PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: September 30, 2019
ACCEPTED: November 4, 2019
PUBLISHED: November 14, 2019

Cubic interactions for arbitrary spin A -extended
massless supermultiplets in 4d flat space

R.R. Metsaev

Department of Theoretical Physics, P.N. Lebedev Physical Institute,
Leninsky prospect 53, Moscow 119991, Russia

E-mail: metsaev@lpi.ru

ABSTRACT: N-extended massless arbitrary integer and half-integer spin supermultiplets
in four dimensional flat space are studied in the framework of light-cone gauge formalism.
For such multiplets, by using light-cone momentum superspace, we build unconstrained
light-cone gauge superfield formulation. The superfield formulation is used to develop a
superspace representation for all cubic interactions vertices of the N -extended massless
supermultiplets. Our suitable treatment of the light-cone gauge superfields allows us to
obtain attractively simple superspace representation for the cubic interaction vertices. Su-
perspace realization of relativistic symmetries of the AV-extended Poincaré superalgebra on
space of interacting fields is also obtained.

KEYWORDS: Extended Supersymmetry, Superspaces, Supersymmetric Gauge Theory,
Higher Spin Symmetry

ARX1v EPRINT: 1909.05241

OPEN AcCCESS, (© The Authors.

Article funded by SCOAP?. https://doi.org/10.1007/JHEP11(2019)084


mailto:metsaev@lpi.ru
https://arxiv.org/abs/1909.05241
https://doi.org/10.1007/JHEP11(2019)084

Contents
1 Introduction 1

2 Light-cone gauge superfield formulation of free N -extended massless

supermultiplets 3
3 n-point dynamical generators of N -extended Poincaré superalgebra 7
4 Complete system of equations for cubic vertices 10
5 Cubic interaction vertices 14
6 Conclusions 19
A Notation and conventions 22
B Superfield @3 24
C Derivation of cubic vertex py ., (5.1) 25

1 Introduction

In view of aesthetic features, N -extended supersymmetric theories have attracted consid-
erable interest during long period of time. As is known, light-cone gauge approach offers
considerable simplifications for study of supersymmetric theories. For this reason, the N-
extended supersymmetric theories have extensively been studied in the framework of this
approach. We mention application of light-cone formalism for the investigation of ultra-
violet finiteness of N/ = 4 supersymmetric YM theory in refs. [1, 2]. Also we note that
the light-cone gauge formulation of type IIB supergravity theories in 10d flat space and
AdSs5 x S° space was developed in the respective ref. [3] and ref. [4], while the study of
type ITA and IIB light-cone gauge superstring field theories may be found in refs. [5, 6].
Recent interesting application of light-cone formalism for studying N = 8 supergravity
may be found in refs. [7-9].

Attractive example of application of light-cone gauge formalism is a supersymmetric
higher-spin massless field theory. This is to say that, in the framework of light-cone gauge
approach, a cubic interaction vertex of the scalar N-extended massless supermultiplet
with arbitrary N' = 4N in 4d flat space was obtained in ref. [10], while in ref. [11], for the
case of arbitrary spin (integer and half-integer) N' = 1 massless supermultiplets in 4d flat
space, we obtained the full list of cubic interaction vertices. Result in ref. [11] provides
the N' = 1 supersymmetric completion for all cubic interaction vertices for arbitrary spin



bosonic massless fields obtained in refs. [12, 13].! In this paper, we consider arbitrary spin
(integer and half-integer) N-extended massless supermultiplets with arbitrary N' = 4N
in the 4d flat space. For such supermultiplets, our aim is to find all cubic interaction
vertices. To this end, as in ref. [11], we prefer to use a light-cone gauge unconstrained
superfields that are defined in a light-cone momentum superspace. We note that, in the
past, the light-cone momentum superspace has fruitfully been used in many important and
interesting studies of supergravity and superstring theories. As example of attractive use of
the momentum superspace we mention the building of /1B supergravity in 10d flat space
and superstring field theories in 10d flat space in the respective ref. [3] and refs. [5, 6]. The
momentum superspace turns also out to be very convenient for studying supergravity in 11d
flat space [23] and I B supergravity in AdS5 x S® space [4]. In this paper, using Grassmann
momentum entering the light-cone momentum superspace, we collect fields of N-extended
massless supermultiplets into a suitable unconstrained light-cone gauge superfields and use
such superfields to construct a full list of cubic interaction vertices. We note that it is
the formalism of unconstrained light-cone gauge superfields that provides us a possibility
to build attractively simple expressions for cubic vertices and allows us to obtain the full
classification of cubic interactions.

Some long term motivations for our study of supersymmetric higher-spin field theory
which are beyond the scope of this paper may be found in Conclusions.

Our paper is organized in the following way.

In section 2, we start with brief review of light-cone coordinates frame and discuss gen-
eral structure of the N -extended Poincaré superalgebra. We discuss a field content that
enters arbitrary spin (integer and half-integer) massless N -extended supermultiplets. After
that, we introduce our N-extended momentum superspace and provide the explicit descrip-
tion of light-cone gauge unconstrained superfields which are defined on such superspace.

Section 3 is devoted to description of general structure of n-point interaction vertices
for theories of interacting fields. We provide a detailed description of constraints that are
imposed by kinematical symmetries of the A-extended Poincaré superalgebra on n-point
interaction vertices.

In section 4, we restrict out attention to cubic vertices. First, we adopt general kine-
matical constraints of the A-extended Poincaré superalgebra obtained in section 3 to the
case of cubic vertices. Second, we derive constraints imposed on the cubic vertices by dy-
namical symmetries of the N -extended Poincaré superalgebra. Third, we formulate light-
cone gauge dynamical principle and, finally, we present the complete system of equations
that allows us to fix the cubic vertices unambiguously.

In section 5, we present our main result in this paper. We show explicit expressions for
all cubic vertices that describe interactions of arbitrary spin N-extended massless super-
multiplets. We start with the presentation of the superspace form of the cubic interaction
vertices. After that, we present the restrictions on allowed values of A and superfields he-
licities entering our cubic interaction vertices. These restrictions provide the classification

In the recent time, the study of cubic interactions of higher-spin ' = 1 massless supermultiplets by
using gauge invariant supercurrents, may be found in refs. [15]-[22].



of the cubic vertices that can be build for arbitrary spin N-extended supermultiplets in
the framework of light-cone gauge approach. Also we discuss representation of the cubic
vertices in terms of the component fields.

Section 6 summarizes our conclusions.

In appendix A, we present our notation and conventions. In appendix B, we describe
properties of our light-cone gauge superfields. In appendix C, we outline the derivation of
the superspace cubic interaction vertices.

2 Light-cone gauge superfield formulation of free A -extended massless
supermultiplets

Light-cone coordinates frame. We consider light-cone gauge fields by using a helicity
basis. Therefore we start with the description of light-cone coordinates frame. In the
flat space R*!, the Lorentz basis coordinates are denoted as z*, u = 0,1,2,3, while the

+ xF, 2" are expressed in terms of z* as

1 1 1
+ 3 0 R _ 1.2 L 1.2
o — st x), — T +ix7), T T —izx7). 2.1
T £ Tl +ia?) He'-id). @D
Throughout this paper, the coordinate =T is taken to be a time-evolution parameter. Let
X" be a vector of the so(3,1) Lorentz algebra. In the light-cone basis (2.1) the X*, is

decomposed as X, X, X*, X*. Using notation 1), for the mostly positive flat metric of

light-cone basis coordinates denoted as x

R3!, we note that a scalar product of the so(3,1) Lorentz algebra vectors X* and Y* is
represented in the following way:

M XPYY = XTY ™ 4 X7Vt 4 XPY" 4 XPYR, (2.2)

Relation (2.2) implies that, in the light-cone basis, non-vanishing elements of the 7, are
given by n4— =n_4+ = 1, g = nr = 1. We note then that the covariant and contravariant
vectors X,,, X* are related as follows: Xt =X_, X~ =X, X" =X,, X" = X,.

Extended Poincaré superalgebra in light-cone frame. The method proposed in
ref. [24] reduces the problem of finding a light-cone gauge dynamical system to the problem
of finding a solution of commutation relations for algebra of basic symmetries. For field
theories with extended supersymmetries in flat space, the basic symmetries are governed
by the extended Poincaré superalgebra. Therefore in order to fix our notation we now
discuss a general structure of the extended Poincaré superalgebra.

For the case of the R>! space, the N-extended Poincaré superalgebra consists the
translation generators PH, the generators of the so(3,1) Lorentz algebra J*”, Majorana
supercharges Q% ¢, and su(N) R-symmetry algebra generators J ‘ j- Explicit light-cone
form of commutation relations of the extended Poincaré superalgebra we use in this paper
may be found in appendix A. Here we note that, in light-cone basis (2.1), generators of the
extended Poincaré superalgebra can be separated into the following two groups:

Pt pPEPE TR R gt R QR QT JY, kinematical generators; (2.3)
P, g TR QT Q7 dynamical generators. (2.4)



Our aim in this paper is to find a field theoretical realization for generators in (2.3), (2.4).
We note that, with the exception of J*~, the kinematical generators (2.3) are quadratic in
fields,? while, the dynamical generators (2.4) consist quadratic and higher order terms in
fields. To provide a field realization of generators of the extended Poincaré superalgebra,
we use a light-cone gauge description of fields.

Content of component fields. We now discuss component fields entering extended
massless supermultiplets. To this end we use a label A to denote a helicity of a massless
field, while the indices 7,7, k,l = 1,..., N stand for vector indices of the su(N') algebra.
Using such notation, we introduce a field ¢y 4, ..., which is (integer or half-integer) helicity-
A field of the Poincaré algebra and rank-q totally antisymmetric covariant tensor field of
the su(N) algebra.? Now the field content entering arbitrary (integer or half-integer) spin
N-extended massless supermultiplet of the Poincaré superalgebra in R>! is given by

Met=" D @b 1invini,@), (2.5)
q:071727"'7/\/
1 3
A=0,£5 £ £7, . oo, N € 4N, (2.6)
where
iy are bosonic fields for A € Z;
1 (2.7)

Psiy...ig are fermionic fields for ANEZL+ 3

From (2.5), we see that the N-extended massless supermultiplet involves fields with the
following values of the helicities

1 1 1 1
Amin, Amin + 55ve--- A= S A Ao y Amax — 55 Amax; 2.
+ 2 2 + 2 2 ( 8)
1 1
>\min =A- ZN7 )‘max =+ ZN (29)

Also, from (2.5), we see that multiplicity of the helicity A— %q—l— i/\/ is equal to C},. We find
it convenient to label the supermultiplet (2.5) by the A instead of Apax (or Amin) because,
by using such convention, a scalar supermultiplet is simply labelled as {0}ext.

:I:,l.R,L_

Fields (2.5) depend on the space time-coordinates =z = z By definition,

fields (2.5) satisfy the hermitian conjugation condition given by
1,1
T O TN eenin
Phsineial ) = T -Xiigsrin (@), (2.10)

N

where %1V stands for the Levy-Civita symbol of the su(A) algebra, el-N =1, while the
quantity ey is defined by the relations

1
ex=0 forAeZ, ex=1 for )\GZ+§. (2.11)

2The J*~ takes the form J*~ = Gg + iz ™ P~, where the generator Gy is quadratic in fields, while the
light-cone Hamiltonian P~ consists quadratic and higher order terms in fields.

3Transformations of the field ®xsiy...iq under action of generators of the Poincaré algebra take the same
form as the ones for the field ¢ in (2.23)-(2.27) in ref. [11].



From now, in place of position-space fields (2.5), we prefer to use momentum-space

fields which are defined by the Fourier transform with respect to the coordinates z—, =%,
and z’,
d3p i(Bz—+pRal+plal) + 3 _ R . L
Prsiy..ig (T) = (%)3/26 Priy.ig (T, D) d’p = dBdp"dp™, (2.12)

where we use the notation § for the momentum in the plus light-cone direction g =
pT. Note also that the argument p of fields Py ...ig (x*,p) stands as a shortcut for the
momenta 3, p®, p*. In terms of the momentum-space fields ¢y, .., (x*,p), the hermicity
condition (2.10) can be represented as

‘Z’;;il...z'q (p) = N —q)! et N Gz i in (D) - (2.13)

Here and below, dependence of the momentum-space fields ¢>\11._.¢ .(p) on the evolution

parameter x T

is implicit. Let us also to note our convention d)/\ i lq( p) = (dxiiy...i, (0))T
Superfield formulation. To develop superfield formulation let us introduce a
Grassmann-odd momentum pé, {pé, pé} = 0. The Grassmann momentum pé is a contravari-
ant vector of the su(N) algebra. The light-cone momentum superspace is parametrized by
the light-cone evolution parameter ™+, the spatial momenta p%, p*, 3 and the Grassmann
momentum pé,

.8, p", pt, ph. (2.14)

Using the Grassmann momentum pj, we collect component fields (2.5), (2.12) into super-
field @ (p,pg) defined as

N
1 % —5at %EA_%exflq i1
A(p,po) = E ba pit .y ALt I siriy () (2.15)
1 3
A= 0,i§ 1, & Eoc, N € 4N, (2.16)

where e, is defined in (2.11). Often, we use a shortcut @) = ®,(p, pp). From (2.7), (2.15),
we see that

D, are Grassmann even for WA

1 (2.17)

D,y are Grassmann odd for ANEZL+ 3

We note that, for NV = 4, the scalar superfield ®( describes famous N = 4 supersym-
metric YM theory, while, for N' = 8, the scalar superfield ®; describes N' = 8 supergravity
theory.

In order to obtain a field theoretical realization we need a realization of the NV -extended
Poincaré superalgebra in terms of differential operators. The realization in terms of differ-



ential operators acting on our light-cone superfield ®(p, pg) takes the following form:

R, L
PR = pR Pt = pt, Pt=8, P =p, p_E—po . (2.18)
JH =iz P+ 0,08, JH =izt P+ 0,rf, (2.19)
J+7:ix+P7+agB+M;_—, JRL:pRapR—pLapL—i-MfL, (2.20)
R
T = —0ap" + 0,up” + MRLpﬁ Mj’% , (2.21)
T = —0apt Oy — MEE P 2.92
— ﬁp pRp A B by /B ) ( . )
1, 1 1 1, 1
M;_ = 5[)981)2 — ZN — 56)\, M/I\{L =)\ §p98p§ + ZN, (223)
Q" = (=)*B0y; Q" = (—)pp, (2.24)
4 1 .
—Ri __ (_\ex ~ R, 1 —L _ (_\ex, L9 .
Q - ( ) )\ﬁp Py, Qz - ( ) Ap 81;’97 (225)
J :péapé‘ - N 5ipyo ok (2.26)
05 = 0/0B,  d,n =0/0p", B0 = 8/op* (2.27)

where 8pé =9/ Gpé is left derivative with respect to the Grassmann momentum pfg.
To express hermicity condition in terms of the superfield we find it convenient to
introduce new superfield ®3 defined by the relation

T i
P\(p,po) = B2 /dN be 7 (@r(p,pe))- (2.28)

It is easy to verify then that, in terms of the superfields ®, and &%, the hermicity condi-
tion (2.13) takes the following simple form:

%\ (=p, —po) = Px(p, po) - (2.29)

Sometimes, we use a shortcut ®3 = ®3(p,pp). From (2.29), we see that the superfields
), and @3 are not independent of each other. From (2.17) and (2.29), we note that the
superfield @3 is Grassmann even for A € Z and Grassmann odd for A\ € Z+ % Some helpful
relations for the superfield Y may be found in appendix B.

We now ready to provide a field theoretical realization of the Poincaré superalge-
bra.This is to say that, to quadratic order in fields, a field theoretical realization of the
N-extended Poincaré superalgebra generators in terms of the superfields ®) takes the
following form:

+oo
> Gua G Z/dBPdee B @ Gair, AP (2.30)

A=—00

where a quantity Ggig, » stands for the realization of the N-extended Poincaré superalgebra
generators in terms of differential operators given in (2.18)—(2.26).



By definition, the superfields ®) and @3 satisfy the Poisson-Dirac equal-time
(anti)commutator given by

. 1 e
[@x(p, o), @3/ (1, Pp)]+ = 58 M3 53(p — )N (po — ph)oa (2.31)

where the notation [a, b]+ is used for a graded commutator, [a, b+ = (—)%%*1[b, a]o. With
the help of relations (2.30), (2.31), we verify that the following equal-time (anti)commutator
between the generators and the superfield ® )

[, Gparl+ = Gait, AP, (2.32)

holds true, where the operators Gaig, \ are defined in (2.18)—(2.26).
In conclusion of this section, we recall that the light-cone gauge action can be
presented as

1 & o B
S=35 2 /dx+d3pde9 BT (2180 — 2pRpL)<I>A+/d:c+Pint, (2.33)
A=—00
where 9~ = 0/0x*, while P_, stands for light-cone gauge Hamiltonian that describes

interacting fields.

3 n-point dynamical generators of A-extended Poincaré superalgebra

As we have already noted we follow the method proposed in ref. [24] that reduces the
problem of finding dynamical system to the problem of finding a solution of commutation
relations for algebra of basic symmetries. This implies that, for theories of interacting
fields with extended supersymmetries in flat space, we should find interaction dependent
deformation of the dynamical generators of the extended Poincaré superalgebra. In other
words, in theories of interacting fields, one has the following expansion in fields for the
dynamical generators of the extended Poincaré superalgebra

oo
G =G, (3.1)

n=2

where G%n (3.1) is functional that has n powers of superfields ®*.

Expressions for Gfg’n have been obtained in the previous section. Our aim in this
section is to discuss constraints on the dynamical generators Ggf]’n with n > 3 which are
obtained by using the kinematical symmetries of the Poincaré superalgebra. We describe
the constraints in turn.

Kinematical P®%, P+, Q1% symmetries. Using (anti)commutators between the
kinematical generators P*, P*, Pt Q%' and the dynamical generators (2.4), we find that



the dynamical generators Ggf]’n with n > 3 can be presented as:

B = v @ o) (2)
Qi = [dru @7, (3:3)
Qi = [T (@ lazh). (3.4
Tt = [T @ + XA ) — Ko@), 39)
Tk = far @)+ (XL )+ Pl ()

where, in (3.2)—(3.6) and below, we use the following notation:

dr?, = (27)36° i: » ﬁ A d3p, = dptdptds (3.8)
[n] —~ a L (27(')3/2 9 ll a a a .
n n
drpy = s (Z pea> [I " pe. . (3.9)
a=1 a=1
n 1< ; 1<
Xin :_ﬁzaév Xin =—g23p§» (3.10)
a=1
i S P,
Xoipn = Z i Po = B, (3.11)
a=1 "9
and the index a = 1,...,n is used to label superfields (and their arguments) entering n-

point interaction vertex. We note also that, in (3.2)—(3.6), we use the shortcuts (®},,[p;.;),
(P [n]|q_R by and (® ol ") for the following expressions

) = Z D3, A Pri, (3.12)

(B} la ") = Z O3, s (3.13)
(Phld ) = Z O3, dan (3.14)
SV CI’,\l(Pl,pel) . @3, (Pn>De,,) - (3.15)

The quantities py | q;f_’&n, and j/\_f’jn appearing in (3.12)—(3.14), will be referred to
as n-point densities. For brevity, we denote these densities as gy, ., ,

o —R1 —L c—R -—L
I TPaiiae Do Do oo I (3.16)

In general, the densities gy,.. ., (3.16) depend on the spatial momenta pf, pZ, B,, the
Grassmann momenta, péa, and helicities A\, a =1,2...,n,

Iin = Drdn (Das Do,) - (3.17)



Note that the argument p, in delta-function (3.8), superfields (3.15) and densities (3.17)
stands for the spatial momenta pZ, pk, and B,. We note also that, in (3.5), (3.6), the
operators X", Xg;, defined in (3.10), (3.11) are acting only on the arguments of the

*

superfields. Namely, for example, the shortcut (X7}, ®; |g.;) should read as follows

ALy A

Often, we will refer to the density p, as n-point interaction vertex, while, for n = 3,
the density py will be refereed to as cubic interaction vertex.

Jt-symmetry equations. Commutators between the kinematical generator J*~ and
the dynamical generators P, Q~ ™%, J~™ lead to the following equations for the densities:

_ (n=-2WN _ _
<J+ - (4)> 9. = 07 for I 1. = p)\lm)\n ) JAII?’.I)IW ; (319)
. (n=2N +2 o _
(J+ _ (2N +2 i > D, =0, for  ga.a =@ Gngn, (3.20)
- 1. 1
=y (9005 + 578,04, + 502, - (3.21)
a=

JEL_symmetry equations. Commutators between the kinematical generator J% and
the dynamical generators P—, Q~ ™%, J~ %% lead to the following equations for the densities:

(JRL + (”_42W> Prn, =0, (3.22)
<JRL (2N -2 235\/ - 2) G =0, (3.23)
<JRL + (n_aj\/”) Bixy.on, =0, (3.24)
(JRL + W) Inga, =0, (3.25)
<JRL (DN T 231/\[ ks 4) i =0, (3.26)

Jit = Z (paRapaR - pgapé - §P§a5pga + )‘a> : (3.27)

a=1

J ij—symmetry equations. Commutators between the kinematical generators Jij and
the dynamical generators P—, Q~ ™%, J~L lead to the following equations for the densities:

J59n.a, =0, for  gx,am = Px,xs s Jag s (3.28)
. o 1.
I, = e, - Nél'qxf.?xn 5 (3.29)
. . 1.
505, = =010, A, T Nfs;'ql;fl...xn ; (3.30)
- 1
. A -
3 = Z (pgaapga - N&;p9a6p5a> : (3.31)
a=1



JTE JTL QTER-symmetry equations. Using (anti)commutators between kinematical
generators J ™%, Jt and QT and the dynamical generators P—, Q% J~ %L we verify
that the densities gy, ., (3.17) can be presented as

Irdn = G (Pl PE  Poab, Ba) » (3.32)

where we use the notation
Pr =piBs —PhBas  Pay=piBo—1iBar  Phay =D, Bs — 1o Ba - (3.33)

In other words, the densities gy, ., (3.17) turn out to be dependent on IP’SI;L and Grassmann
momenta P’é . 0 place of the respective momenta pe’” and the Grassmann momenta péa.

Restriction imposed by Grassmann parity. In conclusion of this section, we note
the following restriction on all densities in (3.16):

n
Irix, =0 for Z AN EZ+ 5. (3.34)
a=1

Restriction (3.34) is obtained by considering J* j symmetries and Grassmann parity of the
densities gy,..,. Namely, on the one hand, in view of the Jij symmetries, a dependence
of the generators P, and J[;]R’L on the Grassmann momenta Pg b 18 realized by means of
the Grassmann even quantities

R (31 N
5“_,_@\[]13’(“1)1 .. .]P’aNbN ,

(3.35)

while, a dependence of the supercharges Q[;]Ri and @ on the Grassmann momenta P,

—L
is realized by means of the respective Grassmann odd quantities

i L iz LA
0ab> 8”2'"’/\/}}])9(121)2 .. ']P)e(l/\/b/\/ . (336)

On the other hand, by definition, the generators P, and J,;" (3.2), (3.5), (3.6) should

be Grassmann even, while the supercharges Q" Q; . (3.3), (3.4) should be Grassmann

odd. Taking into account above said and relations in (2.17), we get the restriction (3.34).
We now proceed to the main theme of our study.

4 Complete system of equations for cubic vertices

In this section, we present a complete system of equations required to determine the cu-
bic interaction vertices unambiguously. The complete system of equations is obtained by
analysing the following three requirements.

1. Kinematical symmetries.
2. Dynamical symmetries.
3. Light-cone gauge dynamical principle.

We now analyse these three requirements in turn.

~10 -



Kinematical symmetries of cubic densities. Kinematical symmetries for arbitrary
n-point, n > 3, densities have already been considered in the previous section. For cubic
densities, n = 3, the kinematical symmetry equations can further be simplified in view of
the following well known observation. Using the momentum conservation laws

PR+ pE+pE=0, plapb+ps=0, Bi+pfo+B3=0, ph +ph +ph, =0, (4.1)

it is easy to see that six momenta IF’fZ’L, P};:;L, IP’;’L and three Grassmann momenta IF’@ 125
Pioss Phay (3.33) are expressed in terms of the respective two momenta P™* and one
Grassmann momentum IP’@,

Pyy" = Pg3" = Pgi" = P™*, Ph1g = Phos = Ph3, =Pp, (4.2)

where the new momenta P#* and IP’@ are defined as

pr= 2 > Bapl, P % > Bapk,

3 a=1,2,3 a=1,2,3
1 . 5
I% = 3 Z :Bapzea ) Ba = Ba+1 — Ba+2s Ba = Ba+s- (4.3)
a=1,2,3

Therefore, using the following simplified notation for the cubic densities:

- - —Ri __ ,—R1 —L __  —L .—R,L __ .—R,L
Pra) = Pxiaons 0 Q51 = Dxyxons Qi) = DishiAors Ji3) = Iaidans (4-4)

and taking into account relations (3.32), (4.2), we see that the cubic densities p, q[_S]R’L, and

j[g]R’L depend on the momenta (3,, P, the Grassmann momentum Pé and the helicities
Ala A27 A37

p[g] = p;1>\2>\3 (]P)R7 PL’ PG? 5a) ? Q[E]RyL = Q)Tlli\f)\s (PRv PL, P@v ﬁa) )
et = Taang B PPy, Ba) (4.5)

Now, restricting to the value n = 3, we represent kinematical symmetry equations obtained
in the previous section in terms of densities (4.5).

JT~-symmetry equations. Using (4.5), we find that, for n = 3, equations (3.19)(3.21)
can be represented as

1
(JJr — 4/\/> Py =0, (4.6)
1 _
<J+_ — W+ 2)> qm =0, (4.7)
1 _
(3= 3) i =0, (48
where operator J*~ is defined as
3 1
J*" = Npr + Npr + = Np, + Z BaOs, + 5€r, | (4.9)
2 2
a=1,2,3
Npr = P 0pr Npr = P 0pr Np, = P@&Pz . (4.10)

- 11 -



JRL-symmetry equations. Using (4.5), we find that, for n = 3, equations (3.22)—(3.27)
can be represented as

(JRL + i/\/) P =0, (4.11)

(JRL + %(N - 2)> 4" =0, (4.12)

(JRL - %(NJF 2)> 4 =0, (4.13)

(JRL + i(/\/ - 4)) Jat =0, (4.14)

(JRL + i(N-ﬁ- 4)> ja- =0, (4.15)

where operator J®* is defined as
J* = Npr — Npr —%Npg—l—M,\, My= > Ao, (4.16)
a=1,2,3

and we use the notation in (4.10).

Jij-symmetry equations. Using (4.5), we find that, for n = 3, equations (3.28)—(3.31)
can be represented as

I jgis =0, for  gw =pg Jg (4.17)

. o 1 .
szQ[s]Rl = (Sé‘Q[g]RZ - Jvd;'Q[g]Rl ) (4.18)

o o 1 .
I = =014 + 3795 % e (4.19)

where operator J° j is defined as
; . 1oy

3 = Byl — 107Bh0ps (4.20)

We now proceed with studying the restrictions imposed by dynamical symmetries.

Dynamical symmetries of cubic densities. Constraints on the cubic densities im-
posed by (anti) commutators between the dynamical generators are referred to as dynam-
ical symmetry constraints. This is to say that the (anti)commutators to be considered are

given by
[P, J ™ =0, [P™, Q™" =0, (4.21)
J~ R J7 =0, Q™ J =0, Q™™ J =0, (4.22)
{7, Q5" =—5;P, Q™™ Q") =0, {Q7 Q" =0. (4.23)

First, we consider the commutators in (4.21). In the cubic approximation, the commuta-
tors (4.21) take the form

[Pos J5"l + [Py, J™ 1 =0, [Py, Qu "1+ [P5,Qp "1 =0. (4.24)
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We verify that equations (4.24) allow us to express the densities q[EJR’L and j[;]R’L in terms
of the cubic vertex py in the following way:

R LA 4.25
Uy = ~prPe Gig) = pr O3 Pral > (4.25)
r B on - B _
3[3]R = _]:EDR]P)LJ Rp[3] ’ ][3]L = _]IDR]P)LJ Lp[3] ) (4'26)
where operators J~F, J~L are defined as
Pr 1
J =" —Ng+M), - -Ey |, (427)
Ié] 2
PL 1
JP=—(-Ng—M,—=-E 4.28
3 < 3 AT /\> ; (4.28)
1 .
No=3 D Babads,, B = B1f2Bs, (4.29)
a=1,2,3
1 - 1 .
My=3 D fola, Ex=3 Y fex. (4.30)
a=12,3 a=12,3

while the symbol ey entering (4.30) is given in (2.11).

Second, we verify that, if the dynamical symmetry equations for all densities (4.25),
(4.26) and kinematical symmetry equations for the cubic vertex py (4.6), (4.11), (4.17)
are satisfied, then all kinematical symmetry equations for the densities q[_:,,]R’L, j[;]R’L are
satisfied automatically.

Third, we verify that, if the dynamical symmetry equations for all densities (4.25),
(4.26) are satisfied, then all the dynamical symmetry equations obtained from (anti)com-
mutators (4.22), (4.23) are satisfied automatically.

Thus, we see that the kinematical and dynamical symmetry constraints for cubic den-
sities amount to equations for densities (4.25), (4.26) and equations for the cubic vertex
P (4.6), (4.11), (4.17). Equations (4.25), (4.26) and (4.6), (4.11), (4.17) do not allow us to
fix the cubic densities unambiguously. To determine the cubic densities unambiguously we
need some additional requirement. We refer to such requirement as light-cone dynamical
principle.

Light-cone gauge dynamical principle. We formulate the light-cone gauge dynamical
principle in the following way:

(i) Cubic densities py, q[g]R’L, j[;]R’L should be polynomial in the momenta P%, P*;
(ii) Cubic vertex pg; should respect the following constraint:

P # PAP*W , W is polynomial in P?, P . (4.31)

For the reader convenience, we note that the requirement in (i) is simply the light-cone
counterpart of locality condition which is commonly used in Lorentz covariant formulations.
We now comment on the constraint (4.31). As is well known, upon field redefinitions, the
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cubic vertex py for massless fields is changed by terms proportional to P*P* (see, e.g.,
the discussion in appendix B, in ref. [25]). This implies that all cubic vertices that are
proportional to P*P* can be removed by using field redefinitions. As cubic vertices py
that can be removed by exploiting field redefinitions are out of our interest, we use the
constraint (4.31).

Complete system of equations for cubic vertex. We now present all equations we
obtained for the cubic vertex. Namely, for the cubic vertex

Pia} = Pajdos (P*,P", Py, Ba) (4.32)
we found the following complete system of equations:

Kinematical JT—, J&, and Jij symmetries;

_ N\ _ N\ -
<J+ _4>p[3]:o, (JRL+4>p[3]:0, Jipy =0, (4.33)

Dynamical P—, Q%% and J~ % symmetries

; P B - B
—Ri __ 0, — —L __ o :—R,L __ —R,L, —
Qs = “prPe Yim T ﬁaﬂ)’gpw] v Jm o T _PRPLJ Py » (4.34)

Light-cone gauge dynamical principle:

—R,L :—R,L
VIR

p[E]? Q[3]
P # PIPEW, W is polynomial in P# P*; (4.36)

are polynomial in P%, P*; (4.35)

where operators J*—, J®, J; and J~ ™" are given in (4.9), (4.16), (4.20) and (4.27), (4.28)
respectively.

To conclude this section, it is the equations given in (4.33)—(4.36) that constitute the
complete system of equations which allow us to fix the cubic densities p, q[g]R’L, j[g]R’L
unambiguously. As a side of remark we note that by applying our complete system of
equations to supersymmetric Yang-Mills and supergravity theories with extended super-
symmetries, we verify that the complete system equations allows us to fix the cubic inter-
actions of those supersymmetric theories unambiguously (up to coupling constants). We
think therefore that it is worthwhile to apply our complete system of equations to study
the cubic vertices of arbitrary spin A-extended supersymmetric theories.

5 Cubic interaction vertices

Now we present the solution to our complete system of equations presented in (4.33)—
(4.36). Some details of solving these equations may be in appendix C. This is to say that
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the general solution for the cubic vertex Paiaors the supercharges q;&ZL)\B, and the angular
momenta j/\_llf\’;/\g) is given by

p;1)\2)\3 = V>\1>\2)\3 + V)\p\z/\g 5 (51)
“Xa—1Lex,
V)\1)\2/\3 70)\1)\2A3<PL> PN, H B 6/\ ) (52)
a=1,2,3
_ _ 1A )\a_l_/\/’_l o
V)\1)\2>\3 = C)\1>\2>\3 (PR)4N Ma (EM) H Ba ? 29 5 (5'3)
a=1,2,3
_ 1 _ . —Ao—1Le "
Gy, = —CMs ()N ML TT g2 (5.4)
a=1,2,3
— A1 A2 M Aat+1—
Gk o, = CIP (@R IN MLV TT gl , (5.5)
a=1,2,3
- 1 _ —Aa—2e o
Iadars = —2CM AP, (PR AT II 8.7, (5.6)
a=1,2,3
— Aa— le a
Trons = 200N (BN ML @B T o TR (5.7)
a=1,2,3

where we use the notation

Z Aas M, = % Z Ba)\av (58)

a=1,2,3 a=1,2,3

. 1 ) .
Pit PN (P = e, i PR PN (5.9)

(€]P)N) (N— 1)!5112.“1/\/[?9

N' TN
Definition of the symbol e, and momenta P®%, P, Ba may be found in (2.11) and (4.3)

respectively, while quantity &;,.. i, is the Levy-Civita symbol of the su(N) algebra,

1.~ = 1. Quantities CM*2*s CMA2ds entering our solution (5.1)-(5.7) are coupling
constants. In general, these coupling constants depend on the helicities A1, Ao, A3. The
coupling constants are nontrivial for the following values of A" and the superfield helicities

A1, A2, Ag:

1
cAhda £ for  SN+My—1>0, MyeZ; (510)
A1 A2\ 1
CMA28 L (), for ZN—MA—le, M), eZ; (5.11)
O MA2Asx _ (_)MAC—/\l_AQ_)\B}’ (5.12)

where, in (5.12), the asterisk implies complex conjugation. We make comments on the
constraints for the coupling constants presented in (5.10)—(5.12).

(i) Constraint on CM*223 and first constraint on M, and A in (5.10) are obtainable
from the requirement the densities (5.2), (5.4), and (5.6) to be polynomial in the
momentum P~. Accordingly, constraint on C**2*3 and first constraint on M, and
N in (5.11) are obtainable from the requirement the densities (5.3), (5.5), and (5.7)
to be polynomial in the momentum P¥.
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(ii) Constraint M) € Z in (5.10), (5.11) is simply obtained from the one in (3.34) when
n = 3.

(iii) Constraint on the coupling constants in (5.12) is obtained from the requirement the
cubic Hamiltonian P to be hermitian. This constraint can straightforwardly be
derived by using relation (B.15) in appendix B.

To summarize, relations (5.10)—(5.12) give the classification of cubic interaction vertices
for N-extended massless arbitrary spin supermultiplets, while expressions (5.1)-(5.3) give
the momentum superspace representation for these vertices.

Cubic interaction vertices in terms of component fields. For the reader conve-
nience, we now present cubic vertices in terms of the component fields. To this end we
focus on interaction of three superfields @3 , @3 , ®}_ and represent the cubic Hamiltonian
in the following way:

P[;]((I))\l,(I)AQCI)AB) = /dI‘i[DB] C)\1)\2)\3v¢’)\1,¢’)\2<1>>\3 + h.c., (5‘13)
C)\l)\Q)\3V(D)\1q>>\2(I>>\3 = /drﬁﬁ @;1>\2>\3V)\1)\2)\37 (514)

where expressions for dI'ly, dI'fy are obtainable by setting n = 3 in (3.8), (3.9). It is the
vertex V®1™2®3 (5.14) that provides us the representation in terms of the component
fields. To get explicit representation of V**1®*2®3s in terms of component fields (2.5) we
plug (5.2) into (5.14) and use the representation for ®3 in terms of the component fields
given in (B.1). Doing so, we get

N
By By, B ArAsA

VTR s = Z Ciqr)ita2)i(as) V(g )i(as)i(as) (5.15)

q1,92,93=0

q1+az+az=N

ArAzA _ Ar+AatA t —Aa—%en,
Viniiamita = BT 6l g @a)Ba 2, (5.16)
a=1,2,3
where we use the notation
N
Aaz)\a—%+z,a:1,2,3, (5.17)
_w N N N

Citanit@)i@) = 10 larl / dr (epg, " )itan) (P, ®itar) Py “itan»  (5:18)
Waq1q2q3 = (_)6A17%6%+6A37%6% . (5.19)

n (5.15)—(5.18), shortcut 2(q,) stands for the su algebra tensor indices 17 ...1, , while
In (5.15)—(5.18), sh } ds for th N) algeb indi ¢ g hil
) appearing in (5.18) are defined in (A.20). Also note that,

in (5.15), the summation runs over those values of ¢1,¢2,93 = 0,1,..., N which satisfy

the quantities (6p9/_q)i(

the restriction g1 + g2 + g3 = N. Such restriction is appearing in view of

Ci(ql)i(@)i(%) #0 only for an+tet+qg=N, 0<q, <N, a=1,2,3. (5.20)
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From (5.15), we see that our generic vertex V™1 *32%3s is decomposed into elementary
ApAoig ApAgig
(q1)i(q2)i(q3) i(q1)i(q2)i(q3)

vertices denoted by V; (5.16). We note that the elementary vertex
describes interaction of three component fields ¢jrxa;¢(qa>v a = 1,2,3, having the respective

helicities A1, Ao, and Aj

Internal symmetry. Let us demonstrate the incorporation of internal symmetry in our
model by considering the algebra o(N) as internal symmetry algebra. The internal symme-
try can then be incorporated into our model as follows.

First, in place of the superfields ®,, ®}, we use matrix-valued superfields P3b <I>§\ab,
where indices a, b stand for matrix indices of the o(N) algebra, a,b = 1,...,N. By definition,
our new matrix-valued superfields satisfy the following algebraic constraints

(I);j\b _ (_))\-i-%[-i-%me)\q)l))\a , (I)iab _ (_))\+%+%77,\6A(I)§ba , n?\ =1, 1n_y=—-n,
(5.21)
where ey is given in (2.11). It is easy to check that the constraints (5.21) are consistent in
view of the relation (—)2)‘+%N Taex = 1. Note that, in general, the sign of 1), may depend
of N. As in the case of the singlet superfields (2.29), the superfields <I>"§\b and @’;\ab are
related as

©*2P(—p, —pg) = (D, po) - (5.22)

Second, in formulas for generators and the action (2.30), (2.33), in place of ®3®,, we
use <I>§ab<1>§\b, while, in the cubic vertices, in place of ®} @5 @3, we use the expressions
q)*abq)*bc(p*ca

A1 A2 Az *

Third, (anti)commutator (2.31) is represented as

*a’b’ 1 —e 1 b /b/
[@3°(p. po), @ (0 pp))x = 56 I8 (0 — )Y (o — p)or (5.23)
bt = %(533'5&)’ n (_)A+%+§mm5ab’5ba’> o IERAEEee —_qpEbee - (5.94)
The following remarks are in order.

(i) For Ay =0, A2 =0, A3 = 0, the vertex given in (5.1) describes self-interacting scalar
superfield ®y and such vertex has already been obtained in ref. [10]. Thus, our result
for the cubic vertex py , ), given in (5.1) agrees with previously reported result
related to the particular values A\; = 0, A2 = 0, A3 = 0, and provides expression for
the cubic vertex p, s corresponding to arbitrary values of the superfield helicities

>\la )‘Qa )‘3-

(ii) Our vertices V*21 22" (5.15) can be considered as a supersymmetric completion
of cubic vertices for bosonic massless fields in the 4d flat space found in ref. [13].
We note however that a manifestly Lorentz covariant description of some light-cone
gauge vertices presented in ref. [13] is not available so far. In section 6, in ref. [11],
we provided the detailed discussion of vertices in ref. [13] that can be translated
into manifestly Lorentz covariant form. The reader interested in Lorentz covariant
formulation of light-cone gauge vertices is invited to read section 6, in ref. [11].
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(iii) Taking into account relations (5.17), the restrictions on ¢, in (5.20) can entirely be
represented in terms of A\, and A, as,

1
ok (5.25)

1 1
Aa_ZNS)\GSAa—'_ZN’ CL:]_,2,3. (526)

A+ A+ A3 =A1+ Ay + Az —

Restrictions (5.25), (5.26) provide the classification of cubic interactions of the com-
ponent fields which admit the supersymmetric completion. Namely, the cubic interactions
of the three component fields having the helicities A1, Ao, Az are described by the vertex
in (5.16). Restrictions (5.25), (5.26) tell us then which superfields @, are required for the
supersymmetric completion of the vertex in (5.16). Also, from restrictions (5.25), (5.26),
we can learn which vertices in (5.16) do not admit supersymmetric completion.

For the reader convenience, we now illustrate the use of restrictions (5.25), (5.26).
To this end, for three spin-2 component fields, we consider cubic vertices of power (P*)%
in (5.16). For spin-2 component fields, the helicities take values A, = £2, a = 1,2,3.
From (5.16), we see that, in order to get vertices of power (P)% we should choose
Ay = Ay = Az = 2. Plugging A, =2, a=1,2,3, into (5.25), (5.26), we obtain the restrictions

1
M+ A+ A3=06— ZN’ (5.27)
1 1
2_ZNS)\(IS2+1N7 a:1,2,3 (528)

To explore further our illustrative example, we apply the restrictions (5.27), (5.28) to N’ = 8
supergravity. We recall that A/ = 8 supergravity is described by the superfield ®, with
A = 0. Plugging N' =8, Ay = Ay = A3 = 0 into (5.27), we see that the restriction (5.27)
is not satisfied. So, on the one hand, using (5.27), (5.28), we are led to the well known
statement: supersymmetries of N’ = 8 supergravity do not admit supersymmetric com-
pletion of bosonic R3-terms, where R stands for the Riemann curvature tensor. On the
other hand, using (5.27), (5.28), we can find superfields ®, required for supersymmetric
completion of the vertex of power (P)8 for the three spin-2 fields. Obviously, to this end
we should go beyond N = 8 supergravity. Namely considering, for example, the particular
case of the superfields @) , with \; = 6 — i/\/’, A2 = A3 = 0, and N/ > 8, we verify that
restrictions (5.27), (5.28) are satisfied.

Conjecture for coupling constants of A-extended supersymmetric theory. Let
us set @) =0 for A € Z + % in (2.15), (2.16) and consider N-extended supersymmetric
model described by superfields @) with all A € Z. Using (5.25), we note that, if we choose
the following solution for the cubic couplings constants:

1
AN — gt tAs N (Al + Ao+ A+ N - 1) ! (5.29)

then, in terms of the helicities A, of the component fields appearing in (5.15), we get the
relation
CM1A2As = gphithaths [N 4 Ay + Ay — 1)1 . (5.30)
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In (5.29), (5.30), the g is a dimensionless coupling constant, while the & is a dimensionful
parameter. Relation for coupling constants (5.30) coincides with one found in refs. [26, 27]
for bosonic theories of higher-spin fields. Thus, we see that for bosonic truncation of our N-
extended supersymmetric model, solution given in (5.29) coincides with the one in refs. [26,
27]. Taking this into account, we then conjecture that generalization of our solution for
coupling constants in refs. [26, 27] to the case of N -extended supersymmetric model is
given by the relation in (5.29).* Also one can conjecture that solution (5.29) supplemented
by the constraint C**2*3 = 0 provides N -extended supersymmetric generalization of the
bosonic higher-spin chiral model in ref. [28].

6 Conclusions

In this paper, we generalized our previous study of N' = 1 massless arbitrary spin super-
multiplets in the flat 4d space in ref. [11] to the case of N -extended massless arbitrary spin
supermultiplets, N' = 4N. For the N-extended massless supermultiplets, we built uncon-
strained superfields and used such superfields to develop the light-cone gauge superspace
formulation. We used our light-cone gauge superfield formulation to get full list of the
cubic interaction vertices for A-extended massless arbitrary spin (integer and half-integer)
supermultiplets. We obtained restrictions on the values of A/ and helicities of superfields
which provide the complete classification of cubic vertices for the N-extended massless
supermultiplets studied in this paper. We note also that our treatment of light-cone gauge
superfields provides us the attractively simple superspace representation for the cubic in-
teraction vertices. Now we would like to discuss potentially interesting generalizations and
applications of our study.

(i) Perhaps most interesting generalization of our results in this paper is related to the
light-cone gauge higher-spin field theory in AdS. Light-cone gauge formulation of
interacting higher-spin massless fields in AdS, space has recently been developed in
ref. [29]. Namely, in ref. [29], we demonstrated that the flat space cubic bosonic
vertices obtained in ref. [13] enter as building blocks into AdS cubic bosonic vertices.
We expect therefore that results, methods, and approaches in this paper and in
ref. [29] will have interesting applications for studying light-cone gauge A -extended
supersymmetric theories in AdSy space. For example, in ref. [29], we shown that
the flat light-cone gauge bosonic vertices are in one-to-one correspondence with the
AdS light-cone gauge bosonic vertices. For supersymmetric light-cone gauge flat and
AdS cubic vertices, we also expect the one-to-one correspondence. This implies then
that our classification for the N -extended flat cubic vertices obtained in this paper

“Solution for the cubic coupling constants (5.30) of bosonic higher-spin theories was found in refs. [26, 27]
by analyzing the quartic approximation. In order to prove our conjecture for the cubic coupling con-
stants (5.29) one needs to extend analysis of cubic approximation in this paper to the quartic approxima-
tion for the M-extended supersymmetric higher-spin theories. As a side remark we note that, taking into
account relation (5.25), it is easy to see that the solution (5.29) is unique solution that leads to (5.30).
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provides immediately the classification for A-extended AdS cubic vertices.® Here, for
the reader convenience, we note that Vasiliev’s equations for higher-spin gauge fields
in AdS4 were obtained in ref. [31]. The complete cubic coupling was found in ref. [32]
and the quartic interaction was reconstructed in refs. [33, 34]. Recent development
of approach in ref. [31] may be found in refs. [35, 36]. In the framework of approach
in ref. [31], various N-extended supersymmetric higher-spin gauge field theories in
AdS space were studied in refs. [37]-[42]. Also we mention the metric-like approaches
in refs. [43]-[48] which might be helpful for studying higher-spin supersymmetric
theories in AdS. Application of collective dipole approach for the investigation of
higher-spin interactions may be found in refs. [49-51]. We expect that light-cone
gauge approach will be helpful for investigation of the problem of bulk definition of
higher-spin theories identified in ref. [52].

(ii) In this paper, we restricted our study to massless supermultiplets in the four di-
mensions. Generalization of our study to the case of massless supermultiplets in the
higher dimensions could be of interest. In this respect, we note that all parity invari-
ant cubic vertices for massless arbitrary spin light-cone gauge bosonic and fermionic
fields in the higher dimensions were built in refs. [25, 53], while the discussion of mass-
less supermultiplets in higher dimensions may be found, e.g., in refs. [54, 55].5 We
expect therefore that studies in refs. [25, 53-55] might be helpful for the investigation
of interacting supermultiplets in the higher dimensions.”

(iii) We expect that our results for supersymmetric massless higher-spin light-cone gauge
fields obtained in this paper might be helpful for the extension of our study to the case
of supersymmetric massive fields. In light-cone gauge approach, interaction vertices
for massive arbitrary spin bosonic and fermionic fields in the flat space were studied
in refs. [25, 53]. We think that light-cone gauge cubic vertices in refs. [25, 53] will be
helpful for the studying supersymmetric theories of massless and massive fields. For
the reader convenience, we note that, in Lorentz covariant approach, A’ = 1 higher-
spin massless supermultiplets, by using BRST method, were studied in ref. [68], while
the N' = 1 massive supermultiplets are considered in ref. [69]. Cubic self-interactions
of massive fields and couplings of massive fields to massless fields were studied by
using BRST approach in ref. [58].

(iv) In the recent time, higher-spin theories in three-dimensional flat and AdS spaces have
extensively been studied in the literature. Namely, we mention that the interacting
massless higher-spin gauge fields in 3d flat space have been studied in refs. [70-72],

5We think that results in this paper might also have interesting applications for the studying supersym-
metric extension of the conjectured non-local higher-spin field theories in flat space discussed in ref. [30].

In the framework of BRST-BV approach and various metric-like Lorentz covariant approaches, cubic
interactions for massless higher-spin fields were investigated in the respective refs. [56]-[60] and refs. [61-63].
Lorentz covariant parity-odd cubic interactions for higher-spin massless fields in R*' are studied in ref. [64].
Recent interesting studies of fermionic fields may be found in refs. [65—67].

"Twistor methods addressed, e.g., in refs. [91-93], could also be helpful for studying interactions of
massless supermultiplets in higher dimensions.
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while massive higher-spin fields have been investigated in refs. [73]-[75]. Recent ap-
plications of conformal geometry for studying 3d conformal higher-spin fields may be
found in refs. [76, 77], while unfolded formulation of 3d conformal fields is considered
in refs. [78, 79]. We note, because the massless light-cone gauge higher-spin fields are
trivial in 3d space, the usefulness of the light-cone formalism for studying such fields
is not obvious. However, for the case of massive fields and conformal fields, we expect
that the light-cone gauge approach might be helpful for better understanding of vari-
ous aspect of massive and conformal field theories in three dimensions. For the reader
convenience, we note that light-cone formulation of higher-spin massive fields in the
3d flat space is well known, while the light-cone gauge formulation of higher-spin
massive fields in AdSs was obtained in refs. [80, 81]. In the framework of ordinary-
derivative (2nd-derivative) light-cone gauge formalism, higher-spin conformal fields
were studied in ref. [82].

(v) Quantum properties of bosonic higher-spin gauge field theories were studied in
refs. [83, 84]. In ref. [84], the arguments were given for UV finiteness of bosonic chiral
higher-spin theory. We note also that, in the framework of light-cone approach, recent
discussion of quantum properties of N/ = 8 supergravity may be found in refs. [7, 8].
We believe that our results for cubic interactions of N-extended arbitrary spin su-
permultiplets and methods in refs. [7, 8, 84] might be helpful for study of quantum
properties of N-extended supersymmetric higher-spin field theories. As note in the
literature, extended N/ = 8 supergravity theory is a candidate for UV finite theory
(see, e.g., refs. [7, 8] and references therein). We think therefore that supersymmetric
(chiral and non-chiral) higher-spin theories are also candidates for UV finite theories.
Last but not least motivation for our interest in supersymmetric higher-spin theories
is related to the fact that supersymmetry makes study of four point vertices easier.
We expect that, as compared to bosonic higher-spin theories, interesting features of
the supersymmetric higher-spin theories will be seen upon consideration of four point
vertices. For the case of 11d supergravity, example of application of supersymmetry
for the studying four point vertices can be found in section 5 in ref. [23].

(vi) Application of light-cone gauge approach for studying interacting continuous-spin
bosonic field may be found in refs. [85, 86]. We expect that the methods developed in
this paper might be helpful for studying interactions of supersymmetric continuous-
spin fields. In the Lorentz covariant frame, the study of interactions of bosonic
continuous-spin field may be found in refs. [87, 88]. Discussion of light-cone gauge
continuous-spin field in AdS is given in refs. [89, 90].
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A Notation and conventions

N-extended Poincaré superalgebra in light-cone basis. Using notation P, JH,
u,v = 0,1,2,3, for generators of the Poincaré algebra, we present (anti)commutators of
the M-extended Poincaré superalgebra given in (2.3), (2.4) as

Commutators of generators of Poincaré algebra, P*, J*, and generators of su(N') algebra,

[PH, J'P] = ntY PP — ntP PV, [JH, JP7] = n"PJH7 4 3 terms, (A1)
[T, IR = 65T — 61J%;, g kil=1,...,N; (A.2)
Commutators between supercharges:
{Q;&-R’QJrLi} — (S;PJF, {QfRi’Qj—L} — —5]2:P7 7 (Ag)
{Q?R, Q—Rz’} _ 6;PR ’ {Q-}-Li’ Q;L} — 6;PL : (A4)
Commutators between supercharges and gemerators of Lorentz algebra:
_ 1 _ 1
QM = 200, QM = 2507, (A.5)
1 1
[JRL7 QiR] _ 5QiR7 [JRL7 QiL] — _iQiL 7 (A.G)
QT = —QtH Qi T =~ (A7)
[Q?—R’ JfL] — Qi_Lv [QJrLi7 JfR] — Qfm'; (A.S)

Commutators between supercharges and generators of su(N) algebra:
. . 1 ;o P B
Q) = 61Qu— Qs QT = 6,07 + 101Q" (4.9)

In the light-cone basis (2.3), (2.4), commutation relations for generators of the Poincaré
algebra can be obtained from (A.1) by using the flat metric n*¥ which has the following
non-vanishing elements n*t~ = =t = 1, n®* = p*% = 1. Also note that, in (A.9), the
shortcut @; is used to indicate the supercharges Q;“R, Q; ", while the shortcut Q" is used
to indicate the supercharges Q%% Q.

Hermitian properties of the generators are assumed to be as follows:

P:I:T — P:t’ PRT — PL, JRLT — JRL’ J+7T — _J+f’ J:I:R'i' — _J:I:L’
Q;FRT —Qth, QM =Qrr, gt =i, (A.10)
Covariant and contravariant vectors fields X;, X of the su(N) algebra are transformed as
4 . 1 . oo R
(X, J7i] = 6] Xy, — N(SiXi, (X, J ] = =01, X7 + N(Sin. (A.11)

Hermitian conjugated of the field ¢y, i, (p) (2.12) is denoted as (ﬁ;mmiq (p). Note that
the fields ¢y, . (p) and (ﬁ;,il_“iq (p) are the respective covariant and contravariant tensor

fields of the su(N) algebra. Transformations of ¢y,. s, (p) and ¢;~z‘1...iq (p) under action
of the generators of the su(N') algebra are realized as tensor products of the respective
transformations for covariant and contravariant vector fields X; and X* (A.11).
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Grassmann algebra. Grassmann momentum is denoted by pe Throughout this paper
we use the left derivative 0 iy WT- t. the Grassmann momentum pj, 0, pe = 5] The integral

over the Grassmann momentum pj is normalized to be

/degp pN = gltin (A.12)

where %1V is the Levy-Civita symbol of the su(A\') algebra, gl N = 1. Ghost parities
of the p’é, 8173 , and measure dVpy are given by

GP(py) =1, GP@O,)=1, GP( py)=0. (A.13)

Py

We note the following relations which are helpful for analysis of supercharges

ph(ery ™1); = <ep9 ) Oy (emy’) = () )i (A.14)
7 — 1 7 7
(Epe ) N' 511 fLNpe .. ,paN , (gp'g/ 1)7{ = mgllQle92 . -pGN . (A.15)

The hermitian conjugation for product of two quantities A, B having arbitrary ghost
numbers is defined according to the rule (AB)" = BTAT. For the Berezin integral, we use
the rule

/deg (8péA)B = (—)6A+1 /degAapr, ea=GP(A). (A.16)
Grassmann Dirac delta-function is defined by the relations
Mo = b [ A~ ) ) = Foo), (A.17)
while the Grassmann Fourier transformation and its inverse are fixed to be
ngg oPo
Fon) = [ @™ 1) fon) =8V [ Ve

We note the following useful integral over the Grassmann momenta

/

F(pp). (A.18)

T i
0 Py . .
e v pplpgt = (218N (epy) iy (A.19)
N— o 1 )
(Epe q)il...iq = Wgzl dglgtt.. sz;q+1 pzN (A20)

Taking into account expression for dI'fj obtained from (3.9) by setting n = 3 and
notation in (A.15), we note the following helpful Berezin integrals for 3-point vertices:

i Ph, Pt _
[arten | 3 P ) — g NEPYERY),  s=mmm, (A2
a=1,2,3 79
dfpg IP)TN p’éapéj _ PN Pl — 7 A 29
5 (EPg™ ) exp Z 3 = (ePy' ), 0= Zp0a7 (A.22)
a=1,23 ¢ a=1,2,3

where IP’QL appearing in (A.22) is obtained from (4.3) by the replacement péa — péz.
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B Superfield ¢35

Using (2.28) and notation in (A.20), we find the following expansion for the superfield ®3:
N

(I);(p7p9) = Z

q=0

(B.1)

We note that equal-time (anti)commutator for the component fields (2.12) takes the form
—€

b 53 NOxvi Ot i i R A RS TN
)' (p - p) AN Oqq' €ir.igiqr1-- N E .

PN (B.2)

Using (B.2), we verify that (anti)commutator for superfields (2.15), (B.1) takes the form
given in (2.31).

A+

(DA i1..:iq (D), ¢T/ il )+ =

Realization of AM-extended Poincaré superalgebra on superfield ®%.
Using (2.18)—(2.26) and (2.29), we get the realization of the N-extended Poincaré
superalgebra on the superfield ®} in terms of differential operators,

R, L
PR = —p*,  P'=—p", Pr=-8, Pr=-p . p=-ti, (BY
TR =12t PR+ 0.8, JTE =izt PY 4+ 9,m0, (B.4)
JTT =t PT 4+ 98+ M, J = pt9,n — ptO,L + MEY, (B.5)
JB=_0:pF+ 0 - MRL]LR _ M+fpiR B.6
@p-l-pr-i-_)\ﬁ _>\57 (B.6)
p* p*
I = =0t~ MY - M (B.7)
1, 1 1 1, 1

4+— ] RL __ .
My~ = §p198pé — ZN_ 260 MY™ =X - §péapé + ZNv (B.8)
Q" = (=)™B0y; . QT = (=) ipp, (B.9)

o e 1 . —
Q" = ()4 5p"), Q" = ()9, (B.10)
. . 1 .

' =0, — N&;p’;apg : (B.11)

where e is given in (2.11).

Use of relations in (2.30), (2.31), leads to equal-time (anti)commutation relations be-

tween the generators of the Poincaré superalgebra and the superfield @3,
(@3,

where Ggig, » are given in (B.3)-(B.11).

G+ = Gai, AP}, (B.12)

Hermitian conjugate of superfields and vertices. Using (2.28), (2.29), we verify

that the hermitian conjugate of ®} can be presented as

PZ'.)PZGT

4 q)i)\(_pa p@) .

(®5(p, po))’ Eﬁg/deae (B.13)

— 24 —



The constraint on the coupling constants (5.12) can be obtained in the following way. First,
we introduce the vertices

,U)q)\g)\g — (PL)%#’MA H /Ba*)\u.*%eka , 1—)}\1A2)\3 — (PR)%*MX (g]P),é\/) H Bia*%/\/*%eka ,

a=1,2,3 a=1,2,3
(B.14)
where M, is given in (5.8). Second, using (B.13), (B.14), we get the relation
A1A2A f M AL,—A2,—A
</ dl5 @3 apns 02 3) =(-) A/drmq’i,\l,—,\g,—,\g@_ bR (B.15)

Finally, with the help of (B.15), we see that, requiring the Py to be hermitian, we obtain
the constraint on coupling constants in (5.12).

C Derivation of cubic vertex py y,, (5.1)

Our procedure of the derivation of cubic interaction vertex py; given in (5.1) is realized in
the following five steps.

Step 1. [From (4.36) we see that the vertex p can be presented as
pp = V(P Py) + V(P Py). (C.1)
J'; symmetries (4.33) imply that vertices V,V (C.1) can be presented as

V(P*,Py) = Vo(P") + (P ) V(") (C.2)
V (P, Py) = Vo(P?) + (eP) )V (PF), (C.3)
where we use notation in (5.9).

Step 2. Using pj (C.1) and requiring that the density ggz" (4.34) be polynomial in
the momentum P*, we find V.(P*) = 0. Using pg; (C.1) and requiring that the density
g (4.34) be polynomial in the momentum P*, we find Vy(P*) = 0. We have the relations

V(PEBy) = Vo(BY), V(PR Py) = (P))V.(PF). (C.4)

Step 3. Taking into account (C.4), we learn that equations (4.34), (4.33) amount to the
following

Equations for Vj:

N 1
Npr =+ 5Ba + > Bads, | Vo=0, (C.5)
a=1,2,3
<—N]P>L + M, + j}[) Vo =0, (C.G)
<—Nﬁ — M, — ;EQ Vo=0. (C.7)
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Equations for V.:

SN 1

Npn + == + SBx + > Badg, | Va=0, (C.8)
a=1,2,3
(NIP’R + M, — /:l/> _s =0, (CQ)
1 _

where operators Npr, Npz and Ng are given in (4.10), (4.29) and we use the notation

Mi= Y A, Ex= ) e, M,\Z% > Bada, E,\Z% > Baen, -

a=1.2,3 a=1,2,3 a=1,2,3 a=1,2,3
(C.11)
Let us consider the system of equations (C.5)—(C.7).
Step 4. Equation (C.6) is solved as
Vo= (PEMTY®  yO vy B,y By), (C.12)

where V(1) depends on the momenta 1, 82, B3 and the helicities A1, Ao, A3. Plugging (C.12)
into (C.5) and (C.7), we obtain the respective equations

1 1
M) + SEx+ > Bads, | VW =0, (Nﬁ + M, + 2]EA> v =0. (C.13)
a=1,2,3
Step 5. Introducing new vertex V(&)

A —Le
v —v® T By T2 (C.14)
a=1,2,3

we learn that equations (C.13) lead to the following two respective equations for V.

> Bads, VB =0, Ngv® =o0. (C.15)
a=1,2,3

From (C.15), we find that the V(@ does not dependent on the momenta 3, B2, s,
V@ = ghirds (C.16)

where CM*2%3 is a constant depending only on the helicities. Collecting formulas in (C.12)-
(C.16), we obtain vertex V), presented in (5.2). To determine the vertex V. we should
analyse equations (C.8)—(C.10). Repeating analysis above-given, we obtain solution to
Vs Dresented in (5.3).

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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