T'b = 0. (2.18)
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We remark that the lower global base can be defined analogously [9], but it does not
have the property (2.18).

2.6. Intertwiners. In this paper we shall deal with intertwiners of U-modules of the
form
@ . M] —_ M2 ®M3 5

where M,&M,; = D [] (Mz)g ®(M3),_,. The coalgebra structure A, (resp. A_) is
v §

adapted to the upper (resp. lower) crystal base at ¢ =0 in the sense discussed below.
Let M, N be integrable U-modules such that wt(M) C Ay + > Za,, wi(N) C
o + Y Loy for some Ay, py € P. We define operators 8y, Vv by

Bag(u) = g~ IVT0r00y e Ay (2.19)
Tun@@v) = g0y gy, we My,veEN,. (2.20)

Then A () = Yy n 0 A_(2) 0 7y (@ € U) and By ® By = Bygn © Tun =
Yun © Brgn- We extend vy, also to MQN. It is known [8] that

(i) (L, B) is a lower crystal base of M at ¢ = 0 if and only if (8,,(L), 8,,(B)) i
an upper crystal base of M at g = 0.

Suppose M, has a lower crystal base (L, BI%) (i = 1,2,3), and set L}’ =
Bar (L), B = B (B™). For a linear map ¢'°¥: M, — M,&M, we put
P = Va1, © @1°% and vice versa. Then we have

(i) PV oz =A_(x) o P if and only if P* oz = A (z) 0 P* (z € U),
(i) @ o By = (Bar, ® Boy,) o @%, Hence $¥(LIw)y ¢ LYv (%)Lg"w if and only if

—_
izl

(LY C LyP @ LY.
In the rest of this paper, except in Sect. 3.4, crystal lattice/base will always mean
upper crystal lattice/base at g = 0.

3. Vertex Operators

3.1. Formulation. Fix M\ u € (Pﬂ)k and V € Mod’. In [10] Frenkel and Reshetikhin
studied the vertex operators (VOs). By definition they are operators of the form

_(AMA+29)

o) = oM NG, Ay = e

3.1

where &(z) is an intertwiner of U-modules
D) V(N = V(wdVz, 2 1. (3.2)
Fixing a weight basis {v,} of V, we define the weight components @, of (z) by
(2w = Z Z P,,0® vjz‘” s D, VY, & V(lu‘)zz~af(wtvj)+n6 . (33
j neZ
Note that for each v we have @mv = 0 for n > 0, since the weights of V(i) are

bounded from above. If we set @ = " < > ¢jn> ® v,; we obtain an intertwiner of
U’-modules 7\ neZ

VN - V(weV. (3.4
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The weight components (3.3) are recovered uniquely from & by using the weight
decomposition of V(). Thus there is a bijective correspondence $(z) < & between
intertwiners (3.2) and (3.4), and the two formulations are equivalent, In the following
discussions we often find it more convenient to deal with (3.4), which we also refer
to as a VO.

3.2. Existence of vertex operators. Let us examine the conditions for the existence of
VOs.

Lemma 3.1. Let @ be a VO (3.4). Then for each v € V()) there exists an N € L
such that

No, v=0, fN& v=0 i, 5

e’L ]n'U ? fz ]nv fora Za]an
Proof. First note the following simple fact. Let W be an arbitrary U ,(8k)-module,
and let V, = @ Q(q)vk be the [+ 1 dimensional irreducible module with basis

o<k<
v, = flk)vo, 811’0 =0.Ifu = Z w, ® v, € W ® V) satisfies A(e*)u = O, then
71““ kw]C = 0 for all k. This can be shown inductively for &k = [,/ - 1,... by
comparing the coefficients of v, in A(e])u.
To show the lemma we may assume that v is a weight vector. Since V() is

integrable, we have ef"v = 0 (Vi € I) for some m. From the remark above it follows
that e{”M@jnv = 0 for all ¢, j, n, where

M = max dim Ué(g,ﬁ)vJ —1 (3.5)
2,

with U, é(gz) denoting the subalgebra generated by e, f,, and q" (h € (P l) ). This
implies that flm’LM“ngnv = 0, where s = (h,,wt®, v) = (h,, wtv — wtv,) is
independent of n. The proof is over. [J

Definition. For a VO (3.4) &, let the image of the highest weight vector be
’ Puy =u, QU+ ..., (3.6)

where ... is a sum of terms of the form v ® v, v € V{(u), with v % pu. We call
v, € V the leading term of &.

The following tells that ¢ is determined by its leading term (communicated by
Kashiwara).

Proposition. Notations being as above, let
Vi ={veV|wto=cd - p), efh““)“v =0 Viel}.
Then the map sending & to its leading term gives an isomorphism of vector spaces
Homy, (V(OV), V() @ V)5V C V.

Proof. Let U'(b, ) be the Hopf subalgebra of U’ generated by e, (i € I) and ¢"
(h € (P z) ). Then u, generates a one-dimensional U’(b, )- submodule Q(q)u, with
the defining relations e, u, = 0, ¢"u, = ¢ u,. We have

Homy, (V(N), Vi) @ V)-> HomU,W(Q(q)uA, VimeV). 3.7

In fact it is clear that the canonical map (3.7) is well defined and injective. To see that
it is surjective, pick a v € V(1) ® V' such that wtv = cl()\) and ev=0foralliecl.
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Then from the proof of Lemma 3.1 there exists an N € Z_ such that fNv = 0 for
i € I, hence v generates an integrable UU’-module isomorphic to V(\).
Noting (2.15a) we can rewrite (3.7) further as

the right hand side of (3.7) = Homy,, ,(V* (1) ® Q(g)u,, V)=V

The last isomorphism follows from the presentation of V*%(u) as U’(b 4+)-module
U'(h,) / (Z U@ e 13 U ) @ - qi_<hi’“>)>. O
% 7

When V' has an upper global base, the space of intertwiners admits a description
in terms of crystals as follows.

Definition. Let (L, B) be a crystal base of V € Mod/. We say that a triple (u, b, A)
A\ u € (Pg)k, b e B) is admissible if u, ® b € B(u) ® B is a highest weigh vector
of weight cl(})); or equivalently if

wth = cl(A — ), éﬁh“”)“bzo foranyi e I.

Let
BY = {b € B|(u,b, A):admissible} .

From (2.18) it follows that {G"P(b)}, B is a base of V{". Hence we have

Proposition 3.3. Assume that V has a global base in the sense of Sect. 2.5 with
the crystal base (L, B). Then the space Homg;:(V(A), V(w) @ V) of VOs has a basis

{@‘/{b}bGB;;, such that @’;b has the leading term G'2(b) (b € B%):
Houy =u, @ GPO)+ ... .

3.3. Stability of crystal lattice. Let V € Mod”. In this subsection we assume that V'
has a crystal base (L, B). We fix a weight basis {v]} of V' such that v; modqL € B.
We say that a VO @ (3.4) preserves the crystal lattice if

P(LO) C LR L,
where L(u) = 11 L(),,. Our goal is to show the following.
Theorem 3.4. Let & be a VO (3.4) with the leading term v, € V.

(a) If v, € L, then @ preserves the crystal lattice.
(b) In addition if v, mod gL belongs to B, then ¢ induces a morphism of crystals

&:B(A\) — B(u)Q B.

(¢) There exists an m > O such that for any v € L()\) A—g We have
bv € q M CeMOTmL Y

where M is given in (3.5). In particular, for any fixed v and N, &, v € q" L(w) holds
for all but a finite number of (J,n).
A proof of Theorem 3.4 will be given in the next subsection.

Remark 1. In the same way as (3.4) one may also consider intertwiners of the form

TV — Vo Vi. (3.8)
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Under the assumption of Proposition 3.3 it can be shown that the space of intertwiners
(3.8) has a basis {#2*} indexed by b € BY, such that Wtu, = G™(b) ® u, +
terms v’ @ u', u' & V (1),

Remark 2. Let  be the automorphism of the algebra U over Q defined by &, = e,,
Fi=1/.q¢"=q" and §=q'. We have A, (z) = 0 0 A_(Z) for z € U, where
o(a ® b) = b ® a. There exists a linear automorphism € End(V(\)) such that
u, = u, and

zu=20 for xeU,ue V().

Suppose the finite dimensional module V' also admits € End(V) with this property,
and let

PEVN - VRV
+

be an intertwiner with respect to the coproduct A . Setting ¥y = g 0 8H5 we
obtain an intertwiner

VO - VRV(w.
:F

Moreover W~ (resp. ¥'*)) preserves the upper (resp. lower) crystal lattice at ¢ = 0o,
but not the one at ¢ = 0 in general.

3.4. Proof of Theorem 3.4. In view of the remarks in Sect. 2.6 it is enough to prove
the theorem in the setting of lower crystal lattice. In this subsection only, a crystal

latticelbase will mean a lower crystal latticelbase. We put A = A_, &, = &°¥

7 ’

f; = fg"‘”, and assume that D is an intertwiner with respect to A_.
Let 9 be the anti-automorphism of U given by

W) =aft, W) =q e, v =4q".

Define a new bilinear form (,)w on V(u) by setting (Uﬂ/)w = (ﬂ‘lu,v)w, where
fu = g@I= Wiy for u € V(u),. Then (,)y is nondegenerate, symmetric, and
satisfies [cf. (2.12, 2.13)]
(uﬂvuu)w = 1 9 (ZU,U)w = (UJ/J(QU)UL/; ’ (U,U € V(,LL),Z' S U)7
Ly = {u € V(w|(L{),w),, C A}.

Using this we define &V: V()@ V(\) — V by V(e v) = (u, ®,,v),v;, where

[Chd
® =3 &,,®v,. Interms of & the intertwining properties of ¢ translate as follows:

(3.9)

P'(uev)=ed (uxv)+ q_1‘<h“wm>§l§v(fzu R), (3.10)
e fv) =g fVwev) + g MV e u o),  (3.11)
wt PV (u @ v) = cl(Wtv — wtu) . 3.12)

By the definition of M (3.5) the following hold:
ey =0= V(" Muov)=0 (Yuc V(). (3.13)

We note also that
fiw e Aqfh“l/%Mfzw NVwelV,). (3.14)
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Proof of (a). Thanks to (3.9), the statement (a) is equivalent to

P(u@v) €L (Vu€ L(w,_,, Y0 € LN, _¢) (3.15)

p—m?
for any £, € @. It is true in the case £ = 7 = 0 by the assumption. We show

(3.15) by induction on ht(€) + ht(n) where ht(§) = > n, for £ = > n,a,.
el el

Suppose ht(n) > 0. In view of (2.9) we may assume that u = fiu’ for some

t1elandu € L(t11),,—+c,- Consider the decomposition of (2.8): =3 fi(j)uj,

0<y
U= ng fi(k)vk, e,u; = e,vy = 0. Then u' € L(p) [resp. v € L()\)] implies u, € L{p)
[resp. v, € L(M)] ([8], Proposition 2.3.2). Moreover we have u = 3 fi(jﬂ)uj. By

0<y
the induction hypothesis we know that @V(u] ®v,,) € L. Using the result for U, q(s[z)
in Appendix (Corollary A.13) we get &V (uQ@v) = > @V(ijHuj & ﬂkvk) € L.
The case ht(§) > 0 is similar. [

Proof of (b). Since ¢ commutes with &, and ﬂ, it is enough to verify that &(B(\)) C
B(u) ® B. In view of the description (2.10) of B(}) it suffices to prove the
following statement by induction: If b = vmodgL(}) € B(}), fib # 0 and

Svmod(gL() ® L) € B(u) ® B, then & f,v mod(qL(1) ® L) € B(p) ® B. Again this
is a consequence of Corollary A1.3. [

Proof of (c). We may assume that the leading term v, belongs to L. We shall show

PV(u®v) € g2 MIOL Yy e L(u),_,, Yv € L(N)y_) (3.16)

p—m
for any &, n € @,. The assertion (c) follows from this with the choice m =
max,; (20, A — p — af(wtvj)).

First let us prove (3.16) for £ = 0, v = u, by induction on ht(n). The case

ht(n) = O being trivial, suppose ht(n) > 0. We may assume that v = ?uj for
some ¢, 7 > 0 and u; € L(“)u—nﬂ‘aw eu; = 0. From the estimate of powers of
q in the case of U q(slz) (Proposition Al.2) we see that @V(uj ® uy) € ¢°L implies
PV (flu,®u,) € ¢=t?eI) L, Here we used (20, o) = (,, ). The assertion follows
from this.

Next let us consider the general case by induction on ht(£). We may assume
v = f;v' for some i and v’ € L(A)5_¢1q, Let k be such that ey’ # 0and efHy" = 0,

so that v = f,v'/[k + 1},. Then (3.11) implies

Puw®v) =k + U7 "M (F 9w v) + ¢, eur). (.17

Consider the first term of (3.17). If j,n are such that (u,éjnv’)wvj = 0, then
wty = wtv' — a f(wt v,)+ nd. Hence together with (3.14) we find

[k + 1];1qz(hl,wlu> (u, ¢jnv/)wflvj c Aqk+<h“ww )~M(u7 éjnvl)wf.zvj )

2

Since k + (h,,wtv’) > 0 we have by the induction hypothesis

the first term of (3.17) € Ag; Mq@en—(MthE ey (3.18)



Crystal Base and Vertex Operators 57

As for the second term, let u = ) ffuj, e;u; = 0. Then
j20

Peuad)= Y [{h,wt) +j+ 10,8 @)
k+M+1252>1

c Aq*<hi7wtu)fk—M~1 Z st(ﬂj—luj @vl)7

where we have used (3.13) to restrict the sum to £+ M + 1 > j. Using again the
induction hypothesis we find

the second term of (3.17) € Ag M g@en—c-(MiDE—an (3.19)

Both of the right-hand sides of (3.18, 3.19) belong to Ag?&7~(M+DO, a5 desired.
n

4. Compositions of Vertex Operators

4.1. Convergence of composition. Let V,W & Mod’ have crystal bases. We shall
consider the intertwiners .
VA= V(WeWw,

V() - V)V .

Fixing bases {v;} C V, {w;} C W we denote by ¢, ¥, , their weight components
respectively.
Ifweset P, =5 Qjm @uaT™ (T € Q(g)™), then it gives rise to an intertwiner

Viw — Vi) @ V, with V being the U'-module in Sect. 2.2. We would like to
define the composition

@, ®id)o¥, =Y Y (@ "y P, 00, v, Dw,. @.1
ik mmn€EL

For this purpose we need to extend the base field to K = Q((g)), the field of formal
Laurent series in g. Weset VE =V ® K, UK =U" ® K, etc.
Q(g) Qq)

Lemma 4.1. If x/y = ¢ S with s € Z,, then the composition (4.1) gives rise 10 a
well defined intertwiner of U'¥ -modules

VEQ) = VEm o VE g WK

Proof. We may assume that the leading terms of ¢, ¥ belong to the crystal lattices.

Fix w € L(A\) and | € Z. It suffices to show that for each N > 0 the sum
> ¢*"®P,,, © ¥, u comprises only finitely many non-zero terms mod ¢V L).

m+n=I[

Since ¥, u = 0 for n > 0, the sum is restricted to n < mn, for some 7.

Theorem 3.4 (c) states that ¥, u = O mod g™ L(u) where lim M, = co. Since

I——0C n

P, ¥y, both preserve the crystal lattice, the assertion is clear. [

4.2 Dual crystal base. For V € Mod’/ we shall consider the dual U’-module V**
with respect to ¢ (see Sect. 2.4). We have (V,)** = (V**), for z € Q(¢)*.
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As in (2.6) fix a reference weight ), € wi(V). As the reference weight of the dual
module we shall always take )\3‘ ==X € wt(V*9). For v € V, we set

BV(U) — q(af(l/%af(l/))*(af()\o)yaf(/\o))v ,

) 4.2)
TV(’U) — q(297af()\0)*af(l/))v’ SV(’U) — (_1)ht()\0—v)v.

Likewise define By «, etc. It is known ([6], Proposition 5.1.8) that the following give
isomorphisms of U’-modules:

Fu :Vq*}mv SLVEE L 0% e syw 0 B 0 Tyw (0 4.3)
FV:V;_ZMV SvE* e e T‘z/—(v), (4.4)
where we identify V with (V*)*,
Define
(v*,v), = (ﬂv*v V), (4.52)

L*L = {v* e V*|(v*, L), C A}, (4.5b)
B** = the base of L*/qL** dual to B with respect to (,) (4.5¢)

L

From (2.16) and the remark (i) in Sect. 2.6, (L**, B*") is an (upper) crystal base of
V*t. Note that (¢,b*, '), = (b*,;b), and (f,b*, '), = (b*, £,1'), hold for b* € B*,
b € B.

In this section we shall assume that

V has a global base, (4.6a)
V** has a global base, (4.6b)
Their crystal bases (L, B), (L*, B*) are related via (4.5b), (4.5¢).  (4.6¢)

Lemma 4.2. Let A, i € (PY), b € B, b* € B* 50 that (b,b*), = 1. Then
(1, b, ) is admissible < (A, b*, ) is admissible .
Proof. It suffices to check that the following are equivalent for each ¢ € I:
G ey =0, i) eI =0,

Let ¢,(b) = max{kléfb # 0} and ¢,(b) = max{k|fFb # O}. Then (i) states
€,(b) < (h,, ;). The condition (ii) is equivalent to

@Mt by = (b* &MYy =0 forany b € B. @.7)

Equation (4.7) means that there is no ¥ € B satisfying b = ghi Nty e that

¢,(b) < (h,, A). The assertion now follows from the relation ¢,(b)— Ze ;) = {h,, A—p).
a

4.3 A lemma. By virtue of Lemma 4.2 the set

£\ _ ¥ %y N .
B, = {b" € B™|(A\,b", p):admissible}
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is in one to one correspondence with BY. In fact they are dual bases to each other
with respect to {, ),. In this subsection we assume that they are non-empty.
Let

V) - VeV, beByf, (4.8)
PN V() = V)V, b e BY) 4.9

be the bases of VOs normalized as in Proposition 3.3. For definiteness we have
exhibited the spaces V, V** explicitly. Using (4.9) we now define

DN va = (A @Fy) 0 (B40) v - (4.10)
In view of (4.3), (4.10) gives an intertwiner of U’-modules
B0 V() = V) @ V*
Lemma 4.3. Let \, X € (PY),. Then
Hom,, (VEO\), VEW)Y =K if A= N,
=0 otherwise.

Proof. Let ¢:VE(\) — VE() be a U'-linear map, and let ¢, be its weight
components, so that ¢, maps VEL), to VEW), +ng- Bach ¢, is a U'-linear map
from VE()\) to VE()\) sending u , to a highest weight vector of weight A 4+ né in
VE(). Its image is a UX -submodule.

From Theorem 4.12b) in [15] it follows that the integrable highest weight U-
module V(\) is absolutely irreducible, hence in particular VX ()) is an irreducible
U¥ module. Hence we find that ¢, = 0 (n # 0) and that ¢, is a scalar which can
be nonzero only for A = )\,

Proposition 4.4. Let v/ € BY,, b* € B *;\L Then the composition of U'X -linear maps

(K = Q)

¢“bl *a®1d &)
VEW) 20K () o VE e TR0 © VK @ VE 2 K0y @

is a scalar g’;b"’ id. Here g“b o* € K enjoys the property
CFP" = (b,b%), mod¢Qllgll, C = (—DAT—w)g=r (4.12)

k= Q2p, A+ )xff — ) In particular the matrix (g’;blb*)b/’b* is invertible.

Proof. By virtue of Lemma 4.1, (4.11) is well defined. Hence by Lemma 4.3, it must
Ik
be a scalar map g;‘b " id. To see (4.12), let A = ). We set k = Qo A+ N —p) € Z,

T\(u) = q@eArAVy for u e VN,

and likewise for Tu' It can be checked that

@AVM =¢" (T @ (s« 0 Bya)) o @AV*L oT,. (4.13)
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Now take bases {v,} C V, {vf} C V* such that v, mod gL € B, v{ modgL** €
B**. Setting $4y, = 3~ & ® v, 452’{,**a =) &7 @ v} and using (4.13), we write
down the image of u, as follows:

/%
gy = g Ty Z @;’7 o T, P (uy) X (s(v;k),vkh.
Note that T\ u, = u, and that TM(L(,u)U) € qL(u), unless v = p since (20, a) € L,

for o € Q,\{0}, together with Theorem 3.4(a). In view of the normalization (4.8,
4.9) of VOs, we obtain (4.12). [

5. Connection Matrices

5.1. R matrix. Throughout this and the next sections, we deal with only those modules
V € Mod” such that

V satisfies the conditions (4.6a)—(4.6¢), (5.1a)
Its crystal By, is perfect in the sense of [6]. (5.1b)

Under the assumptions above, there exists an intertwiner of [J-modules
I:ZVW(zl/zz):V[zl,zl‘l] ® W[z2,z{1] — W[227z;1] ® V[zl,zfl] ,
which commutes with the multiplication by z,, z, and depends rationally on z = 2, /2,

(cf. [6]). Set Ry vy (2) = PRVW(z), Pw ® v = v ® w. The condition (5.1b) implies
in particular that,

wtV C Ay — ZZZOO‘l , dimV, =1 forsome X\, € F,.
1£0

From this section on we take such weight as a reference weight. Pick a nonzero vector
vy € V), and let wy € W, ., iy be the counterpart for W. We normalize Ry, (2) by

Ryw(2v, @ wy = vy @ wy - (5.2)

We have then (cf. [10])
Ryw@ Ry H=1, (5.3)
(Ryw (@) ™" = By () Ryey (2), (5.4)

with some rational function 3y, (2) € Q(q) (2).

5.2. Connection matrix. Fix \,v € (Pﬁ)k. Suppose that triples (v, b;, ), (12,5, A)
are admissible for some p € (PY),, b, € By, and b, € By,. In this section we
use the VO in the formulation (3.1, 3.2) @:l{}(z), @‘;s%,(z). Note that they have the
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overall fractional powers of z. Correspondingly we must extend the base field Q((¢))
to include the fractional powers ¢, etc.
A result of [10] says that

Gd @Ry yy (21 /) (Dh3}(2)) ® id)PATE (2,)

Abop
l/b/ . 1q7
== @“,;V(zz)®1d)q5§$2(zl)cvw b, b | (z/z) (5.5
b b, uf wobow
holds with some scalar functions
Abyop
Cyw b b by | (2). (5.6)
Wby v

Here (5.6) is understood to be zero unless (v, by, 1), (14, by, N), (v, b, '), and (i, b5, )
are all admissible triples. We denote by C'y,-(2) the matrix with (5.6) as entries where
the matrix indices are (b,, , b;) and (b}, ', b}).

The composition of vertex operators (in the sense of matrix elements)

(@13 (2)) @ Id)PEYE (2,)

are absolutely convergent when |z| > |2,|, and can be continued meromorphically
(apart from the overall powers of z,) to (C *)2. The right-hand side of (5.5) should
be understood as a result of analytic continuation. The matrix Cf,y (2) satisfies the
Yang-Baxter equation ([10] Theorem 6.3.)

Ae by v Aoby A
Z CV1V2 bs bg | () CV,V3 be b; | (zy)
by,bg, b As by Ay A¢ by v
Ay by A
x Oy | b by | (W)
v by A
Abow voby X
= > Cuy | b by | W) Cyy, | by by | (zy)
b7,bg b A¢ b As As by N
Ay by A
X Cyy, | b7 b, | (z). 6.7
voobg A

We note that the compositions of intertwiners {(¢1}(z)) ® )43 (2,)I(v, by, 1),
(i, by, Ay : admissible} are linearly independent since

@3 @ id)Pvuy =u, © b, ®bymodqL(v) © L ® L@ Qllgl].



62 E. Date, M. Jimbo, and M. Okado

As a direct consequence of (5.3) and the above, C\;,(2) satisfies the first inversion
relation:

Aobop Ab
Z Cyw bll by | @) Cyy | by blz (271)
v b ! Wb Y
= 84, 5, 00y,5,0 5 - (5.8)
Remark. Assume that the left (resp. right) hand side of (5.5) is absolutely convergent
for |z,/z| < 1 (resp. |z,/z| > 1). Setting z, = z, in (5.5) and noting that
Ry (1) = id we get
Abyop
Cyv | b by | ()= 6blbfléb27bé5%#, . (5.9
pobow

In view of Lemma 4.1 it seems likely that the assumption is valid. A rigorous proof
would require the knowledge of poles of the coefficients of the gKZ equation, which
is beyond the scope of the present paper.

5.3. Energy function. Now let us consider the limit ¢ — 0. By the construction we
have
@f\ti’/(z)u)\ mod qgL(p) ® L = zA““Aku# ®b.

By the assumption (5.1b) and Proposition 4.3.2 of (6], we have
Ry ()] mg(by @ by) = 27 HO90p g p, . (5.10)

Here 1 denotes the energy function of va (see [6], Sect. 4).
Therefore at ¢ = 0 Eq. (5.5) gives

Ab op
Cyy | b by 1 (2)
Wb =0
= 8y, b Oy py Oy 2 AT TRAUT ORI i (5.11)

In this sense we find that the energy function for the connection matrix C' coincides
with that of vertex model in the sense of [6].

5.4. Second inversion relation. Applying (5.4) twice together with the isomorphism
(4.4) we obtain the second inversion relation for the R matrix
£ « —2r Vv - «
ayy (2) (R ()7HMD™H = (Fy @ id) Ry (272" ) (Fy ©1d), (5.12)
oy (2) = Byw (2)/ By (2) - (5.13)

We shall give its counterpart for the connection matrices. For this purpose we need
to prepare a lemma.

Let {v,} C V, {v]} C V* be the dual bases with respect to the canonical pairing.
Rewriting Proposition 4.4 in terms of VOs (3.1) we have

D Bhtal@); 0 PR (2), = 65, gk idyy s (5.14)
J

’ _2r v * *b s
DB D)0 Ba(2); = 8,097 idyg,y - (519)
J



Crystal Base and Vertex Operators 63

Here we have set o; = (g,af(wt(v,))), g“bb = q”Lv(AH‘AA)g‘;bb*. The weight
components @(z) of a vertex operator is defined by P(z)v = > D(2);v @ v;. The

J
second formula is obtained from the first by replacing V by V** and using (4.3),
with a suitable choice of g*AP"? = g (Aa=BugEAb"e FEN"D ¢ Q((g)).

Now set

Vv
Gr=a""Mx\, X =0V (T € Q). (5.16)

Note that x, is the principally specialized character of the irreducible g¥-module with
highest weight A, where gV is the dual Kac-Moody algebra.

Lemma 5.1.
bb* Ab*b
Gagh =Gt
Proof. We are to show that
v 7%
q2rh Ax—4e,N) try <T>?\' o) Z @2{?*(1 (Z)j © @éﬁ;(z)])
J
= @i Au—dean gy (T o Z gt o b(q—zrh 2); O@HV*a(Z) >
3

From the intertwining property of the VO we have
—4 —40;—2rhV (Ay— b, —2rhY b —4(0, N2
q (Q,,U‘)Ti ogq 05 —2rhY (Ay AM)@I;V(Q 2rh Z) - @A;V(Z)J og (o, )T)\ )

By the cyclic property of the trace and the fact that each hand side is convergent in
g-adic topology, the assertion is clear. [

Proposition.
A b o Aob oW
G,G ! . - PINRY
Z /\GV/ Cyv | By by | 7HCyy | by By | (g7 2)
by b A KR wobhowv Wb, v
= ayy(2)04,5, 8515000 »

where G and o, are given in (5.16) and (5.13), respectively.
Proof. Let va(z) be the matrix elements of Ry, that is,
Ryy (v, ®v; = Z va(z)fjlvk v .
k.l
Similar convention is used for Ry y«(2) and Ry« (2) by taking the dual base {v;k}
of {v;}. From (5.5) we have
Z D12 (2)); 0 Bhvt (2)); Ry (2)1F

Ao
Z qjybz vz 0 ¢>\v (z),Cyy | B by | (2). (5.17)
b, b, uf Wb, v
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Here we put z,/z, = z. Operate @Z‘fi (z,);, from the left to the both hand sides of
(5.17) and sum over k. Setting W = V* in (5.5) and using (5.3) we have

,,V* (Zz)k © quv(zl)

/b/ A/b* 'LL bz v

u » * ~1 ik

E Dy 2y o @uVL (z), Cynyy | b by | (z )RVV*(z)}/j/ .
RN P AT

i
From the relation

Ryy (% = Ry (2 = Bz (Ryya () DY,

together with (5.14)~(5.15), we get

Wb, v
byt _
By S gt e ), Oy | B b Y
byLbE A AW
A b
— vbyb3 b /
= Y g, By 0Oy | ) b, | ().
bh b ! wovh v

. - . b b
From Proposmon 4.4 there exist inverse matrices (74

Yy and (Y30 of gf
and g A, Consequently we get

o oby v
Byy(z HCyuy | bF by |z H
Ay
AYop
=>4 BT, ”"252 Cyy | b b, | (2).
bbb pobhow
Similarly we can derive
wobf A
By (2) 1 Cyyx | By by | z™h
voby oW
Ab
. LB ~ ~ _ %
= 3" gt op | By | (@7 2.
Blvgé 'U/ I;Z l//

Using the first inversion relation (5.8) with W = V* and Lemma 5.1, we obtain the
desired result. [
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6. Restricted Paths and One Point Functions

6.1. Restricted paths. Recall that we consider only V € Mod” whose crystal B is
perfect of some level N € Z,,. Hence for any n € (Pfﬂ) n there exists sequence of

weights 75 = 7,7,, 1,-.. € (PE)N and a path p,, = (p,,(M),>1, Py, () € B, such
that for any n the following isomorphism of crystals holds:
B(m)—=F(n,; B)® B¥".

Here u, is sentto u, ®p,, (N)®...®p, (1), and P(n; B) denotes the set of 7 paths
(see [6] Sect. 4). It is known that if b € B(n) corresponds to an 7 path p = (p(n)),,>,
then B

wtb=n+ Y (af(wtp(k) — af(wtp,. (k) — wp)

k=t (6.1)

w(p) =Y k(Hpk + 1) @ pk) — Hpg,(k + 1) ® py(k)),

k=1

where H is the energy function (5.10) of the corresponding va- We shall identify
B{n) with Z(n; B).
Let k be a positive integer with k > N. Fix £ € (P9),_y and 77 € (P2) . We set
High(¢, n) = {ue ® b € B(&) ® B()|&;(u, ®b) =0 Vi € I}.

Definition. We say that § = (a,p) is a restricted (£,n)-path in B if the following
hold.

(1) a = (a(n)),,q a(n) € (P,

) p= ()5, € P(; B),
(3) the triple (a(n),p(n), a{n — 1)) is admissible for all n > 1,

4 a@) =¢+n+ Z (af(wtp(k)) — af(wipg, (K))).

Note that the a(n) are uniquely fixed from & and p by (3), (4). We let 7, .(§,m: B)
denote the set of restricted (&, n)-path in B.

Proposition 6.1. The following is a bijection:

Foos€,m3 B) — High™(€,m),  (a,p) = u; ©p.
The weight of (a,p) € P2 (&, m; B) is given by a(0) — w(p)é with w(p) given in (6.1).
Proof. For n > 0 we define v(n) € B(§)® B(n,,) by the following map induced from
B(n)—>B(y,) ® B®™:

B(¢) @ B(n)—=(B(&) ® B(n,)) ® B®",
ue ®p > v(n) @pn) ®...p1).

First let (a,p) € 72, (€,m; B). Then we have wt(n) = wtv(0) — Z wtp(j) =
=1

a{n) € P. Let us show v(n) € Higho(ﬁ,nn) for all n > 0 by the induction on n.
For n > 0, we have v(n) = Ue @ u, , S0 we get v(n) € Higho(g,nn). Assume
that v(n) € Higho(f ,N,). From the admissibility of the triple (a(n), p(n), a(n — 1)),
v(n) ® p(n) = v(n — 1) is a highest weight vectorof B(a(n)) ® B. Setting n = 0, we
find v(0) = u, ® p € High®(¢, n).
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Conversely if ue & p € Higho(g,n) then setting a(n) = wtwv(n) we have
(a,p) € 7§ B). 1

6.2. IRF models and their one point functions. Here we define IRF models whose
Boltzmann weights are given by the connection matrices, and state results on their
one point functions.

As before we fix g, V @ Mod’ and k > N. Take a two dimensional square lattice
¥ . Place variables A, i, ... (resp. b,b’,...) on vertices (resp. bonds) with values in
(PE) , (resp. B). For a configuration of variables around a face

b
A—tb—y
b) by

Fig. 1 ;/—b/—y
. . 2
we associate the Boltzmann weight

Abop
Cyy | b b, | (2).
wooby v
Recall that it is zero unless the triples (i, by, ), (v, by, p), (1,07, \), (v, b}, 1) are
admissibie.

Although in our consideration we treated g to be an indeterminate, the matrix
elements of 'y, have meaning as functions of ¢ and z. Under such identification we

restrictgto0 < g<land zto 1 < z < q_’"hv.

Next we explain the ground states of our IRF model. Fix a particular site :.
Consider the horizontal half infinite line [ on . having 7 as the left end. The ground
states are labeled by the pair (£,7) (£ € (PD))y_n,n € (PO)y). The ground state
corresponding to (§, ) is described as follows. Define the (£, 7)-path a,,. such that
cllay,.(n — 1) = a,(n)) = wi(p,,.(n)). Note that the sequences {%r(")}nzo and
{pgr(n)}n20 are periodic. Place a,.(0), a,.(1),... [resp. p (1), p,.(2),...) on every
site (resp. edge) on [ starting from 7. The ground state is uniquely determined by the
condition that it is periodic in the horizontal direction and constant along the NE-SW
direction.

Take a dominant integral weight \ € (sz) - We consider the probability of finding
the variable on ¢ being the value )\, and denote it by P(A|E, n). Here (£, 7) signifies
the choice of a boundary condition. Assume that the initial condition (5.9) is valid for
the Cy .. Thanks to the Yang-Baxter equation (5.7) and the second inversion relation
(Proposition 5.2), Baxter’s corner transfer matrix method [3] is applicable. We have
the following expression for the one point function.

XA FOE 7 27

where

Fémg= >, ¢*®?,

PERes (&1 B) (V)
Tl BYON) = {P = (a,p) € T (&, 1 B)|a(0) = A},

2
Z= Y xyFONEma™).
NeP)
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Here w(p) and x, are given in (6.1) and (5.11), respectively. Then we have the
following. Let

High(¢,m), = {v e VIO @ V(Iwtv =v, ev =0Vi € [}.

Proposition 6.2.

FMémig) =Y dimHigh(¢,m), 50"

Moreover if the generalized Cartan matrix of g is symmetric,
\
XOFAE md™" )
XeXn
Proof. From the theory of crystal base we have

dim High(¢, ), = #High®(¢, ), ,

where High’(¢,7), denotes the weight space of High®(¢,7) of weight v. Hence the
first statement is a direct consequence of Proposition 6.1.

If the generalized Cartan matrix of g is symmetric, then, as noted before, x, gives
the principally specialized character of the g-module V(}). Therefore we have the
following identity of specialized characters:

v
XXy = . XnFNEmd™")
Ne(PDy

which provides us with the way of calculating the normalizing factor 2. [J

Remark 1. The quantity g% 52 F(A|£, ;@) is called the branching coefficient [16],
At A , .

where s, = ( r—(FkQ+ hij)Q) - (fhs) for A € (P?),. The transformation property of

the branching coefficients under the modular transformation enables us to analyze the

critical behavior of our one point function.

Remark 2. This type of results have been established by direct methods for higher spin

representations of U, (5[2) [17] and the vector representation of U, (g) of classical types
A, B, D [18,19]. (There are problems for the type C since the vector representation
is not perfect.) Proposition 6.2 covers and generalizes these results, on the assumption
(yet to be verified) that the connection matrices coincide with the Boltzmann weights

constructed in [3, 4].

Appendix. Vertex Operators for U,(sl3)

In this Appendix we study the vertex operators for integrable modules over U, (sl,).
Dropping indices we write the Chevalley generators as e, f,t. Let V_ denote the
m+ 1 dimensional irreducible U, (sl,)-module with highest weight vector ug". We set

—1 k

The upper crystal base (L,,, B,,) of V_, at ¢ = 0 is given by

m

m
— e . T
L,= @Auk ) B, = {uy 0<k<m *
k=0
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Let now [,m,n be non-negative integers such that | = m +n — 2s, s =
0,1,...,min(m, n). We consider the intertwiners of the form

oV, =-V,eV,,
where the tensor product is taken with respect to A = A . Define ¢;; by
P(uj,) = Z Cr Uy @ U g -
max(0,k—n+s)<j<min{m,k+s)

We are interested in the behavior of ¢;, as ¢ — 0. Set ¢ ; = ¢;_ (45—, EXplicitly
the coefficients ¢, ;, ¢, ; are given by

Proposition Al.1.
Ck

gl' _ Z (_1)uqy(1+z-k)+g(kﬂ+m4)
0 max(y—k,0<v<min(z,s)
si{n—s+v|{im-v {
. Al.l
XLHkﬁme—j}/[k} (LD
C
M = the same SJormula with m and n interchanged (Al1.2)
€00
Cop = Coo - (A1.3)

Proof. Solving A(eyw = 0 for w = @(uf)) eV, ® V., and applying A(f) to w we
get (Al.1). Likewise starting from @(uf) and applying A(e) we find (A1.2). We omit
the details. [

Proposition Al.2. We have

C. .
,CJ_k =gk DD 4y, k>, i<m—2s) (Al.4a)
00
= (1) FquTRImms=bt 4 ), (k<j k<m—s) (A1.4b)
= (=1y"mEegum ARG mistD g ) (k=m -5, j >m—s),(Aldo)
where ... means terms in qA.

Proof. A direct computation shows that in the case k < m — s the right-hand side
of (Al.1) contains a unique term which gives the lowest power of g. The estimates
(Al.4a) for k < m — s and (A1.4b) are derived in this way. The other case can be
treated similarly by using (A1.2, A1.3). O

The following is an immediate consequence of Proposition Al.2.

Corollary A1.3.

() Let ®(uf) = uf* @ v+ ..., where ... stands for a sum of terms u' ® V',
u' € QU] with j # 0. ffv € L, then H(L)) C L, ® L,,.
(ii) Suppose moreover that vmodqL, € B, . Then @ induces a morphism of crystals

$:B,— B, ®B,.
Remark. From Sect. 2.6 we can deduce analogous resulis for lower crystal lattices,

replacing uf* by v7* = f®uf* and A, by A_. Proposition A1.2 and Corollary A1.3
are both valid in this setting.
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