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The three point correlation function of color charge densities is evaluated explicitly in light -one gauge
for a proton on the light cone. This includes bothC-conjugation even and odd contributions. We account for
perturbative corrections to the three-quark light -cone wave function due to the emission of an internal
gluon which is not required to be soft. We verify the Ward identity as well as the cancellation of UV
divergences in the sum of all diagrams so that the correlator is independent of the renormalization scale. It
does, however, exhibit the well-known soft and collinear singularities. The expressions derived here
provide the C-odd contribution to the initial conditions for high-energy evolution of the dipole scattering
amplitude to small x. Finally, we also present a numerical model estimate of the impact parameter
dependence of quantum color charge three-point correlations in the proton at moderately small x.
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I. INTRODUCTION

In this paper we present explicit expressions for all
diagrams which determine the cubic light-cone gauge color
charge correlator hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi in a proton. The
proton is approximated by a nonperturbative three-quark
Fock state, plus a perturbative gluon. This is in continuation
of Ref. [1] where we derived analogous expressions for
hρaðq⃗1Þρbðq⃗2Þi, and of Ref. [2] where we presented
numerical results for the quadratic correlator (see also
Ref. [3] for a first phenomenological application). The
cubic correlator quantifies corrections to Gaussian color
charge fluctuations in the proton, and it provides a con-
tribution to the scattering matrix of a dipole which is odd
under C-conjugation.

The S-matrix for eikonal scattering of a quark-
antiquark dipole off the fields in the target proton can be
expressed as1 [4,5]

Sðr⃗; b⃗Þ ¼ 1

Nc
tr

�
U

�
b⃗þ r⃗

2

�
U†

�
b⃗ −

r⃗
2

��
: ð1Þ

Here, b⃗ is the impact parameter vector while r⃗ denotes the
transverse separation of quark and antiquark. The operators
U (U†) are (anti)path ordered Wilson lines of the field in
covariant gauge, representing the eikonal scattering of the
quarks at transverse coordinate x⃗:

Uðx⃗Þ ¼Peig
R
dx−Aþaðx−;x⃗Þta ; U†ðx⃗Þ ¼ P̄e−ig

R
dx−Aþaðx−;x⃗Þta :

ð2Þ

C-conjugation transforms the generators of the fundamen-
tal representation ta → −ðtaÞT .
The S-matrix can be separated into its real part which at

high energy is dominated byC-conjugation even two-gluon
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1h� � �i denotes the matrix element between incoming and
outgoing proton states. It is defined in Eq. (9) below.
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exchange, and its imaginary part which starts out as C-odd
three gluon exchange:

Dðr⃗; b⃗Þ≡ ReSðr⃗; b⃗Þ ¼ 1

2Nc
tr

�
U

�
b⃗þ r⃗

2

�
U†

�
b⃗ −

r⃗
2

�

þ U

�
b⃗ −

r⃗
2

�
U†

�
b⃗þ r⃗

2

��
; ð3Þ

Oðr⃗; b⃗Þ≡ ImSðr⃗; b⃗Þ ¼ 1

2iNc
tr

�
U

�
b⃗þ r⃗

2

�
U†

�
b⃗ −

r⃗
2

�

−U

�
b⃗ −

r⃗
2

�
U†

�
b⃗þ r⃗

2

��
: ð4Þ

Thus, the fact that the imaginary part of Sðr⃗; b⃗Þ is
nonzero is due to the existence of a color singlet three gluon
(t-channel) exchange with negative C-parity in QCD
[6–11]. Recently, the TOTEM and D0 Collaborations have
presented evidence for a difference in p − p vs p − p̄
elastic scattering cross sections at a CM energy offfiffiffi
s

p
≃ 2 TeV, and low momentum transfer jtj < 1 GeV2

[12,13] (also see Ref. [14]). However, our focus here is on
cubic color charge correlations in the semihard regime,
which is related to the C and P odd contribution to the
dipole scattering amplitude.
The evolution of the dipole S-matrix in the high-energy

regime is described by the Jalilian-Marian, Iancu,
McLerran, Weigert, Leonidov and Kovner (JIMWLK)
renormalization group equations [15–24]. These reduce
in the large-Nc limit to the Balitsky-Kovchegov (BK)
equation [15,25]. High-energy resummation may modify
the intercept of the “hard Odderon” from its value of unity;
see the review [10] and references therein. The evolution
with energy specifically of the (hard) Odderon Oðr⃗; b⃗Þ has
been studied in Refs. [26–28]. Its knowledge is important
for various spin dependent transverse momentum depen-
dent (TMD) distributions such as the (dipole) gluon Sivers
function of a transversely polarized proton [29–31].
Furthermore, this amplitude is responsible for charge
asymmetries in diffractive electroproduction of a πþπ−
pair [32,33], and exclusive production of a pseudoscalar
meson [34–38]. Last, the odderon is related to cubic color
charge density fluctuations hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi (see
below) and therefore provides insight into three-body
correlations in the proton. This may guide phenomeno-
logical models of correlated “hot spots” which have been
applied to proton-proton scattering at high energies [39–42]
(see also Ref. [43]). The existence of the cubic correlator
also implies that color charge density fluctuations in the
proton are not Gaussian.
A key limitation for quantitative predictions in the

energy regime of the Electron-Ion Collider (EIC) [44–47]
is the crude knowledge of the initial condition for the
evolution equations at moderately small x. Deriving the

next-to-leading order (NLO) expressions for Oðr⃗; b⃗Þ due to
one gluon emission corrections in a proton target at x ∼
0.01–0.1 is the main purpose of this paper. The corre-
sponding expressions at leading order (LO) have been
published in Refs. [34,48,49]. The latter paper also pro-
vides numerical estimates of cubic color charge correlators
and of Oðr⃗; b⃗Þ at LO, i.e., in the valence quark regime.
Bartels and Motyka [50] have also calculated the proton
impact factor for t-channel three gluon exchange, which
agrees with the LO expressions for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi
given in Refs. [34,48,49], and soft gluon emission correc-
tions to proton-proton scattering at high energy.
The initial condition for the small-x evolution [26–28] of

ImS, which we derive here, depends not only on the impact
parameter and the dipole vectors but also on their relative
angle, and on the light-cone momentum fraction x in the
target. In fact, the BK equation in its standard formulation
evolves the wave function of the dipole projectile, and the
evolution “time” is then related to the minus component of
the momentum of the gluon in the proton target [51–53].
Ducloué et al. have reformulated [52] BK evolution at NLO
in terms of the target rapidity (or Bjorken-x). They obtained
an evolution equation which is nonlocal in rapidity and
which depends explicitly on the gluon’s plus momentum
fraction x ¼ kþg =Pþ. Therefore, it is important to determine
the dependence of the initial scattering amplitude not only
on impact parameter b⃗ and dipole size r⃗ but also its
dependence on x.
The amplitude for C-odd three gluon exchange is related

to the correlator of C-odd color charge fluctuations
[34,48,49],2

−iOðr⃗; b⃗Þ ¼ −
5

18
g6

Z
q1;q2;q3

1

q21

1

q22

1

q23
e−ib⃗·K⃗G−

3 ðq⃗1; q⃗2; q⃗3Þ

×

�
sin

�
r⃗ · q⃗1 þ

1

2
r⃗ · K⃗

�
−
1

3
sin

�
1

2
r⃗ · K⃗

��
:

ð5Þ

Here, K⃗ ¼ −ðq⃗1 þ q⃗2 þ q⃗3Þ is the (transverse) momentum
transfer given P⃗ ¼ 0 for the incoming proton, and

R
q is

shorthand for
R
d2q=ð2πÞ2. We denote the C-odd part of the

correlator of three color charges as

hρaðq⃗1Þρbðq⃗2Þρcðq⃗3ÞiC¼− ≡ 1

4
dabcg3G−

3 ðq⃗1; q⃗2; q⃗3Þ: ð6Þ

Note that G−
3 ðq⃗1; q⃗2; q⃗3Þ from Eq. (5) is given by the

correlator of three covariant-gauge color charge densities.

2The sign of T gggðr⃗; b⃗Þ in Eq. (5) differs from Ref. [34]
because here we follow the convention of Kovchegov and
Sievert [54] with þig in the exponent of the Wilson line Uðx⃗Þ
in Eq. (2), and with the covariant gauge operator relation
−∇2⊥

R
dx−Aþaðx−; x⃗Þ ¼ ρaðx⃗Þ.
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However, in theweak field limit, a computation in light-cone
gauge is applicable.
The above correlator is symmetric under a simultaneous

sign flip of all three gluon momenta, and so −iImSðr⃗; b⃗Þ ¼
−iOðr⃗; b⃗Þ is imaginary.3 Also, it vanishes quadratically in
any of the transverse momentum arguments so that
−iOðr⃗; b⃗Þ is free of infrared divergences. The light-cone
gauge color charge density operator in the eikonal “shock
wave limit” is given by ρaðk⃗Þ ¼ ρaquðk⃗Þ þ ρaglðk⃗Þ with [1]

ρaquðk⃗Þ ¼ g
X
i;j;σ

ðtaÞij
Z

dxqd2q

16π3xq
b†iσðxq; q⃗Þbjσðxq; k⃗þ q⃗Þ; ð7Þ

ρaglðk⃗Þ¼ g
X
λbc

ðTaÞbc
Z

dxgd2q

16π3xg
a†bλðxg;q⃗Þacλðxg;q⃗þ k⃗Þ: ð8Þ

Here a†; a and b†; b denote creation and annihilation
operators for gluons and quarks, respectively.
In Sec. II we compute all contributions to

hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi in a proton on the light cone in
light-cone gauge; specifically we consider the NLO cor-
rection due to the emission or exchange of a gluon which is
not required to be soft. In Sec. III we describe the Fourier
transform of the correlator to impact parameter space, and
present a numerical model estimate. A brief summary is
presented in Sec. IV. Appendix A summarizes the Fock
state description of the proton on the light front used
throughout this paper, Appendix B shows the cancellation
of UV divergences in the sum of all diagrams for
hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi, and in Appendix C we check the
vanishing of this correlator when q⃗1 → 0 or q⃗3 → 0.

II. CORRELATOR OF THREE COLOR CHARGE
OPERATORS, hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi

In this section we compute the correlator of three
color charge operators hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi where
ρaðq⃗Þ ¼ ρaglðq⃗Þ þ ρaquðq⃗Þ. This expectation value is defined
as the matrix element of the product of three color charge
operators between the incoming (jPi) and outgoing (hKj)
proton states, stripped of the delta functions expressing
conservation of plus and transverse momenta:

16π3PþδðPþ − KþÞδ
�
P⃗ − K⃗ −

X
i

q⃗i

�

× hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi≡ hKjρaðq⃗1Þρbðq⃗2Þρcðq⃗3ÞjPi:
ð9Þ

The structure of the proton state assumed in this work is
explained briefly in Appendix A.

In general, this correlator has both even and odd com-
ponents under C-parity which transforms ðtaÞij → −ðtaÞji4
and ðTaÞbc → −ðTaÞcb ¼ ðTaÞbc.5 Note that the following
expressions apply when the number of colors Nc ¼ 3.
We shall use the shorthand notation q⃗ ¼ q⃗1 þ q⃗2 þ q⃗3 ¼

P⃗ − K⃗ and q⃗ij ¼ q⃗i þ q⃗j in the following expressions.6

Their corresponding diagrams are shown in the figures.
We label them as Fig:1ðq3q2gÞ, for example, corresponding
to a diagram of the type shown in Fig. 1 (i.e., a gluon
exchange across the operator insertion by a quark with
itself, with at least one of the probes attached to that internal
gluon) where the first probe gluon (momentum q⃗1, color a)
couples to the internal gluon, the second probe gluon
(momentum q⃗2, color b) couples to the second quark, and
the third probe (momentum q⃗3, color c) couples to the
third quark.

A. UV divergent diagrams

We begin with the UV divergent diagrams where a quark
exchanges a gluon with itself. The diagrams where one or
more of the probes attach to the gluon are shown in Fig. 1.
To prepare, we first list the matrix elements of one, two,

and three ρglðq⃗Þ between one-gluon states:

hl; ρ; djρaglðq⃗1Þjkg; σ; ci ¼ gðTaÞdcδρσð2πÞD−12kþg

× δðkþg − lþÞδðk⃗g − l⃗ − q⃗1Þ;
ð10Þ

hl; ρ; djρaglðq⃗1Þρbglðq⃗2Þjkg; σ; ci ¼ g2ðTaTbÞdcδρσð2πÞD−1

× 2kþg δðkþg − lþÞ
× δðk⃗g − l⃗ − q⃗1 − q⃗2Þ;

ð11Þ

hl; ρ; djρaglðq⃗1Þρbglðq⃗2Þρcglðq⃗3Þjkg; σ; ei
¼ g3ðTaTbTcÞdeδρσð2πÞD−12kþg δðkþg − lþÞ
× δðk⃗g − l⃗ − q⃗1 − q⃗2 − q⃗3Þ: ð12Þ

The matrix elements of ρquðq⃗Þ between one-quark states are
similar, with Ta → ta.

3In mixed representation iOðr⃗; K⃗Þ is real, however.

4Hence, trtatbtc¼1
4
ðdabcþifabcÞ→−trtctbta¼−1

4
ðdabc−ifabcÞ.

Therefore, terms proportional to dabc are odd under C-conjuga-
tion while terms proportional to ifabc are even.

5One may also classify according to “signature,” i.e., the sign
under exchange of the colors and momenta of any two external
gluons (charge operators).

6Thus, the notation here is different from Refs. [1,2] where q⃗12
stood for q⃗1 − q⃗2.
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With this we obtain

Fig:1ðgggÞ ¼ 2g5

3 · 16π3
trTaTbTc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g; k⃗g − q⃗ÞjSi; ð13Þ

with a symmetry factor of 3. Here the integration measures ½dki� and ½dxi� and the proton valence quark wave function Ψqqq

are defined in Appendix A 1. The Lorentz invariant gluon phase space measure edkg is given in Appendix A 2, the
phase space integral is calculated in Ref. [1], and the result is also included in Appendix B. Since
trTaTbTc ¼ i

2
Ncfabc ¼ − 3

2
ðTaÞbc, it follows that this contribution is even under C conjugation. The remaining integral

over the longitudinal and transverse momenta of the emitted gluon can be decomposed into a finite function and a UV
divergent part [1]. We verify the cancellation of the UV divergences in Appendix B,

Fig:1ðq1ggÞ ¼
2g5

3 · 16π3
1

2
trðTaTbDc − TaTbTcÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗3; k⃗g − q⃗12ÞjSi; ð14Þ

where ðDcÞab ¼ dcab. Performing the traces, the color factor becomes 1
2
trðDcTaTb − trTbTcTaÞ ¼ Nc

4
ðdabc − ifabcÞ.

The first term corresponds to a C-odd contribution while the second one is even under C. The symmetry factor for this
diagram is 3.

FIG. 1. UV divergent diagrams (propagators of external probes to be amputated) for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi where at least one of the
probes attaches to the gluon in the proton. The cut is located at the insertion of the three color charge operators.
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The diagram where instead the second gluon attaches to quark 1 (not shown) is given by

Fig:1ðgq1gÞ ¼
2g5

3 · 16π3
1

2
trðTaTcDb − TaTcTbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗2; k⃗g − q⃗13ÞjSi; ð15Þ

and the one where the first gluon attaches to quark 1:

Fig:1ðggq1Þ ¼
2g5

3 · 16π3
1

2
trðTbTcDa − TaTbTcÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗1; k⃗g − q⃗23ÞjSi: ð16Þ

These diagrams come with a symmetry factor of 3 since the “active” quark may just as well be quark 2 or quark 3.
Continuing with the diagram where the third probe attaches to quark 2,

Fig:1ðq2ggÞ ¼ −
2g5

3 · 16π3
1

4
trðTaTbDc þ TaTbTcÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗12; x2; k⃗2 þ x2q⃗ − q⃗3; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗12; p⃗1 − k⃗g; k⃗g − q⃗12ÞjSi: ð17Þ

The symmetry factor is 6 because the third gluon probe may also attach to quark 3.
Once again there are analogous diagrams (not shown) where the second or the first probe attaches to quark 2 (or to

quark 3):

Fig:1ðgq2gÞ ¼ −
2g5

3 · 16π3
1

4
trðTaTcDb þ TaTcTbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗13; x2; k⃗2 þ x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗13; p⃗1 − k⃗g; k⃗g − q⃗13ÞjSi; ð18Þ

Fig:1ðggq2Þ ¼ −
2g5

3 · 16π3
1

4
trðTbTcDa þ TaTbTcÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗23; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗23; p⃗1 − k⃗g; k⃗g − q⃗23ÞjSi: ð19Þ

Their symmetry factors are 6.
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We continue with the diagrams where two of the probes attach to quarks,

Fig:1ðq1q1gÞ ¼ −
2g5

3 · 16π3
Nctrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗23; k⃗g − q⃗1ÞjSi: ð20Þ

The symmetry factor is 3. The SUðNcÞ relation fabctatb ¼ i
2
Nctc is useful for evaluating the color factor for this diagram.

Performing the trace, trtatbtc ¼ 1
4
ðdabc þ ifabcÞ, separates the C-odd contribution proportional to dabc from the C-even

contribution proportional to ifabc,

Fig:1ðq1gq1Þ ¼ −
2g5

3 · 16π3
Nctrtbtatc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗13; k⃗g − q⃗2ÞjSi: ð21Þ

The symmetry factor is 3.

Fig:1ðgq1q1Þ ¼ −
2g5

3 · 16π3
Nctrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗12; k⃗g − q⃗3ÞjSi: ð22Þ

The symmetry factor is 3.

Fig:1ðq2q1gÞ ¼ 0: ð23Þ

The symmetry factor is 6, to include the contribution where
the third gluon attaches to quark 3.

Fig:1ðq1q2gÞ ¼ 0: ð24Þ

The symmetry factor is 6.

Fig:1ðq2gq1Þ ¼ 0: ð25Þ

The symmetry factor is 6.

Fig:1ðq1gq2Þ ¼ 0: ð26Þ

The symmetry factor is 6.

Fig:1ðgq2q1Þ ¼ 0: ð27Þ

The symmetry factor is 6.

Fig:1ðgq1q2Þ ¼ 0: ð28Þ

The symmetry factor is 6.

Fig:1ðq2q2gÞ ¼ −
2g5

3 · 16π3
1

2
Nctrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ x2q⃗ − q⃗23; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗1; p⃗1 − k⃗g; k⃗g − q⃗1ÞjSi: ð29Þ
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The symmetry factor is 6.

Fig:1ðq2gq2Þ ¼ −
2g5

3 · 16π3
1

2
Nctrtatctb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ x2q⃗ − q⃗13; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗2; p⃗1 − k⃗g; k⃗g − q⃗2ÞjSi: ð30Þ

The symmetry factor is 6.

Fig:1ðgq2q2Þ ¼ −
2g5

3 · 16π3
1

2
Nctrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗3; x2; k⃗2 þ x2q⃗ − q⃗12; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗3; p⃗1 − k⃗g; k⃗g − q⃗3ÞjSi: ð31Þ

The symmetry factor is 6.

Fig:1ðq3q2gÞ ¼
2g5

3 · 16π3
1

2
Nctrðtatbtc þ tatctbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗ − q⃗3Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗1; p⃗1 − k⃗g; k⃗g − q⃗1ÞjSi: ð32Þ

The symmetry factor is 6.

Fig:1ðq3gq2Þ ¼
2g5

3 · 16π3
1

2
Nctrðtatbtc þ tatctbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗3Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗2; p⃗1 − k⃗g; k⃗g − q⃗2ÞjSi: ð33Þ

The symmetry factor is 6.

Fig:1ðgq3q2Þ ¼
2g5

3 · 16π3
1

2
Nctrðtatbtc þ tatctbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗3; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗2Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗3; p⃗1 − k⃗g; k⃗g − q⃗3ÞjSi: ð34Þ

The symmetry factor is 6.
We now proceed to the diagrams where all three gluon probes couple to quarks. First, there is the expectation value of

ρquðq⃗1Þρquðq⃗2Þρquðq⃗3Þ between jqqqi three quark states:

hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi ¼
g3

6

Z
½dxi�

Z
½d2ki�½trtatbtcΨ�ðx1; k⃗1 − q⃗þ x1q; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

− trtatbtcΨ�ðx1; k⃗1 − q⃗1 þ x1q⃗; x2; k⃗2 − q⃗23 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ
− trtatctbΨ�ðx1; k⃗1 − q⃗13 þ x1q⃗; x2; k⃗2 − q⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ
− trtatbtcΨ�ðx1; k⃗1 − q⃗12 þ x1q⃗; x2; k⃗2 − q⃗3 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ
þ ðtrtatbtc þ trtatctbÞΨ�ðx1; k⃗1 − q⃗1 þ x1q⃗; x2; k⃗2 − q⃗2 þ x2q⃗; x3; k⃗3 − q⃗3 þ x3q⃗Þ�
× ψðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ: ð35Þ
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The first to fifth terms, respectively, correspond to Fig:2ðq1q1q1Þ, Fig:2ðq2q2q1Þ þ Fig:2ðq3q3q1Þ,
Fig:2ðq1q2q1Þ þ Fig:2ðq1q3q1Þ, Fig:2ðq2q1q1Þ þ Fig:2ðq3q1q1Þ, Fig:2ðq3q2q1Þ þ Fig; 2ðq2q3q1Þ. Two example diagrams
(first and seventh term in the previous expression) are shown in Fig. 2. The entire expression comes with a symmetry factor
of 3. To account for the quark wave function renormalization factor, we multiply it by Zqðx1ÞZqðx2ÞZqðx3Þ ¼ 1 −
Cqðx1Þ − Cqðx2Þ − Cqðx3Þ where CqðxÞ ¼ Oðg2Þ. The explicit expression for CqðxÞ in the MS scheme is given in Ref. [1]
but is not needed here because we will verify that all UV divergences cancel.
The final set of UV divergent diagrams is shown in Fig. 3. Here, quark 1 exchanges a gluon with itself across the insertion

of the three charge operators while the three gluon probes attach in all possible ways to the three quarks,

Fig:3ðq1q1q1Þ ¼
2g5

3 · 16π3
2CFtrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗; p⃗1 − k⃗g − q⃗; k⃗gÞjSi; ð36Þ

with a symmetry factor of 3.

FIG. 2. Two of the diagrams for hρaquðq⃗1Þρbquðq⃗2Þρcquðq⃗3Þi in the three-quark Fock state which involve the quark wave function
renormalization factor Z1=2

q ðxÞ (“virtual corrections”). The cut is located at the insertion of the three color charge operators.

FIG. 3. Final set of UV divergent “real emission” diagrams for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi where all three gluon probes attach to quarks in
the proton. The cut is located at the insertion of the three color charge operators.
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Fig:3ðq2q1q1Þ ¼
2g5

3 · 16π3
1

2Nc
trtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗12; x2; k⃗2 þ x2q⃗ − q⃗3; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗12; p⃗1 − k⃗g − q⃗12; k⃗gÞjSi; ð37Þ

with a symmetry factor of 6.

Fig:3ðq1q2q1Þ ¼
2g5

3 · 16π3
1

2Nc
trtatctb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗13; x2; k⃗2 þ x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗13; p⃗1 − k⃗g − q⃗13; k⃗gÞjSi; ð38Þ

with a symmetry factor of 6.

Fig:3ðq2q2q1Þ ¼
2g5

3 · 16π3
1

2Nc
trtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ x2q⃗ − q⃗23; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗1; p⃗1 − k⃗g − q⃗1; k⃗gÞjSi; ð39Þ

with a symmetry factor of 6.

Fig:3ðq3q2q1Þ ¼ −
2g5

3 · 16π3
1

2Nc
ðtrtatbtc þ trtatctbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗ − q⃗3Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗1; p⃗1 − k⃗g − q⃗1; k⃗gÞjSi; ð40Þ

with a symmetry factor of 6.

Fig:3ðq1q1q2Þ ¼
2g5

3 · 16π3
1

2Nc
trtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

× Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗23; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗23; p⃗1 − k⃗g − q⃗23; k⃗gÞjSi; ð41Þ

with a symmetry factor of 6.

Fig:3ðq2q1q2Þ ¼
2g5

3 · 16π3
1

2Nc
trtatctb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ x2q⃗ − q⃗13; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗2; p⃗1 − k⃗g − q⃗2; k⃗gÞjSi; ð42Þ

with a symmetry factor of 6.
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Fig:3ðq1q2q2Þ ¼
2g5

3 · 16π3
1

2Nc
trtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗3; x2; k⃗2 þ x2q⃗ − q⃗12; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗3; p⃗1 − k⃗g − q⃗3; k⃗gÞjSi; ð43Þ

with a symmetry factor of 6.

Fig:3ðq2q2q2Þ ¼
2g5

3 · 16π3
CFðNc − 1Þtrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ − q⃗; x3; k⃗3 þ x3q⃗Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞjSi; ð44Þ

with a symmetry factor of 6.

Fig:3ðq3q2q2Þ ¼ −
2g5

3 · 16π3
ðNc − 2ÞCFtrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ − q⃗12; x3; k⃗3 þ x3q⃗ − q⃗3Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞjSi; ð45Þ

with a symmetry factor of 6.

Fig:3ðq2q3q2Þ ¼ −
2g5

3 · 16π3
ðNc − 2ÞCFtrtatctb

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ − q⃗13; x3; k⃗3 þ x3q⃗ − q⃗2Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞjSi; ð46Þ

with a symmetry factor of 6.

Fig:3ðq3q3q2Þ ¼ −
2g5

3 · 16π3
ðNc − 2ÞCFtrtatbtc

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗23Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞjSi; ð47Þ

with a symmetry factor of 6.

Fig:3ðq3q1q2Þ ¼ −
2g5

3 · 16π3
1

2Nc
ðtrtatbtc þ trtatctbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗3Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗2; p⃗1 − k⃗g − q⃗2; k⃗gÞjSi; ð48Þ

with a symmetry factor of 6.
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Fig:3ðq1q3q2Þ ¼ −
2g5

3 · 16π3
1

2Nc
ðtrtatbtc þ trtatctbÞ

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗3; x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗2Þ

×
ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − q⃗3; p⃗1 − k⃗g − q⃗3; k⃗gÞjSi; ð49Þ

with a symmetry factor of 6.

B. Finite diagrams

1. Coupling at least once to the gluon

We now proceed to the UV-finite contributions. To write the following expressions in a more compact form we introduce
the integral operator

I⃗ ¼ g5

3 · 16π3

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
; ð50Þ

with z1 ¼ xg=x1 and z2 ¼ xg=ðx2 þ xgÞ. We begin with the diagrams shown in Fig. 4 where two distinct quarks exchange a
gluon across the operator insertion, and where two of the probes attach to that gluon,

Fig:4ðgggÞ ¼ −
1

2
trTaTbTcI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð51Þ

The symmetry factor is 6 which includes a factor of 2 for interchanging the gluon emission and absorption vertices between
quarks 1 and 2 (so that in jPi the gluon couples to quark 2, and in hKj it couples to quark 1),

Fig:4ðq1ggÞ ¼ −
1

4
trðTaTbDc − TaTbTcÞI⃗ · z2p⃗2 − ð1 − z2Þðk⃗g − q⃗12Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗12ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð52Þ

The symmetry factor of 6 includes a factor of 2 due to the contribution from Fig:4ðq2ggÞ with the gluon emission and
absorption vertices between quarks 1 and 2 interchanged,

FIG. 4. A sample of UV finite diagrams for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi where at least two of the probes attach to the gluon in the proton.
The cut is located at the insertion of the three color charge operators.
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Fig:4ðgq1gÞ ¼ −
1

4
trðTaTcDb − TaTcTbÞI⃗ · z2p⃗2 − ð1 − z2Þðk⃗g − q⃗13Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗13ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð53Þ

The symmetry factor of 6 includes a factor of 2 due to the contribution of diagram Fig:4ðgq2gÞ (not shown) with the gluon
emission and absorption vertices between quarks 1 and 2 interchanged.

Fig:4ðggq1Þ ¼ −
1

4
trðTbTcDa − TaTbTcÞI⃗ · z2p⃗2 − ð1 − z2Þðk⃗g − q⃗23Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗23ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð54Þ

Again, the symmetry factor for this diagram is 6 which includes the contribution of diagram Fig:4ðggq2Þ (not shown) with
the gluon emission and absorption vertices between quarks 1 and 2 interchanged,

Fig:4ðq2ggÞ ¼ −
1

4
trðTaTbDc − TaTbTcÞI⃗ · z2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗12Þ

ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗12ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð55Þ

The symmetry factor is 6; this includes the contribution from Fig:4ðq1ggÞ with the gluon emission and absorption vertices
between quarks 1 and 2 interchanged,

Fig:4ðgq2gÞ ¼ −
1

4
trðTaTcDb − TaTcTbÞI⃗ · z2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗13Þ

ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗13ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð56Þ

The symmetry factor is 6.

Fig:4ðggq2Þ ¼ −
1

4
trðTaTbDc − TaTbTcÞI⃗ · z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗23Þ

ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗23ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð57Þ

The symmetry factor is 6.

Fig:4ðq3ggÞ ¼
1

2
trTaTbDcI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗12Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗12ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð58Þ

The symmetry factor is 6.

Fig:4ðgq3gÞ ¼
1

2
trTaTcDbI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗13Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗13ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð59Þ

The symmetry factor is 6.

DUMITRU, MÄNTYSAARI, and PAATELAINEN PHYS. REV. D 105, 036007 (2022)

036007-12



Fig:4ðggq3Þ ¼
1

2
trTaTbDcI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗23Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗23ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð60Þ

The symmetry factor is 6.
We continue with the diagrams shown in Fig. 5 where two distinct quarks exchange a gluon across the operator insertion,

and where one of the probes attaches to that gluon,

Fig:5ðq1q1gÞ ¼
Nc

2
trtatbtcI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗23; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð61Þ

The symmetry factor is 6 [this includes the contribution from diagram Fig:5ðq2q2gÞ (not shown) with the gluon emission
and absorption vertices between quarks 1 and 2 interchanged],

Fig:5ðq1gq1Þ ¼
Nc

2
trtatctbI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗13; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð62Þ

Again, the symmetry factor is 6 [this includes the contribution from diagram Fig:5ðq2gq2Þ (not shown) with the gluon
emission and absorption vertices between quarks 1 and 2 interchanged],

Fig:5ðgq1q1Þ ¼
Nc

2
trtatbtcI⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗12; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð63Þ

Again, the symmetry factor is 6 [this includes the contribution from diagram Fig:5ðgq2q2Þ (not shown) with the gluon
emission and absorption vertices between quarks 1 and 2 interchanged],

Fig:5ðq2q1gÞ ¼
�
−
1

4
ðTaÞbc þ

Nc

2
trtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗2; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð64Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðq1q2gÞ (not shown) with the gluon emission and
absorption vertices between quarks 1 and 2 interchanged,

Fig:5ðq2gq1Þ ¼
�
1

4
ðTbÞca þ

Nc

2
trtatbtc

�
I⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗1; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð65Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðq1gq2Þ (not shown) with the gluon emission and
absorption vertices between quarks 1 and 2 interchanged,

Fig:5ðgq2q1Þ ¼
�
1

4
ðTcÞba þ

Nc

2
trtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗1; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð66Þ
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The symmetry factor is 6, including the contribution from diagram Fig:5ðgq1q2Þ (not shown) with the gluon emission and
absorption vertices between quarks 1 and 2 interchanged,

Fig:5ðq1q2gÞ ¼
�
1

4
ðTaÞbc þ

Nc

2
trtatbtc

�
I⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗3; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð67Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðq2q1gÞ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq1gq2Þ ¼
�
1

4
ðTbÞac þ

Nc

2
trtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗3; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð68Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðq2gq1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðgq1q2Þ ¼
�
1

4
ðTcÞab þ

Nc

2
trtatbtc

�
I⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗2; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð69Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðgq2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq2q2gÞ ¼
Nc

2
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗23Þ − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2ðp⃗2 − q⃗23Þ − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð70Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðq1q1gÞ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq2gq2Þ ¼
Nc

2
trtbtatcI⃗ ·

z2ðp⃗2 − q⃗13Þ − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2ðp⃗2 − q⃗13Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð71Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðq1gq1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðgq2q2Þ ¼
Nc

2
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗12Þ − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð72Þ

The symmetry factor is 6, including the contribution from diagram Fig:5ðgq1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
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Fig:5ðq3q1gÞ ¼
�
−
1

4
ðTaÞcb − Nctrtatctb þ

1

4
trTcTaðDb − TbÞ

�
I⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗2; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð73Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq3q2gÞ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq3gq1Þ ¼
�
−
1

4
ðTbÞca − Nctrtatbtc þ

1

4
trTcTbðDa − TaÞ

�
I⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗1; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð74Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq3gq2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðgq3q1Þ ¼
�
−
1

4
ðTcÞba − Nctrtatctb þ

1

4
trTbTcðDa − TaÞ

�
I⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗1; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð75Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðgq3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq1q3gÞ ¼
�
−
1

4
ðTaÞbc − Nctrtatbtc þ

1

4
trTbTaðDc − TcÞ

�
I⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗3; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð76Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq2q3gÞ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:5ðq1gq3Þ ¼
�
−
1

4
ðTbÞac − Nctrtbtatc þ

1

4
trTaTbðDc − TcÞ

�
I⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗3; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð77Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq2gq3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðgq1q3Þ ¼
�
−
1

4
ðTcÞab − Nctrtatbtc þ

1

4
trTaTcðDb − TbÞ

�
I⃗ ·

z2p⃗2 − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗ − q⃗2; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð78Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðgq2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq3q2gÞ ¼
�
−
1

4
ðTaÞbc −

Nc

4
ðDaÞbc þ

1

4
trTaðDb − TbÞTc

�
I⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð79Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq3q1gÞ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
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Fig:5ðq3gq2Þ ¼
�
−
1

4
ðTbÞac −

Nc

4
ðDbÞac þ

1

4
trTbðDa − TaÞTc

�
I⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð80Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq3gq1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðgq3q2Þ ¼
�
−
1

4
ðTcÞab −

Nc

4
ðDcÞab þ

1

4
trTcðDa − TaÞTb

�
I⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð81Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðgq3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq2q3gÞ ¼
�
1

4
ðTaÞbc −

Nc

4
ðDaÞbc þ

1

4
trTaðDc − TcÞTb

�
I⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗1Þ
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð82Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq1q3gÞ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq2gq3Þ ¼
�
1

4
ðTbÞac −

Nc

4
ðDbÞac þ

1

4
trTbðDc − TcÞTa

�
I⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗2Þ
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð83Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðq1gq3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðgq2q3Þ ¼
�
1

4
ðTcÞab −

Nc

4
ðDcÞab þ

1

4
trTcðDb − TbÞTa

�
I⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗3Þ
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗3ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð84Þ

The symmetry factor of 6 includes the contribution from diagram Fig:5ðgq1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:5ðq3q3gÞ ¼ 0; ð85Þ
Fig:5ðq3gq3Þ ¼ 0; ð86Þ
Fig:5ðgq3q3Þ ¼ 0: ð87Þ

FIG. 5. A sample of UV finite diagrams for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi where one of the probes attaches to the gluon in the proton. The cut
is located at the insertion of the three color charge operators.
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2. Coupling only to quarks

Here we consider the diagrams where all three gluon probes couple exclusively to quarks in the proton. We begin with the
matrix element of ρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þ in the jqqqgi Fock state. A few examples are shown in Fig. 6,

Fig:6ðq1q1q1Þ ¼ −CFtrtatbtcI⃗ ·
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 − ð1 − x1Þq⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð88Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q2q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q1q1Þ ¼ −
�
CF −

1

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð89Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q2q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q1q1Þ ¼
�
CF −

1

2
−

1

2Nc

�
trtatbtcI⃗ ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð90Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q2q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q2q1Þ ¼ −
�
CF −

1

2

�
trtatctbI⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗13 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð91Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q1q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q2q1Þ ¼ −
�
CF −

1

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð92Þ

FIG. 6. A sample of UV finite diagrams for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi evaluated in the jqqqgi Fock state, where all three probes attach to
quarks in the proton. The cut is located at the insertion of the three color charge operators.
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The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q1q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q2q1Þ ¼
�
ðCF − 1Þtrtatbtc þ

�
CF −

Nc

2

�
trtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗2Þ− ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ− ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− q⃗1 − k⃗g þ xgK⃗;x2 þ xg; k⃗2 þ x2q⃗− q⃗2 þ k⃗g − xgK⃗;x3; k⃗3 þ x3q⃗− q⃗3Þ: ð93Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q1q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q3q1Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatctbI⃗ ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗13 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð94Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q3q1Þ ¼
�
ðCF − 1Þtrtatctb þ

�
CF −

Nc

2

�
trtatbtc

�
I⃗ ·

z2ðp⃗2 − q⃗3Þ− ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ− ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− q⃗1 − k⃗g þ xgK⃗;x2 þ xg; k⃗2 þ x2q⃗− q⃗3 þ k⃗g − xgK⃗;x3; k⃗3 þ x3q⃗− q⃗2Þ: ð95Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q3q1Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗23Þ: ð96Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q1q2Þ ¼ −
�
CF −

1

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗23 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð97Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q1q2Þ ¼ −
�
CF −

1

2

�
trtatctbI⃗ ·

z2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð98Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,
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Fig:6ðq3q1q2Þ ¼
��

CF −
Nc

2

�
trtatbtc þ ðCF − 1Þtrtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗1Þ− ð1− z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ− ð1− z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗− q⃗2 − k⃗g þ xgK⃗;x2 þ xg; k⃗2 þ x2q⃗− q⃗1 þ k⃗g − xgK⃗;x3; k⃗3 þ x3q⃗− q⃗3Þ: ð99Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q2q2Þ ¼ −
�
CF −

1

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð100Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q2q2Þ ¼ −CFtrtatbtcI⃗ ·
z2ðp⃗2 − q⃗Þ − ð1 − z2Þk⃗g

ðz2ðp⃗2 − q⃗Þ − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð101Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q2q2Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð102Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q3q2Þ ¼
�
ðCF − 1Þtrtatbtc þ

�
CF −

Nc

2

�
trtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ:

ð103Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q3q2Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatctbI⃗ ·

z2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð104Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q3q2Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗23Þ: ð105Þ
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The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q1q3Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗23 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð106Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q1q3Þ ¼
�
ðCF − 1Þtrtatbtc þ

�
CF −

Nc

2

�
trtatctb

�
I⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ:

ð107Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q1q3Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatctbI⃗ ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗13Þ: ð108Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq1q2q3Þ ¼
�
ðCF − 1Þtrtatctb þ

�
CF −

Nc

2

�
trtatbtc

�
I⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ:

ð109Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q2q3Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð110Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q2q3Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatctbI⃗ ·

z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗13Þ: ð111Þ

The symmetry factor of 6 includes the contribution from diagram fig:6ðq3q1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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fig:6ðq1q3q3Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗12Þ: ð112Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq2q3q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq2q3q3Þ ¼
�
2CF −

1

2
−
Nc

2

�
trtatbtcI⃗ ·

z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗12Þ: ð113Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq1q3q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged,

Fig:6ðq3q3q3Þ ¼ CFð2 − NcÞtrtatbtcI⃗ ·
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗Þ: ð114Þ

The symmetry factor of 6 includes the contribution from diagram Fig:6ðq3q3q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
The final set of diagrams corresponds to the virtual corrections where two quarks exchange a gluon on either side of the

insertion of the ρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þ operator. Figure 7 shows a small subset of these diagrams. To write them in compact
form we introduce the integral operator

J ¼ g5

3 · 16π3

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
Z

minðx1;1−x2Þ

x

dxg
xg

�
1 −

z1 þ z2
2

þ z1z2
6

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x1

x1 − xg

r ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2

x2 þ xg

r Z
d2kg: ð115Þ

We shall also include right away the contribution from the diagram where the gluon exchange occurs on the other side of the
insertion from quark 2 to quark 1. With this,

Fig:7ðq1q1q1Þ ¼ CFtrtatbtcJ
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗Þ − k⃗g

ðz1ðp⃗1 − q⃗Þ − k⃗gÞ2
�

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð116Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q2q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

FIG. 7. A sample of UV finite diagrams for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi evaluated in the jqqqi Fock state includingOðg2Þ virtual correction.
The cut is located at the insertion of the three color charge operators.
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Fig:7ðq2q1q1Þ ¼
�
CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗12Þ − k⃗g

ðz1ðp⃗1 − q⃗12Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð117Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q2q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q1q1Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

·

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗12Þ − k⃗g

ðz1ðp⃗1 − q⃗12Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð118Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q2q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q2q1Þ ¼
�
CF −

Nc þ 1

2

�
trtatctbJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗13Þ − k⃗g

ðz1ðp⃗1 − q⃗13Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗13 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð119Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q1q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq2q2q1Þ ¼
�
CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗1Þ − k⃗g

ðz1ðp⃗1 − q⃗1Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð120Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q1q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q2q1Þ ¼ −
�
CF −

Nc þ 1

2

�
ðtrtatbtc þ trtatctbÞJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗1Þ − k⃗g

ðz1ðp⃗1 − q⃗1Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ:

ð121Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q1q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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Fig:7ðq1q3q1Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatctbJ

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

·

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗13Þ − k⃗g

ðz1ðp⃗1 − q⃗13Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗13 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð122Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq2q3q1Þ ¼ −
�
CF −

Nc þ 1

2

�
ðtrtatbtc þ trtatctbÞJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗1Þ − k⃗g

ðz1ðp⃗1 − q⃗1Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ:

ð123Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q3q1Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

·
�

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗1Þ − k⃗g

ðz1ðp⃗1 − q⃗1Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗23Þ: ð124Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q3q2Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q1q2Þ ¼
�
CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗23Þ − k⃗g

ðz1ðp⃗1 − q⃗23Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗23 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð125Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq2q1q2Þ ¼
�
CF −

Nc þ 1

2

�
trtatctbJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð126Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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Fig:7ðq3q1q2Þ ¼ −
�
CF −

Nc þ 1

2

�
ðtrtatbtc þ trtatctbÞJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ:

ð127Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q2q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q2q2Þ ¼
�
CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗3Þ − k⃗g

ðz1ðp⃗1 − q⃗3Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð128Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq2q2q2Þ ¼ CFtrtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗Þ − ð1 − z2Þk⃗gÞ2

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗Þ: ð129Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q2q2Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗gÞ2

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗3Þ: ð130Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q1q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q3q2Þ ¼ −
�
CF −

Nc þ 1

2

�
ðtrtatctb þ trtatbtcÞJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗3Þ − k⃗g

ðz1ðp⃗1 − q⃗3Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ:

ð131Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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Fig:7ðq2q3q2Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatctbJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗13Þ − ð1 − z2Þk⃗gÞ2

·

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗13 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗2Þ: ð132Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q3q2Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗23Þ: ð133Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q1q3Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

·

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗23Þ − k⃗g

ðz1ðp⃗1 − q⃗23Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗23 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð134Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq2q1q3Þ ¼ −
�
CF −

Nc þ 1

2

�
ðtrtatctb þ trtatbtcÞJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ:

ð135Þ
The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q1q3Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatctbJ

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

·

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗13Þ: ð136Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q2q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q2q3Þ ¼ −
�
CF −

Nc þ 1

2

�
ðtrtatbtc þ trtatctbÞJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗3Þ − k⃗g

ðz1ðp⃗1 − q⃗3Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ:

ð137Þ
The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.
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Fig:7ðq2q2q3Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗23Þ − ð1 − z2Þk⃗gÞ2

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗23 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗1Þ: ð138Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q2q3Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatctbJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗13Þ: ð139Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q1q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq1q3q3Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

·

�
z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗3Þ − k⃗g

ðz1ðp⃗1 − q⃗3Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − q⃗3 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗12Þ: ð140Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq2q3q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq2q3q3Þ ¼ −
�
2CF −

Nc þ 1

2

�
trtatbtcJ

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗3Þ − ð1 − z2Þk⃗gÞ2

�
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗ − q⃗3 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗12Þ: ð141Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq1q3q1Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

Fig:7ðq3q3q3Þ ¼ −2CFð2 − NcÞtrtatbtcJ
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z1p⃗1 − k⃗g

ðz1p⃗1 − k⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗ − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗ − q⃗Þ: ð142Þ

The symmetry factor of 6 includes the contribution from diagram Fig:7ðq3q3q3Þ with the gluon emission and absorption
vertices between quarks 1 and 2 interchanged.

III. THE CORRELATOR IN IMPACT PARAMETER SPACE

The vanishing of hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi when q⃗1 ¼ 0 or q⃗3 ¼ 0 leads to a sum rule in impact parameter space. Let us first
separate C-odd and C-even contributions via

G−
3 ðq⃗1; q⃗2; q⃗3Þ ∼ dabchρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi; Gþ

3 ðq⃗1; q⃗2; q⃗3Þ ∼ ifabchρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi: ð143Þ

Introducing the total momentum transfer K⃗ ¼ −ðq⃗1 þ q⃗2 þ q⃗3Þ, where we assume P⃗ ¼ 0 for the incoming proton, and the
relative momenta Δ⃗12 ¼ q⃗1 − q⃗2, Δ⃗23 ¼ q⃗2 − q⃗3, we can Fourier transform these correlators to impact parameter space:

G�
3 ðb⃗; Δ⃗12; Δ⃗23Þ ¼

Z
d2K
ð2πÞ2 e

−ib⃗·K⃗G�
3

�
2Δ⃗12 þ Δ⃗23 − K⃗

3
;
−Δ⃗12 þ Δ⃗23 − K⃗

3
;−

Δ⃗12 þ 2Δ⃗23 þ K⃗
3

�
: ð144Þ

These functions satisfy the sum rule
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Z
d2bG�

3 ðb⃗; Δ⃗12; Δ⃗23Þ ¼ 0 ð145Þ

when 2Δ⃗12 ¼ −Δ⃗23 or Δ⃗12 ¼ −2Δ⃗23 or Δ⃗12 ¼ Δ⃗23 ¼ 0.
We proceed to show a numerical estimate for G−

3 ðbÞ for
Δ⃗12 ¼ Δ⃗23 ¼ 0, normalized according to G−

3 ðq⃗1;q⃗2;q⃗3Þ¼
4dabchρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi=g3. Here, hρaðq⃗1Þρbðq⃗2Þ×
ρcðq⃗3Þi is given by the sum of all diagrams computed
above. For the numerical results we employ the “harmonic
oscillator” three-quark model wave functionΨqqqðxi; k⃗iÞ by
Brodsky and Schlumpf [55,56] used also in Ref. [2], which
assumes a Gaussian momentum distribution of quarks in
two transverse dimensions, with a specific x-dependent
width. Also, the magnitude of the NLO correction depends
on the value of the coupling for which we use αs ¼ 0.2; and
on the collinear regulator (see Appendix B) which we take
as 0.2 GeV.
Our result is shown in Fig. 8. At x ¼ 0.1 the correc-

tion to the LO result [49] is numerically small; similar
behavior was observed for the correlator of two color
charge operators in Ref. [2]. This is an important check
of the perturbative expansion about a three-quark Fock
state. With decreasing x the NLO correction grows
substantially.
Figure 8 also shows that the b-dependence of G−

3 does
not follow a positive definite 1-body “parton density
distribution,” or a proton thickness function, respectively,
at small b. Rather, n-body quantum correlations of color
charge depend nontrivially on the impact parameter,
reflecting in a change of sign of G−

3 at b ≃ 0.15 fm.
Last, we note that the generic magnitude of G−

3 , for impact
parameters in the perturbative region, is similar to that of
the correlator of two color charge operators G2 shown in
Ref. [2]. Hence, for realistic values of the coupling there are
substantial corrections to Gaussian color charge fluctua-
tions in the proton at moderately small x.

IV. SUMMARY

We have computed the diagrams for the light-cone
gauge color charge correlator hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi in a
proton made of three quarks and a perturbative gluon
which is not required to carry a small light-cone
momentum. This correlator provides the leading correc-
tion to Gaussian color charge fluctuations in the proton.
It is independent of the renormalization scale since UV
divergences cancel, but as the correlator of two color
charge operators [1] it also exhibits logarithmic collinear
and soft singularities.
These results may be used to obtain a more realistic

picture of correlations in the proton at moderate x≳ 0.01.
In particular, there exist contributions where one cannot
“pair up” the transverse momenta of two of the three
exchanged gluons, i.e., where the three probes hit the
target proton at three different impact parameters.
Furthermore, our explicit expressions could be used as
initial conditions (in the weak field / dilute regime) for
small-x evolution, in particular for impact parameter
dependent evolution [57–61] with a contribution that is
odd under C and P.
The expressions for hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi have a form

similar to those for hρaðq⃗1Þρbðq⃗2Þi obtained previously [1].
Therefore, they can be evaluated numerically using the
same code developed for the two-point charge correlator
[2]. We have provided first numerical estimates for the
C-odd part G−

3 of hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi in Sec. III. We find
that the NLO correction due to the jqqqgi Fock state of the
proton is numerically small at x ¼ 0.1 but that it increases
rapidly as x → 0.01. Also, the dependence of the three-
charge correlator on impact parameter b is rather nontrivial,
and its sign changes indicate b-dependent transitions in
the nature of the quantum correlations of color charge in the
proton. This result, together with published results on the
hρaρbi correlator [2], provides guidance for phenomeno-
logical models of color charge correlations in the proton
(at x ∼ 0.01–0.1).
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FIG. 8. Numerical model estimate of the impact parameter
dependence of the C-odd part of the correlator of three color
charge operators in the proton.
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APPENDIX A: THE PROTON ON THE
LIGHT FRONT

For completeness we briefly review in this appendix the
Fock state description of the proton on the light front as
used in the main text.

1. Three quark Fock state of the proton

The Fock space description of the eigenstates of the
QCD Hamiltonian on the light cone has been discussed
many times in the literature; see, e.g., Refs. [63–65]. Any
such state, such as the proton, will involve a super-
position of n parton Fock states, for arbitrary n. However,
it is well known from phenomenology that at x≳ 0.1 the
proton can be understood to first approximation in terms
of a state of three massive quarks (with the appropriate
flavors and spins, and in an antisymmetric color singlet
state); see, e.g., Refs. [55,56]. Therefore, we consider
such a phenomenological state of three massive quarks, a
“light-cone constituent quark model,” a reasonable point
of expansion, to which we add a perturbative jqqqgi
correction.7

We write the light-cone state of an on-shell proton with
four-momentum Pμ ¼ ðPþ; P−; P⃗Þ composed of three
quarks as

jPi ¼ 1ffiffiffiffiffiffiffiffi
Nc!

p
Z

½dxi�
Z

½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

×
X
i1;i2;i3

ϵi1i2i3 jp1; i1;p2; i2;p3; i3ijSi: ðA1Þ

Nc ¼ 3 is the number of colors while jSi is the helicity
wave function of the proton, normalized to hSjSi ¼ 1. We
have used the following compact notation:

½dxi�≡ dx1dx2dx3
8x1x2x3

δð1 − x1 − x2 − x3Þ;

½d2ki�≡ d2k1d2k2d2k3
ð2πÞ6 δðk⃗1 þ k⃗2 þ k⃗3Þ: ðA2Þ

The three on-shell quark momenta are specified by their
light-cone momentum components pþ

i ¼ xiPþ and their

transverse components p⃗i ¼ xiP⃗þ k⃗i. The quark colors
are denoted as i1;2;3. Ψqqq is the three-quark wave
function. It is symmetric under the exchange of
any two of the quarks: Ψqqqðx1; k⃗1;x2; k⃗2;x3; k⃗3Þ ¼
Ψqqqðx2; k⃗2;x1; k⃗1;x3; k⃗3Þ, etc.
For simplicity, we will assume that the momentum space

wave function Ψqqq does not depend on the helicities hi ¼
�1 of the quarks, i.e., that the helicity wave function
factorizes from the color-momentum wave function.
Helicity matrix elements are given by hhii ¼ 0 and
hhihj≠ii ¼ − 1

3
(see Ref. [1]).

We neglect plus momentum transfer so that ξ ¼
ðKþ − PþÞ=Pþ → 0. The proton state is then normalized
according to

hKjPi ¼ 16π3PþδðPþ − KþÞδðP⃗ − K⃗Þ: ðA3Þ

The one-particle quark states introduced above are
created by the action of the quark creation operator on
the vacuum j0i:

jp; i; hi ¼ b†ihðpÞj0i: ðA4Þ

The quark creation and annihilation operators satisfy the
anticommutation relation

fbjhðkÞ; b†ih0 ðpÞg ¼ δjihh016π
3kþδðkþ − pþÞδðk⃗ − p⃗Þ;

ðA5Þ

so that

hk; j; hjp; i; h0i ¼ δjihh016π
3kþδðkþ − pþÞδðk⃗ − p⃗Þ: ðA6Þ

Similarly, the operators which create or destroy a gluon
satisfy the commutation relations

½aaλðkÞ; a†bρðpÞ� ¼ δabλρ16π
3kþδðkþ − pþÞδðk⃗ − p⃗Þ: ðA7Þ

The normalization of the valence quark wave function is
given by

1

2

Z
½dxi�

Z
½d2ki�jΨqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þj2 ¼ 1: ðA8Þ

2. Three quarks and a gluon

In this section we outline the computation in light-cone
perturbation theory of the three quark plus one gluon wave
function, and of the virtual corrections [1,66,67].
The physical incoming one-particle quark state can be

written as a simultaneous perturbative and Fock state
decomposition in terms of the bare states

7Let us also note that the two-point color charge correlator
hρaðq⃗1Þρbðq⃗2Þi at x ¼ 0.1 receives fairly small corrections from
the perturbative gluon emission [2]. We take this as another
confirmation for the validity (at such x) of expanding from a state
of three massive quarks.
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jqðp; h; iÞi ¼ Z1=2
q ðpþÞ

�
jqðp; h; iÞi0 þ

X
h0;σ;j;a

Z edkq edkgð2πÞ3δðpþ − kþq − kþg Þδðp⃗ − k⃗q − k⃗gÞψq→qgðp; kq; kgÞ

× jqðkq; h0; jÞgðkg; σ; aÞi0 þ � � �
�
: ðA9Þ

Here, the LCwf for q → qg splitting is denoted as ψq→qg and the Lorentz invariant measures edkq and edkg are defined as

Z edk≡ Z
dkþ

2kþ
d2k
ð2πÞ3 → ðμ2Þ2−D=2

Z
dkþ

ð2πÞ2kþ
dD−2k
ð2πÞD−2 : ðA10Þ

The latter form is used to regularize ultraviolet (UV) divergences by integrating over the momenta of all particles in D
dimensions. Here, an arbitrary scale μ2 has been introduced so that the transverse integrals preserve their natural
dimensions. The quark wave function renormalization coefficient Zq can be calculated from the normalization requirement

hqðp; h; iÞjqðp; h; iÞi ¼ 0hqðp; h; iÞjqðp; h; iÞi0 ¼ 2pþð2πÞ3δð3Þð0Þ: ðA11Þ

Now we replace each quark state in Eq. (A1) by the perturbative expansion in Eq. (A9). This yields

jqðp1; h1; i1Þqðp2; h2; i2Þqðp3; h3; i3ÞijSi

¼
��

1 −
Cqðpþ

1 Þ
2

�
jqðp1; h1; i1Þi0 þ

X
h0;σ;j;a

2gðtaÞji1
Z edkg

2ðpþ
1 − kþg Þ

ψ̂q→qgðp1;p1 − kg; kgÞ

× jqðp1 − kg; h0; jÞgðkg; σ; aÞi0 þ � � �
�

⊗
��

1 −
Cqðpþ

2 Þ
2

�
jqðp2; h2; i2Þi0 þ

X
h0;σ;j;a

2gðtaÞji2
Z edkg

2ðpþ
2 − kþg Þ

ψ̂q→qgðp2;p2 − kg; kgÞ

× jqðp2 − kg; h0; jÞgðkg; σ; aÞi0 þ � � �
�

⊗
��

1 −
Cqðpþ

3 Þ
2

�
jqðp3; h3; i3Þi0 þ

X
h0;σ;j;a

2gðtaÞji3
Z edkg

2ðpþ
3 − kþg Þ

ψ̂q→qgðp3;p3 − kg; kgÞ

× jqðp3 − kg; h0; jÞgðkg; σ; aÞi0 þ � � �
�
jSi: ðA12Þ

We have extracted the common factor 2gðtaÞjii from ψq→qg by defining ψq→qgðpi;pi − kg; kgÞ≡
2gðtaÞjii ψ̂q→qgðpi;pi − kg; kgÞ. The latter involves the quark helicities and the gluon polarization. Also note that Cqðpþ

i Þ ∼
Oðg2Þ while ψq→qg ∼OðgÞ, and that terms of orderOðg3Þ and higher must be dropped. Finally, the integration over the plus
momentum of the gluon extends up to the plus momentum of the parent quark; for example, kþg < pþ

1 in the first line, and
so on.
We also need to add to the right-hand sice of Eq. (A12) the Oðg2Þ contributions where one quark emits a gluon which is

then absorbed by a second (distinct) quark. For example, if the first quark emits and the second quark absorbs the gluon, that
gives the contribution

X
h0
1
;h0

2
;σ;j;n;a

4g2ðtaÞji1ðtaÞni2
Z

d̃kg
2ðpþ

1 − kþg Þ
ψ̂q→qgðp1;p1 − kg; kgÞ

1

2ðpþ
2 þ kþg Þ

ψ̂qg→qðp2; kg;p2 þ kgÞ

× jqðp1 − kg; h01; jÞqðp2 þ kg; h02; nÞi0 ⊗ jqðp3; h3; i3Þi0jSi: ðA13Þ

Here, the integration over kþg extends up to minðpþ
1 ; P

þ − pþ
2 Þ. There are analogous contributions corresponding to gluon

emission from quark 2 and absorption by quark 1 as well as from other pairings.
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APPENDIX B: CANCELLATION OF UV DIVERGENCES

Here, we verify the cancellation of UV divergences. We quote the following result from the appendix of Ref. [1]:

ð2πÞD−1

2pþ
1

Z edkg
2ðpþ

1 − kþg Þ
hSjψ̂q→qgðp⃗1; p⃗1 − k⃗g; k⃗gÞψ̂�

q→qgðp⃗1 − ⃗l; p⃗1 − k⃗g − ⃗l1; k⃗g − ⃗lþ ⃗l1ÞjSi

¼ 2π3
Cqðx1Þ
g2CF

þ 2π3F

�⃗
l; ⃗l1;

x
x1

; m2

�
; ðB1Þ

where ⃗l; ⃗l1 are 2D transverse momenta (lþ ¼ lþ1 ¼ 0), CqðxÞ ¼ 1 − ZqðxÞ is the Oðg2Þ correction to the quark wave
function renormalization factor, and F is a UV finite function satisfying Fð0; 0; x=x1; m2Þ → 0. Note that the UV divergent
part does not depend on the momenta ⃗l; ⃗l1. The parameter m2 is an infrared regulator for the DGLAP collinear singularity
[68–71], and x is a cutoff for the soft singularity.
We begin by collecting the terms proportional to

g3

8CF

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3ÞΨ�

qqqðx1; k⃗1 − ð1 − x1Þq⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗ÞCqðx1Þ: ðB2Þ

These are Eqs. (13), (14), (15), (16), (20), (21), (22), the
first term in Eq. (35) times −Cqðx1Þ, and Eq. (36):

2
3

2
ifabc þ 2

3

4
ðdabc − ifabcÞ þ 2

3

4
ðdabc þ ifabcÞ

þ 2
3

4
ðdabc − ifabcÞ − 6

1

4
ðdabc þ ifabcÞ

− 6
1

4
ðdabc − ifabcÞ − 6

1

4
ðdabc þ ifabcÞ

−
8CF

2

1

4
ðdabc þ ifabcÞ þ 4CF

1

4
ðdabc þ ifabcÞ ¼ 0:

ðB3Þ
Next, consider the diagrams which involveΨ�

qqqðx1; k⃗1þ
x1q⃗; x2; k⃗2 þ x2q⃗ − q⃗; x3; k⃗3 þ x3q⃗Þ in Eq. (B2). These are
the first term in Eq. (35) times −Cqðx2Þ and with quarks 1
and 2 interchanged; and half of Eq. (44):

−
8CF

2

1

4
ðdabc þ ifabcÞ þ 2CF · 2

1

4
ðdabc þ ifabcÞ ¼ 0:

ðB4Þ

Similarly, the diagrams which involve Ψ�
qqqðx1; k⃗1 þ

x1q⃗; x2; k⃗2 þ x2q⃗; x3; k⃗3 þ x3q⃗ − q⃗Þ in Eq. (B2) are the first
term in Eq. (35) times −Cqðx3Þ and with quarks 1 and 3
interchanged; and the remaining half of Eq. (44) with
quarks 2 and 3 interchanged:

−
8CF

2

1

4
ðdabc þ ifabcÞ

þ 2CF · 2
1

4
ðdabc þ ifabcÞ ¼ 0: ðB5Þ

The above were diagrams where the transverse momen-
tum of all three probe gluons flowed into one single quark

line. We now consider the divergent diagrams where one of
the momenta flows into a different quark line.
We begin with terms which involve Ψ�

qqqðx1; k⃗1 þ x1q⃗−
q⃗12; x2; k⃗2 þ x2q⃗ − q⃗3; x3; k⃗3 þ x3q⃗Þ. These are Eq. (17),
the fourth line in Eq. (35) times −Cqðx1Þ, and Eq. (37):

− 4
1

4

3

2
ðdabc þ ifabcÞ þ 8CF

2

1

4
ðdabc þ ifabcÞ

þ 4
1

6

1

4
ðdabc þ ifabcÞ ¼ 0: ðB6Þ

Now are terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗13;

x2; k⃗2 þ x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗Þ: Eq. (18), the third line
in Eq. (35) times −Cqðx1Þ, and Eq. (38):

− 4
1

4

3

2
ðdabc − ifabcÞ þ 8CF

2

1

4
ðdabc − ifabcÞ

þ 4
1

6

1

4
ðdabc − ifabcÞ ¼ 0: ðB7Þ

Next are terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗23;

x2; k⃗2 þ x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗Þ: Eq. (19), the second line
in Eq. (35) times −Cqðx2Þ and with quarks 1 and 2
interchanged, and Eq. (41):

− 4
1

4

3

2
ðdabc þ ifabcÞ þ 8CF

2

1

4
ðdabc þ ifabcÞ

þ 4
1

6

1

4
ðdabc þ ifabcÞ ¼ 0: ðB8Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ

x2q⃗ − q⃗23; x3; k⃗3 þ x3q⃗Þ are the following: Eq. (29), the
second line in Eq. (35) times −Cqðx1Þ, and Eq. (39):
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− 4
3

2

1

4
ðdabc þ ifabcÞ þ 8CF

2

1

4
ðdabc þ ifabcÞ

þ 4
1

6

1

4
ðdabc þ ifabcÞ ¼ 0: ðB9Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ

x2q⃗ − q⃗13; x3; k⃗3 þ x3q⃗Þ are the following: Eq. (30), the
third line in Eq. (35) times −Cqðx2Þ with quarks 1 and 2
interchanged, and Eq. (42):

− 4
3

2

1

4
ðdabc − ifabcÞ þ 8CF

2

1

4
ðdabc − ifabcÞ

þ 4
1

6

1

4
ðdabc − ifabcÞ ¼ 0: ðB10Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗3; x2; k⃗2 þ

x2q⃗ − q⃗12; x3; k⃗3 þ x3q⃗Þ are the following: Eq. (31), the
fourth line in Eq. (35) times −Cqðx2Þ with quarks 1 and 2
interchanged, and Eq. (43):

− 4
3

2

1

4
ðdabc þ ifabcÞ þ 8CF

2

1

4
ðdabc þ ifabcÞ

þ 4
1

6

1

4
ðdabc þ ifabcÞ ¼ 0: ðB11Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ −

q⃗12; x3; k⃗3 þ x3q⃗ − q⃗3Þ are the following: Eq. (45), and
the fourth term in Eq. (35) times −Cqðx3Þwith quarks 1 and
3 interchanged (followed by a second interchange of quarks
2 and 3):

− 4CF
1

4
ðdabc þ ifabcÞ þ 8CF

2

1

4
ðdabc þ ifabcÞ ¼ 0:

ðB12Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ −

q⃗13; x3; k⃗3 þ x3q⃗ − q⃗2Þ are the following: Eq. (46), and
the third term in Eq. (35) times −Cqðx3Þ with quarks 1 and
3 interchanged (followed by a second interchange of quarks
2 and 3):

− 4CF
1

4
ðdabc − ifabcÞ þ 8CF

2

1

4
ðdabc − ifabcÞ ¼ 0:

ðB13Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗; x2; k⃗2 þ x2q⃗ −

q⃗1; x3; k⃗3 þ x3q⃗ − q⃗23Þ are the following: Eq. (47), and
the second term in Eq. (35) times −Cqðx3Þ with quarks 1
and 3 interchanged (followed by a second interchange of
quarks 2 and 3):

− 4CF
1

4
ðdabc þ ifabcÞ þ 8CF

2

1

4
ðdabc þ ifabcÞ ¼ 0:

ðB14Þ
The last structure to be checked corresponds to the

diagrams where each q⃗i flows into a different quark line.
Terms which involve Ψ�

qqqðx1; k⃗1 þ x1q⃗ − q⃗1; x2; k⃗2 þ
x2q⃗ − q⃗2; x3; k⃗3 þ x3q⃗ − q⃗3Þ are the following: Eq. (32),
the fifth line in Eq. (35) times −Cqðx1Þ, and Eq. (40):

4
3

2

1

2
dabc −

8CF

2

1

2
dabc − 4

1

6

1

2
dabc ¼ 0: ðB15Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗2; x2; k⃗2 þ

x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗3Þ are the following: Eq. (33),
the fifth line in Eq. (35) times −Cqðx2Þ with quarks 1 and 2
interchanged, and Eq. (48):

4
3

2

1

2
dabc −

8CF

2

1

2
dabc − 4

1

6

1

2
dabc ¼ 0: ðB16Þ

Terms which involve Ψ�
qqqðx1; k⃗1 þ x1q⃗ − q⃗3; x2; k⃗2 þ

x2q⃗ − q⃗1; x3; k⃗3 þ x3q⃗ − q⃗2Þ are the following: Eq. (34),
the fifth line in Eq. (35) times −Cqðx3Þ with quarks 1 and 3
interchanged, and Eq. (49):

4
3

2

1

2
dabc −

8CF

2

1

2
dabc − 4

1

6

1

2
dabc ¼ 0: ðB17Þ

APPENDIX C: WARD IDENTITY

In this section we verify that hρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þi
vanishes when q⃗1 → 0 or q⃗3 → 0 [72,73]; the first and last
of the three gluon probes couple to a color singlet proton state
and must not have infinite transverse wave length. On the
other hand, this correlator need not vanish when q⃗2 → 0 at
finite q⃗1;3 since the second gluon probe in that case does not
couple to a color singlet. It is straightforward to confirm that
the expectation value of ρaðq⃗1Þρbðq⃗2Þρcðq⃗3Þ between three-
quark states atOðg3Þ written in Eq. (35) does indeed vanish
when either q⃗1 or q⃗3 → 0 (see also Refs. [35,36,49]). In what
follows we consider the correction at Oðg5Þ. We first show
that the finite part of the UV divergent diagrams cancel when
either q⃗1 or q⃗3 → 0. After this we repeat the same exercise
and verify that the sum of the remaining finite diagrams also
cancel when either q⃗1 or q⃗3 → 0.

1. UV divergent diagrams

First, we verify that the subset of UV divergent diagrams
satisfies the Ward identity, i.e., that their finite parts cancel
when q⃗1 → 0 or q⃗3 → 0. We only demonstrate here the case
q⃗3 → 0 but we have checked the symmetry of these
diagrams under q⃗1 ↔ q⃗3. For the purpose of more compact
expressions we will split off the “prefactor”
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2g5

3 · 16π3
· 2π3

Z
½dxi�

Z
½d2ki�Ψqqqðx1; k⃗1; x2; k⃗2; x3; k⃗3Þ

ðC1Þ

from the following expressions.

First, we collect all the terms from the UV divergent
diagrams which involve the structure Ψqqqðx1; k⃗1 −
ð1 − x1Þq⃗12; x2; k⃗2 þ x2q⃗12; x3; k⃗3 þ x3q⃗12Þ. These are
given by Eqs. (13), (14), (15), (16), (17), (20), (21),
(22), (36), (37):

þ 3 ·
Nc

2
ifabc · Fðq⃗12; 0; α1; m2Þ þ 3 ·

Nc

4
ðdabc − ifabcÞ · Fðq⃗12; 0; α1; m2Þ

þ 3 ·
Nc

4
ðdabc þ ifabcÞ · Fðq⃗12; q⃗2; α1; m2Þ þ 3 ·

Nc

4
ðdabc − ifabcÞ · Fðq⃗12; q⃗1; α1; m2Þ

− 6 ·
Nc

2 · 4
ðdabc þ ifabcÞ · Fðq⃗12; 0; α1; m2Þ − 3 ·

Nc

4
ðdabc þ ifabcÞ · Fðq⃗12; q⃗2; α1; m2Þ

− 3 ·
Nc

4
ðdabc − ifabcÞ · Fðq⃗12; q⃗1; α1; m2Þ − 3 ·

Nc

4
ðdabc þ ifabcÞ · Fðq⃗12; q⃗12; α1; m2Þ

þ 3 ·
2CF

4
ðdabc þ ifabcÞ · Fðq⃗12; q⃗12; α1; m2Þ þ 6 ·

1

2Nc · 4
ðdabc þ ifabcÞ · Fðq⃗12; q⃗12; α1; m2Þ ¼ 0: ðC2Þ

Next, we collect terms which involve the structure Ψqqqðx1; k⃗1þx1q⃗12− q⃗1;x2; k⃗2þx2q⃗12− q⃗2;x3; k⃗3þx3q⃗12Þ. These are
given by Eqs. (18), (29), (32), (38), (39), (40):

− 6 ·
Nc

2 · 4
ðdabc − ifabcÞ · Fðq⃗1; 0; α1; m2Þ − 6 ·

Nc

2 · 4
ðdabc þ ifabcÞ · Fðq⃗1; 0; α1; m2Þ

− 6 ·
Nc

2 · 4
½ðdabc þ ifabcÞ þ ðdabc − ifabcÞ� · Fðq⃗1; 0; α1; m2Þ

þ 6 ·
1

2Nc · 4
ðdabc − ifabcÞ · Fðq⃗1; q⃗1; α1; m2Þ þ 6 ·

1

2Nc · 4
ðdabc þ ifabcÞ · Fðq⃗1; q⃗1; α1; m2Þ

− 6 ·
1

2Nc · 4
½ðdabc þ ifabcÞ þ ðdabc − ifabcÞ� · Fðq⃗1; q⃗1; α1; m2Þ ¼ 0: ðC3Þ

Similarly, the diagrams which involve the structure Ψqqqðx1; k⃗1 þ x1q⃗12 − q⃗2; x2; k⃗2 þ x2q⃗12 − q⃗1; x3; k⃗3 þ x3q⃗12Þ. These
are given by Eqs. (19), (30), (33), (41), (42), (48):

− 6 ·
Nc

2 · 4
ðdabc þ ifabcÞ · Fðq⃗2; 0; α1; m2Þ − 6 ·

Nc

2 · 4
ðdabc − ifabcÞ · Fðq⃗2; 0; α1; m2Þ

þ 6 ·
Nc

2 · 4
½ðdabc þ ifabcÞ þ ðdabc − ifabcÞ� · Fðq⃗2; 0; α1; m2Þ

þ 6 ·
1

2Nc · 4
ðdabc þ ifabcÞ · Fðq⃗2; q⃗2; α1; m2Þ þ 6 ·

1

2Nc · 4
ðdabc − ifabcÞ · Fðq⃗2; q⃗2; α1; m2Þ

− 6 ·
1

2Nc · 4
½ðdabc þ ifabcÞ þ ðdabc − ifabcÞ� · Fðq⃗2; q⃗2; α1; m2Þ ¼ 0: ðC4Þ

Finally, all the other UV divergent diagrams (in the q⃗3 → 0 case) are proportional to the finite function Fð0; 0; x=x1; m2Þ,
which is zero.

2. Finite diagrams

In this section we verify that all the UV finite diagrams satisfy the Ward identity. As in the UV divergent case, the sum of
all finite diagrams should cancel when q⃗1 → 0 or q⃗3 → 0. Here we only show details for the q⃗3 → 0 case, but we have also
checked that the case q⃗1 → 0 satisfies the Ward identity.
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First, we collect all the terms from the UV finite diagrams which involve the structure

I⃗ ·
z2p⃗2 − ð1 − z2Þðk⃗g − q⃗12Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗12ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC5Þ

These are given by Eqs. (51), (52), (55), (58):

− 6 ·
1

2
trTaTbTc − 6 ·

1

4
trðTaTbDc − TaTbTcÞ − 6 ·

1

4
trðTaTbDc − TaTbTcÞ þ 6 ·

1

2
trTaTbDc ¼ 0: ðC6Þ

Next, we collect terms which involve the structure

I⃗ ·
z2p⃗2 − ð1 − z2Þðk⃗g − q⃗1Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ ðC7Þ

or

I⃗ ·
z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC8Þ

Terms that involve the structure (C7) are given by Eqs. (53), (61), (64), (73):

− 6 ·
1

4
trðTaTcDb − TaTcTbÞ þ 6 ·

Nc

2
trtatbtc þ 6 ·

�
−
1

4
ðTaÞbc þ

Nc

2
trtatctb

�

þ 6 ·

�
−
1

4
ðTaÞcb − Nctrtatctb þ

1

4
trTcTaðDb − TbÞ

�
: ðC9Þ

Here the color factors can be simplified by noting that

trTaTbDc ¼ Nc

2
dabc; trTaTbTc ¼ iNc

2
fabc; trtatbtc ¼ 1

4
ðdabc þ ifabcÞ; ðC10Þ

where Nc ¼ 3 and the structure constants dabc and fabc are totally symmetric and antisymmetric, respectively. This gives

− 6 ·
1

4

�
Nc

2
dabc þ iNc

2
fabc

�
þ 6 ·

1

4

�
Nc

2
dabc þ iNc

2
fabc

�

þ 6 ·
1

4

�
−ðTaÞbc þ

�
Nc

2
dabc −

iNc

2
fabc

��
þ 6 ·

1

4

�
þðTaÞbc −

�
Nc

2
dabc −

iNc

2
fabc

��
¼ 0: ðC11Þ

Similarly, terms which involve the structure (C8) are given by Eqs. (54), (62), (65), (74):

− 6 ·
1

4
trðTbTcDa − TaTbTcÞ þ 6 ·

Nc

2
trtatctb þ 6 ·

�
þ 1

4
ðTbÞca þ

Nc

2
trtatbtc

�

þ 6 ·
�
−
1

4
ðTbÞca − Nctrtatbtc þ

1

4
trTcTbðDa − TaÞ

�
¼ 0: ðC12Þ

CUBIC COLOR CHARGE CORRELATOR IN A PROTON MADE OF … PHYS. REV. D 105, 036007 (2022)

036007-33



Let us then collect all the terms which involve the structure

I⃗ ·
z2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗1Þ

ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ ðC13Þ

or

I⃗ ·
z2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2Þ

ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC14Þ

Terms that involve the structure in (C13) are given by Eqs. (56), (67), (70), (79):

− 6 ·
1

4
trðTaTcDb − TaTcTbÞ þ 6 ·

�
þ 1

4
ðTaÞbc þ

Nc

2
trtatbtc

�
þ 6 ·

Nc

2
trtatbtc

þ 6 ·

�
−
1

4
ðTaÞbc −

Nc

4
ðDaÞbc þ

1

4
trTaðDb − TbÞTc

�
¼ 0: ðC15Þ

Terms that involve the structure in (C14) are given by Eqs. (57), (68), (71), (80):

− 6 ·
1

4
trðTaTbDc − TaTbTcÞ þ 6 ·

�
þ 1

4
ðTbÞac þ

Nc

2
trtatctb

�
þ 6 ·

Nc

2
trtbtatc

þ 6 ·

�
−
1

4
ðTbÞac −

Nc

4
ðDbÞac þ

1

4
trTbðDa − TaÞTc

�
¼ 0: ðC16Þ

We also have diagrams which involve the structure

I⃗ ·
z2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗g

ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC17Þ

These diagrams are given by Eqs. (72), (100), (101), (102):

þ6 ·
Nc

2
trtatbtc − 6 ·

�
CF −

1

2

�
trtatbtc − 6 · CFtrtatbtc þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc ¼ 0: ðC18Þ

We then consider terms that involve the structure

I⃗ ·
z2p⃗2 − ð1 − z2Þðk⃗g − q⃗1Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗1ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗2Þ ðC19Þ

or

I⃗ ·
z2p⃗2 − ð1 − z2Þðk⃗g − q⃗2Þ

ðz2p⃗2 − ð1 − z2Þðk⃗g − q⃗2ÞÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗1Þ: ðC20Þ
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Terms that involve the structure (C19) are given by Eqs. (59), (76), (82):

þ 6 ·
1

2
trTaTcDb þ 6 ·

�
−
1

4
ðTaÞbc − Nctrtatbtc þ

1

4
trTbTaðDc − TcÞ

�

þ 6 ·
�
þ 1

4
ðTaÞbc −

Nc

4
ðDaÞbc þ

1

4
trTaðDc − TcÞTb

�
¼ 0: ðC21Þ

Similarly, terms that involve the structure (C20) are given by Eqs. (60), (77), (83):

þ 6 ·
1

2
trTaTbDc þ 6 ·

�
−
1

4
ðTbÞac − Nctrtbtatc þ

1

4
trTaTbðDc − TcÞ

�

þ 6 ·

�
þ 1

4
ðTbÞac −

Nc

4
ðDbÞac þ

1

4
trTbðDc − TcÞTa

�
¼ 0: ðC22Þ

A similar set of diagrams are given by terms that involve the structure

I⃗ ·
z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g

ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗ − q⃗2; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ ðC23Þ

or

I⃗ ·
z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g

ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗ − q⃗1; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC24Þ

Terms that involve the structure (C23) are given by Eqs. (69), (97), (98), (99):

þ 6 ·

�
1

4
ðTcÞab þ

Nc

2
trtatbtc

�
− 6 ·

�
CF −

1

2

�
trtatbtc − 6 ·

�
CF −

1

2

�
trtatctb

þ 6 ·

��
CF −

Nc

2

�
trtatbtc þ ðCF − 1Þtrtatctb

�
¼ 0: ðC25Þ

Terms that involve the structure (C24) are given by Eqs. (66), (91), (92), (93):

þ 6 ·

�
1

4
ðTcÞba þ

Nc

2
trtatctb

�
− 6 ·

�
CF −

1

2

�
trtatctb − 6 ·

�
CF −

1

2

�
trtatbtc

þ 6 ·

��
CF −

Nc

2

�
trtatctb þ ðCF − 1Þtrtatbtc

�
¼ 0: ðC26Þ

We then consider the structure

I⃗ ·
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
: ðC27Þ

For the terms shown in Eqs. (63), (88), (89), (90) the structure above is multiplied with the three-quark wave function

Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗ − q⃗12; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ; ðC28Þ

and the sum of the color factors:
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þ 6 ·
Nc

2
trtatbtc − 6 · CFtrtatbtc − 6 ·

�
CF −

1

2

�
trtatbtc þ 6 ·

�
CF −

1

2
−

1

2Nc

�
trtatbtc ¼ 0: ðC29Þ

For the terms (75), (94), (95), (96) or (78), (106), (107), (108) the structure in (C27) is multiplied with the three-quark wave
function

Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗ − q⃗1; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗2Þ ðC30Þ

or

Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗ − q⃗2; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗1Þ; ðC31Þ

respectively. For the first set of terms, the sum of the color factors yields

þ 6 ·

�
−
1

4
ðTcÞba − Nctrtatctb þ

1

4
trTbTcðDa − TaÞ

�
þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatctb

þ 6 ·

��
CF −

Nc

2

�
trtatbtc þ ðCF − 1Þtrtatctb

�
þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc ¼ 0: ðC32Þ

Similarly, for the second set of terms

þ 6 ·

�
−
1

4
ðTcÞab − Nctrtatbtc þ

1

4
trTaTcðDb − TbÞ

�
þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc

þ 6 ·

��
CF −

Nc

2

�
trtatctb þ ðCF − 1Þtrtatbtc

�
þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatctb ¼ 0: ðC33Þ

Finally, we consider the set of terms (112), (113), (114) that contain the structure in (C27) multiplied with the three-quark
wave function

Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗ − q⃗12; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 − ð1 − x3Þq⃗12Þ: ðC34Þ

For these terms, the sum of the color factors:

þ6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc þ 6 · ð2CF − NcCFÞtrtatbtc ¼ 0: ðC35Þ

We are then left with two more contributions that contain the operator I⃗. These two contributions involve the structure

I⃗ ·
z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g

ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗2Þ ðC36Þ

and

I⃗ ·
z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g

ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗1Þ: ðC37Þ

Terms that involve the structure (C36) are given by Eqs. (81), (103), (104), (105), and the sum of the color factors:
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þ 6 ·

�
−
1

4
ðTcÞab −

Nc

4
ðDcÞab þ

1

4
trTcðDa − TaÞTb

�
þ 6 ·

��
CF −

Nc

2

�
trtatctb þ ðCF − 1Þtrtatbtc

�

þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatctb þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc ¼ 0: ðC38Þ

Terms that involve the structure (C37) are given by Eqs. (84), (109), (110), (111), and the sum of the color factors:

þ 6 ·

�
þ 1

4
ðTcÞab −

Nc

4
ðDcÞab þ

1

4
trTcðDb − TbÞTa

�
þ 6 ·

��
CF −

Nc

2

�
trtatbtc þ ðCF − 1Þtrtatctb

�

þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatbtc þ 6 ·

�
2CF −

1

2
−
Nc

2

�
trtatctb ¼ 0: ðC39Þ

We then move on and consider contributions which involve the integral operator J. Let us start by considering terms
which have the structure

J
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

�
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗12Þ − k⃗g

ðz1ðp⃗1 − q⃗12Þ − k⃗gÞ2
�

× Ψ�
qqqðx1 − xg; k⃗1 − ð1 − x1Þq⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC40Þ

These terms are given by Eqs. (116), (117), (118), and the sum of the color factors:

þ6 · CFtrtatbtc þ 6 ·

�
CF −

Nc þ 1

2

�
trtatbtc − 6 ·

�
2CF −

Nc þ 1

2

�
trtatbtc ¼ 0: ðC41Þ

We continue by considering the contributions which involve the structure

J

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗1Þ − k⃗g

ðz1ðp⃗1 − q⃗1Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ: ðC42Þ

Terms that have this structure are given by Eqs. (119), (120), (121), and the sum of the color factors:

þ6 ·

�
CF −

Nc þ 1

2

�
trtatctb þ 6 ·

�
CF −

Nc þ 1

2

�
trtatbtc − 6 ·

�
CF −

Nc þ 1

2

�
trðtatbtc þ tatctbÞ ¼ 0: ðC43Þ

The contributions that contain the structure

J
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

�
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
þ z1ðp⃗1 − q⃗1Þ − k⃗g

ðz1ðp⃗1 − q⃗1Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 − ð1 − x1Þq⃗12 − q⃗1 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗2Þ ðC44Þ

are given by Eqs. (122), (123), (124). The sum of the color factors:

− 6 ·

�
2CF −

Nc þ 1

2

�
trtatctb − 6 ·

�
CF −

Nc þ 1

2

�
trðtatbtc þ tatctbÞ − 6 ·

�
2CF −

Nc þ 1

2

�
trtatbtc ¼ 0: ðC45Þ
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The contributions that contain the structure

J

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
þ z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

·
z1ðp⃗1 − q⃗2Þ − k⃗g

ðz1ðp⃗1 − q⃗2Þ − k⃗gÞ2
�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ ðC46Þ

are given by Eqs. (125), (126), (127). The sum of the color factors:

þ6 ·

�
CF −

Nc þ 1

2

�
trtatbtc þ 6 ·

�
CF −

Nc þ 1

2

�
trtatctb − 6 ·

�
CF −

Nc þ 1

2

�
trðtatbtc þ tatctbÞ ¼ 0: ðC47Þ

Furthermore, the contributions that contain the structure

J ·
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
�

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ z2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗12Þ − ð1 − z2Þk⃗gÞ2

�

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 − ð1 − x2Þq⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12Þ ðC48Þ

and

J ·
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
�

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

þ z2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗1Þ − ð1 − z2Þk⃗gÞ2

�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗1 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗2Þ ðC49Þ

are given by Eqs. (128), (129), (130) and Eqs. (131), (132), (133), respectively. Correspondingly, the sum of the color factors

þ6 ·

�
CF −

Nc þ 1

2

�
trtatbtc þ 6 · CFtrtatbtc − 6 ·

�
2CF −

Nc þ 1

2

�
trtatbtc ¼ 0 ðC50Þ

and

− 6 ·

�
CF −

Nc þ 1

2

�
trðtatctb þ trtatbtcÞ − 6 ·

�
2CF −

Nc þ 1

2

�
trtatctb − 6 ·

�
2CF −

Nc þ 1

2

�
trtatbtc ¼ 0: ðC51Þ

The final set of contributions are given by Eqs. (134), (135), (136); Eqs. (137), (138), (139); and Eqs. (140), (141), (142).
These terms contain three independent structures

J
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
·

�
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − q⃗2 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗1Þ; ðC52Þ

J
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
·

�
z2p⃗2 − ð1 − z2Þk⃗g

ðz2p⃗2 − ð1 − z2Þk⃗gÞ2
þ z2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗g
ðz2ðp⃗2 − q⃗2Þ − ð1 − z2Þk⃗gÞ2

�

×Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 − q⃗2 þ k⃗g − xgK⃗; x3; k⃗3 þ x3q⃗12 − q⃗1Þ; ðC53Þ

and

J
z2p⃗1 − k⃗g

ðz2p⃗1 − k⃗gÞ2
·

z2p⃗2 − ð1 − z2Þk⃗g
ðz2p⃗2 − ð1 − z2Þk⃗gÞ2

× Ψ�
qqqðx1 − xg; k⃗1 þ x1q⃗12 − k⃗g þ xgK⃗; x2 þ xg; k⃗2 þ x2q⃗12 þ k⃗g − xgK⃗; x3; k⃗3 − ð1 − x3Þq⃗12Þ; ðC54Þ
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respectively. Correspondingly, the sum of the color factors

− 6 ·

�
2CF −

Nc þ 1

2

�
trtatbtc − 6 ·

�
CF −

Nc þ 1

2

�
trðtatbtc þ tatctbÞ − 6 ·

�
2CF −

Nc þ 1

2

�
trtatctb ¼ 0; ðC55Þ

− 6 ·

�
CF −

Nc þ 1

2

�
trðtatbtc þ tatctbÞ − 6 ·

�
2CF −

Nc þ 1

2

�
trtatbtc − 6 ·

�
2CF −

Nc þ 1

2

�
trtatctb ¼ 0; ðC56Þ

and

− 6 · 2

�
2CF −

Nc þ 1

2

�
trtatbtc − 6 · 2

�
2CF −

Nc þ 1

2

�
trtatbtc − 6 · 2CFð2 − NcÞtrtatbtc ¼ 0: ðC57Þ

This concludes our check that the sum of all UV finite diagrams cancel when either q⃗1 or q⃗3 → 0.
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