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1. Introduction. Let M be an ^-dimensional compact Riemannian
manifold without boundary, and Δ the Laplacian acting on smooth p-forms
on My Q <z p <. n. Being elliptic, the operator Δ has an infinite sequence

0 ^ λPfl ^ XPt2 ̂  ^ XPtk ^ j oo

of eigenvalues, each of which is repeated as many times as its multiplicity
indicates, and the corresponding sequence {φPik}Z=1 of eigenforms forms a
complete orthonormal set in the space of p-forms with Riemannian inner
product. The series

Σ exp (-\,kt)ΦP,k(x) (x) Φ9,k(v)

converges uniformly on compact subsets of (0, oo) x M x M to the funda-
mental solution ep(t, x, y) of the heat operator d/dt + Δ acting on p-forms,
and we have,

( 1 ) Σ exp (-\Ptkt) = S Tr ep(t, x, x) , t > 0 ,
fc=l JM

Tr denoting the trace. The geometric and probabilistic interpretation of
ep(t, x, y) may be seen in Itδ [2]. Moreover, we have the following
Minakshisundaram's asymptotic expansion for Tr ep(t, x, x):

2 ) T r ep(t, x9 x) Q ^ (Aπt)-nlz{uPf0(x) + t u P Λ ( x ) + . . . + t h u p Λ ( x ) + . • • } ,

where the coefficients upΛ(x) are local Riemannian invariants. Let apΛ —

\ upΛ. Then by (1) and (2) we have,

( 3 ) Σ e x p ( - λ P f J b t ) r ^ y ( 4 π t ) ~ n l 2 ( a P t 0 + t a P Λ + + t k a p , k + • • • ) •

We call the sequence Specp (M) = {λPfl, λp>2, , XPfk9 •} of eigenvalues the
spectrum of M for p-forms. Many of the relations between spectra and
geometric quantities of Riemannian manifolds have been obtained by cal-
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culating the coefficients of the Minakshisundaram's expansion in terms of
curvatures of M. In the present paper we shall calculate the coefficient
uU3 in (2) for the Einsteinian case to obtain the following:

THEOREM. Let M be a compact locally symmetric Einstein space and
M a compact Eiemannian manifold. Suppose that M and M have the
same spectra for functions and for 1-forms respectively, i.e., Spec0 (M) =
Spec0 {M) and Spec1 (M) = Spec1 (Λf )• Then M! is also locally symmetric.

I should like to express my hearty thanks to Professor T. Sakai who
has kindly read through this manuscript to point out several errors.

2. Preliminaries. Let M be a Riemannian manifold with Riemannian
metric < , > and Levi-Civita connection V. Let R(X, Y)Z = ViXtYΛZ —
\VX, VY\Z and ρ(X, Y) = Tr (Z-*R(X, Z)Y) be curvature tensor and Ricci
tensor respectively. We denote; the covariant differentiation. Through-
out this paper we use the Einstein's summation convention.

Let us fix a point m of M and choose a normal coordinate system
(V, x*) origined at the point m. We shall omit (m) for the quantities at
the point ra, for example,

( ( £ JL) ^ JL) (.),

Let x e V be a point with the coordinates («*)• Then g^x) = (d/dx\ d/dxj}(x)
is represented in terms of curvature tensor and its successive covariant
derivatives at the point m, see Sakai [5].

+ ^RkiJιχχ + 4rR^χχχ + 4
ό όl 5

§-RkU.RpJq,)xkxιx>0+-±r(8RUΛ;Mr + l6RMluRpjqu.,r

nRriqn,r) x"x>x*x«x' + -L (10Rujt.,Mr.

- 16RkiluRpjgvRrusv)xkxιxpxqxrxs + o(\ x |6) .

From gij(x)gjk(x) = <5* and (4) we have,

gij(x) = δίJ' + Ai\xkxι + AKPα*a?ιa?p + A%pqx
kxιxpx9

+ Avlpgrx
kxlxpxQxr + o(| x |5) ,

where
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A%ki = — ϋkijl 9
O

Ά Vlp — ~ - ^ j " Rkijl p 9

-%klpqr = ~1ΓΓ\ °Rkijl;pqr

b!

Then from

(4), (5), and Bianchi's identity we have,

Γc

ab(x) = JSrδ^fc + Bc

kYxkxl + . B ^

+ Blfpqrx
kxlxpxQxr + o(| α? |

where

BCk — — \Rkabc + -Kkbac) 9

ό

BkΊ — ~^ΊΓ ) i^kabc l H~ -t^kbac l) ~^ ~ {-^kalc b

o!

+ —T-Rkclu\Rpabu + Rpbau) O\Rkai%Rbcpu + RkbluRacp
O

— — "7Γrί ^ Rkabc lpq + Rkbac lpq) + ^{Rkalc bpq + Rkalc pbq + Rkalc pqb)

b!

^ c ; α pg + Rkblc paq + Rkblc pqa) ^{Rkalb cpq + Rkalb,pcq + Rkalb pqc)

βi«(i21,α6tt;g + Rpbau q) + ^RkcluRpaqb u

— 24:(RbckuRιapU]q + RackuRlbpu q) + ^^{Rkabu + RkbavjRlcpu q) 1

Bkίpqr — " " " m " lOί-^Λαδc Zpgr + Rkbac lpqr)

Zc &j,̂  + Rkalc pbqr + Rkalc pqbr + Rkalc pqrb)
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+ θ(Rkblc;apqr + Rkblc paqr + Rkblc pqar ~f" Rkblcpqra)

^{Rkalb cpqr + Rkalb pcqr + Rkalb pqcr + Rkalb pqrc)

θl\Racku;lpRqbru + Rbcku lpRqaru + Rkalu pqRbcru + Rkblu pqRaeru)

l Rkalu\Rbcpu;qr + -^pcqu rb ^pbqu rc)

•*••Rkblui-tiacpu qr + ϋpcqu

+ -KACZM{6 \Rpabu\qr + ϋpbau qr) + 25(JRpaqu br

M ; α r + Rpbqu ra) ~~

™ + RpbqvRaurυ) + 8(i2p α g ί,i?δ t, r M + RpbqvRavru)

+ Rpuqv(Rrabv + Rrbav) f

Let us define #(#) = det (g^ix)) on F. Then we have,

^ ' _L Π. ™k~.lnPΎqΎr . / ^ /y./c/y.ίA.PA*ΪA.r/rs ι n(\ r |β\
"t" ^klpqr^ JO JO JO JO "Γ VΓklpqrs " *v v »v Λ »(/ ~Γ v^j 0/ | ^ ,

where

it - -JJAΪ »

^"/cZp — - Γkl p f

n 1 / 3 Λ ι l Λ Λ | l r > D

Gkipqr = -Γ^-( — Λ i pgr + " j r * PklPpq r + — RkulvRpuqv r J >

Gklpqra ~ "TΓ ( "TΓ" Pkl pqra + ~T PklPpq rs + ~ RkulvRpuqv rs + — Pkl pPqr s

6! \ 14 4 7 o

+ -^J?Λ^;p-ff?Mrι;;8 + -=£ PklPpqPrβ

+ — PklRpuqvRrusv + "^Γ"RkulvRpυqwRrwau )
Ό D O /

For the proof, see Sakai [5].

3. Coefficients iιliifc Let a",,: [0,1] —> ilf be the minimal geodesic joining
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the points m and x. By the parallel translation the curve σx defines an
isomorphism PXtt of the cotangent space T*χit)(M) at σz(t) onto the cotan-
gent space Tί(M) at x. For a cotangent vector a = a(m) e Γί(Af), let
us define

( 8 ) Uo(a, x) = g-

Then UQ(a, x) is a smooth 1-form in the neighborhood V9 and we define
Uk{a, x), k ;> 1, inductively as follows:

( 9 ) Uk(a, x) = -

See Berger [1] and Patodi [4]. The map α - * Z7A(α, m) is a linear endo-
morphism on TZ(M) and the coefficients uuk(m) is given by Tr (a—> J7fc(α, m)).

LEMMA 1. J^or α cotangent vector a = a(m) = o^dx^m) e TZ(M),
PχΛa) = cti(x)dx* is represented as follows:

a{(x) = a, + -^j- ^

5!

b!

Z7-H

PROOF. Since Px,0(<ή is parallel along σx, we have

^ f / ^ - ah(σ.(t))ΓUσ.(t)W = 0 .
at

On the other hand, by the Taylor's expansion,

(12) θi(x) = Oi -f
dt 2! df

The lemma follows from (11), (12), and (6).
Then from (7), (8), and (10), U0(a, x) = (U0(a, x))tdx* is represented as

follows:

where

(J70(α, a?))4 = ίr* + ^ίίίc**1 + Eilpx
hxlxp + Eilp<Ix

kxιxpxq

+ Ellpqrx
kxιxpx9xr + Eilpqr8x

kxιxpxqxrx8 + o(\ x |
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EL = ~^{\a^ι + "'Ru

fti;p + 2ajBkijl;p) ,4r
4!

-TTΓ

+ —7- •t»kulv)pRqurv,8 + ~Z^Γ PklPpqPrs
4 7ώ

"Γ —- Pkl t^puqv-t^rusυ "T" ~Z~ tikulv^pvqw^rwsu]

b y /

( 21 21

SRkijl pqrs + —^-pkl pqRrijs H ~ Pk

H~ — Γ̂" Pkl pRqijr s + lORkiiu>pRqjrU]S + — —

Δ LΔ

~Γ

( 5
d-tlkijl pq + "Γ" Pkl-^pijq + ϋkilυ. -Kpjq

O

Elipgr = — - JΛί( 2|0AZ.pgr + — PklPpq r + ZRkulvRpuqv r ) + <%j(

+ 4iKknuKpjqu.r + OPklUpijq r + &Pkl;p Kqijr + ^Rkilu p^qjrυ) Γ >

Elιpqrs — -Z^-^&ii—Pkl pqrs + —7-PklPpq rs + ^RkulυRpuqv rs H ~ Pkl pPqr s

-— PklRpiquRrjsu \ ~Γ" -t^kulvRpuqv t^rijs •ttkiiu£CpjqVlCrUsv )f

4. Calculation. From now on we assume that ilί is a compact Einstein
space, i.e., ^(X, Γ) = c<X, Γ>, c G iϋ. Then the Laplacian J acting on 1-
forms is locally represented as follows:

(14) (Jω)A(a?) = -g'tWωwix) + cωh(x)

dωn{x) Γ% , , dωh(x) p u
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for a 1-form ω(x) = ωh{x)dx\ Therefore, from (5), (6), (13), and (14),
ΔU0{a, x) = (JU0(a, x))hdxh is given as follows:

(15) (JU0(a, »))* = Sk + Sh

klx
kxι + Sh

klpx
kxιx" + Sh

klpqx
kxιx»x« + o(\ x |4) ,

where

S» = Hhii + cEk ,

Sit = HiΎ + A%\Hkiί + cEh

kl ,

Sk

klvq = mrM + A'AHW + AγlpH
kij + A%vqH

Ui + cEh

klpg,

HI" = E"(Bfk

hί + Bhhi) - QiJt ,

Eu{Bfk\
5 + B$f + Btϊi - BSwiBfM - BΓkBΓ) + (E?k + Eϊ%)Bΐhi

+ (E% + El)Bΐhi + {Eh

uk + Eh

ku)BΓJ + ElB?' - Q\m ,

— iskl £>pq — &kιpnq — £>k Dίpq — £>kι Dvq — nkιprsq ')

+ Eb{Bl£ + B$> + B^i - B;vjBv

q

u - BγhBf)

+ (E?k + EttBϊ" + (E;k + El,)Bi}* + (Ek

k + Eh

ku)Bΐ;>q

+ (Etkl + Eta + ElidBW + {Ejkl + Eϊfl + Etu)B;ki

+ (Eh

ukl + EL + EttJBX* + Ellp{Bty + B$*)

+ {Em? + Ekiip + Eϊup + Ekipi)Bgh3

+ (Efklp + Eu

kjlp + Eu

kljp + Eϊlpj)B»hi

+ (Eh

uklp + Eh

kuιP + Eh

klup + Eh

klpu)BΓj + ESlpqBthί - Qϊjkιpq

Qϊ, k = Eiih + E)ik + E)ki + E}kJ + Eh

kij + Eh

kjί ,

Qijki = Eijkι + Eji1cl + Ejku 4- Ejkn + Eikjι + Ekiji

+ Ekjii + Ekjii + Eikij + ^ ϋ y + EjfUj + Ektji ,

Qijklpq — Eijjdpq + Ejikιpq + Ejkiιpq + Ejkιipq + Ejkιpiq + Ejkιpqi

kjipiq + Ekβpqi

kijpqi

kιpjqi

Ekιpiqj + Ekιpqij + E

By the parallel translation along cr̂  we have,

Eikjιpq + Ekijipq + EjcjUpq + EftjUpq + Ekjipiq + Ekβ

Ek

Ekιpjqi
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+ (1^-S'B?" + ?SϊlP)xkxιx>

1 (1 tΎ λ *

f) S«Bϊh» + fShJxkxιxV + o(| x |4) .

Therefore, by (9), (7), and (16), U^a, x) = (U^a, x))hdxh is represented as
follows:

(17) (UM, x))κ =Th+ Wx1 + n^Wx* + Th

klp,x
kxιxV + o(| x |4) ,

where

Th = -Sh ,

Tii = - i - ( S B, » + % + 2ShGkl) ,
ό

Tii* = -J-(S"BrkB;h" + ZS B?" + S^5;A!> + ZSI,Pt15

+ ίS«BthkGpq + 2Sh

klGvq - 2S»GklGPq + 12ShGklpq) .

Similarly U2(a, x) = (U2(a, x))hdxh is represented as follows:

(18) (Ut(a, x))k = Fh + Fix" + Fh

klx
kxι + o(\ x |2) ,

where

Fh = -λ{T»BtM - 2Th + cTh) ,
Δ

Fit = --J-JΓ ίBiVi' + Bih* + B«" - BΐviBΐhi - BΓhBΓ)

> - (Ti} + T%)Ai\ + cTh

kl

+ (T"BΐM - 2Th

H + cTh)Gkl + —(TuB?vi - 2Tvu + cTv)B\hk\ .

Finally U3(a, m) = (U3(a, m))kdxh(m) is represented as follows:

, m))h = - i . | r (β{jy + Btf + Bfjf - B^B]M - BΓhBf)

+ 2(Γ? + T^)B]

(19) - 4(2?w + T}iti
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{TuBΐhi -

-2Th + cT")B]hi

cTh)G3Ί - c(TuBΐhi - cT )\ .

For the calculation of ulΛ(m) = Tr (a —• Ut(a, m)) we use the formulas
(2.1) through (2.11) in Sakai [5] and the following:

(20) = - | c\ R - λj\ R γ ,

(21) RabcdRaucvRbvdu = —C| i2 | 2 — — RabcdRabuvRcduv + —\VR\2 — — d\ R
Δ Δ 4 o

which are easily derived from the Ricci's identity in the Einsteinian case.
Thus we have,

6! l\18

(22)

AIVR I2 - A
o b

572 1 1 7 2

+ 4 Tr (α» + +

Tr T}l} l t i

3 15

(23) +/JLn._i61 |

_§_»• + ^-ny15 15

- 1 Tr (ah

Tr

(24)

+ S}

—n%

jtj

- —

Tr (

(25)
4

S}ίlt) ,

69)c
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(26) +(-•!•»' - β* + -^-)β| R p + ( - 1 « + 20)

+(-f »-!

(27) + (" }»- - -f" - -ίgtyl«P + (- f» -

From (22) through (27) we have,

- 1 2 0 » >
(28)

Integrating uui over Λf, we have our main lemma.

LEMMA 2. Let M be an n-dimensional compact Einstein space of
constant scalar curvature nc. Then the coefficient auz in (3) for p — 1 is
given as follows:

b! bo
v o 1

-̂ -» - β) j ^ + (-i-Λ + 2) j ^

For the proof of our theorem, we employ the following two lemmas.

LEMMA 3. (V. K. Patodi) Let M be an n-dimensional compact
Einstein space of constant scalar curvature nc, and M a compact
Riemannian manifold. Suppose that
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Spec0 (M) = Spec0 (AT) and Spec1 (M) = Spec1 (AT) ,

M is also an n-dimensional Einstein space of constant scalar cur-
vature TIC.

For the proof, see Patodi [3]. Under the same condition as Lemma 3,
the following are well known:

(30) vol (M) = vol (M) ,

(31) ( \R\Z=\ | i ? Ί 2 .
JM JM>

LEMMA 4. (T Sakai) For an n-dίmensional compact Einstein space
M of constant scalar curvature nc, the coefficient αo,3 in (3) for p = 0 is
given as follows:

C! \ Q Q βQ / \Q βθ / I „

Ol ^ ^ */ O ΌO / \ o Ό O ' J ™

<82) ^tlUAΛ-illΓ*
2 1 JM 9 J3f

For the proof, see Sakai [5]. From Lemma 3, (30), (31), and Lemma
4, we have,

I VR |2 = \ I VR'\2 ,
JM'

which completes the proof of our theorem.

REFERENCES

[1] M. BERGER, P. GAUDUCHON, AND E. MAZET, Le spectre d'une varietέ riemannienne,

(Lecture notes in Math. vol. 194., Springer-Verlag, 1971).
[2] K. Iτό, The Brownian motion and tensor fields on Riemannian manifold, Proc. Intern.

Congr. Math., Stokholm, (1963), 536-539.
[3] V. K. PATODI, Curvature and the fundamental solution of the heat operator, J. Indian

Math. Soc, 34(1970), 269-285.
[4] , Curvature and the eigenforms of the Laplace operator, J. Diff. Geom., 5(1971),

233-249.
[ 5 ] T. SAKAI, On eigenvalues of Laplacian and curvature of Riemannian manifold, Tδhoku

Math. J., 23(1971), 589-603.

MATHEMATICAL INSTITUTE

TOHOKU UNIVERSITY

SENDAIT JAPAN




