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Abstract We develop an approach to constructing the man-
ifestly Lorentz covariant cubic interaction vertices for the
four-dimensional massless higher spin bosonic fields with
two-component dotted and undotted spinor indices. Such
fields automatically satisfy the traceless conditions what sim-
plify form of the equations determining the irreducible mass-
less representation of the Poincaré group with given helicity.
The cubic vertex is formulated in the framework of the BRST
approach to higher spin field theory. Use of the above spin-
tensor fields allows to simplify a form of the BRST-charge
and hence to find the cubic vertices just in terms of irreducible
higher spin fields. We derive an equation for the cubic vertex
and find solutions for arbitrary spins sy, 52, s3 with the num-
ber of derivatives s1 +s3 +s3 in the vertex. As an example, we
explicitly construct a vertex corresponding to the interaction
of a higher spin field with scalars.

1 Introduction

Study the various aspects of higher spin filed theory still
attracts an attention motivated among other things by certain
possibilities for the development of new principles for con-
structing unified models of fundamental interactions, includ-
ing quantum gravity (see e.g. the reviews [1-4] and the ref-
erence therein for current progress).

Cubic interactions are the first approximation in the theory
of interacting fields. Their peculiarity is that the cubic inter-
action for given three fields does not depend on the presence
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or absence of any other fields in the full nonlinear theory.
Thus, they are model independent and can be classified. The
complete classification of consistent cubic interaction ver-
tices of massless and massive fields of arbitrary spin was
constructed in the light-cone formalism in the space dimen-
sions d > 4 by Metsaev [5-7]. In the simplest case of three
massless symmetric fields with spins s1, 57, s3 in Minkowsky
space, the cubic vertices are characterized by the number of
derivatives k

kmin=51+ 52 + 53 — 25in <k < 51+ 52 + 53 = kmax, d>4.
There are only two vertices in four dimensions d = 4
with k = kpin, kmax (see e.g. [4]). Already in this case the
Lorentz-covariant realization of cubic interaction vertices for
higher spins requires very cumbersome calculations.

Asis known the irreducible massless higher spin represen-
tation of the Poincaré group with integer spin s is described
by metric-like symmetric tensor fields ¢*!*s which sat-
isfy equation 9%¢*1*s = 0 and subject transversality
dypH1-Hs—1V = () and tracelessness ¢#1-Hs-2V, = ( con-
straints. One can expect that in the case of interacting fields
these equation and constraints should be modified in some
way. One of the generic problems in higher spin field theory
is to derive these modified equations and the corresponding
constraints within the Lagrangian formulation. This problem
has been studied by many authors using different approaches
(see e.g. [9-29] and the references therein). Also it is worth
noting the papers, where the consistent cubic vertices for
massless higher spin fields was constructed in the the frame-
like formalism [30-32].!

! Recently, there was developed a general approach to gauge invariant
deformations of gauge systems [33—36], that opens the new possibilities
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Recently the cubic vertices for symmetric massless higher
spin fields with integer spins were considered within the
BRST approach for d > 4 [40] in Minkowski space where
the BRST charge takes into account all the constraints. As it
turned out, taking into account the of traceless constraints,
although it requires overcoming some formal difficulties, can
lead to the appearance of new terms in the cubic vertex in
comparison with the formulation without using the condi-
tions of tracelessness in the BRST charge. In this paper, we
consider the same problem but from a different angle.

We want to pay attention that in d4 all the worries with
tracelessness constraints can be avoid if to work within of the
two-component spinor formalism. Irreducible massless fields
with integer spin s are described in this case by multispinors
p@1--s@1--45 satisfying the equation 2@ -~ds@i-as — 0 and
subject to transversality condition 8,1 ~-1bd1--ds-1b —
There are no need to use the tracelessness constraint. Our
aim is to apply the BRST approach for construction of cubic
interaction for massless bosonic fields in terms of spin-
tensor fields with two component dotted and undotted spinor
indices.

The paper is organized as follows. In Sect. 2 we present
the basic aspects of the BRST approach for constructing the
free Lagrangian formulations of irreducible massless fields
with an arbitrary integer spin in two-component formalism.
In Sect. 3 we describes the general procedure of the BRST
approach for constructing interactions and present the BRST-
closed condition for cubic vertices. Particular solution to this
condition with the number of derivatives ko = 51+ 52 +53
in the vertex.is given in Sect. 4. One example of the inter-
action of a higher spin field with scalars in more detail is
discussed in Sect. 5. In Sect. 6 we summarize the results
obtained.

2 BRST charge and free Lagrangian

In space of 4d multispinor tensors the irreducible massless
higher spin fields with integer spin s can be described by
fields dq(s)a(s) subjected to constraints

bb 2
00— Dbas—1h =0, 7 Pacras) =0, 2.1

where 3% = 9, 0" = — 1094499,

In the framework of the BRST approach, the higher spin
fields appear as the coefficients in the vectors of the Fock

Footnote 1 continued

to construct the higher spin field vertices [37,38]. We also point out a
new approach to problem of locality in the higher spin field theory that
can be related with a structure of the interaction vertices [39].

@ Springer

space

o
1 .
6) = D16, 1) = Sue)* P Ceac|0), (2.2)
=0 S

cA6) = oM % (2.3)

Ca(s) = Cqay «--Cag

generated by creation ¢?, ¢® and annihilation operators
a®, at
b

Olc* = (01c* =0,  a?|0) =a%0) =0, (0]0) =1
(2.4)

with following nonzero commutation relations

[a%, b1 = 6%, a4, cP) = —gdb. 2.5)

The Hermitian conjugation in a Fock space is defined as fol-
lows

@t =ct @Ht=c" (T =da" (T =a"
(2.6)

Let us introduce operators

p2 = 82’ l = aaaa.pat.l’ l+ == _Cacdpad’ Paa = aadv
2.7

which act on the state of the Fock space as
1 .
P21pY) = Z0%¢a(n) e We)10),
s!
52 -
1Y) = == 8%V’ Vea-1)0),
s!
1 .
1) = <0 a e ey4)510).
The constraints (2.1) in terms of operators (2.7) take form

p*e®) =0,

Note the set of operators Fy = { p2, 1,17} is invariant
under Hermitian conjugation with respect to the scalar prod-
uct

(@ll9)

and form a closed algebra [F4, Fp] = fABCFC with the
only nonzero commutation relation

11p©®) = 0. (2.8)

(2.9)

T, 1= (N+N+2)p% (2.10)
where
N = c“a,, N = cga%, (N =N.

The Hermitian nilpotent BRST charge is constructed in the
form

0t=0, 0*=0,
(2.11)

1
—n’nB fa“Pc,

A
Fa —
O =n"Fa )



Eur. Phys. J. C (2022) 82:1007

Page 3 0of 7 1007

where na = {0,cT,c} and Py = {m, b,bT} are the
fermionic ghosts and corresponding momenta (antighosts)
satisfying the anticommutation relations {n4, Pp} = S4B
The ghost and antighost variables have ghost numbers
gh(na) = —gh(Pa) = 1 while gh(Fa) = 0. Applying
formula (2.11) we obtain the explicit expression for BRST
charge

Q=0p>+ctl+clt +cte(N+N+2)m. (2.12)

The operator Q (2.12) is nilpotent Q% = 0 and acts in the
extended Fock space of the vectors |®) including dependence
on the fermionic ghosts defined above.

We note here that there are two operators

S= cda‘i +cTbhb+bte,
(2.13)

S=c%,+ctbhb+bte,

that commute with the BRST operator (2.12). Thus if we
want to get Lagrangian for bosonic spin s field (2.2) the state
vector |®) in the extended Fock space must satisfy

S|®) = s|®),  S|D) = s|D). (2.14)

The basic equation of motion in the BRST approach is pos-
tulated in the extended Fock space as follows

0|®) = 0. (2.15)

To reproduce the conditions of the irreducible representa-
tion (2.8) from the equation of motion (2.15) we define the
vacuum of extended Fock space as

c|0) = b|0) = 7|0y =0 (2.16)

and require that the ghost number of vector |®) is equal to the
ghost number of initial vector (2.2), gh(|®)) = gh(|p®)) =
0. Then the most general vector |®) of the extended Fock
space has the form

1) = [6©) + 66+ ) + cFht eI ) 2.17)

where the |¢*)) is the initial vector (2.2) and the |¢§S_l)),

|¢§S_2)) have a similar form. After that, the whole construc-
tion is completely defined and closed.

Due to the nilpotency of the BRST charge (2.12), solutions
to Eq. (2.15) is defined up to the gauge transformations

3| @) = Q|A). (2.18)

Since gh(Q) = 1 and gh(|®)) = 0, the gauge parameter
|A) has the ghost number —1 and therefore its most general

form looks like
|A) = b ATy, (2.19)

where the vector |1~} has decomposition in creation and
annihilation operators similar with vector |¢)) in (2.2).

The equation of motion Q|®) = 0 in terms of the vectors
|#), |#1), |¢2) can be rewritten as follows?

PAe) —IT1¢1) =0,
p*lgn) —lig1) = 0,
I|p) — 1T |ga) + (N + N +2)|¢n) = 0.

In this case, the gauge transformations §|®) = Q|A) look
like

Slg) =1*1A), Slgn) = pPIn), Slda) =112

The gauge invariant Lagrangian is constructed as follows

1
L= Efd@(d>|Q|d>). (2.20)
It is not difficult to rewrite the Lagrangian (2.20) in explicit
component form. Putting the expansion (2.17) into the
Lagrangian (2.20) and integrating over ghost 6 according
to the rule

/d6(0|9|0) =1, /d9(0||0) -0, 2.21)
one obtains

1
£ = {@lp?e) —rfie

—(1119) 1192} + (N + N +2)[1))

(@21 (p*162) — gD }. (2.22)

Now, using the relation (2.2) and the analogous relations
for |¢1) and |¢2), we define the new Fock space vectors
|H), |C), |D) of the form

1

lp) = |H) = ;Ha@)‘“”c“(”cas)|0>, (2.23)
1 e _
|p1) = |C) = mca(s_l)a(s l)ca(s l)cc'z(s—l)|0)’
(2.24)
1 . _
92) = 1D} = 51 Das—2** ¢ P ea-)0).
(2.25)

Then for given spin s, the Lagrangian (2.22) takes the form

1 : _
L= E{Ha(s)“(s)(azH“(s)a(s) —5994C Vi)

—Cas—1) OV (=sapP HYSDl 1y
—(s = )34 D ™ 450y +25CC7D 0 yy)
_Da(s_z)a(sz) (82Da($72)d(5—2)

+(s — 1)3bbC“(572)ba(s—2)h)}- (2.26)

2 In what follows, we will often omit superscripts.
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The corresponding gauge transformations are written as fol-
lows

. 1 . s
SHa(s)u(A) = ;aaa)\a(s—l)a(A D

Sca(s—l)a(s_l) — aZ)La(S_l)a(s—l)

8Das—2)"C 72 = —(s — D8’ has—1p V2. (2.27)

One can show that Lagrangian (2.20) describes massless
spin s field [41,42]. Indeed, after removing field C from
Lagrangian (2.26) with the help of its equation of motion we
are left with two traceless fields H and D. These two trace-
less fields can be combined into one double traceless field
and Lagrangian for this double traceless field will coincide
with the Fronsdal’s Lagrangian [43].

3 Construction of cubic interaction

For deriving the cubic interactions we use three copies of
the vectors in extended Fock space |®;),i = 1,2,3 and
three corresponding operators. These operators satisfy the
commutation relations

[af, c;1 =8¢,  [af, Cj};] = _Sijgd];, 3.1

{Qi,ﬂj}={Ci,b;r}={cl~+,bj}=5ij- (3.2)
The full interacting Lagrangian up to cubic level is defined
as follows

1
C— EZ/dei«b,ancbi)

1
38 / d61d6:d63(®1|(Do](D3||V) + hc., (33)

where | V) is some cubic vertex, which should be found, and
g is a coupling constant. It is easy to check that Lagrangian
(3.3) is invariant under the following gauge transformations
up to g2 terms (in what follows i ~ i + 3)

3|®;) = OilAi) —gfd9i+ld9i+2((q)i+l|(Ai+2|

HP@i2[(Aig1DIV), 34
if the following condition takes place
3
olvV)=0, Q=) 0 (3.5)
i=1

This condition is considered as an equation for | V). To guar-
antee zeroth ghost number of Lagrangian (3.3), the vertex
| V') must have ghost number 3. We will looking for vertex in
the form

V) =VIQ), () =010203]01) ® [02) ® [03), (3.6)

where the operator V has the ghost number 0 and depends
on operators c{, cf, cl.*, bl.*, 7; as well as on momenta p{"*

@ Springer

satisfying the momenta conservation condition
Y=o
i

However, the Eq. (3.5) do not determine the vertex |V)
uniquely. Indeed if vertex |V) satisfies the Eq. (3.5) then
the vertex

3.7)

V) =|V) + O|W) (3.8)

also satisfies this equation. Vertices of the form Q| W) (BRST
exact) can be obtained from the free theory via field redefi-
nitions

@) — &) = ;) +/d9i+1d9i+2(®i+l|<<Di+2|W)-
(3.9)

Here |W) is a vector with ghost number 2. Our aim is to find
a operator V in (3.6) which satisfies the BRST invariance
condition (3.5) and determined up to transformation (3.8) and
can not be removed by the field redefinition (3.9). We will
call such vertices as BRST-closed. One can use ambiguity
(3.8) in the solution to Eq. (3.5) to obtain different explicit
forms of the same physical vertex.

4 Solutions to the cubic vertices V
First of all, we note that there are six operators S;, S;i (2.13)

commuting with the BRST operator (3.5). As a consequence
of this we can decompose the vertex | V) as

V)= IV(s1,52,53)

“.1)
5i=0
SiV(s1, 82, 53)) = Si|V(s1, 52, 53)) = 5i|V (51, 52, 53))
“4.2)

and solve equation on the vertex (3.5) for each values of the
spins s; separately

0|V (s1, 52, 53)) = 0.

Secondly, we note that if we want to construct an inter-
action for fields with spins s; then the operator V (sy, 52, 53)
(3.6) must obligatory have terms without the ghost fields,
i.e. terms constructed only from the operators c{, c? and the
momenta pf‘d. The terms of the operator V (sq, 52, s3) with
the ghost fields are found from Eq. (4.3).

Thirdly, the terms of the operator V (s, s2, s3) without
the ghost fields must not depend on the operators pl.2 and ll.+
since these operators are contained in the BRST operators Q;
(2.12) and as a consequence such terms can be removed from
the vertex operator with the help of transformation (3.8).

Let us turn to finding explicit solutions to Eq. (4.3).

(4.3)
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Taking into account the remarks made above and condition
(4.2) one can show that for three scalar fields we get the vertex
operator V (0, 0, 0) = const.

Next let us consider the case s1 = 1, 5o = s3 = 0. In
this case the part of the operator V (1, 0, 0) without the ghost
fields must be linear both in ¢{ and in c? and due to remarks
made above and due to condition (3.7) the only possible
operator is ¢{(p2 — p3)m~1c§". The rest part of the operator
V (1, 0, 0) which depends on the ghost fields are found from
Eq. (4.3). The final result for the operator V (1, 0, 0) is

V(1,0,0) = Ly = c{cd(pa — p3)aa — 2¢] (12 — 73). (4.4)

Similar expression was found in [19], but in our case
[Q, L1] # 0. Vanishing of commutator [Q, Li]in[19]isa
consequence that the tracelessness constraint was not taken
into account in the BRST charge in [19]. Nonetheless we try
to generalize the result of [19] to our case, namely, we will
looking for a solution for the vertex operator V (s1, 0, 0) ina
similar form

V(s1,0,0) =L

= Lil + terms proportional to the ghost fields. 4.5
Doing so, we find
}Lgsl) — Lél"l + 51051 — I)Lil—ZCT

x [zf(zm 4213 — 1) — 2Ly (2 — m)]. (4.6)

Vertex operators V (0, 52, 0) = ]Lém and V (0, 0, s3) = ]Lgm
have analogous form
LS = L3 4 5i(s; — DL 2

X I:li+(277i+1 +2mi42 — ) — 2L (mwip1 — 7Ti+2)],

4.7
Li = ¢l (pist — pisd)aa — 267 (Tig1 — mig2).  (4.8)

Since fori # j

[0.LI1LL1=0,  [0.LM]j2) =0 4.9)

then we can construct a vertex for arbitrary values of spins
s; with the number of derivatives k;;,oy = 51 + 52 + 53

V(s1, 82, 535 kma)|Q) = LUVLSY LY Q). (4.10)

Thus the vertex operator V (s, 52, $3; kmay) for arbitrary
values of spins s; with the number of derivatives ky,y is
found.

5 Example of higher spin interaction
Various problems of interaction of higher spin fields with

scalar fields were considered in many papers (see e.g. [44—
46]).

Let us consider an explicit example of cubic interaction
of one real massless field with arbitrary spin s

|®3) = |H) + 6367 |C) + 5 b7 |D) (5.1)
where

|H) = éHa(s)"’“)ca(”cw)|o>, (5.2)
C) = ﬁCa(s_M“‘”ca“—”%_n|0>, (5.3)
|D) = ﬁDa(s—z>MS_Z)C”(S_Q)C&(s—z)|0>- (54
and two real massless scalar fields

|®1) = ¢1]0), [P2) = ¢2]0). (5.5
The total Lagrangian has form

L="Lfree+ Lins- (5.6)

Here L f,.. is the free Lagrangian for our system of fields
(2.26)

1
Lfree = §{<p132<p1 + @820

+Hao) " @7 H* i) — 50°4C*C Vi 1))
+Casm 12D (s? HIS™ VP

(s — DG DY TP 40y — 25CHSTD )
—D(s—2) 72 (32 DY 4

(s = DO CU Py )]

2)

The interacting Lagrangian L;;,; corresponds to the vertex
V(0,0,s:5) =LY |Q) (3.3)
1 .
Lun = 5 8 [ 401620631 (@2I(®ILL 1) + hc.
(5.7)
where
LY = LS +5(s — DL 2T [ Qi + 27140 — 1)
=2Li(7iv1 — mit2)],
Li = c¢{cf (pit1 — Pi+2)aa — 2¢ (i1 — 7iy2).

(5.8)
(5.9)

After rewriting this Lagrangian component form, one gets
Line = (=D st BT )™
~(s = D3 C Vg jas2 2] 5.10)

where ja(s)"’(x) are the higher spin currents constructed from
two scalar fields

Ja ™ = 01(8 44 — 0 4

N
= > CE=3." 013 02,
k=0

@ Springer
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X s!
Ci = ———
k!'(s —k)!
The relevant gauge transformations for higher spin fields
remain as in free theory

(.11

. 1 . S
(SHa(s)a(s) = ;3aa)\a(x—l)a(s 1)7

Sca(s—l)a(g_l) — aZ)La(s_l)a(v—l)7

8Dy(s—2)1¢72 = —(s — 1)3b;;)»a(s—1)hd(sfl)b- (5.12)

However, the general approach leads to gauge transforma-
tions for scalars
s—1

81 = (=)' 2s!'g [s D CE @ RV 42120, s
k=0

s—2
—(s=D) Cf2<au“>k+‘x"“—%<s_1>(2aa“>é‘—k—2¢2} ,
k=0
(5.13)

s—1
Spr = 2s!g [s DO RV a1y 23,1 gy
k=0

s—2
(=1 cfz(aﬂ)"“v“‘>,;<sl><2aa"‘)f“<m} :
k=0
(5.14)

Thus we have explicitly constructed a vertex corresponding
to the interaction of a field spin s with two real scalars and
deformation of the gauge transformation.

Let us remind once again that there is arbitrariness (3.8)
in the explicit form of the interaction vertex and we can use
it to get more convenient expressions for interaction (5.10)
and/or gauge transformations (5.13) and (5.14).

6 Summary

In this paper we have analyzed and constructed the Lorentz
covariant cubic interactions for completely unconstrained
massless higher spin fields in d = 4 Minkowski space with
the maximum number of derivatives. The construction is
given in the framework of the BRST approach to higher spin
fields adopted to multispinor formalism. Unlike the previous
work [40], in the present formulation there is no need to use
the tracelessness constraint for irreducible massless higher
spin fields since we use spin-tensors with dotted and undot-
ted indices and this constraint is fulfilled identically what in
some sense simplify an analysis. However, the correspond-
ing BRST operator has a different structure than that in [40],
and the derivation of a cubic vertex now requires a separate
analysis. Such an analysis was given in this paper.

Within of the BRST approach, the problem of construct-
ing cubic interaction vertices is reduced to finding a vector
|V) (3.6) which should be BRST-closed Q|V) = 0 (3.5).

@ Springer

We have carried out a general analysis of the equation for
the cubic vertex and described a procedure of its finding. For
three given massless fields with spins s1, 52, s3 we have con-
structed a cubic vertex with ko = s1 + 52 + 53 numbers
of derivatives. The case of constructing a vertex with ki,
number of derivatives will be considered in a future paper.

An explicit example of cubic interaction of a field with
spin s with two real massless scalar fields was constructed in
details. The interacting Lagrangian and the gauge transfor-
mations in explicit component form are given by (5.10) and
(5.12), (5.13), (5.14).

It is evident that the BRST approach to constructing the
interacting vertices for 4d completely irreducible higher spin
fields in terms of spin-tensor fields with dotted and undot-
ted indices can be used for finding the manifestly Lorentz-
covariant cubic and higher vertices for various bosonic and
fermionic, massive and massless higher spin fields. We hope
to study all these issues in the forthcoming papers.
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