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The domain wall motion along a helix-shaped nanowire is studied for the case of spin-current
driving via Bazaliy–Zhang–Li mechanism. The analysis is based on collective variable approach.
Two new effects are ascertained: (i) the curvature results in appearance of the Walker limit for a
uniaxial wire, (ii) the torsion results in effective shift of the nonadiabatic spin torque parameter β.
The latter effect changes considerably the domain wall velocity and can result in negative domain
wall mobility. This effect can be also used for an experimental determination of the nonadiabatic
parameter β and damping coefficient α.

PACS numbers: 75.40.Mg, 75.60.Ch, 75.78.Cd, 75.78.Fg

I. INTRODUCTION

The Walker limit [1–3] is a well known property of a
one dimensional domain wall motion in a biaxial magnet.
This phenomenon establishes existence of a critical value
fc of a driving force (e.g. applied magnetic field [1–5]
or spin-polarized current [3, 5–7]), which corresponds to
the bifurcation [5] between two different regime of the
domain wall motion: traveling-wave motion for f < fc
and precession regime for f > fc. The precession regime
is characterized by precession of the domain wall magne-
tization around the wire. In this regime the translation
motion of the domain wall along the wire is oscillating
one for a biaxial magnet [2], however in the limit case
of the uniaxial magnet the translational motion becomes
stationary [8]. Transition to the precession regime is
usually characterized by the rapid decrease (breakdown)
of the averaged domain wall velocity (however, the rapid
increase is also possible, e.g. for the case of spin-current
driving with small nonadiabaticity [6, 9, 10]).

The critical value fc is linearly proportional to the co-
efficient of the transversal anisotropy [1, 2] and, there-
fore fc = 0 for an uniaxial magnet, it means that the
traveling-wave motion is not possible in this case and
the precession regime appears for any value of f > 0.
The first aim of the current study is to demonstrate
that the domain wall motion in uniaxial curvilinear wire
possesses the bifurcation picture with the critical value
fc ∝ κ > 0 with κ being the geometrical curvature of the
wire. This effect originates from the curvature induced
effective Dzyaloshinskii–Moria interaction (DMI) [11].

For the case of spin-current driving via Bazaliy–
Zhang–Li mechanism the parameter of the spin-torque
nonadiabaticity [12] β is fundamentally important. It is
well known [3, 5–7, 10, 12] that for the case β = 0 a
domain wall does not move [13] when f < fc, i.e. the
traveling-wave motion is not possible. The second aim of
the current study is to demonstrate that for the case of a
curvilinear wire the nonadiabaticity parameter effectively
experiences a geometrically induced shift β → β−β⋆ with
β⋆ ∝ τ with τ being the geometrical torsion of the wire.

This effect originates from torsion induced effective DMI
[11]. It can result in negative effective nonadiabaticity
parameter and in this case the domain wall demonstrates
negative mobility, i.e. it moves against the electrons flow.
In a particular purely adiabatic case β = 0 domain walls
demonstrate nonzero mobilities, moreover the mobility
sign is determined by product of the helix chirality and
domain wall topological charge (head-to-head or tail-to-
tail). These phenomena are not observed for a rectilinear
wire. However, for a helix nanowire the similar behavior
of the mobility was recently demonstrated for the Rashba
torque driven domain wall motion [14]. In some respect,
the effect of chirality sensitive domain wall mobility is
similar to the recently found chiral-induced spin selectiv-
ity effect in helical molecules [15–17].

The paper is organized as follows: in Section II we
introduce basic geometrical notations and parameteriza-
tion of a helix wire; in Section III we demonstrate how
the basic equations of motion with the corresponding La-
grange formalization are modified due to the curvature
and torsion; in Section IV we apply the collective variable
approach in order to study static and dynamic proper-
ties of the domain wall; main results are summarized in
Section V; in Appendix A the details of the collective
variable approach are presented; bifurcation analysis of
the domain wall dynamics is performed in Appendix B;
the supplemental movies are presented in Appendix C.

II. FORMALIZATION OF GEOMETRY

To determine the role of curvature and torsion in the
domain wall dynamics we consider a wire in form of three
dimensional helix as a case study. In this case the geo-
metrical effects are the most demonstrable due to con-
stant curvature and torsion. We parameterize the helix
curve γ(s) in the following way

γ(s) = R

[

ex cos
2πs

s0
+ ey sin

2πs

s0

]

+ ezC
s

s0
P. (1)
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where s is natural parameter (arc length), (ex, ey, ez) is
Cartesian basis, R and P are radius and pitch of the he-
lix, respectively, and C = ±1 is the helix chirality, right
(C = +1) or left (C = −1). Parameter s0 =

√
P2 + 4π2R2

is length of a single helix coil. However, the Cartesian
reference frame is not convenient for a curvilinear wire,
therefore in the following we proceed to local Frenet–
Serret reference frame, described by the curvelinear basis
vectors (et, en, eb) with et = γ′(s), en = γ′′(s)/|γ′′(s)|,
and eb = et×en being the tangential, normal, and binor-
mal unit vectors, respectively. Here and below the prime
denotes the derivative with respect to the arc length co-
ordinate s. In contrast to the Cartesian basis the local
basis is spatially dependent and its differential properties
are determined by the Frenet–Serret formulas

e′
t
(s) = κen, e′

n
(s) = −κet+τeb, e′

b
(s) = −τen. (2)

One can consider (2) as a definition of curvature κ and
torsion τ of the wire. A helix curve has a specific fea-
ture: the curvature κ = 4π2R/s20 as well as the torsion
τ = 2πCP/s20 are constants. By setting values of both
parameters κ and τ (with sign) one determines the helix
curve in unique way, thus, in the following discussion we
use κ and τ as only geometrical parameters.
In order to consider a physical wire of finite thickness,

one can use the following parameterization

r(s, χ, ρ) = γ(s) + ρ cosχen(s) + ρ sinχeb(s). (3)

Here the three-dimensional radius vector r defines the
space domain, occupied by the wire, ρ ∈ [0, ρ0] and χ ∈
[0, 2π) are coordinates within the wire cross-section with
ρ0 being the wire radius. For examples of a helix wire
defined by (3) and (1) see Fig. 1.

III. EQUATIONS OF MOTION

By reasons of the nontrivial curvilinear geometry the
spin polarized current is more preferable driving for a do-
main wall on the helix wire as compared with the external
magnetic field. Thus, we base our study on the Landau–
Lifshitz equation with additional Bazaliy–Zhang–Li spin-
torque terms [6, 12, 18]

ṁ = ω0m× δE

δm
+ αm× ṁ

+m× [m× (u · ∇)m] + βm× (u · ∇)m.
(4)

Here m = M/Ms is the unit magnetization vector
with Ms being the saturation magnetization. The over-
dot indicates derivative with respect to time and the
characteristic timescale of the system is determined by
ω0 = 4πγ0Ms with γ0 being the gyromagnetic ratio.
Here E = E/(4πM2

s ) is normalized total energy of the
system. The driving strength is presented by the quan-
tity u = jPµB/(|e|Ms) which is close to average electron
drift velocity in presence of the current of density j||et

[19], here P is the rate o spin polarization, µB is Bohr
magneton, and e is electron charge. Constants α and
β denote Gilbert damping and the nonadiabatic spin-
transfer parameter, respectively. For detailed derivation
of spin-torques and the applications see reviews Refs. 19–
22.
To write the energy functional E we consider a simple

magnetic wire model, which takes into account only two
contributions to the total magnetic energy

E = S

+∞
∫

−∞

[

ℓ2Eex − kt(m · et)2
]

ds, (5)

namely, exchange one Eex and easy-tangential anisotropy
– the second term in (5). Here S = πρ20 is area of the wire

cross-section, ℓ =
√

A/4πM2
s is the exchange length with

A being exchange constant, and kt = K/(4πM2
s )+1/4 is

the dimensionless anisotropy constant. Here K > 0 is an
easy-tangential magnetocrystalline anisotropy constant
and the term 1/4 comes from the magnetostatic contri-
bution [2, 23–25]. Recently we demonstrated that the
model (5) accurately describes dynamics of a transversal
domain wall in thin curvilinear wire even for a magnet-
ically soft (K = 0) material: for plain wires [26] and
microhelix wires [14]. Competition of the exchange and
anisotropy contributions results in the length scale of the
system ∆0 = ℓ/

√
kt. For magnetically soft wires one

has ∆0 = 2ℓ. In (5) and everywhere below we restrict
ourselves with the case of a thin wire ρ0 . ∆0, this justi-
fies our assumption of one-dimensionality of the problem:
magnetization varies only along the wire and it is uniform
within a wire cross-section.
Up to now the curvilinearity formally does not appear

in the problem (4)–(5). However, the spin-polarized cur-
rent and anisotropy axis are oriented tangentially to the
wire. This makes it convenient to describe the magneti-
zation distributions (e.g. domain walls) in terms of the
local curvilinear basis:

m =mtet +mnen +mbeb

=cos θet + sin θ cosφen + sin θ sinφeb,
(6)

where an angular representation is introduced to take
into account the constraint |m| = 1. Here the crucial
point is that the curvilinear basis vectors (et, en, eb) de-
pend on spatial coordinate s. Therefore, all terms in (4)
containing spatial derivatives introduce curvature κ and
torsion τ into the problem via Frenet–Serret formulas
(2). One can treat it as an emergence of new geomet-
rically induced interactions. Thus, the exchange energy
density Eex in terms of the angular representation has the
following form [11]

Eex = A
2 +B

2, A = θ′ + κ cosφ,

B = sin θ(φ′ + τ)− κ cos θ sinφ.
(7)

In Eex, terms linear and bilinear with respect to κ and τ
can be treated as effective DMI and anisotropy interac-
tions, respectively [11]. Spin torques in (4) contain space
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FIG. 1. (Color online) Static domain walls on the helix wire. Top row shows the magnetization distribution obtained using
micromagnetic NMAG simulations for permalloy helix wire with ρ0 = 5, total length L = 6 µm (only vicinities of the domain
wall positions are shown). Helix radius and pitch are R = 30 nm and P = 93 nm, respectively (κ∆0 = 0.2, |τ∆0| = 0.1). The
bottom row demonstrates comparison of the simulation data (markers) and Ansatz (10) (lines), with the domain wall width
∆ = ∆0 = 2ℓ (magnetically soft material).

derivatives (u · ∇)m = um′. Substituting the angu-
lar parameterization (6) into (4) and taking into account
Frenet–Serret formulas (2) one obtains the following an-
gular form of the equations of motion

− sin θ
(

θ̇ + uθ′
)

= ω0
δE

δφ
+uκ sin θ cosφ

+α sin2 θφ̇+ uβ sin θB,

sin θ
(

φ̇+ uφ′
)

= ω0
δE

δθ
+u (κ cos θ sinφ− τ sin θ)

+αθ̇ + uβ A.

(8)

Note the correspondence between the nonadiabatic terms
in (8) and summands in the exchange energy density (7).

One can easily verify that the equations (8) are
Lagrange–Rayleigh equations

δL

δξi
− d

dt

δL

δξ̇i
=
δF

δξ̇i
, ξi ∈ {θ, φ}

for the Lagrange function

L = −S

∞
∫

−∞

φ sin θ(θ̇ + uθ′)ds− ω0E− E
u, (9a)

E
u = uS

∞
∫

−∞

(κ sin θ sinφ+ τ cos θ) ds, (9b)

and dissipative function F = FG + Fu, consisting of
two summands: the “standard” Gilbert dissipative func-
tion [27, 28]

F
G =

α

2
S

∞
∫

−∞

(

θ̇2 + sin2 θφ̇2
)

ds (9c)

and “nonadiabatic” correction

F
u = uβS

∞
∫

−∞

(

A θ̇ +B sin θφ̇
)

ds. (9d)

Treatment of the Landau–Lifshitz equation in terms
of the Lagrange formalism was initially proposed by
Döring [29]. In order to take into account the adiabatic
spin-torque (β = 0) the corresponding modification of
the Lagrange function was proposed by Thiaville [9], see
the second summand in the integrand in (9a). In this
paper, in order to take into account the curvilinear ef-
fects and nonadiabaticity, we modify energy functional
and dissipative function in accordance to (9b) and (9d),
respectively.

IV. COLLECTIVE VARIABLES APPROACH

To analyze the domain wall properties we use collec-
tive variable approach [30–32] based on generalized q-Φ
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model [33]

θ = 2arctan ep(s−q)/∆, φ = Φ+ a
s− q

∆
. (10)

Here {q, Φ} and {∆, a} are pairs of time dependent con-
jugated collective variables: q and Φ determine the do-
main wall position and phase (momentum), respectively;
∆ and a determine domain wall width and asymmetry of
the phase distribution, respectively. Topological charge p
determines the domain wall type: head-to-head (p = +1)
or tail-to-tail (p = −1).
Strictly speaking, the Ansatz (10) does not correspond

to the ground states with distance from the domain wall
position |s − q| ≫ ∆. Indeed, according to Ref. 34
the ground state of a helix wire with easy-tangential
anisotropy can not be strictly tangential: the magneti-
zation vector m deviates from the tangential direction
by an angle ψ ≈ κτ∆2

0 (for small curvature and torsion).
This can be treated as a result of action of an effective
geometry induced magnetic field [11], which in case of a
helix is oriented along binormal vector eb. Thus, in or-
der to use the Ansatz (10) one has first rotate the basis
(et, en, eb) by an angle ψ around the normal vector en
[14]. However, introducing the angular variables (6) in
the rotated reference frame one obtains a set of equations
of motion which coincide with (8) up to corrections in-
finitesimal in κ and τ of the second and third order for the
energy E and spin-torque terms, respectively. Therefore
in order to describe effects linear in κ and τ the proce-
dure of the basis adjustment [14] is not required. In the
following we restrict ourselves to the linear in κ and τ
analysis in order to keep intelligibility of the solutions
structure.

A. Static solution

Let us first consider the no driving case. Substituting
Ansatz (10) into energy functional (5) and taking into
account (6) and (7) one obtains the following expression
for the energy of a static domain wall

E

2S
≈ ℓ2

∆
(1 + a2) + kt∆+ 2ℓ2τa+ ℓ2πpκ cosΦ. (11)

The energy approximation (11) saves only linear in κ and
τ terms in the corresponding equations for the variational
parameters, whose equilibrium values read

∆0 ≈ ℓ/
√

kt, a0 ≈ −τ∆0, cosΦ0 = −p. (12)

As well as for the case of a planar curvilinear wire [26]
the curvature fixes the domain wall magnetization in di-
rection −p en, thus the static head-to-head (tail-to-tail)
domain wall is always magnetized outward (inward) the
helix, see also Fig. 1. This is due to the last term in (11).
However, in contrast to the planar case, the new torsion

induced parameter of the domain wall asymmetry a0 ap-
pears for the three dimensional wire. It confirms the re-
cent results of Ref. 14 and it is similar to the domain wall

asymmetry appearing due to the direct DMI [33]. The
domain walls structure which is determined by Ansatz
(10) with parameters (12) is compared with structure of
domain walls obtained by means of micromagnetic NMAG

simulations [35], see Fig. 1. We consider four cases of
different domain wall charge p = ±1 and helix chirality
C = ±1. In all cases the model (10) demonstrates a very
good agreement with the simulations data. It should be
noted that we perform a full scale micromagnetic simu-
lations with two interactions taken into account, namely
exchange and magnetostatic interactions. The obtained
conformity with the theory confirms the physical sound-
ness of the model (5) which assume that the magneto-
static interaction can be reduced to the easy-tangential
anisotropy in thin nanowires.
In simulations we use material parameters of Permal-

loy, namely: exchange constant A = 13 pJ/m, satura-
tion magnetization Ms = 860 kA/m, damping coefficient
α = 0.01. These parameters result in the exchange length
ℓ ≈ 3.7 nm and ω0 = 30.3 GHz. Thermal effects and
anisotropy are neglected. An irregular tetrahedral mesh
with cell size about 2.75 nm is used.

B. Domain wall dynamics

Here we use a common collective variable approach
which enables one to proceed from PDEs (8) to a set
of ODEs (A3) with respect to the set of collective vari-
ables {a(t),Φ(t),∆(t), a(t)}, for details see Appendix A.
The obtained set (A3) is nonlinear one, and only numer-
ical analysis is possible in general. However, similarly
to the case of a rectilinear wire, the two well separated
timescales can be distinguished in this system. Dynam-
ics of the pair {∆, a} is characterized by the typical fre-
quency ω ≈ 2ω0kt/c, where c = π2/12, while the up-
per estimate of typical frequency of the pair {q, Φ} is
Ω = p(β − β⋆ − α)u/∆0, where

β⋆ = pτ∆0,

for details see Appendix A. In practice, the timescales
separation condition ω ≫ |Ω|, which can be reformulated
as

u

v0
|β − β⋆ − α| ≪ 2

c

√

kt, (13)

is well satisfied due to small values of α, β and β⋆. Here
and everywhere below we assume that u > 0 with no loss
of generality, and the notation v0 = ℓω0 is used. Thus,
the dynamics of the pair {∆, a} is much faster than the
dynamics of the pair {q, Φ}, which in this case can be
described by a set of two equations

q̇ − αp∆0Φ̇ = u− πv0ℓκ sinΦ,

αpq̇ +∆0Φ̇ = up(β − β⋆),
(14)

where we assume that the damping and the nonadiabatic-
ity are low: α2 ≪ 1, αa ≪ 1, and β2 ≪ 1 and also the
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(c)(a) (b)

FIG. 2. (Color online) Averaged domain wall velocity as a function of the applied current. Lines correspond to solutions of
the collective variables equations (14), and markers show the results of NMAG micromagnetic simulations. Simulations as well
as theoretical solutions are made for magnetically soft wire (kt = 1/4). All the other parameters are as follows: (a) κℓ = 0.01,
τℓ = 0.0005 (|β⋆| = 0.001); (b) κℓ = 0.05, τℓ = 0.005 (|β⋆| = 0.01); (c) κℓ = 0.1, τℓ = 0.05 (|β⋆| = 0.1). In all cases α = 0.01.
The thin solid line corresponds to the case of a rectilinear wire, where V ≈ u.

curvature is assumed to be small κℓ ≪ 1. The values of
the fast variables are determined by the values of slow
ones in the following way

∆(t) = ∆[Φ(t)] ≈ ℓ
√

kt +
u
v0

π
2κℓ sinΦ

a(t) = a[Φ(t)] ≈ −∆τ − p
π

4

u

v0

βκℓ

kt
sinΦ.

(15)

Equations (14) have a traveling wave solution q = V t
and Φ = const, which exists for the case u < |uc|, where

uc ≈ v0
πακℓ

α− β + β⋆
(16)

is the Walker limit. The corresponding domain wall ve-
locity is

V ≈ u
β − β⋆

α
. (17)

The value of the constant domain wall phase Φ is deter-
mined by the equation sinΦ = u/uc.
Let us estimate the effective mass of he domain

wall [29]. To this end we consider a no driving case (u =
0) with vanishing damping. In this case a small devia-

tion Φ̃ = Φ−Φ0 of the domain wall phase from its equi-
librium value results in the traveling-wave domain wall
motion with the velocity V ≈ pπv0κℓΦ̃. Using the latter
relation and energy expression (11) one can estimate en-
ergy of the moving domain wall as E/S ≈ ε0 +MV 2/2,
where ε0 is energy density of a stationary domain wall
and quantity

M ≈ 8M2
s

κv20
(18)

can be interpreted as an effective mass of the domain wall
per unit area. For a permalloy helix with R = P = 1 µm
one obtains M ≈ 1.2 × 10−24 kg/nm2. This value is
close one obtained experimentally for permalloy nanos-
tripes [36]. An infinite mass which one obtains in the
limit case κ → 0 corresponds to the case of a rectilin-
ear biaxial wire with vanishing transversal anisotropy
[10, 29, 33, 37]. However, in contrast to the case of a
rectilinear biaxial magnet, the domain wall mass (18)
does not depend on the longitudinal anisotropy kt. This
is because the mass (18) originates mainly from the ef-
fective DMI term ℓ2πpκ cosΦ in (11), but not from the
anisotropy contribution.
When the applied current achieves the critical value

u = |uc| the system experiences a saddle node bifurca-
tion, see Appendix B for details. When the driving ex-
ceeds the critical value u > |uc| the domain wall demon-
strates an precession motion with frequency

Ωprec = Ω
√

1− u2/u2c , (19)

for details see Appendix B. This behavior is typical for
the Walker limit overcoming. In the precession regime
the domain wall can be characterized by some averaged
in time drift velocity V . Fig. 2 demonstrates dependences
V (u) for various values of parameters. One can see a
typical domain wall behavior with the Walker limit being
present. However a few special features should be marked
out. A domain wall always moves in the direction of
electrons flow (V > 0) for the case pτ < 0, while for
the case pτ > 0 it can move in opposite direction. The
latter case has two peculiarities: (i) if β ≪ |β⋆| then the
traveling wave motion (u < uc) is always characterized
by negative mobility with V < 0, (ii) for the precession
regime (u > uc) there always is a current value us >
uc which corresponds to V = 0, i.e. the domain wall
oscillates around some fixed position. It is important to
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FIG. 3. (Color online) Four examples of domain wall dy-
namics, which correspond to Fig. 2(c). Solid and dashed lines
correspond to the traveling-wave (u < |uc|) and precession
(u > |uc|) regime, respectively, the corresponding dynamics
is illustrated in the supplemental Video 1 and Video 2. The
data are obtained by means micromagnetic simulations.

emphasize that influence of torsion on the domain wall
behavior is determined by the product pτ , so the head-
to-head and tail-to-tail domain walls swap roles when the
helix chirality (sign of τ) is changed to opposite one. It
also should be noted that influence of the non-adiabatic
parameter β vanishes for the case |β⋆| ≫ max{α, β}, see
Fig. 2.
Some examples of possible types of the domain wall

motions are shown in the Fig. 3. One can conclude that
the domain wall dynamics in traveling-wave and preces-
sion regimes is similar to the corresponding domain wall
dynamics in a biaxial magnet.
Finally, we would like to note how the result (17) can

be used for an experimental determining of parameters α
and β. For this purpose one should measure the domain
wall mobility µ = V/u for two helices with different tor-
sions τ1 and τ2 and small curvatures. Then by using (17)
and taking into account that β⋆ = p∆0τ , one obtains the
following values of the parameters

α = p∆0
τ2 − τ1
µ1 − µ2

, β = p∆0
µ1τ2 − µ2τ1
µ1 − µ2

, (20)

where µi is the domain wall mobility in the helix with
torsion τi.

V. CONCLUSIONS

The influence of curvature and torsion on the spin-
current driven domain wall motion is studied by the ex-
ample of helical wires. The analytical results are well

confirmed by the full scale micromagnetic simulations.
It is shown that the curvature results in the Walker limit
appearance (16), while the torsion effectively shifts the
material parameter of nonadiabaticity β → β−β⋆, where
β⋆ = pτ∆0, see (14) and the consequences. This effect
can lead to a negative effective nonadiabaticity resulting
in negative domain wall mobility. Significant influence of
the wire torsion on the domain wall motion can be used
for an experimental determination of the nonadiabatic
parameter β and damping coefficient α, see (20).

Additionally, we show that the effective mass of the do-
main wall is inversely proportional to the wire curvature.
We demonstrate that the Walker limit is a saddle-node
bifurcation.

Appendix A: Equations of motion for collective

variables

Substituting the Ansatz (10) into (9) and performing
integration over s, one obtains the following effective La-
grange function

L = 2Sp
[

Φ(q̇ − u) + c∆̇a
]

− ω0E− E
u, (A1a)

where c = π2/12, energy E is determined by (11) and the
effective curvature induced spin-torque correction of the
energy reads

E
u ≈ Su (πκ∆sinΦ + 2pτq) . (A1b)

As it follows from (A1), the domain wall asymmetry pa-
rameter a is an conjugated momentum to the domain
wall width ∆. In the same way one obtains components
of the effective dissipative function F = FG + Fu: the
Gilbert part

F
G =

α

∆
S

{

q̇2 + (q̇a− Φ̇∆)2 + c
[

∆̇2 + (ȧ∆− ∆̇a)2
]}

(A2a)
coincides with previously obtained one [33] and the nona-
diabatic correction reads

F
u ≈ −2uβS

[

q̇

∆
− Φ̇(a+∆τ)

+ p
π

2
κ (q̇ cosΦ− ȧ∆sinΦ)

]

.

Lagrange function (A1) and dissipative function (A2)
generate the following set of equations of motion for the



7

collective variables

(p+ αa)q̇ − α∆Φ̇ = pu
(

1 + p
π

2
κ∆cosΦ

)

(A3a)

− pπv0ℓκ sinΦ + uβ(a+∆τ),

α
q̇

∆
+ (p− αa)Φ̇ =

uβ

∆

(

1 + p
π

2
κ∆cosΦ

)

− puτ,

(A3b)

c

ω0

[

(p+ αa)
∆̇

∆
− αȧ

]

= 2
ℓ2

∆2
(a+∆τ) + p

π

2

u

v0
βκℓ sinΦ,

(A3c)

c

ω0

[

α
∆̇

∆
+ (p− αa)ȧ

]

=
ℓ2

∆2
(1 + a2)− kt −

π

2

u

v0
κℓ sinΦ,

(A3d)

where v0 = ℓω0.
First of all, it should be noted that in the no driving

case (u = 0) equations (A3c) and (A3d) split off the
whole set (A3) forming an independent set of equations
with respect to ∆ and a. The linearization in vicinity
of the stationary point {∆0, a0} with respect to small

deviations ∆̃ = ∆−∆0 and ã = a− a0 results in a set of
linear equations

∥

∥

∥

∥

∥

˙̃∆/∆0
˙̃a

∥

∥

∥

∥

∥

≈ −2ω0

c

ℓ2

∆2
0

∥

∥

∥

∥

α− β⋆ −p
p α+ β⋆

∥

∥

∥

∥

·
∥

∥

∥

∥

∆̃/∆0

ã

∥

∥

∥

∥

, (A4)

where β⋆ = p∆0τ . In (A4) the stationary values ∆0

and a0 are determined by (12) and the low damping
approximation (α2 ≪ 1, αa0 ≪ 1) is applied. Equa-

tions (A4) have a solution ∆̃ = ∆̃0 exp(−ηt + iωt) and
ã = ã0 exp(−ηt+ iωt), where

ω ≈ 2ω0

c
kt, η = αω. (A5)

Let us now assume that ω ≫ Ω, where Ω is character-
istic frequency of the pair {q, Φ}, i.e. pair {∆, a} is
much faster than the pair {q, Φ}. In this case the quasi-
stationary values of ∆ and a are slightly modified, see
(15).
However the time characteristics of the pair {∆, a} are

the same as (A5). Taking into account (15) one can split
off the first two equations of the set (A3) and present
them in the form (14).
The characteristic frequency Ω can be easily deter-

mined in the case of small curvature. Indeed in the limit
case of vanishing curvature κ → 0 and low damping a
couple of equations (A3a) and (A3b) takes a form

pq̇ − α∆0Φ̇ = pu, αq̇ + p∆0Φ̇ = u(β − β⋆), (A6)

which coincide with the well known [6] q-Φ equations for
the spin-current driven domain wall motion in a rectilin-
ear uniaxial wire, except shift of the nonadiabatic param-
eter β → β−β⋆. Equations (A6) have solution in form of

uniform domain wall motion q = V t with uniform phase
precession Φ = Ωt, where

V ≈ u, Ω ≈ p
u

∆0
(β − β⋆ − α). (A7)

In order to take the curvature into account we consider it
as a small perturbation, which results in small deviations
of the collective variables: q = V t + q̃ and Φ = Ωt + Φ̃.
Substituting it in (14) and taking into account (A7) one
obtains

˙̃q = πv0κℓ

√

1 +
u2

v20

1

4kt
cos (Ωt+ δq) ,

˙̃Φ = πω0κℓ

√

α2kt +
1

4

u2

v20
(β − α)2 sin (Ωt+ δΦ) ,

tan δq = 2
√

ktp
v0
u
, tan δΦ = p

u

v0

β − α

α

1

2
√
kt
.

Thus, the curvature add an oscillatory component of fre-
quency Ω to the uniform domain wall motion with ve-
locity V . The presented analysis enable one to make an
upper estimate of the frequency Ω (for the case of high
current u). So the condition of separation of time scales
in (A3) reads ω ≫ Ω, which can be also written as (13).

Appendix B: Bifurcational analysis of equations of

motion

Let us now make a bifurcational analysis of the sys-
tem (14). Excluding q̇ from (14) one obtains (in a low
damping limit) the equation

Φ̇ ≈ Ω
(

1− uc
u

sinΦ
)

. (B1)

In mechanics, Eq. (B1) describes dynamics of an over-
damped pendulum driven by a constant torque. For the
case u < |uc| the equation (B1) has two fixed points,
namely the stable one

Φs =
1 + p

2
π − p arcsin

u

uc
, (B2)

see filled circles in the bifurcation diagram, Fig. 4, and
unstable one

Φa =
1− p

2
π + p arcsin

u

uc
, (B3)

see open circles in the bifurcation diagram, Fig. 4. In gen-
eral, criterion of stability of the fixed point Φ∗ ∈ {Φs,Φa}
reads p cosΦ∗ < 0. One has the only one stable fixed
point, in contrast to the biaxial magnet, where two sta-
ble fixed points are present.
Let us now consider behavior of the system at vicinity

of the bifurcation point u = |uc|. As it follows from (B2),
Φs → sgn(α − β + β⋆)π/2 when u → |uc|. Introducing



8

FIG. 4. All possible bifurcational diagrams for Eq. (B1) for various values of parameters. Filled  and open # circles show
stable and unstable fixed points, respectively.

now small deviations Φ̃ = Φ − Φs and ũ = u − |uc|, one
can easily obtain from (B1)

∆0
˙̃Φ = −p(α− β + β⋆)

(

ũ+ |uc|Φ̃2/2
)

. (B4)

Relation (B4) is a normal form for a saddle-node bifur-
cation [38]. All possible scenarios of the bifurcation are
collected in the Fig. 4.

When the applied current exceeds the critical value u >
|uc| the domain wall demonstrates a precession motion
which is typical for the Walker limit overcoming. Period
of the precession can be easily obtained by integrating
(B1):

T =
2π

Ω

1
√

1− u2c/u
2
. (B5)

This corresponds to the frequency (19). For the case
u ' |uc| one can estimate period (B5) as follows T ≈
πΩ−1

√

2|uc|/
√

u− |uc|. The obtained square-root scal-
ing law is a very general feature of systems that are close
to a saddle-node bifurcation [38].

Appendix C: Supplemental movie

The magnetization dynamics is studied by means of
numerical simulation of the Landau–Lifshitz equation
with additional Bazaliy–Zhang–Li spintorque terms ap-
plying the NMAG code [35]. Only two magnetic inter-
actions were taken into account, namely exchange and
magnetostatic interactions.

Simulation parameters: exchange constant A = 13
pJ/m, saturation magnetizationMs = 860 kA/m, damp-
ing coefficient α = 0.01, nonadiabatic spin-transfer pa-
rameter β = 0. Thermal effects and anisotropy are
neglected. An irregular tetrahedral mesh with cell size
about 2.75 nm is used.

Wire parameters: length 4 µm, radius 5 nm, curvature
κℓ = 0.1, torsion τℓ = 0.05.

Video 1. Steady-state motion of head-to-head and tail-
to-tail domain walls under influence of spin-polarized cur-
rent (u/v0 = 0.02, β = 0) in the helix nanowire. Yellow
arrow determines the current direction (u = uet). The mo-
bility for different types of domain walls has different sign,
while the direction of current is the same.

Video 2. Precession motion of head-to-head and tail-to-
tail domain walls under influence of spin-polarized cur-
rent (u/v0 = 0.115, β = 0) in the helix nanowire. Yellow
arrow determines the current direction (u = uet).

The typical examples of steady-state and precession
motion of head-to-head and tail-to-tail domain walls un-
der influence of spin-polarized current are presented in
Video 1 and Video 2, respectively.

https://www.youtube.com/watch?v=tTnc-XrdzWs
https://www.youtube.com/watch?v=Zc7wgYA08cc
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