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1. Introduction. Let M be an n-dimensional compact Riemannian
manifold without boundary, and 4 the Laplacian acting on smooth p-forms
on M, 0 < p < n. Being elliptic, the operator 4 has an infinite sequence

O—<—~7\‘p,1§7\fp,2§ ee éxp,ké "'TOO

of eigenvalues, each of which is repeated as many times as its multiplicity
indicates, and the corresponding sequence {¢,,.})i-, of eigenforms forms a
complete orthonormal set in the space of p-forms with Riemannian inner
product. The series

31exD (—%,18)8,,4(0) ® 8,.4(0)

converges uniformly on compact subsets of (0, ) x M X M to the funda-
mental solution e?(¢, #, y) of the heat operator 9/0t + 4 acting on p-forms,
and we have,

(1) Sexp (-0t = | Tretae, >0,

Tr denoting the trace. The geometric and probabilistic interpretation of
e’(t, x,y) may be seen in It6 [2]. Moreover, we have the following
Minakshisundaram’s asymptotic expansion for Tr e*(¢, z, x):

(2)  Trer(t o, o) myy AT tpo@) + tpu(®) + +++ + ) + -4}

11—

where the coefficients u,,,(x) are local Riemannian invariants. Leta, , =
S U, Then by (1) and (2) we have,
M

(3) kgleXp (—x'p,kt) tm (4,“)—1»/2(%,0 + tap,l oo + tkapyk + . ') .

We call the sequence Spec? (M) = {Np,15 Npzs =+ *» Np,ps + =+ } Of eigenvalues the
spectrum of M for p-forms. Many of the relations between spectra and
geometric quantities of Riemannian manifolds have been obtained by cal-
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culating the coefficients of the Minakshisundaram’s expansion in terms of
curvatures of M. In the present paper we shall calculate the coefficient
u,; in (2) for the Einsteinian case to obtain the following:

THEOREM. Let M be a compact locally symmetric Einstein space and
M a compact Riemannian manifold. Suppose that M and M have the
same spectra for functions and for l-forms respectively, t.e., Spec’ (M) =
Spec’ (M) and Spec' (M) = Spec' (M'). Then M’ s also locally symmetric.

I should like to express my hearty thanks to Professor T. Sakai who
has kindly read through this manusecript to point out several errors.

2. Preliminaries. Let M be a Riemannian manifold with Riemannian
metric ( , > and Levi-Civita connection V. Let R(X, Y)Z = V(31 Z —
[Vx Vy]Z and o(X, Y) = Tr(Z— R(X, Z)Y) be curvature tensor and Ricei
tensor respectively. We denote; the covariant differentiation. Through-
out this paper we use the Einstein’s summation convention.

Let us fix a point m of M and choose a normal coordinate system
(V, &%) origined at the point m. We shall omit (m) for the quantities at
the point m, for example,

Ros = Ru(m) = (B aii ’ aii> 3?0" ! ail >(m) ’

i = Pum) = 0~y =2 )m)

Let x € V be a point with the coordinates (). Then g;;(x) = <0/0x%, /6% (%)
is represented in terms of curvature tensor and its successive covariant
derivatives at the point m, see Sakai [5].

9:i(®) = 0;; + % R, yw*at + % Ryippata'a? + %(GRMJ'I:PQ

+ 1—36- RkuuRmu>x"x’x”x” + %(8Rkijl;wr + 16RkiluRquu;r
(4) + 16 Ryjiu R piquir) a'0' 20" + 71!— (10wt pors

+ 34Rkilu;qurjsu + 34Rkjlu;;oquisu + 55Rkilu;qujru‘a
- 161210;'1u-l%M'MRruw)xkxlxpqur‘/x;8 + O(l r IG) .
From g;;(x)g*(x) = 0¥ and (4) we have,
(5) g9(®) = 09 + Ajjxkat + Al xtala? + AY,wkxlarar
+ Al wratereten 4 o(| 2 ) ,

where
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1
Asz = - ERIM‘J’I ’
A‘ltcjlp = - _31!—Rkijl;p ’

';"g;pq = ‘;—,(‘6Rkiﬂ;pq + 8RkiluRPiQu) ’

%pqr = _61T(—'8Rkijl;]7qr + 24RkiluRm'qu;r + 24RkjluRpiqu;r) .

Then from

¢ — _1_ ci (agia 0gis _ agab) .
i) = 5o (L 4 o - 2 ) ()

(4), (5), and Bianchi’s identity we have,
I,(x) = B*'a* + Bii*a*a' + Bihaokala? + Biihatalara?
+ B akatara’at + o(|w ),

(6)

where
cab 1
B = —‘é_(Rkubc + Rieo) »
ﬁb = - %{(Rkabc;l + Rkbac;l) + ‘%(Rkalc;b + Rkblc;a - Rkulb.c)} ’
cab __ 1
Bklp - - _5'—' 6(Rkabc;lp + Rkbac:lp) + S(Rkalc.bp + Rkalc:pb)
+ 3(Rkblc;ap + Rkblc;pa) - 3(Rka,lb;cp + Rkalb;pc)
+ '%ngclu(Rpabu + prau) - 8(RkaluRbcpu + RkbluRacpu)} ’
Bi?z«; = - %—{8(Rkabc;lpq + Rkbac;lpq) + 4(Rkulc;bpq + Rkalc;pbq + Rkalc;qu)
+ 4(Rkblc;a:nq + Rkblc;paq + Rkblc;pqa) - 4(Rkalb;cpq + Rkalb,pcq + Rkalb;mc)
+ 44chlu(Rpabu;q + prau;q) + 4chluRpaqb;u
- 32(RkaluRbcpu;q + -RkbluRacpu;q)
- 24(RbckuRlapu;q + RackuRlbpu;q) + 32(Rkabu + Rkbau)Rlcpu;q} ’
;‘ll:q'r = - _71'—[10(Rkabc;lpqr + Rkbac;lpqr)

+ 5(kalc;bpqr + Rkalc;pbqr + Rkalc;qur + Rkalc;pq'rb)
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+ 5(Rustciapar + Brviciaar + Bisioipgar + Fisicipra)

— 5(Rratsioper T Bratbipecer T Bratvipeer T Bratsipare)

— 51(RicruipBarru + BockusinBoarn + RiatuingBocru + FisiuipgFacru)

— VTR 01u(Rycpusar + Rooquirs — Rppguire)

— 1TRyu(Racpusar + RBpoquira — Fpaquire) + 61(Biasn + Risan) Brcpusar
+ Riou{67(Rpasuiar + Rosausar) + 25(Rpaqusnr + Koaquirs)

+ 25(Rpsquar + Bosouira) — 42(Rpaqsur + Roagsiru)}

- llo(Rkalu;prcqu;r + Rkblu;pRacqu;r) + 155chlu;p(Rqabu;r + quau;r)
— 15 c1upRoasrn — 8Rratnppgo(Bours + Rouru)

+ 24R1(Racpu oo + RicpuRoary)

+ chlu{ '—104(Rpaunburu + -prquaurv) + S(Rpaqubvru + prquavru)

+ 238 Rpuqv(Rrabv + -R'rbav)}] .

Let us define g(z) = det (g;;(x)) on V. Then we have,
g7H@) = 1 + Guakat + G a'a? + Gppta’a?a?
+ Gper 822?20 + Gppgrtataraiea’ + o(|z %) ,

(7)
where

sz = —l%pkz ’

lep = %pkm’ ’

1 1 1
Gripg = T(T?)O—‘OHM + —1—2—‘0“(0” + 1—5Rkulvauqv) ,
1 1
lepqr = ’5_,‘<—;" (okl;pqr + ‘Isé'pklppq;'r + E‘Rkulvauqv;r) ’
5
lepqn = '%‘(_l%pkl;pqn + %(okllopq;n +_§_~Rkulvauqv;rs + g‘pkl;ppqr;a
+ ;—ngulv;pR«mrv;s + 7_52'[0kl(0palon
L R R 8 RiiRoinR
+ —G—pkl pugqvtVrugy + 'ﬁ kulvtVpogwdlrwsu |

For the proof, see Sakai [5].
3. Coefficients u,,,. Let o,:[0, 1] — M be the minimal geodesic joining
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the points m and x. By the parallel translation the curve o, defines an
isomorphism P,,, of the cotangent space T7 ., (M) at o.(t) onto the cotan-

gent space T7(M) at . For a cotangent vector a = a(m)e Ti(M), let
us define

(8) Ua, x) = g7 ()P, () .

Then Uya, x) is a smooth 1-form in the neighborhood V, and we define
U, z), £ = 1, inductively as follows:

1
0

(9) Ua, x) = —g'l"(x)s 9"4(0.()) P, (4U, (e, 0,(1)))¢"dt .
See Berger [1] and Patodi [4]. The map a« — U,(a, m) is a linear endo-
morphism on T (M) and the coefficients «,,,(m) is given by Tr (@ — Ui (a, m)).
LeEmMMA 1. For a cotangent wector «a = a(m) = a;dx'(m)e TH(M),
P, () = a;(x)dx? is represented as follows:
a;(®) = a; + ‘é];'"aijiilxkxl + zzraijiiz;pxkxlxp

+ _E}‘-ai(:;ka;m + R Rypjqu)w*at s

(10) + —(%_a"(szijl;par + Rkilu;pRu"ru + 2RkiluRpiqu;f)xkxlxpwqx'

+ %"a.‘i(5Rki.‘il;PQM + 10RkiluRquu;n + 3RkjluRpiqu;n

+ 10R .0 Ryjruis — RriuRpiquRrusn)ixt e 2 + o(| 2 [°) «

PrOOF. Since P, («a) is parallel along ¢,, we have

(11) @.-E;T,(t& — (o) (o )w = 0.
On the other hand, by the Taylor’s expansion,

— o o dai(a.@) 1 da(a.(?))
(12) ;) = a; + —a et 3 7 T

The lemma follows from (11), (12), and (6).

Then from (7), (8), and (10), Uy(a, z) = (Uya, x));dx* is represented as

follows:
13) (Uya, 2)); = E* + Eia'a' + Eixtata? + Ejatatera?
( + Eij, . 2ralare'a + B, wtateraiere + o((x %) ,

where
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Ei = Q&;,
; 1
E; = ‘§i“< a; 0, + aJRk‘LJl) ’

; 1
Ej, = T(ai(okl;p + 2a;Ry;515) »

i 1 3 1
klpg — ﬁ{a‘l'c(_z_lokl;pq + _isz—(okl(opq + _?TRkulvauqv>

+ ai<3Rkia'l;pq + %(oklRpijq + Ry Rquu)} )

; 1
Eliper = H{ai<2pkl;pqr + % Ou1Ope;r + 2Rkulvauqv;'r) + a;(4Rij1per

+ 4RkiluRquu;r + 5(0klRpijq;r + 5lokl;quijr + 2Rkilu;qujru)} ’

i 1 5
Eklpq” = —{a1<'§ (Okl;qus + 'gl'loklp:nq;rs + 4Rkulvauqv;ra + "38£(0kl;p1001‘;6

7!
+ %Rkulu,quurvs + Eépklpﬁqpfs

+ _Z'loklRpuqurusv + %RkulvR;uvqurwsu>

21
+ aj<5Rkijl;pqrs + '%(okl;quriis + 'E‘(oklRpijq;n
+ 10RkiluRquu;rs + 3RkjluR:oiqu;rs
+ 35_‘0“ qunr 8 + 10Rkwlu quJru 8 %Ioklpqurijs

+ E(oklRpiunrjau + E’Rkulvauqurijs - RkiluRquerum)} .

4. Calculation. From now on we assume that M is a compact Einstein
space, i.e., 0(X, Y) = (X, Y), ce R. Then the Laplacian 4 acting on 1-
forms is locally represented as follows:

(14) (A(o)h(x) = —g"j(x)wh .,;j(x) + c(z)h(w)
= —gii(x ){ 0w, (®) _ W, (x) 224 Fh,(x)

‘La J
_ 0w, (x) v () _ acou(x) v aa),,(x) u
_axi Iyi(x) _—_axj Iy(x) — e I (x)

+ @, @) (@) () + @) ,(x))} + cw,(®)



for a 1l-form w(x) = w,(x)dz".
4Uya, ) =

(15)  (4Ui(a, ®))s = S* + Shatat + Shakata? + Shya aterz’ + oz [*) ,

where
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(4Uy(x, )),da* is given as follows:

S = Hi + cE*,

kl

h
klpq

Hh 7
Hp =
H‘hw

3
Hkl’;w

‘ij

iju =

Qukl;nq -

B+ ARHY 4 ol

re + AVHMY + AR HY + AR, HY + cE}y,,
E*BiY — (Bl + E})
E“(BiY + Bl — Qb »

+ (B} + BB + (Bl + EL)B + ELB™Y — Qb

E“(B&i, + Bili, + Bith, + Bili, + Bild: — BB
— BB — BB — ByvBrii — BihBrii — By B)
+ By(By + By + Bl — BB — BB
+ (E% + ER)BY + (Ef + Ei)Bly + (B + Eb)BY:
+ (B + B + Ei) By + (Eju + Eiy + Eb) By
+ (Bt + Ebu + Eb)Byi + Eib(BiY + Bi)
+ (B} + Eiuy, + Eii, + Ej) By
+ (Efup + Etj, + Elyp + Ey) B
+ (Elup + Etuy + Efuy + Eb) By 4+ B B — Qliking
= Ely + Ely + Eli + Eb; + Eb; + Ebys
Elw + Ely + Ebiy + Ely: + Elji + Ely
+ Bl + Elyi + Elu; + Ely; + Ejiy + Ebji s

‘l.]klpq + Elipe + Eliiipg + Elitipg + Eliipie + Elipei
+ Eliiipg + Elijipg + Eliine + Ebitivg + Erinie + Eljipe:
+ Blujpg + Elijpe + Bliijog + Elijipe + Elijpiq + Elijpgi
+ Elipie + Elupie + Elrivie + Elipiie + Elipiig + Elipjes
+ Elipei + Eligei + Eliipg; + Elipie; + Elipgis + Blipgji «

By the parallel translation along o, we have,

(P,..(4Uyax, 0,(t))), = S* + (1 ; 2 S*“Bptk 4 tzs,':l>x’°x’

563

Therefore, from (5), (6), (13), and (14),

= E“(B{Y + B + By — Bi"Bi" — By BY) + (B} + Ei)B
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+ (1 ; [Ad SuB;z,phk + tsslizlp)xkxlxp
(16)

+ {(1 _8 t2)2 SuBluka:hp + 1 _4' t SuBlup};k

2 . f2
+ LB 1B 4 et toloret + ol ) -

Therefore, by (9), (7), and (16), U,(a, x) = (U,(e, x)),dx* is represented as
follows:

A7) (Ula, @)y = T* + Thata' + Thatala? + Thatac?e® + o(| x| ,

where
Th = _‘Sh ’
b = __;_(S“B,“" + Sk + 28*G,) ,
Thpe = — 1—15‘(8“32‘”"35"" + 38Biy" + SiBy*? + 3Sh

+ 48*BHG,, + 284G, — 25'GGye + 125 Ghipe) -

Similarly U,(a, ) = (Uy(a, x)),dz" is represented as follows:
(18) (Ui, 7))y, = F* + Fia* + Fua*a' + o(|x ) ,

where

P = ~—%(T“B;"“' — 2T + cT%,

Fi = —3{T*Bi + Bif' + Bitf — Bi“Bi™ — By"Br)

+ 2(T4 + TH)BM™ + (T + Th)BM + TuB™

~ 2(Tt + Tha + Thi + Tha + Thu + Tha)

+ T AYB — (T} + THAL + cTh

+ (T*By™ — 2T% + ¢THGy, + —;—(T"B,-"“' ~ 2T5 + e T)B} .

Finally U,(a, m) = (U(a, m)),dz*(m) is represented as follows:
(Uie, m)s = —+{TBs + By + Biff — BBy — By"By)

+ 2(TY + Ty)B™ + (Tt + Th)Br + TLBr
(19) — 4(T%; + Ty + Thy) + T AYB
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— 2TEAY, + cT) — —(T“B““ 2T + ¢T") By

4 (T*B¥" — 2T% + ¢T¥ G,y — ¢(T*Br" — 2T% + cTh)} )

For the calculation of u,,(m) = Tr (& — U,(a, m)) we use the formulas
(2.1) through (2.11) in Sakai [5] and the following:

(20)  RupoaRuuesRosir = % ¢RI — % veoRuss Ruguo + %IVR - —;—Al RP,

@1) R.,,,cdeRbm-——clRlz ; RuseRous Bosus + %IVRIZ—%AIR]%

which are easily derived from the Riceci’s identity in the Einsteinian case.
Thus we have,

_ L (B 6,4 512 . 1172 \,
Uy 5(M) = —{(——18 " 9 —n —9 " . n)c
1 29 632 2
(22) +(-§' nz - 3 + > |Rl - 5RabcdRabu'chduv

+ 2|PR[ - %Amr} + 2 Tr (@ = Thyy + Ths + Tho) »

Tr (en — Ty + Tiyis + Tiie)
= _6]:'__{(_l_n‘ —_ ﬁ.n + _S_n + _12_6_n>33

3 15 15 15
23) 8 16, 146\ po :
( + ( 15 n 5 n — 15 ) l RI + 3Ra,bcdRabuchd1w I V‘Rl

+ 24 B} — 3 Tr (@ — Shys + Sk + Sk

Tr (a, — Sk;; + Ski; + Sky)

_ 1 ((_5_s e _ 2\ s 2
24) = 5 {( 6n + 137/ 3n>c + (2Tn + 69)c| R |

+ 9ORabcdRabuchduv} + TI‘ (ah lund H’h;;;a + H,}?:;‘ + Hhuu) ’

1554

Tr (a,— HEY) = o {(——5—1@ + 26 4 242 —16-%,)03

12 9 63 3
10 121 4 405
(25) + ( n® + 2—1'n + —> ] R |2 <— ? 14 )RubcdRabuchdw
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+(n+ 2)irre 4 (- 20— g P,

Tr (), — HYY) = —1——{<—— i'ns — -ﬁn2 — 2—367@)

6! 12 3
@)  + <—%n — 8n + 425;7) ¢ R+ (——87—1@ + 20)R”04R,,,,WRW
NE NCE )
Tr (an — HS) = %«I(%n - -39—1n + %‘ln)c
R I ST
(g SO)IPRr+ (- 3+ g )a e}

From (22) through (27) we have,

-:._]L_ é LR 32 nd 4016 3
Uy,5(M) ol {( 9 " 3 + — 63 120n)c

2. . 890 e, (8 ., _
(28) + <—3—’n -6—3—'n + 56)6] RI + <21 n 6) RabcdRa,buchduv

(hnerar s (Bamg)am)

Integrating u,, over M, we have our main lemma.

LEMMA 2. Let M be an n-dimensional compact Einstein space of
constant scalar curvature nc. Then the coefficient a,; in (3) for p =1 is
given as follows:

a3 = —é—,{(%n‘ - %2—1@3 + %nz - 120'n,)c3 vol (M)

(29) +<§n —%9 +56> S | R|?

+ (-28—117, - G)SMRabcdRabuchduv + (_ _;'n + 2>S”|VRIZ} ’

For the proof of our theorem, we employ the following two lemmas.

LEmMA 3. (V. K. Patodi) Let M be an n-dimensional compact
Einstein space of constant scalar curvature me, and M a compact
Riemannian manifold. Suppose that
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Spec’ (M) = Spec’ (M) and Spec' (M) = Spec' (M),

then M 1is also an m-dimensional Einstein space of constant scalar cur-
vature mc.

For the proof, see Patodi [3]. Under the same condition as Lemma 3,
the following are well known:

(30) vol (M) = vol (M) ,

(31) [re={ &

2
.

LeEmMA 4. (T. Sakai) For an n-dimensional compact Einstein space
M of constant scalar curvature me, the coefficient a,; in (8) for » =0 1is
given as follows:

_ 1 (5., 2 ._ 16 ., 3_85 :

- Qo3 = —6—'{<§n 3 n 53 n)c vol (M) + (3 n o3 )c MIR[
8 ~1 z}
+ ESMRabcdRabuchduv 9 §M|VR, .

For the proof, see Sakai [5]. From Lemma 3, (30), (31), and Lemma
4, we have,

|, /rEE=\, PR E,
M M’
which completes the proof of our theorem.
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