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ABSTRACT 

An approximate normal mode analysis of plasma current diffusion in 

tokamaks is presented. The work is based on numerical solutions of the 

current diffusion equation in cylindrical geometry. Eigenvalues and 

eigenfunctions are shown for a broad range of plasma conductivity profile 

shapes. Three classes of solutions are considered which correspond to three 

types of tokamak operation. Convenient approximations to the three lowest 

eigenvalues in each class are presented and simple formulae for the current 

relaxation time scales are given. 
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T. INTRODUCTION 

The time scale for current diffusion is often Che longest pLasma time 

scale in a tokamak. It therefore plays an important role in large tokamak 

design and operation. In the TFCX preconceptual design study, for example, 

the lengths of the louet-hybrid-driven current rampup and ignited burn phases 

were determined by current diffusion time scales. 

An understanding of current relaxation is also required in interpreting 

the resuLts of noninductive current drive experiments where purely external 

measurements of the toroidal electric field are used to infer the inductively 

driven current inside the plasma. Such a procedure is valid onLy if the 

inductively driven current has reached its equilibrium value. 

The current relaxation time scale is often referred to as the "skin 

time." the purpose of the present work is to endow that phrase with 

quantitative meaning in the context of typical tokamak operation. This is 

done by solving a normal mode problem for each of three types of tokamak 

operation; the eigenvalues of the normal modes are then related to the current 

relaxation time scales. 

The normal mode problem is defined in Sec II. A dimensionless 

eigenvalue equation is derived from the cylindrical current diffusion 

equation, and three classes of boundary conditions are derived for three types 

of tokamak operation. Analytic solutions (involving Bessel functions) are 

presented in Sec. Ill for the special case of spatially constant plasma 

conductivity. 

The numerical solution of the eigenvalue problem with more realistic 

conductivity profiles is described in Sec. IV, and the results are presented 

in Sec. V, Convenient approximations for the current relaxation time scales 

are presented in Sec. V.D. A brief discussion of the effects of sawteeth is 

given in Sec. VI. 
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II. FORMULATION OF THE DIMENSIONLESS DIFFUSION EQUATION AND BOUNDARY 

CONDITIONS 

The equation for the radial diffusion of the toroidal current density is 

derived from Maxwell's equations and an Ohm's law. We start with 

*.*--£. 
V x B = Uj , (2) 

where the displacement current has been dropped froii the second equation, 

Tokamak geometry is approximated throughout this work by cylindrical geometry; 

toroidal mode-coupling, elongation, and triangularity, etc., are ignored. The 

"toroidal" current density is assumed to be related to the "toroidal" electric 

field by a simple Ohm's law: 

j(r,t) = j d(r) + E(r,t) o(r) , (3) 

where we restrict attention to cases in which the noninductively driven 

current, j., and the conductivity, o, are constant in time. 

We have implicitly assumed that the driven current is insensitive to 

changes in the electric field, a condition met by neutral beam current drive, 

but frequently not met by lower hybrid current drive. Taking the time 

derivative of Eq. (2) and eliminating j and B, we find that 

3E 1 3 r 3E-I ,., 
"° aF = 7 SF (r IP • ( 4 ) 
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One class of general solutions of Eq. (4) may be expressed as 

E(r,t) = E + I E (r) exp(-t/i ) , (5) o L .• n ^ n y 

n=l 

where E is constant in space and time (the other time-independent solution, E 

= a£n r, is unphysical at the origin). Using the relations 

x = r/a, 

o(x) = o(r=a)/o , o 

where c = o(r = 0), Eq. (5) becomes 

E(r,t) = E + I £ F (x) exp(-t/T ) , (6) o *• , n n r i n' n=l 

where 

i~ {« —!!) + k 2 5 x F = 0 , (7) 
dx s dx' n n 

and 

k 2 - vo a'/t . (8) 
n o n 

Note that the differential operator of Eq. (7) is Hermitian, and thus: (i) the 

eigenvalues are real, (ii) the eigenfunctions are orthogonal, and (iii) the 

eigenfunctions form a complete set of basis functions, and can be used to 

represent any solution of Eq. (7). We require F'(0) = 0 [this follows from 
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the finiteness of j(0)], and the normalization of the eigenfunctions is fixed 

by requiring that F (0) = 1. The second boundary condition which is required 

to complete the mathematical statement of the problem depends on the physical 

situation which is being treated. Three commonly occurring types of tokamak 

operation are discussed next and suitable boundary conditions are given for 

each case. 

A. Free current decay 

If the toroidal plasma current changes there will be an induced electric 

field in the direction of the current of magnitude 

E(r=a) = -L I /2nR , (9) 
ext p o 

where R is the major radius of the torus and the external inductance is 
o J 

L = uR ImfBR /a] - 2] . ext o ' o ' 

A toroidal electric field may also be induced by time-varying currents in the 

ohr.iic heating and equilibrium field coils. If the changes in the plasma's 

poloidal beta and internal inductance can be neglected, then the equilibrium 

field will change in proportion to changes in the plasma current. The 

electric field produced by the changing equilibrium field will cancel a 

portion of the self-induced field given by Eq. (9), thereby reducing the 

effective external inductance of the torus. Thus, if the current in the ohmic 

heating coils is constant, the plasma current will resistively decay and, 

under the above conditions, the electric field at the plasma surface will be 



s 

ECr=a) = ~l~ ui /2it , (10) 
ext p 

where 

l" _ = L" /JR , (11) 
ext ext o 

and L" x t is the effective external inductance after correcting for the effects 
of the equilibrium field described above (typically, 0.5 < S^ x t < 1). 

The current driven by mode A (generic F -• A for class A) is 

I = 2ira2a f A <x) 5(x) xdx = -2ira2o A <x=l)/.kZ . (12) 
A n o J n o n A n 

How the boundary condition, Eq. (10), can be expressed 

A (x=l) = l w .I /(2n T ) = -4" A'(x=l) , (13) 
n ext A n ^ A n ' ext n 

and E in Eq. (5) must be zero. 

B. Constant surface voltage 
We find another set of useful solutions in the case of constant surface 

voltage, e.g., the electric field at the plasma surface is constant in time. 
The surface electric field is E , and the boundary condition for the 
eigenfunctions in this case is (F -* B ) 

B (x=l) = 0. (14) 
n 



7 

The eigenfunctions and eigenvalues here are identical to those of case A in 
the limit that KJJ t •* 0. 

C. Constant plasma current 

It is common practice in tokamak operation to maintain a constant plasma 
current during part of each discharge. This is accomplished by means of 
feedback controls on the ohmic heating and equilibrium field coils. During 
the "current flat-top," the current profile and the surface voltage relax to 
their equilibrium values. The boundary condition for these eigenfunctions is 
obtained from the requirement that the integrated current driven by each 
eigenfunction be zero; following Eq, (12) we have (A * C ) 

C'(x=l) = 0. (15) 
n 

The equilibrium electric field which drives the constant current is, of 
course, E . 

III. ANALYTIC SOLUTIONS 

If the conductivity is uniform across the plasma, the solutions of Eq. 
(7) are Bessel functions: F

n ( * ) = Jo^ k'n x'' T h e eigenvalues, k , are 
determined by the boundary conditions discussed below. 

A. Free current decay 
From Eq. (13), we have 

J (.k. ] = - 4 * „ aknJ'(.k ) = I* aknJ.f .k 1 . o vA nJ ext o^A n' ext 1 A n v 
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The eigenvalues for various vaLues of l_ x t are given in Table I, .kr is given 

to facilitate the calculation of the ,T from Eqs. (8) and (17). 
An 

B. Constant surface voltage 

From Eq. (14), we have 

J L k ) = 0 . o^B n' 

The nk„ are thus the nth roots of J„(x): 2.405, 5.520, 8.654, etc. o n o 

C. Constant plasma current 

From Eq. (15), we have 

J'f.k ) = 0 = J ( k ) . o^C n' l kC n' 

The c k n are thus the nth roots of JjU): 3.832, 7.016, 10.174, etc. 

IV, NUMERICAL SOLUTION ALGORITHM 

The conductivity profile in a typical tokaraak is centrally peaked so the 

preceding analytic solutions are more useful in checking the numerical work 

described below than in understanding actual tokamaks. 

The results of the next section were generated by the "shooting" methods 

of solving the two-point boundary value problem posed in Sec. II. 
7 Specifically, a trial value for k~. is chosen and Eq. (7) is integrated from 

x=0 to x=l where the appropriate function of boundary values - G = A + 

8." tA', or B n, or c' - is evaluated [see Eq. (13-15)]. A modified regula 

falsi algorithm is used to obtain a new trial value of kj: to be used in 
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integrating Eq. (7); the procedure is repeated until the absolute value of G 

is less than 10 

The integration is performed by dividing Eq. (8) into a coupled pair of 

first order differential equations (for F n and F n ) , and integrating the pair 

simultaneously using the Euler predictor-corrector method with a fixed step 

size of ax = 10 . The analytic results for the eigenvalues with constant a 

were reproduced to within 0.01% by the numerical algorithm. 

V. NUMERICAL RESULTS 

The major parametric dependences of the eigenvalues have been distilled 

from numerical integrations of Eq. (7) employing a wide variety of 

conductivity profiles. The results are presented as functions of easily 

measurable characteristics of the conductivity profile! the average 

conductivity, the peakedness of the conductivity, and an internal inductance 

parameter. 

In the results presented here, three one-parameter families of functions 

were used to represent the conductivity profile shapes. The three slowest 

eigenfunctions for each boundary condition class are shown for one family of 

conductivity profiles. The three lowest eigenvalues for each boundary 

condition class and all three conductivity families are compared to simple 

approximate fits, thereby displaying both the approximation error and the 

family to family variation of the results. 

Three one-parameter functions are used below to generate three Eamilies 

of conductivity profile shapes (see Fig. 1): 

SjCx) - [i - * 2 r , 
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where 

0 z( P,x) - 1/U • [ « / a ) 2 P ] 1 + 1 / P . 

Families II and III are frequently referred to as "peaked" and "flat" profile 

shapes (Ref. [3]). The results for the intermediate "broad" shape (p=2) are 

not presented hera, but they are similar to those for 5v. 

Within each family, we may vary the peakedness ot the profile (Fig. 1) as 

measured by 

<f = o /<o> * J2 J-1 o(x) xdx]" 1 . (16) 

In equilibrium j(r)/o(r) = E is a constant function of radius and, hence, 

q = q(a)/q(o) . 

The edge safety factor, q(a), is known from external measurements, and if 

sawteeth are present, then we may assume q(o) ~ 1. (See Sec. VI for more 

discussion of the effects of sawteeth.) Thus, we typically have the estimata 

q' ~ q(a)/q(o) ~ q(a) 
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This is not strictly correct (equilibrium is prevented by sawteeth), but it is 

a reasonable estimate of q" in the absence of any direct measurement of the 

plasma conductivity. The alternative method of measuring T (r) and 2
eff(r) 

and assuming a theoretical expression for the conductivity is likeLy to be 

more uncertain. 

In equilibrium the central conductivity is relited to the measurable 

average conductivity by 

a = q"<0> = q"2 I R /(v a ] , (17) 
o p o k s 

where I is the inductively driven plasma current, R is the plasma major 

radius, and V is the surface voltage. 

Another useful measure of the peakedness of the conductivity profile is 

(Fig. 1) 

l*/2 = J 1 |B"(X)/B*(X=1)] 2 xdx, (18) 
j. -1 o p p ' 

where 

B"(X) = (1/x) T 5(u) udu. P ° 

In equilibrium, this reduces to 

Jt'.'/2 = i . . l l , 

7 which is the usual internal inductance parameter. 
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We can now relate theoretically important, but rarely measured, 

characteristics of the conductivity profile to measurable quantities. It must 

be remembered that these relations can be applied only when there is reason to 

believe that the conductivity profile itself has not substantially changed 

between the equilibrium and nonequilibrium phases of a discharge. 

Fortunately, this is frequently the case a notable exception being lower 

hybrid current drive experiments. 

A. Free current decay 

The first eigenfunction, Aj(x), is shown in Fig. 2 for 3 = 5j. 

ft t = 0.5, 1 A2<x) and A-j(x) are shown only for J," = 1. As dictated, by the 

boundary condition, Eq. (13), the edge values A (x=l) decrease as 2." is 

lowered; for S.exC = 0 the A n(x) are identical to the B (x) discussed' next. 

Another prominent feature of the solutions is the existence of n _l 'zeros of 

A n(x) inside the plasma. 

The eigenvalues can be approximated by 

AkI " A " 2'° q " / ( C t + \'^ » 

A. - A% " 15 <•" • 

A - A -401* 

Note chat with a typical a
e x t - 1» &kf is much Lower than alL other 

2 eigenvalues of types A FB f or C except »ki» 
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B. Constant surface voltage 
As a consequence of the boundary condition, Eq. (14), the nth node of 

B n(x) occurs at x=l (Fig, 3). Both the A n(x) and B n(x) have approximately 
constant, nonzero slopes in the outer region of the plasma where k n xc(.x) « 
1. As q" rises and o(x) becomes more centrally peaked, the oscillatory region 
of the eigenfunctions becomes more centrally concentrated. 

The eigenvalues can be approximated by 

A - „*! = 1-8 **«*lW ' 
0 ~2 * 

A - B 4 = 2 0* ' 
B k3 ~ B R3 r 5° *'• 

C. Constant plasma current 
The boundary condition, Eq. (15), is C'(x=l) = 0; t̂ he region of small 

Y 

C^(x) extends from the boundary to the point where k^xo(x) is sufficiently 
large to generate curvature in C_(x) (Fig. 4 ) . As a consequence, the nth zero 
of C (x) is located well inside the plasma boundary. 

The eigenvalues can be approximated by 

ck? • A = 1 2 «•* • 

A - A - 4 0 «*» 

A - A = s ° « • 
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D. Time constants 
Combining Eqs. (8), (16), and (17), we find Chat 

rn = x/Vk* , (19) 

where 

T = ij <a> a 2 = 2 pi E /V (20) 
o p o s 

= 2.51 sec (^)H^) • 
s 

Using the tic approximations to the true eigenvalues produces Che following 
approximations to the time constants: 

j 

Class A: Free current decay 

VifTo (C + \ / 2 ' / 2 ' ( 2 u > 

A T 2 = W 1 5 , (21b) 

A T 3 = T o M 0 , (21C) 

Class B: Constant surface voltage 

B?2 = \[i"ilz)ll-& . (22a) 

B^2 = V 2 0 ' ( 2 2 b ) 
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B ? 3 = ro/50 , (22c) 

Class C: Constant plasma current 

-x. = W 1 2 , (23a) 
CI o 

- T , = T /40 , (23b) 
C 2 O 

J . = v /80 . <23c) 
C 3 o 

These approximate expressions differ from the true expressions by a 
correction factor R n, defined by 

r = R T . (24) 
n n n 

This correction factor is shown for all three families of conductivity 
profiles in case A (Fig. 5) and cases B and C (Fig. 6). Generally, the 
approximations T n, are within 20% of the T . 

VI. EFFECTS OF SAWTEETH 
The current redistribution believed to be associated with "sawtooth" 

internal disruptions takes place on a time scale much shorter than those 
discussed above, although it affects only the region near the center of the 
plasma where q - 1. There are two effects of sawteeth discussed here. 

The redistribution of plasma during a sawtooth disruption "flattens" the 
electron temperature - and, hence, the conductivity - profile. This was found 
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to be insignificant in the sense that the approximate time scales, x , well 

represented the results of numerical solutions using conductivity profiles 

which had been flattened to radii as large as r = a/2. 

The direct redistribution of current during a sawtooth disruption, 

however, can graatly speed up the global relaxation time scale if it affects a 

large fraction of the plasma. To illustrate this* the current relaxation 

during current "flat-top" after current "ramp-up" was simulated using the 

BALDUR tokamak transport code, with and without a sawtooth current 

redistribution model. The tokamak parameters are representative of TFTR: B 

= 4 T, B Q = 2.5 m, a = 0.85 m, Z e f f = 2.0, T g(r) = 3 keV [l-{r/a) 2J 4 / 3, and 

neoclassical resistivity was used. In each of four simulations, the plasma 

current was ramped from half its final value to I = 1.93, 2.10, 2.31, and 

2.57 MA in 1.5 sec and held constant for 2 sec. The final q(a) were 3.9, 

2.75, 2.5, and 2.25, respectively. The simulated surface voltages during the 

2 sec flat-top are shown in Fig. 7 for simulations with and without sawteeth 

(only the two lowest q(a) simulations are shown, in the other two, the 

sawtooth model had no discernible effect on the surface voltage). The 

sawtooth period wai fixed at 40 msec, and the self-consistently determined 

sawtooth mixing radii were 0.32, 0.37, 0.44, and 0.51 m for the currents 

listed above. It is clear that for q(a) > 3 the sawtooth effects are modest, 

while for q{a) < 2 they are very large. Evidently, the periodic current 

redistribution caused by the internal disruptions effectively "shorts out" 

some of the internal inductance of the plasma, and the relaxation time scale 

is reduced accordingly. 

This qualitatively explains why the observed relaxation time scales in 

TFTR' are much less than given by Eq. (23a) for discharges with q(a) < 2.5. 
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VII. SUMMARY 

The time scales for current relaxation in toroidal plasmas have been 

calculated for threa types of tokamak operation. These types are, in order of 

descending time scale, free decay of the plasma current, constant surface 

voltage, constant plasma current. These time scales are well represented over 

a wide range of plasma conductivity profiles by simple approximations (see 

Sec. V.D). 

The principle limitations of this study are the neglect of (1) the 

effects of "sawtooth" internal disruptions, (2) time-varying plasma 

conductivity, and (3) toroidal and ncicircular geometrical corrections to the 

cylindrical current diffusion equation. Experimental evidence and the 

calculations described in Sec. VI suggest that when the sawtooth mixing region 

extends to half the plasma minor radius or more, the relaxation time scale is 

greatly reduced; but if q(a) > 3, sawteeth have little effect. 
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TABLE 1. 

Free Current Decay Eigenvalues for o(r) = constant 

ext 

0.3 3.641 21.18 56.55 

1.0 1.577 16.64 51.21 

2.0 0.885 15.67 50.22 
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FIGURE CAPTIONS 

FIG. 1. The three families of conductivity profile shapes for q" = 1.5, 

2,3,4, and 6: (a) 5 r, (b) 5 j T f (c) 5TTT> The "internal inductance," 

!j:V2, is shown in (d) as a function of q for each conductivity 

family. 

FIC. 2. Free current decay eigenfunctions for c r, q~ = 1.5,2,3,4,6, and £" t 

= 1: (a) Aj{x), (b) A 2 U ) , (c) A 3(x), (d) Aj(x) for a w = 0.5. As 

q" rises, the eigenfunctions are progressively steeper for x - 0. 

FIG. 3, Constant surface voltage eigenfunctions for 3,-, and q" = 

l.S,2,3,4,6: (a) B 1(x), (b) B 2(x), (c) B 3(x). As q* rises, the 

eigenfunctions are progressively steeper for x - 0. 

FIG. A. Constant plasma current eigenfuhctions for 5j, and q" = 

1.5,2.3,4,6: (a) C ^ x ) , (b) C 2(x), <c) C 3(x). As q" rises, the 

eigenfunctions are progressively steeper for x ~ 0. 

FIG. 5. Correction factor R n [Eq, (24)] for l*x|. = 0.5: (a) A ? . ; (b) A T 2 , 

(c) A T 3 ; and for t ^ = 1: (d) ^r^, <e) A ? 2 , (f) A ? 3 . Curve label 

denotes the conductivity family. 

FIG. 6. Correction factor R R [Eq. (24)]: (a) gtj, (b) B T 2 , (c) B T 3 , (d) c T p 

(e) C T 2 , (f) r^3» Curve label denotes the conductivity family. 

FIG. 7. The simulated surface voltage during current "fLat-top" after "ramp-

up" for: (a) q(a) = 2.5, and (b) q(a) = 2.25 (see Sec. VI for 

details). 
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