
ANNALES SCIENTIFIQUES DE L’É.N.S.

F. TRICERRI

L. VANHECKE

Curvature homogeneous riemannian manifolds

Annales scientifiques de l’É.N.S. 4e série, tome 22, no 4 (1989), p. 535-554

<http://www.numdam.org/item?id=ASENS_1989_4_22_4_535_0>

© Gauthier-Villars (Éditions scientifiques et médicales Elsevier), 1989, tous droits réservés.

L’accès aux archives de la revue « Annales scientifiques de l’É.N.S. » (http://www.

elsevier.com/locate/ansens) implique l’accord avec les conditions générales d’utilisation
(http://www.numdam.org/conditions). Toute utilisation commerciale ou impression systé-
matique est constitutive d’une infraction pénale. Toute copie ou impression de ce fi-
chier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=ASENS_1989_4_22_4_535_0
http://www.elsevier.com/locate/ansens
http://www.elsevier.com/locate/ansens
http://www.numdam.org/conditions
http://www.numdam.org/
http://www.numdam.org/


Ann. scient. EC. Norm. Sup.,

46 serie, t. 22, 1989, p. 535 a 554.

CURVATURE HOMOGENEOUS RIEMANNIAN
MANIFOLDS ( )

BY F. TRICERRI AND L. VANHECKE

1. Introduction

Let (M,g) be a Riemannian manifold and denote by R its Riemannian curvature
tensor. We suppose that (M,g) is of class C°° and, if necessary, that (M,g) is
connected. The Riemannian manifold is said to be curvature homogeneous if for all
points/? and q of (M, g) there exists an isometry/of the tangent space Tp M on the tangent
space T^M which preserves the curvature tensor, that is /*R^=R^ ([17], [6], p. 109).

Of course, a (locally) homogeneous Riemannian manifold is curvature homogeneous
but the converse is only true in special cases. (See Section 5 and [5], [19] for
counterexamples.) For example, let (N,^) be an irreducible symmetric space and let
(M,g) be a curvature homogeneous space whose Riemannian curvature tensor is the
same as that of (N,^). It is proved in [21] that in this case (M,g) is locally symmetric
and hence locally isometric to the so-called model space (N,^). We note that this result
will also follow from a more general theorem which will be proved in Section 3 and it
can be considered as a particular case of a theorem of Z. I. Szabo [18], Theorem
4. 3. (See also the remarks at the end of section 4.)

This property shows that, up to local isometry, there is a unique curvature homoge-
neous Riemannian manifold whose Riemannian curvature tensor is that of an irreducible
symmetric space. In Section 4 we will show that this result still holds when the model
space (N,^) is a reducible symmetric space with a de Rham decomposition without
Euclidean factor. This means that the curvature tensor R has vanishing index of

nullity. In what follows we will call the set of the germs of Riemannian metrics which
are locally isometric, an isometry class. Then our considerations lead to the following

(*) This work was partially supported by contract Nr. 86.02130.01, C.N.R., Italy.
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536 F. TRICERRI AND L. VANHECKE

problem, stated by M. Gromov:

PROBLEM 1. — Do the isometry classes of the germs of Riemannian metrics \vhich have

the same Riemann curvature tensor as that of a given homogeneous Riemannian manifold

depend on a finite number of parameters?

Of course, there are examples of curvature homogeneous manifolds which are not
locally isometric and whose curvature tensor is that of a homogeneous space. Such
examples are given in the work of Ferus, Karcher and Miinzner about isoparametric
hypersurfaces [5] and for these examples there are only a finite number of isometry
classes.

In Section 5 we shall study an infinite family of isometry classes of irreducible
complete Riemannian metrics on R3 which are curvature homogeneous but not locally
homogeneous. For these examples, the curvature tensor R is that of R x H2, where H2

is the hyperbolic plane of constant curvature — 1.

These examples have been introduced by K. Sekigawa [15]. Their isometry classes
are in one-to-one correspondence with IR2/^; so they depend on two parameters.
Nevertheless, the metrics of Sekigawa are not the only metrics on IR3 which have the
same curvature tensor as [R x H2. Indeed, 0. Kowalski and the two authors constructed
in [12] some non-homogeneous metrics on R

3 which have the same curvature tensor as
I R x H 2 and whose isometry classes depend on two arbitrary functions. So we get a
negative answer to Problem 1, but we are unable to give an answer to:

PROBLEM 2. — Do the isometry classes of the germs of Riemannian metrics \vhich have

the same Riemann curvature tensor as that of a given "irreducible" homogeneous Riemann-

ian manifold depend on a finite number of parameters?

Beside these local problems it is also possible to consider a global one. In fact, let M
be a compact manifold of dimension n and ^o(^) the set of Riemannian metrics on M
which have the same curvature tensor as a homogeneous space (N,^). The diffeomor-
phism group Diff(M) of M acts naturally on ^o(M). So we can consider the moduli

space ^o(M)/Diff(M) and state the following.

CONJECTURE OF GROMOV (see [2]). — The moduli space ^o(M)/Diff(M) is finite dimen-

sional.

For example, this conjecture is true if the model space (N,g) is a symmetric space of
non-positive sectional curvature and, when dimM^3, its de Rham decomposition does
not contain any Euclidean factor nor any factor isometric to the hyperbolic plane
H2. (Compare with the examples of section 5.) In this case, the index of nullity of
(N,^) is zero. Therefore, all the metrics of ^o(M) are locally isometric to ^"and locally
symmetric. If dim M=2, they have the same constant negative Gauss curvature and
the result follows from the classical theory about the moduli space on a Riemann
surface. If dim M^3, the Mosto\v rigidity theorem [13] applies and ^o(M)/Diff(M)
reduces to a point. [Recall that all the metrics of e^o(M) have the same curvature
tensor and this removes any indetermination.]

Motivated by these problems we will study in Section 2 and Section 3 the case where the
so-called model space (N, g ) is a general homogeneous Riemannian manifold. Contrary to
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CURVATURE HOMOGENEOUS SPACES 537

the case of symmetric spaces, isometry classes of such manifolds (N, g) are not determined
by the Riemannian curvature tensor but we now need the curvature and the torsion
tensor of a particular invariant connection, namely the canonical connection of a reductive
homogeneous space. In what follows we call this the Ambrose-Singer connection ([I],
[8], [20]). As is well-known, this connection is not uniquely determined but it depends
on the group G of isometrics acting transitively on the manifold and also on the reductive
decomposition of the Lie algebra of G. On the other hand, all these connections
determine the same (M,^). (We refer to [20] for more details.) Note that for a
symmetric Riemannian space, the Riemannian connection D is an Ambrose-Singer
connection.

In Section 2 we give a brief survey about the curvature and torsion of an Ambrose-
Singer connection. In particular we consider the notion of an infinitesimal model of a
Riemannian homogeneous space. This notion is implicitly contained in [14] and may
be seen as a generalization of that of a holonomy system introduced by J. Simons in
[16]. (See also [3].) Infinitesimal models have also been used by 0. Kowalski in his
book on generalized symmetric spaces [9].

In Section 3 we consider Riemannian manifolds equipped with a metric connection V
whose curvature tensor Ry and torsion tensor T^ are the same as those of a given
infinitesimal model m. When m is supposed to be naturally reductive we obtain that
Tv is parallel with respect to V. Moreover, when m is in addition Einsteinian, Ry is
also parallel and hence, for naturally reductive Einstein models m, V is an Ambrose-
Singer connection. Using standard results, we obtain from this that the Riemannian
manifolds with such a model are locally homogeneous and locally isometric to that
infinitesimal model. Note that there is no scarcity of examples of naturally reductive
homogeneous spaces (see for example [4]). All normal homogeneous Riemannian man-
ifolds are naturally reductive ([8], [22]) and all isotropy irreducible homogeneous
Riemannian manifolds have the same property [23]. (For further references and exam-
ples we refer to [II], [20].)

We return to symmetric infinitesimal models in Section 4 to prove the already men-
tioned extension of the result proved in [21].

We are grateful to M. Gromov for his interest in this work and for several useful
discussions.

2. Ambrose-Singer connections

Let (M,g) be a Riemannian homogeneous space. As is well-known, there exists on
(M,g) a metric connection V such that its curvature tensor Ry and its torsion tensor Ty
are parallel with respect to V. In what follows, a connection on a Riemannian manifold
which satisfies these three properties will be called an Ambrose-Singer connection. This
is motivated by:

THEOREM 2.1 [1]. — Let (M,g) be a connected, simply connected and complete Riemann-

ian manifold equipped with an Ambrose-Singer connection. Then (M,^) is homogeneous.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



538 F. TRICERRI AND L. VANHECK.E

(See also [20].)

The curvature and torsion tensor of an Ambrose-Singer connection satisfy a collection
of algebraic identities which we recall first:

(2.1) (R^y=-(R^

(2.2) (Tv)xY=-(Tv)yX,

(2.3) (R^-g=Q,

(2.4) (Rv)xY-Tv=0,

(2.5) (R^Y.R^O,

(2.6) S {(Rv)xYZ+(Tv)(^yZ}=0,
X, Y ,Z

(2.7) S {(Rv)(Tv)xYz}=0.
X,Y ,Z

Here X, Y, Z are C00 vector fields on (M,g) and ^ denotes the cyclic sum. Moreover,
Ry and Tv are defined by:

(2.8) (Rv)xY=Vpc,Y]-[Vx,V^]

and

(2.9) (Tv)xY=VxY-VYX-[X,Y].

Further, in (2.3), (2.4) and (2.5), (Ry)xY acts as a derivation on the tensor
algebra. Hence, these identities may be rewritten as follows:

(2.10) ^((Rv)xYZ,W)+g(Z,(R^YW)=0,

(2.11) [(Ry)xY, (Ty)z] - (Tv)(Ry)xvZ = 0,

(2.12) [(Rv)xY? (Rv)zwl— (Rv)(Ry)xY zw — (Ry)z (RV)XYW = 0.

The identities follow at once from the fact that g, Ry and Ty are parallel with respect to
V and from the Ricci identity

(2 .13) VXY - VYX = - (RV)XY - V(Ty)x Y.

(2. 6) is an immediate consequence of the first Bianchi identity

(2.14) E {(Ry)xY Z + (Ty)^)x Y Z + (Vx (Tv))^ Z } = 0.
X, Y, Z

Further, (2.7) follows at once from the second Bianchi identity

(2.15) E { Vx (Rv)vz + (Rv)(Ty)x YZ } == 0.
X,Y ,Z

4'̂  SERIE - TOME 22 - 1989 - N° 4



CURVATURE HOMOGENEOUS SPACES 539

Next we consider the notion of an infinitesimal model. Let (V, <,» be a Euclidean
vector space of dimension n. Let

T: V-.Hom(V,V):X^Tx

and

R: VxV-^Hom(V,V): (X,Y)h^RxY

be tensors of type (1,2) and (1,3) on V. Then we state

DEFINITION 2.1.—(T, R) is said to be an infinitesimal model (of a homogeneous
Riemannian manifold) on V if T and R satisfy the identities (2.1)-(2.7).

Two infinitesimal models, (T, R) on (V, <,» and (T', R') on (V, <, >'), are said to be
isomorphic if there exists an isometry a: (V, <,» -> (V, <, >') such that aT=T and
aR=R' , that is

(2.16) (^T)x-==^T,-ix'°fl~1 ,

(2.17) W^^=a^a-^x'a-^'°a~
1
.

It is clear that when (M, g) is a homogeneous Riemannian manifold, V an Ambrose-
Singer connection on it and 0 an arbitrary point of M, then T = T y j o and R = R v , o
determine an infinitesimal model on (V=T()M, <, >=^|o). Since (M,^) is (locally)
homogeneous, the choice of another point 0 gives an isomorphic infinitesimal model.

Conversely, let (T, R) be an infinitesimal model on (V, <, ». Following Nomizu [14]
(see also [9], [10]), let t) be the Lie subalgebra of the Lie algebra so(V) of skew-symmetric
endomorphisms of V defined by

(2.18) ^{AesoC^lA-T^A-R^}.

It follows from (2.3), (2.4) and (2.5) that Rxv^b- Further, let g be the direct sum of V
and \) and put

(2.19) [X,Y]=-TxY-RxY,

(2.20) [A,X]=A(X),

(2.21) [A ,B]=AoB-B°A

for all X, Y e V and A, Bel). Then, the identities (2.1)-(2.7) yield that g, with this
bracket, becomes a Lie algebra. Now, let G be the connected, simply connected Lie
group with Lie algebra g and let H be the connected subgroup corresponding to t). When
H is closed, then M = G/H is a smooth manifold and the inner product <, > extends to a
G-invariant Riemannian metric g on M. The canonical connection associated with the
reductive decomposition g = V © I) is an Ambrose-Singer connection with curvature tensor
R and torsion tensor T at the origin.

These considerations show that the study of Riemannian homogeneous spaces G/H is
equivalent to the study of a class of infinitesimal models.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



540 p. TRICERRI AND L. VANHECKE

In what follows we denote by m(V) the set of infinitesimal models on (V, <, ». It is
3 4

the subset of (® V*) © (® V*) determined by the algebraic conditions (2.1)-(2. 7). Note
that we do not make a distinction between covariant and contravariant notation. We
pass from the one to the other by using the inner product <,>.

In [20] we introduced the notion of a homogeneous Riemannian structure and gave a
classification of these structures. A homogeneous structure on a Riemannian manifold
is a tensor field S determined by

S=D-V

where D denotes the Riemannian connection and V an Ambrose-Singer
connection. Since V is metric, Ty determines S completely by

(2.22) 2^(SxY,Z)=-^(T^Y,Z)+^((T^Z,X)-^((T^X,Y).

Conversely, we have

(Tv)xY=SYX-SxY.

In this context, we say that an infinitesimal model (T, R) is of type / when the tensor S
determined by

(2-23) 2^(SxY,Z)= -TXVZ+TYZX-TZXY,

where Txyz = < Tx Y, Z >, is of type / according to [20], p. 40. For example, we say
that the model (T, R) is of type ^"3 or is a naturally reductive model if

Sx X = 0 or, equivalently, Tyxx = 0

for all X, YeV. It is clear that the symmetric infinitesimal models are obtained by
putting T=0.

We note that in this last case Nomizu's construction is the classical construction of E.
Cartan of a symmetric space by using the curvature tensor. Moreover, in this case, the
subgroup H of G, corresponding to the Lie algebra determined by (2.18), is always
closed and compact (see [7], p. 218-223). Hence, in this case there is a one-one correspon-
dence between the symmetric spaces and the symmetric infinitesimal models.

3. Naturally reductive homogeneous spaces

Let OM be the bundle of orthonormal frames of (M,g). A point u=(q;u^ . . .,^)
of OM determines an isometry between V= R", equipped with the standard inner product,
and(T,M,^)by

( 3 < 1 ) ^0=^(^...,^)=S^t.,
1=1

4
s SERIE — TOME 22 - 1989 - N° 4



CURVATURE HOMOGENEOUS SPACES 541

Further, let V be a metric connection on M. Then its torsion and its curvature tensor
3 4

define a map 0 of OM in (00 V*) © (00 V*) given by

(3-2) (D(^)=(T^),Rv(u))

where

(3-3) ^(^^(W^.^

^3 • 4) ^ (^1 ^2 ^3 U = (R^ | ̂ )u ̂  u ̂  u^ u U'

and^,^3,^eV.

3 4

The orthogonal group acts on the right on OM and also on (00 V*) © (00 V*). This
last action is given by

(3.5) (T,R)a=(Ta,Ra)

where

(3 < 6) (^1^3= T^!^ a^

^3 • 7) (
R
 ̂ 1 ^2 ^3 U

 = R
^ ̂ 1 a ̂  ^ ̂ 3 " U

and^i, . . . ,^46 V, ae0(n).

Further, the set m(V) of infinitesimal models on V is invariant under this action of
the orthogonal group and moreover, since (ua)^=u(a^), we have

(3.8) ^(ua)=d>(u)a.

Hence 0 is equivariant.

DEFINITION 3.1. — Let m=(T,R) be an infinitesimal model on V=IR" corresponding

to a homogeneous Riemannian manifold (M°,^°). We say that a metric connection V
on M has the torsion and the curvature of m if 0(OM) is contained in the orbit of m
under the action of the orthogonal group.

The definition above is equivalent to the following fact: for all points p of M, there
exists an isometry Op of V = V on Tp M such that

(^i^^T, (Rv|p)^=R.

Or, equivalently, there exists an orthonormal frame (i^, . . ., u^ of T M such that

(^v)ijh = (Tv)uf uj Uh = ̂ ijh^

(RvhjTi = (Ry)uf uj uh uk = ̂ ijhk^

where T^ and R^ are the components of T and R with respect to the natural frame
^=(1,0, . . .,0), . . .,^=(0,0, . . . , !) ofV=r.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



542 F. TRICERRI AND L. VANHECKE

Using these remarks we obtain:

PROPOSITION 3.2. — Let V be a metric connection on (M,g) which has the torsion and

the curvature of an infinitesimal model m=(T, R). Then

(i) Tv and Ry satisfy the identities (2.1)-(2.7);

(ii) Z (Vx(Tv))^Z=0;
X,Y ,Z

(iii) E (Vx(Ry))Yz=0;
X,Y ,Z

(iv) || Tv || = || T || and \\ Ry || = || R || are constant on M.

Now, let m be a naturally reductive infinitesimal model, that is Txyz^^^7) ^
skew-symmetric. Hence, if V has the torsion and the curvature of m,

(Tv)xYz=^((Tv)xY,Z)

is a three-form on (M,g). With this, we are ready to prove

LEMMA 3 .3 .—Le t V be a metric connection on (M,g) which has the torsion and

curvature of a naturally reductive infinitesimal model m=(T, R). Then Ty is parallel with

respect to V.

Proof. — To simplify the notation we put T=Tv. First, from Proposition 3.2, we
get that || T' || is constant. Hence

0—VV 2 l lT ' l l2—"? V fV2 T^ T7 -i-PllVT'll2
^—Z^mmll1 II — z Z^ ^mm 1 ) i jh ll./7l+z|| v L \\'

m m, i, j , h

Next, using (ii) of Proposition 3.2, we obtain

HVTH^ ^ (V^T/),„T^+ ^ (V^T)^T,,
m, i, j , h m, i, j , h

or, since T' is a three-form,

|| Vf | |2_^y/v72 Y/\ Y/
II v 1 II —^Zj^wi 1 )jmh ^ijh'

Now we use the Ricci identity and (2.4) to obtain

HVTH^ 1: (Vi,T^,,T^-2 ^ (VpT^T^T^
w, i, j, h m, i, j , h, p

=2 E (V.?,T)^Ty,-2 ^ (V,,T),,,,T;,,T;,,,
w, i, j, /» m, i, j, /i, p

4e SERIE - TOME 22 - 1989 - N° 4
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Using again (ii) of Proposition 3.2 and the skew-symmetry of T we get

V T ' l l 2 — — ? y /T7 v/\ ^ rp,
v 1 I I — z

 L ^ p ^ f h j m ^ m i p ^ i j h
m, i, j, h, p

=2 Z (V,,TO,̂ T;,,,Ty,,+2 ^ (V.T)^ ,̂,̂
w, i, j, h, p m, i, j, h, p

=4 ^ (V.T^^T^T^
m, i, j , h, p

—4 V ^V T^ T' T' — P l I V T ' l l 2

~ ~ ' Li ^ p
 l

 fmhj ^jih
 l l m p — ~

z
'\\

 v 1 | | -
m, f, j, /i, p

This yields the required result.

COROLLARY 3.4. — With the same hypotheses as in Lemma 3.3 we have the following

relation between Ry and the Riemann curvature tensor R of the Riemannian connection D:

(^v)xY
 =

 RXY + [^X? Sy] + S(T^)x Y

where S=D-V.

Proof. — This follows at once from the definition of the curvature tensor and from
V(Ty)=0.

COROLLARY 3.5. — With the same hypotheses as in Lemma 3. 3 we have

(^v)xYzw=^((Rv)xY^? W) =(^v)zwxY-

Proof. — Use Corollary 3.4 and the skew-symmetry of S.

COROLLARY 3.6. — With the same hypotheses as in Lemma 3.3, the Ricci tensor py,
given by

( Pv) XY == Xi ( ̂  v) XEm YE^?
m

is symmetric. Moreover, if the Riemannian Ricci curvature p satisfies Vp=0, then Vpy==0.

Proof. — The symmetry follows at once from Corollary 3. 5. Further, since V(Ty) =0,
(2.22) yields VS=0. The rest follows now easily from Corollary 3.4.

LEMMA 3.7. — With the same hypotheses as in Lemma 3.3, Vp=0 implies V (Ry) =0.

Proof. — Put R/=R.v, T=T^, p^pv. Since H R ' H is constant, we get

O — V V 2 l l R ' l l 2 — ? V (\72 R^ R' -1 -P l lVR ' l l 2

^—Z^mmll^ || — z Li V ^ m w ^ hjTifc K f./7»fc ' 2 1 1 VK || •
m m, i, j, h, k

Using (hi) of Proposition 3.2 we get

I I V R ' H 2 — — S (V^R^R^- S (V^RO^R^
m, i, j, h, k m, f, j, h, k

= — ̂  X ( ̂ mi R OjwAfc ̂  ̂ .
m. i, j, h, k

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



544 F. TRICERRI AND L. VANHECKE

Now we use the Ricci identity and (2.5) to obtain

IIVR-11^-2 ^ (V^R^R^+2 ^ (V^R'^R^T^.
m, i, j, /i, fc w, i, j, h, fc, p

Corollary 3. 5 and again Proposition 3.2 yield

I I V R - H ^ - 2 ^ (V^R')^,R^+2 ^ T^(V,RO,^R^
m, i, j", /i, p m, i", j, h, fe, p

=4 E (V^R^A^ S ^(VpR'^R;^
m, i, j, h, k m, i, j , h, k, p

= 4 1 (Vjip ,̂,,̂  ^ T^V.R^R^
i> J", ''> t m, >, j, )i, t, p

=2 Z ^(V^R'^R^.
w, i, j, h, k, p

Now, (2.4) yields

Z^(^ijhm ̂ mkl + ̂ ijkm ̂ hml + K-fjJm ̂ hkm) = ̂ •
w

Since V(T^)=0, we get from this

S {(Vp R')^ T^ + (V, R%^ T^ + (V, R')^ T,,, } = 0
m

and hence

Z {(V, R')^ T^ + (V, RO,,^ T^ + (V, R ,̂,, T^} = 0.
m,l

On the other hand, using once again Proposition 3.2 (iii) and also Vp'=0, we obtain

ZWRZ.^O.
i

Using the last two formulas we obtain

HVR-11^2 ^ T^^R^.R,,,,
m, i, j , h, k, I

= — 2 ^ T^ ( Vj R/) ̂ ^ R ij^

m, i, j , h, k, I

=2 ^ T^^R^yR^^-IIVR'll2.
m, i, j, h, k, I

This yields the required result.

From Lemma 3. 3 and Lemma 3. 7 we obtain:

THEOREM 3.8. — Let (M,g) be a Riemannian manifold equipped mth a metric connection

V such that its torsion and curvature tensor are the same as those of an Ambrose-Singer

4
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CURVATURE HOMOGENEOUS SPACES 545

connection of a naturally reductive homogeneous Einstein space (N,g). Then (M,^") is

locally homogeneous and locally isometric to that model space (N,^).

What we mean here is that the curvature and the torsion of V are the same as those
of the infinitesimal model of (N,^).

Proof. — If (N,^) is an Einstein space, then Vp=0. The rest follows now easily.

From this we get:

COROLLARY 3.9. — Let (M, g) be a Riemannian manifold such that its Riemann curvature

tensor is the same as that of a symmetric Einstein space. Then (M,g) is locally symmetric

and locally isometric to that model space.

Since an irreducible symmetric space is Einsteinian, Corollary 3.9 implies at once the
result proved in [21].

4. Riemannian symmetric spaces

In this section we shall extend the result of Corollary 3.9.

A simply connected symmetric Riemannian manifold is, up to an isometry, determined
by the Riemann curvature tensor or, equivalently, by its symmetric infinitesimal
model. Putting T=0 in (2.1)-(2.7) we see that the set mg(V) of these models is the

4

subset of (x) V* determined by the conditions

(4.1) RXY=-RYX,

(4.2) < R x Y Z , W > + < Z , R x y W > = 0 ,

(4.3) R X Y ' R = O ,

(4.4) ^ RxyZ=0.
X,Y,Z

We say that a Riemannian manifold (M,g) has the same curvature tensor as that of a

symmetric Riemannian space if its Levi Civita connection D has the same curvature tensor
as that of the infinitesimal model corresponding to the symmetric space. This means
that RE)(OM), where Rp is the map defined by (3.4), is contained in the orbit of an
element R of ms(V) under the action of the orthogonal group. In this case, a theorem
of Singer [17], p. 688 implies that there exists a principal subbundle P of OM with
structure group H where H is the connected component of the identity of the subgroup
of 0 (n) consisting of the elements leaving R invariant. This means that (M,^) has an
Yl-structure.

Using Cartan's construction of a symmetric space from the curvature tensor (see for
example [7], p. 218-223 or our remarks in Section 2), we see that H is the connected
component of the identity of the isotropy subgroup of the connected and simply connected
symmetric space (M°,g°) which has R as its curvature tensor.

ANNALES SCIENTIFIQUES DE L'ECOLE NORMALE SUPERIEURE



546 F. TRICERRI AND L. VANHECKE

The Lie algebra l ) = { A e s o ( n ) | A - R = 0 } of H contains the holonomy algebra K
because K is generated by the operators Rxy and RXY' R=0. It is also easy to see that
f is an ideal of I).

The vector space V may be decomposed as a direct sum of orthogonal subspaces
which are invariant under the action of f. In general we have

v=VoCVie.. .ev,

where f acts trivially on Vo and irreducibly on V^ for a^ 1. This decomposition is also
^-invariant. Indeed, we have that ZeVo if and only if RXYZ=O for all, X, YeV. But
since A • R = 0 we have also

RXY AZ = ARxY Z — ^AXY ̂  — ^XAY Z = 0

and so AZeVo. Further, the spaces V^, a^l, are generated by the vectors RXY^?
where X, Y, Z e V^ because the V, are (-irreducible. Now, since

ARxY Z = RXY AZ + RAXY Z + RXAY Z = — RYAZ ̂  — RAZX ̂  + RAXY ̂  + RXAY Z,

we see that ARxyZeV^.

It follows from this that each element A of I) may be decomposed in a unique way as

A = A o + A i + . . . +A,

where

A^Ajv,, a^O.

Now, let X^ denote the projection of X on V^. The invariance of V^ under the action
of t implies that Rx^ YR Zy = 0 except when a = P = y. Hence

r

RxyZ= ^ Rx^Ya^a

a=l

and we have A' R = 0 if and only if for all a ̂  1

A,-R,=

where R^ is determined by

A,-R,=0

(^a)x- Ya ̂ a — ̂ X- Y. ̂ a-

This proves that

t)=so(m) xl)i x . . . xt)^

where m =dim Vo and t)^, a^ 1, is the isotropy algebra of the connected simply connected
symmetric space (M^,^) with curvature tensor R^. This space is irreducible since
t^=I|v, acts irreducibly on Vy It follows from this that t)o(=t)|Va coincides with the
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holonomy algebra ^ of (M^, g^). So, if M^=GJH^ we have

H=SO(m)xHiX . . . xH,.

Now, we return to the manifold (M,g) which has the same curvature tensor as the
symmetric space (M°,^0). We know already that (M,^) has an H-structure. More
precisely, (M,g) has an almost product structure, that is the tangent bundle TM can be
decomposed as a direct sum of r+1 orthogonal vector subbundles Eo,Ei, . . . ,E^ with
structure groups S0(m), H^, . . . ,H^ respectively.

This structure may be obtained as follows: Let P be the subbundle of OM with
structure group H and let u=(q\ u^ . . ., u^ be an element of P. Put

EJ<?)=M(V,), O^o^r.

E^(^) is a vector subspace which does not depend on u but only on q. Indeed, let
v = (^; v^, . . ., uj. Then v = ua where a e H. Hence

t;(V,)=M(aVJ=^(V,)=E^).

Our hypothesis implies that

(RDI^XY^^^U^XU^Y

for all X, YeT^M. Hence

(RD|,)XY(B,)=(RD|,)XY^V,)=U(R,-IX«-IY(VJ)=^V,=E,

since V^ is invariant under the action of f. This shows that the subspaces E^ (q) of T^ M
are invariant under the action of 1) (q) where t) (q) is the subalgebra of so (T^ M) generated
by the operators (R|^XY» ^» YeT^M. This algebra acts trivially on Eo(q) and irreduci-
biy on Ey(q) for all a^ 1.

By following [18], p. 543-544 we can prove, using the Bianchi identities, that when X,,,
Y,, are sections of E,, [i. e. X^, Y^er(EJ], we have

(4.5) Dx,Yoer(Eo),

(4.6) Dx,Yo6r(Eo©EJ,

(4.7) D^Y,er(Eo®EJ,

(4.8) D^Y^r(EJ,

(4.9) Dx,YpGr(Ep),

for all a and P ̂  1 and oc ̂  P. Hence, the subbundles E^, 0 ̂  a ̂  r are totally geodesic if
and only if

(4.io) Dxr(Eo)^r(Eo)
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for all X er(TM). Indeed, in this case we have for all Zoer(Eo) and all a ̂  1

^(Dx,Y,, Zo) == -^(Y,, D^Zo) =0.

This means that Dx^Y^er(EJ.

So, if (4.10) is satisfied, then (M,g) is locally a Riemannian product

(Mo,^o) x • • • ^H^r) where the M^ are integral submanifolds of E^ equipped with the
metric g^ induced from g. (Mo,^o) is flat but the other manifolds (M^) have the
same curvature tensor as (M^,^). Since the (M^,^) are irreducible, the manifolds
(M^,^J are locally symmetric and locally isometric to (M^,^). This proves

THEOREM 4.1. — Let (M,^) be a Riemannian manifold with the same curvature tensor

as a Riemannian symmetric space (M°,^°). Let E() be the subbundle of TM where the

fibre at qeM is determined by

Eo(^)={ZeT,M|(RJxYZ=0/ora«X,YeT,M}.

J/Dxr(Eo) ^ r(Eo) for all vector fields X, then (M,g) is locally symmetric and locally

isometric to (M°,^°).

Note that Eo(q) is the nullity space of R^ at q ([8], vol. II, p. 347). Indeed, ZeEoQ?)
if and only if

(RD)XYZW=^((RD)XYZ,W)=O

for all X, Y, W e T^ M. This is equivalent to (RD)ZW=O for all WeT^M.

Hence, dim Eo(q) is the index of nullity of (M,g) at the point q. Since (M,^) is
supposed to be curvature homogeneous, this index is constant.

Further we have

COROLLARY 4.2. — Let (M,g) be a semi-symmetric space [that is (Ro)xY' PD^] ^hich

is curvature homogeneous and such that Dxr(Eo) ^ F(Eo). Then (M,g) is locally

symmetric.

Proof. — It suffices to note that (M,g) has the same curvature tensor as a symmetric
Riemannian space.

Because a symmetric Einstein space is either flat or does not have a Euclidean factor
(it has vanishing index of nullity). Corollary 3.9 follows also at once from Theorem 4.1.

In the proof of Theorem 4.1 we used some ideas also used in [18] by Z. I. Szabo,
in particular in his proof of [18], Theorem 1.3. Of course, it would be possible to
deduce our theorem for Szabo's results instead of the direct approach we used
here. The scheme of this alternative proof is as follows: Theorem 1. 3 of [18] gives an
interesting decomposition of a Riemannian manifold by using the infinitesimal holonomy
group. From this it follows that each curvature homogeneous semi-symmetric Riemann-

ian manifold is locally isometric to the product of a locally Euclidean space M() and of r

"infinitesimally irreducible" semi-symmetric spaces M^, M^, . . ., M^. The index of null-
ity of M is just the sum of the dimension of M() and the indexes of nullity of the
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irreducible factors. Moreover, the nullity distribution of M is parallel if and only if
those of Mi, . . ., M, are parallel. Since these factors are irreducible, this happens if
and only if these distributions have dimension zero. Then Theorem 4. 3 of [18] applies
and from the previous remarks we get our Theorem 4.1.

In a forthcoming paper [12] we will come back to these problems and in particular to
the relations of [18] with the examples treated in the next section.

5. A family of counterexamples

We consider R3 equipped with the metrics g^ ^ where

(5.1) ^,,=^2+A;2+/2Av2

and

f=ae
t
-^be~

t
,

(5.2) t = u cos w — v sin w,

a^be^.

These metrics are complete and irreducible [15].

It is easy to see that

r-i 8

el=f IT9

dw

/<- ^ 8 . 8
P. J ) e^=cos\v— —smw—,

8u 8v

8 8
^3=smw— +cosw—,

8u 8v

is a global orthonormal frame and the dual frame is given by

co1 =/rfw,

(5.4) o)2 = cos w du — sin w dv,

co3 = sin w du + cos w dv.

An easy calculation leads to

d(Ql= —gf~1^1 A O)2,

(5.5) Ao2=-/- l(o l Aco3 ,

dQ)3=/-W AO)2 ,
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where

(5.6) g=aet-be~t.

From the structure equations

(5.7) co}+^=0,

Ao'+^COfe A ^=0

we get

(O^-G)^^1^1,

(5.8) coi= -co?=0,

o)j=-oi=/-io)i.

From this we obtain

Dxo^-gr'co^co2,
(5.9) Dx^^-^^^^o^o3),

DxCO^/^co^X)®2.

Further, the curvature of (IR3,^ .&) can be determined by using

(5.10) Q}=AD}+^o4A(4

With (5. 8) we get

^=-Q^=-co1 A (o2,

(5.11) Qi=-Q?=0,

Qj=-Q|=0.

From this we obtain:

PROPOSITION 5.1. — The manifold (IR3,^ ^) is curvature homogeneous and has the same

curvature tensor as R x H2
 \vhere H2

 is the hyperbolic plane of constant curvature — 1.

The Ricci tensor of (R3,^ ,̂) is given by the general formula

PxY=-2Z^n(X,^)o)J(Y).

Using (5.11) we get at once

(5.12) p= -co1 (g) co1 -o2 00 co2.

Further, (5.9) and (5.12) yield

Dx p =f~' co1 (X) (co2 (g) co3 + co3 (g) co2).
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Hence

(5.13) Dp =f~
1 co1 ® (co2 ® (o3 + (D3 ® ©2).

From this we see that the only non-vanishing components of Dp are

(D,p),3=(D,p)3,=/-1

and hence

(5.14) llDpH^/-2.

Since ||Dp|| is a Riemannian invariant which in this case is not constant, we get
another proof of

PROPOSITION 5.2 [19]. — The manifolds (R3,^ ,b)
 are not

 locally homogeneous.

Now we determine under which conditions g^ ^ and g^ ^ are isometric. Therefore, let
(p be an isometry between g^ ^ and g^ p. Then we must have

q^co^^a}^,
j

where the one-forms (D1 are given by (5.4). a=(a
i
j) is a function with values in 0 (3).

Since (p is an isometry we also have

(p*p=p, (p*(Dp)=Dp

and Jo (p =f since /= || Dp || ~1. From (5.12) it then follows that

fl3=aj=a3==a|=0

and from (5.13) we get

^ a} a] a3 co1 (x) (co7 00 co^ + co^ 00 (o^®1 ® (co2 (x) co3 +co3 ® co2).
i, j, fe

Hence we must have

a\ aj a3 = 1, a^ a2 aj = a^ a2 aj = a\ a\ a\ = 0

and so we obtain

ai=ai=0.

Since a is orthogonal we then have a\= ± 1 with a sign combination such that

a\aiai=\.
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It follows that we have to consider the following cases:

/I 0 0\ /-I 0 0\ /-I 0 0^

a=I, a=( 0 -1 0 ), a= ( 0 1 0 ), a = ( 0 -1 0

<0 0 -I/ \ 0 0 -I/ \ 0 0 1 ,

First we consider the case a = I. Then

q^co^o)1,

(5.15) (p*®2^2,

m* co3 =co3.

Put (p (M, v, w) = (i7, u, w). Then (5.15) yields, since J° cp =/,

rfw = d\v,

cos w du — sin w dv = cos w rfu — sin w rfu,

sin w ̂ u + cos wdv= sin w ̂ u + cos w dv.

Hence w=w+a, a being constants, and

{ du = cos a du + sin a dv,

dv= —sinadM+cosarfu.

From this we get

' i7=MCOsa+i;sina+P,

^ v= — u sin a + v cos a + y

where P and y are constant. Further, since J° (p =/, we must have

(5.16) de
T
^be~

T
=ae

t
^be~

t

where

^ = = M C O S W — u s i n w

= t + P cos (w + a) + y sin (w + a).

Hence it follows easily that (5.16) is satisfied if and only if p=y=0 and a=a, b=b.

Next we consider the case where

/I 0 0\

a=( 0 - 1 0 j.

\0 0 -I/
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In this case we have

dw = dw,

cos w du — sin w dv = — cos w riw + sin w rfc,

sin w du + cos w di^= sin \^du-\- cos w (fo,

and hence

w = w + a,

M= —Mcosa—i;s ina—P,

u = M s i n a — u c o s a — y ,

a, P, y being constant. The invariance of/now yields P=y=0 and a=fc, I)==a. Hence
g^ b and g^ ^

 are isometric.

The third case leads again to a = a, b = b and in the last case we get d= b, F= a. Hence

PROPOSITION 5.3. — The isometry classes ^/(IR3,^,^) are in one-to-one correspondence

mth IR2/^ \vhere Z^ is the permutation group of t^o elements.

Remarks. — A. From (5.11) we derive that the nullity distribution E() of (IR3,^,^ ls

the subbundle generated by €3. Since

Dx^=Z^3(X)^=(D3(X)^=/-W(X)^

we see that the condition Dxr(Eo) c r(Eo) is not satisfied.

B. From the previous calculations we see that the group of isometrics of (tR3,^ ,b)
 ls

the group of transformations of R3 determined by

u = u cos a + v sin a,

v = — u sin a + v cos a,

w=w+a

where a is constant.
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