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Current density functional theory for optical spectra:
A polarization functional

P. L. de Boeij, F. Kootstra, J. A. Berger, R. van Leeuwen, and J. G. Snijders
Theoretical Chemistry, Materials Science Centre, Rijksuniversiteit Groningen,
Nijenborgh 4, 9747 AG Groningen, The Netherlands

~Received 9 April 2001; accepted 22 May 2001!

In this paper we present a new approach to calculate optical spectra, which for the first time uses a
polarization dependent functional within current density functional theory~CDFT!, which was
proposed by Vignale and Kohn@Phys. Rev. Lett.77, 2037 ~1996!#. This polarization dependent
functional includes exchange-correlation~xc! contributions in the effective macroscopic electric
field. This functional is used to calculate the optical absorption spectrum of several common
semiconductors. We achieved in all cases good agreement with experiment. ©2001 American
Institute of Physics.@DOI: 10.1063/1.1385370#
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I. INTRODUCTION

Time-dependent density functional theory~TDDFT!, as
formulated by Runge and Gross,1 makes itin principle pos-
sible to study the dynamical properties of interacting ma
particle systems. The formulation of a localdynamicalap-
proximation for the xc potential turns out to be extreme
difficult, because such an xc potential in TDDFT is an intr
sically nonlocal functional of the density~i.e., there does no
exist a gradient expansion for the frequency-dependen
potential in terms of the density alone!. Vignale and Kohn2

were the first who formulated a local gradient expansion
terms of thecurrent density. In a time-dependent curren
density functional approach to linear response theory, t
derived an expression for the linearized xc vector poten
axc(r ,v) for a system of slowly varying density, subject to
spatially slowly varying external potential at a finite fr
quencyv.

II. THEORY

Let us first recall our definitions for the macroscop
electric field and polarization, before we derive an expr
sion in which the macroscopic xc potential contributions
Vignale and Kohn2 are incorporated. If we apply a time
dependent electric field of frequencyv, we will induce a
macroscopic polarizationPmac(v) which will be proportional
to the macroscopic fieldEmac(v), i.e., the applied field plus
the average electric field caused by induced charges in
solid. The constant of proportionality is known as the elec
susceptibility and is a material property,

Pmac~v!5x~v!•Emac~v!. ~1!

The macroscopic polarization is defined by the induced c
rent density,

Pmac~v!5
i

vVEV
d j ~r ,v!dr . ~2!

We see that if we want to calculate the susceptibility and
related dielectric function we need to calculate the indu
1990021-9606/2001/115(5)/1995/5/$18.00
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current. The induced currentd j and induced densitydr can,
in principle, be calculated from the current–current a
density–current response functions of the solid in the follo
ing way, where we use a shortened notation which imp
integration over spatial coordinates:3

d j5
i

v
x jj •Emac, ~3!

dr5
i

v
xr j•Emac. ~4!

This requires, however, knowledge of the exact respo
functions of the system. Within a Kohn–Sham formulati
the exact density and current response are calculated a
response of an auxiliary noninteracting system to an effec
electric field and potential,

d j5
i

v
x jj

s
•Eeff1x jr

s dveff , ~5!

dr5
i

v
xr j

s
•Eeff1xrr

s dveff , ~6!

where the superscripts indicates that we are dealing with th
response functions of the noninteracting Kohn–Sham s
tem. The equations above are our basic equations of ti
dependent current-density functional theory~TDCDFT!. The
effective fields have the property that they produce the ex
density and current when applied to the Kohn–Sham syst
Hence they are functionals ofdr and d j , and have to be
obtained self-consistently. If we neglect the microscopic c
tributions to the transverse components, we can split up th
fields as follows:

Eeff~v!5Emac~v!1Exc,mac~v!, ~7!

dveff~r ,v!5dvmic~r ,v!1dvxc,mic~r ,v!, ~8!

wherevmic is the microscopic part of the Hartree potent
and vxc,mic is the microscopic part of the exchang
correlation potential. The termExc,mac denotes the macro
scopic xc-electric field. The gauge is chosen in such a w
5 © 2001 American Institute of Physics
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1996 J. Chem. Phys., Vol. 115, No. 5, 1 August 2001 de Boeij et al.
that the microscopic parts of the external field are included
the scalar potential and the macroscopic part of the fields
included in the vector potential. Our goal is to derive
expression forExc,mac. Let us first look at the consequenc
of such a term. With Kohn–Sham theory the macrosco
polarizability is proportional to the effective fieldEeff . This
defines a Kohn–Sham susceptibilityx̃ by the equation,

Pmac~v!5x̃~v!•Eeff~v!. ~9!

We are, however, interested in the actual susceptibilityx.
With Eqs.~1!, ~7!, and~9! we obtain

~ x̃21~v!2x21~v!!•Pmac~v!5Exc,mac~v!. ~10!

We see that we can calculate the susceptibilityx once we
know how to calculateExc,mac. In previous calculations,3,4

Exc,macwas simply put to zero, which yields the approxim
tion x5x̃. Here we want to improve upon this approxim
tion and derive an explicit expression forExc,mac. The start-
ing point is the current–density functional derived
Vignale and Kohn2,5 which we write in the compact form
derived by Vignale, Ullrich and Conti @Exc1(r ,v)
[ ( iv/c) axc(r ,v)#,6

2Exc1,i~r ,v!52] ivxc1
ALDA 1

1

r0~r ! (
j

] jsxc,i j ~r ,v!.

~11!

HereExc1,i is the induced xc-electric field in linear respon
andvxc1

ALDA is the first order change in the xc-potential in t
adiabatic local density approximation~ALDA !. The last term
contains the ground state densityr0 of the system and the
viscoelastic stress tensor,

sxc,i j 5h̃xcS ] jui1] iuj2
2

3
d i j S (

k
]kukD D

1 z̃xcd i j S (
k

]kukD . ~12!

Here u(r ,v)5d j (r ,v)/r0(r ) is the induced velocity field
and the constantsh̃xc(r0 ,v) and z̃xc(r0 ,v) are coefficients,
which can be expressed in terms of the transverse and
gitudinal xc-kernels of the electron gas.6 In order to isolate
the macroscopic component of the xc-electric field we ta
the average over a unit cell of the solid and obtain

Exc,mac~v!5
i

v (
k

1

VE
V

dryik~r ,v!d j k~r ,v!, ~13!

where V denotes the unit cell volume and we defined t
matrix,

yik~r ,v!52d ik

¹•~ f xcT¹r0!

r0
2

]k~hxc] ir0!

r0
. ~14!

Here f xcT(r0 ,v) is the transverse xc-kernel of the electr
gas andhxc(r0 ,v) is given as

hxc~r0 ,v!5 f xcL~r0 ,v!2 f xcT~r0 ,v!2
d2exc

dr0
2

. ~15!
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Here f xcL(r0 ,v) is the longitudinal part of the electron ga
xc-kernel andexc is the xc-energy per volume unit of th
electron gas. The equation for the macroscopic part of
xc-electric field can be simplified if we replaced j by its
macroscopic value, i.e., its average over the unit cell. In t
case we obtain

Exc,mac~v!5
i

v
Y~@r0#,v!•d j ~v!

5Y~@r0#,v!•Pmac~v!. ~16!

Here the tensorY is given by

Y~@r0#,v!5
1

VE
V

dr
~¹r0!2

r0
2

f xcT~r0 ,v!

1
1

VE
V

dr
¹r0^ ¹r0

r0
2

hxc~r0 ,v!. ~17!

Equation~16! represents the first explicit example of the o
ten discussed density-polarization functional.7,8 With this
functional and the Eqs.~1!, ~7!, and ~9!, we see that the
susceptibility becomes equal to

x~v!5~12x̃~v!Y~@r0#,v!!21x̃~v!. ~18!

This equation clearly displays the influence of the mac
scopic xc-electric field on the susceptibility. It remains
find an appropriate approximation for the functionsf xcT and
f xcL . These functions have been investigated in detail for
electron gas.9–12 In these works it has been shown that th
are smooth functions of the frequency, except at twice
plasma frequency. For the optical spectra we are, howe
interested in much smaller frequencies. In the limitv→0 the
function hxc(r0 ,v) becomes equal tof xcT(r0 ,0)/3.6 In that
limit the tensor Y(@r0#,0) is completely determined by
f xcT(r0,0).

III. CALCULATIONS

We have tested this new functional for silicon as an e
ample of a group IV semiconductor in the diamond structu
We used Eq.~19! ~and the values ofmxc in Table I! of Ref.
11, to obtain values forf xcT(r0,0)at arbitraryr0 , thereby
using a cubic spline interpolation in the range 0–5 for ther s

values, in which we take into account the exactly know
small r s behavior.12 The macroscopic dielectric functio
e(v) can be obtained directly from the electric susceptibil

TABLE I. The calculated values forY(@r0#,0), and the applied energy
shifts to the dielectric functions, for the crystals in Figs. 1–5.

Solid Y(@r0#,0) ~a.u.!

Applied shift ~eV!a

Without Y(@r0#,0) With Y(@r0#,0)

C 0.367 0.60 0.70
Si 0.355 0.40 0.58
GaP 0.409 0.50 0.60
GaAs 0.416 0.45 0.50
ZnS 0.489 0.90 0.90

aSpectra have been shifted such that the calculated and experimental
crossings ofe1 coincide.
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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1997J. Chem. Phys., Vol. 115, No. 5, 1 August 2001 DFT for optical spectra
x(v) through e(v)5114px(v). The optical absorption
spectrume2 for Si, shows two major peaks in the range fro
3–6 eV.13–16 The first peak (E1) is attributed to anM0- or
M1-type critical point transition, and the second (E2) one to
an M2 type.17,18 All previous ‘‘one-electron’’ approxima-
tions, ranging from the early pseudopotential approache
the 1970s,19,20 to theab initio DFT-LDA of the end 1990s,21

showed the same features fore2 . However, theE1 peak is
usually underestimated, and appears just as a shou
whereas theE2 is overestimated and appears at too h
energies compared to experiment.13,14 The underestimation
of theE1 peak was attributed to excitonic effects~the attrac-
tive interaction between thevirtual hole and theexcitedelec-
tron!. In the recent calculations,22 these excitations are ex
plicitly taken into account by solving the Bethe–Salpe
equation~BSE! for the coupled electron–hole excitation
and in these spectra theE1 peak is clearly resolved and i
good agreement with experiment.13,14The ratio of theE1–E2

peak heights in thee2 of Si proved to be rather sensitive t
the numerical value ofY(@r0#,0). However, it turned out
that the theoretical value that we list in Table I, is too high
about a factor of 2. In view of the uncertainty in the pu
lished values off xcT(r0,0),12 we introduce a prefactor of 0.4
in front of the matrixY(@r0#,0) in Eq. ~18!, which was de-

FIG. 1. The dielectric function for silicon~Si!, with and without the inclu-
sion of the polarization dependent functional, in comparison with the exp
mental data@D. E. Aspnes and A. A. Studna, Phys. Rev. B27, 985 ~1983!;
Handbook of Optical Constants of Solids,edited by E. D. Palik~Academic,
New York, 1985!#. The applied energy shifts to the TDDFT calculated d
electric function were 0.60 eV without, and 0.70 eV with the inclusion
Y(@r0#,0).
Downloaded 27 Jan 2006 to 129.125.25.39. Redistribution subject to AIP
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termined in order to get an optimal agreement with expe
ment for the ratio of theE1–E2 peak heights. This prefacto
is used in all the subsequent cases.

IV. RESULTS

A. Silicon

In Fig. 1, we show the effect of this polarization fun
tional on thee(v) of Si in comparison with experiment.13,14

In order to facilitate the comparison with experiment, t
spectra have been shifted to higher energies, see Table I.
clear that without theExc,mac contributions, theE1 peak ap-
pears as a shoulder and is underestimated in amplitude
E2 peak is too sharp, and therefore overestimated in ma
tude. When including the macroscopic xc-contributions,
E1 peak is now clearly resolved. As can be seen in Fig. 1,
both the real and imaginary part ofe(v), the whole dielec-
tric function is improved considerably. Therefore it should
concluded that it is necessary to include theExc,maccontribu-
tions to get theE1 peak in thee2 of Si in good agreemen
with experiment.13,14 In addition, we have calculated the op
tical absorption spectrae2 for C, also a group IV element
GaP and GaAs~III–V !, and ZnS~II–VI ! using the same
polarization functional. We checked that the used prefac
led to uniformly improved spectra, and hence we have
tained a new polarization functional that in all cases i
proves our previous ALDA results.4

B. Diamond

The experimental13 absorption spectrume2 for diamond
shows anE2 peak around 12 eV. In all previous calculation
of e2 for C this E2 peak is overestimated, just like in ou
recently performed time-dependent DFT calculations,3,4 as
well as in the BSE calculations,16 which includein detail the
electron–hole interactions. In Fig. 2 we show the effect
including the polarization functional on thee2 of diamond, in
comparison with experiment.13 Clearly there is a very smal
effect one2 when using the polarization functional. Ther

i-

FIG. 2. The optical absorption spectrum for diamond~C!, with and without
the inclusion of the polarization dependent functional, in comparison w
the experimental data@D. E. Aspnes and A. A. Studna, Phys. Rev. B27, 985
~1983!#. The applied energy shifts to the TDDFT calculated dielectric fun
tion were 0.40 eV without, and 0.58 eV with the inclusion ofY(@r0#,0).
 license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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1998 J. Chem. Phys., Vol. 115, No. 5, 1 August 2001 de Boeij et al.
fore it can be concluded that the xc-contributions to the
fective macroscopic electric field in diamond are negligib

C. Gallium phosphide

The experimental13 absorption spectrume2 of GaP in the
zincblende structure, also shows a double peak structur
the range from 3 to 6 eV, just like Si. In Fig. 3, the effect
the polarization functional on thee2 of GaP is shown and
compared with experiment.13 Upon inclusion of the scaled
Y(@r0#,0) term, the originally underestimatedE1 peak is
now found in full agreement with experiment,13 but theE2

peak is still overestimated and too sharp.

D. Gallium arsenide

The experimental absorption spectrum for GaAs~Ref.
13! shows the same features as for GaP. In Fig. 4 the ef

FIG. 3. The optical absorption spectrum for gallium phosphide~GaP!, with
and without the inclusion of the polarization dependent functional, in co
parison with the experimental data@D. E. Aspnes and A. A. Studna, Phys
Rev. B27, 985 ~1983!#. The applied energy shifts to the TDDFT calculate
dielectric function were 0.50 eV without, and 0.60 eV with the inclusion
Y(@r0#,0).

FIG. 4. The optical absorption spectrum for gallium arsenide~GaAs!, with
and without the inclusion of the polarization dependent functional, in co
parison with the experimental data@D. E. Aspnes and A. A. Studna, Phys
Rev. B27, 985 ~1983!#. The applied energy shifts to the TDDFT calculate
dielectric function were 0.45 eV without, and 0.50 eV with the inclusion
Y(@r0#,0).
Downloaded 27 Jan 2006 to 129.125.25.39. Redistribution subject to AIP
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of the polarization functional is shown on thee2 of GaAs.
Including Y(@r0#,0) gives an increase in the oscillato
strength for theE1 peak, just like in GaP, and it is now als
in good agreement with experiment.13

E. Zinc sulfide

In the II–VI semiconductor ZnS theE1 peak is also
underestimated in our previous calculations,4 compared to
experiment.15 In Fig. 5, it can be seen that also for ZnS th
oscillator strength for theE1 peak increases after inclusion o
the Y(@r0#,0) term, and is now in better agreement wi
experiment.15

V. CONCLUSIONS

In conclusion, we presented the first successful com
tational approach of a polarization dependent functio
within current density functional theory, as it was sugges
in 1996 by Vignale and Kohn.2 The calculated optical ab
sorption spectra of several semiconductors clearly impro
considerably with the inclusion of the exchange-correlat
contributions to the effective macroscopic electric field.
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