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CURVATURE PINCHING THEOREM FOR MINIMAL
. SURFACES WITH CONSTANT KAEHLER ANGLE
IN COMPLEX PROJECTIVE SPACES, 1

TAkAsHI OGATA
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Abstract. We consider minimal surfaces with constant Kaehler angle in complex
projective spaces. By using J-invariant higher order osculating spaces and pinched
Gaussian curvature, we give characterization theorems for these minimal surfaces.

This is a continuation of our paper [12]. For each integer p with 0<p<n, it is
‘known that there exists a full isometric minimal immersion ¢, ,: S*(K, ,)-P"(C) of a
2-dimensional sphere of constant Gaussian curvature K, ,=4p/(n+2p(n—p)) into the
complex projective n-space with the Fubini-Study metric of constant holomorphic
sectional curvature 4p (cf. [1] and [2]). In [12], using J-invariant first order osculating
spaces, we gave characterization theorems for immersions ¢, , for p<3. The purpose
of this paper is to generalize these to the case of ¢, , for p>4 (cf. Section 4). To study
the problem, we use J-invariant higher order osculating spaces to find some scalars
defined globally on M, and calculate their Laplacians (cf. Section 6). In this paper, we
use the same terminology and notation as in [12] unless otherwise stated.

4. J-invariant higher order osculating spaces and the main theorems. Let X be a
Kaehler manifold of complex dimension  of constant holomorphic sectional curvature
4p and x: M—X an isometric immersion of an oriented 2-dimensional Riemannian
manifold M into X. Let C(s) be a smooth curve in M through a point p= C(0) of
M with parameter s proportional to the arc length. We denote by D*C/ds* the k-th
covariant derivative along C(s) in X. Let T§,’"(C) be a subspace of T,(X) spanned by
{DC/ds, JDC/ds, ..., D*C|ds*, JD*C|ds*} at s=0, where J is the complex structure of
X. T® is defined to be the subspace spanned by all T®(C) for curves C lying on M
through p and is called the J-invariant k-th osculating space of M at p. We then have
TM)cTVc--- T T,(X). Let O%* D be the orthogonal complement of 7% in
T&*D and N} the orthogonal complement of TY” in T,(X), so that we have
T¢*D=T®4+0%*Y and T,(X)=T¢ +Np. We put O,=T'". Note that we have
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0<dim(0%) <4 and, if dim(0O%)=0 for some k, then we have dim(0})=0 for all r>k.

A point pe M is called a J-regular point of order m if the J-invariant m-th osculating
space Ty exists in a neighbourhood U of p and if each 0% is of dimension 4 for any
p'eUand k=1,2,...,m. We denote O*=|J ,_,,O}. We say that x(M) is a J-regular
manifold if each O* is of constant rank on M for any k. Note that rank(O')=4 if and
only if x is neither holomorphic nor anti-holomorphic.

Let peM be a J-regular point of order m. Then we have an orthogonal
decomposition of T,(X) such that T,(X)=0}+- - +05+N7. Now we define a
J-canonical basis in O% as follows: Let {é,, é,} be an orthonormal local frame of M
and {€y -3, &4} an orthonormal system of normal vector fields along M such that
it belongs to O% at p (k>2). We put cos(a) =<{Jé,, &,> and cos(a,)={Jé,; 3, €ax—20-
Then we have cos(a) # + 1, cos(e,) # + 1. Hence we can define local normal vector fields
€4x—1, €4, along M such that {€4k—3> Car—2s Cax—1, €44} at p is an orthonormal basis of
O% in the following way:

Cay—1 = —COU4)E4 - 3 —COSec()E 4y _ 5 ,
54’( = COSCC(O(k)J54k_ 33— COt(dk)§4k -2

By using them, we define local vector fields ey -3, €4x— 2, €4—; and ey, k=1,2, ..., m,
in a neighbourhood of p as follows:

o\, . ks
e4k_3=008<7>e4k_3+Sln(7>e 4k—1
e4k_2=cos( ) 4k—2 +sin < )

. k
e¢k—1=sm< ) C05<T> 4k-1>
e4k=—sin< >e4k 2+COS< >e4k’

where a; =a. Then {e4_3, €44— 2, €4—1, €4} at p is a J-canonical basis of O%, that is,
an orthonormal basis of O% with Je,,_3=e4_, and Je,, _,; =e,,. Let {e4,,,+1, cees €}
be an orthonormal system of normal vector fields along M such that it is a J-canonical
basis of N7 at p.

We denote the coframe fields dual to these frames by {04k 3 94k 25 94k 1 4k}
{04k-3,04x—2, 0451, 04} and {0411, ..., 0.}, _respectively. For a>2m+1, we put
€rq—1=€,,_, and eza—eZ,, so that we have 0,5, - 1=0,,_, and 02(,—921 If we put
W, =0,, 1 +ib,, where i*= —1, then {w,} is a local field of unitary coframes on X and
we have, by (4.1):

N],,

4.1



CURVATURE PINCHING THEOREM 273

0 o\ -
O 3+104k 2—cos< 5 >w2k 1+sm( 2">w2k,

4.2) G 1+104k—sm<o;>w2k . cos(%>a—;2k, k=1,...,m),

Orac s +i0, =0, +i0=0,, (x=2m+1,...,n).

Now we introduce inductively the higher order fundamental forms {#,,;,...,} of M
in X. Let {0 .z} be the Riemannian connection form of X with respect to the canonical
1-form {6}, and {w,s} the unitary connection form of X with respect to {w,}. We shall
use the following ranges of indices:

1<4,B,...<2n, 1<i,j,...<2, 3<Ay Mo, ... <4,
A—3<A, ... <4k, dk+1<s4,8,...<2n,

@9 2k+1<oy, By, ... <m, for k=1,2,...,m,
dm+1<a, B,...<2n, 2m+1<i,pu,...<n

We denote the restriction of forms on X to M by the same letters. We then have
03=02,=0,  (k=2),

4.4) O, =0, k=1,2,...,m=2; I=k,...,m—2,
0,.=0, k=1,....m—1.

By the exterior differentiation of (4.4) and the Riemannian structure equations, we get

Z§iA§i10=Z§iA§ilz=09

(4.5) Y G A in=0,  (k=2,...,m=2),

A+ 1
Zolm_llm/\ 9)_".,,=0
Am
From these we get inductively the quantities 4,,; .., in the following way:

I 3 SO N 3y W
J J

(46) Zhlku lkelkikﬂ Z hlk+ iy lklkuotkn >

ix+1

Zhlmn zmoﬂ.mz Z hau 1,,..”91,,”1 .

im+1

Then they have the following properties:
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(1) Ay, are symmetric in the set of indices i, iy, .. ., i,

@D @ Thypeion=0,

(3) 8o D*x>=Y hy,.i 0,0,
The vector-valued symmetric k-form ¥ &
form of M in X.

We introduce the following notation for brevity: 1[k]=1---1 (k times) and put
VE=3 o hiim-111800 V=Y, hiap-11265,, Which are elements of O% at p for
k=2,3,...,m. Define also V{"* V=% h, .1é, and V*V=Y h,,...é,, which are
called the (m+ 1)-th normal vectors at a J-regular point of order m.

Now we can state the main theorems in this paper.

. -(Zké M is called the k-th fundamental

).kilmikgil ’

THEOREM 4.1. Let X be a Kaehler manifold of complex dimension n of positive
constant holomorphic sectional curvature 4p and M a complete connected Riemannian
2-manifold. Let x: M—X be a full isometric minimal immersion with constant Kaehler
angle o, which is neither holomorphic, anti-holomorphic nor totally real. Suppose there
exists an integer m such that each point of M is J-regular of order (m+1) and that the
Gaussian curvature K of M satisfies K>2{1 —(2m+ 3)cos(a)}p/(m+1)(m+2)>0 on M.
Then K is constant on M. Moreover, x is locally congruent to Pom+1-

THEOREM 4.2. Let x: M— X be as in Theorem 4.1, and s=[n/2— 1]~ 1 ([a] means
the integer part of a). Further assume that M is a J-regular manifold. If K satisfies
K>2{1~(25+3)cos(@)}p/(s+ 1)(s+2) >0, then K is constant on M so that x is locally
congruent to either @, 1, ..., P, OF @y .

This generalizes Theorem 3.10 in [12].

S. A J-regular point of order m. In this section, adopting the normalized k-th
normal vectors as a basis of each O} for k=2,...,m, we calculate the (m+ 1)-th
fundamental forms and the (m+ 1)-th normal vectors in terms of some complex-valued
smooth functions defined locally on M and study their properties. In [12], we have
treated the case m=2. Let M be a complete connected 2-dimensional Riemannian
manifold such that the Gaussian curvature K of M satisfies K>6>0 for some positive
number 6 and x: M- X an isometric minimal immersion with constant Kaehler angle
a. We assume that every point p of M is J-regular of order m (>3) and that the k-th
normal vectors V{ and V¥ are perpendicular to each other and of the same non-zero
length for k=3, ..., m. Normalizing these vectors, we adopt them as a basis of 0%, s
that we have é&,,_;= Vm/” VOl €a-2= VPV and cos(oy) =< Je4y_ 3, Egx—») ‘7é + 1
on M. Then with respect to these frames we assume
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h4k—3.1[k—1]1 = _h4k—2,1[k-1]2 s
6.1
h‘4k—3,1[k—1]2=h4k—2,1[k—1]1 =htk.1[k— 11 =hzk,1[k—1]2=0 > (tr=dk—1).
We put

_ O h .
C2k—1,2[k—2)= —COS —2_ 4k—~3,1[k—1]1 >

A
(5.2) Aok ik-21= —Sm<7k>h4u—3,1[k—m s

Cok,20k-21= P2k - 1,15k - 21 = Ca 21k - 21 = Dy 1 - 21 =0 (h22k+1),

where ¢y 5 1) and others are real-valued smooth functions locally defined on M.
We assume that they satisfy the following:

Cok—3,20k- 3102k 1,2k-3= —Cak—1,2ik— 2P »
Aok 2,11k~ 31P2k,2k~2 = — Bap 1 k- 21P »
D, 2k-3=Wop—1 2k -2 =W, 2k-3 =Wy, 24-2=0 (A=2k+1),

dcyy, - 1,2e—21F ikczk—1,2[k—2]91z ~Cok—1,20- 2102k~ 1,261 = C2x— 1,20 - 11D »

(5.3) daZk,I[k—Z]—ikaZk,l[k—2]512 — Qop 10— 21 P2k, 2k = Dok, 11— 119D »
Cok—1,2k-21P2k,2k-1= —czk,z[k—u(f; s
A2k, 11k-2)P2k— 1,2k = —azk—1,1[k—1]¢ s
Cak—1,2(k-2]P,2k—1= —Chp 2k— 11‘5 ,

aZk,llk_2]wlk’2k=_alk.llk_1]¢, (Ak22k+1)5 fOI‘ k=3, ...,m .
By (5.3), we have
A(c2k-1,2[k—2])2=2kK(c2k—-1,2[k—2])2+4{c§k—1,2[k—1]+c§k+1,2[k—1]}
+4pc3- 1,2[k-2] COS(“)_4(02k—1,2[k—21)4/(C2k—3,2[k—3])2 >

for k=3,...,m—1,

(54 A(cym- 1,2[m—21)2 =2mK(cyp- 1,2[»:—2])2 +4 22 [ €1, 20m— 1 2
Az2m—1

+40(Com-1,2(m—21)> €OS(®) = A€ 1 2tm-20)/(C2m—3,20m— 37,

A(alm,l[m—l])z = 2mK(a2m,1[m— 21)2 +4 Z | a3,1im-1) 2
Az2m—-1

—4p(azm, 11m- 2])2 cos(a) —4am, 1[m- 2])4/(a2m— 2,1[m~ 3])2 .

Now, we calculate the (m+ 1)-th fundamental forms and the (m+1)-th normal
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vectors. Using the third equality in (4.6) and (5.1), we have, for 1>2m+1,

(5 5) h4m—3,1[m]94m—3,22.— 1 =h21—1,1[m]191 +h27.—1,1[m]292 ’
h4m—3,1[m]94m—3,21=h2).,1[m]191 +h2/1,1[m]262 .

By taking the exterior derivatives of (4.2) and using the structure equation of X, we
get, fork=1,2,...,m:

~ A Oy . oy \
Oax—3,24-1Fi045_2 2,41 =C0s X W3p—1,,F SN 35 WDa,a

~ . . Ol . A \
Osx—3,22F 0042 22 =15COS > Wog—1,2—SIN > Wop,i( s
~ o . Oy O \
Osk—1,20-1 1045201 =Sln<7>w2k— 1,A+Cos(7>w2k,z )

~ N~ o % %\ _
Osk—1,22F 194:‘,21:1{Sm<7>wzk~1,1"“303(7)(021(,1} .

Substituting (5.1), (5.2), the eighth and the ninth equalities in (5.3) and (5.6) into (5.5),
we have

(5.6)

1 _ _
haz-1 1t = _?(al.l[m— 0t 1m-11FCa2m- 11+ Caapm-1)) 5
i _ _
hu—1,1[m12 = _E(GA,I[m—ll_—aA,Hm—I]—61,2[m—1]+cﬂ.,2[m-1]) »

6.7

i - _
hu,1[m]1 =E (aa,mn— 1171 m-11F Ca2m~ 11— Ca,20m~ 1)

h2).,1[m]2 = _?(a).,llm— 173 11m-1)" €a,2(m- 11~ Ca,2(m - 1]) .

By taking the exterior derivétives of the sixth through the ninth equalities in (5.3), we
have

chm,Z[m— 1t (m+ l)ic2m,2[m— 1]012 —Com,2[m—-11P2m,2m= czm,z[m1¢ s
dc; apm— 11+ m+1)ic; opm- 11012 ‘Z Cu2im— 11024 = Ca,2im - 1119 + Ca 2pm @
u

with Ci2im-1n1 = —am[m—uczm,Z(m—u/azm,l[m—z] >

(5.8) day,- 1,1[m—1]_(m+ Diay, - 1,1(m— 11912'azm—x,um—l]wm-1,2m—1 =a2m—1,l[m]¢ s
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da; 1im- 11— M+ 1)ia; im— 11012 _Zau,l[m—ljwﬁ.u=a}.,1[m]¢+ai‘l[m~1]2¢
u

with  @; jm-112= ~C1.20m— 11%2m—1,1(m - 11/C2m—1,2[m~ 2] »

where ¢, 2(mp> €1 20mp> 2m~1,1m; AN @, 1 ar€ cOmplex-valued smooth functions defined
locally on M.

ProrosITION 5.1. Let M be a complete connected 2-dimensional Riemannian
manifold such that the Gaussian curvature K of M satisfies K>86>0 for some positive
number 6. Let x: M— X be an isometric minimal immersion with constant Kaehler angle
o, which is neither holomorphic, anti-holomorphic nor totally real. We assume that each
point of M is J-regular of order m, and all formulas in Section 5 are valid on M. Then
we have | ¢ 2pm- 131> =0.

ProoF. Using the first equality in (5.8), we have
d| Cam,2tm—1] [*= Cam,2[m— 1]52m,2[m]¢ + Com,2tm - 1]02m,2[m]¢ ,

4i Com,2[m—1) |2 =2(m+1)K| Co2m,2(m—1] |2 +4 Cam,2[m] |2

2) 2 2 2,2
+4| ch,Z[m—l]‘ {a2m,1[m——2]/a2m—2,1[m—3]_|CZm,2[m—1]i /c2m-1,2[m~2]
- 2 |au,l[m—l]|2/a§m,1[m—2]+pcos(“)} .
a>2m+1
Combining the third equality in (5.4) with the above equality, we have
2 2
A(a%m,l[m—Z]l Cam,2[m-1] [)=22m+ l)Kazm,1{m—2]| Com,2{m—1] |2
+4| @y, 1 pm— 21C 2m,20m1 F 2m, 1 (m= 11C2m, 2im - 111 -

By assumption, we see that M is compact and a,,, ;-2 70 on M. Hence, using the
above equality, we have c;,, 51— 1;=0. q.ed.

The (m+ 1)-th normal vectors V{"*V and V{"*V of N’;.at p are given as follows:
For A>2m+1 '

+1
SR (h23-1,1m1€22— 1+ H2s 1pm1€22) 5
7

1) _
Ve —Z (h23-1,1m2€24—1 F Hoz 1 m2€22) -
7

We put Qg ={peM; V" P(p)=0 or V{*V(p)=0} and cos(t,,,)=JIV"*Y/
VDY, VD[V D>, Then, using (5.7), we have Y, (@ 1m- 1)~ Ci2tm—13 )* =
0 or Y, (@ 1m-11FCiom-19>=0 at peQ,,, and c08(op+ )= {| @ 1pm-1) 1"~
|ea2mm~11 21 @1 m= 1312+ €a2pm— 1117} Also, using the third equality in (4.7), we see
that O* 1 is spanned by V{"* Y, V{"*D, Jy{*D and JV{*Y at p. Hence, if we
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assume that each point of M is J-regular of order (m+1), then Q,,,=¢f and
cos(t,+1)) 70, + 1.
Next we define H{37Y and H{ZH Y by

V(1m+1)+l.V(2m+“_‘Z(H(m+l621 1_}_I{(m%*l) }.)

and we put
H D =T AHEE0? + (HE )}
A

Using (5.7), we have H"*V=4%" 4, ,,_11¢; 2pm-1)- Note that | H™* V|2 is a globally
defined smooth function on M. The geometric meaning of | H™* 1 |? follows from the
identity | H™* D 2= (| P+ D2 | V4 D22 + 4K+ D,y 02,

PROPOSITION 5.2. In addition to the assumption in Proposition 5.1, we assume that
each point of M is J-reguiar of order (n+1). Then we have H™* V=0 on M.

Proor. Using Proposition 5.1 and (5.8), we have

"iH(erl)"'z(m'*'l)l'flr("lJrl)é{12'—'4'1 22 1(51,1[m]cz,2[m—1]+51,1[m—11c/1,2[m])$,
>2m+
(5.9)

AIH""“)Iz=2{2(m+1)K|H""+1)|2+2

)

from which we have H™*1=0. : q.e.d.

Z (@, 1m1Ca2tm— 111 @4 1pm— 1]%,2[».])
2

Lemma 5.3,

4 <§, | Ca2im—1] |2) =2(m+ 1)K<; | Ca2[m—1} |2> +4; | C,2[m) |2
2
—4<z§: [€1,2tm-1 {2> /CZZm—l,Zlm—l]+4p COS(“)(; | Ca2[m—1] '2> .
A(ZA: |a;.,1[m— 1] |2)=2(m+ 1)K<Zz:| a1m-1] lz)+42 | a;,1(m) ?
2
2
-4<; [, 1m-11 |2> /a%m,l{m—1]—4p COS(“)( N . m=-1] lz> .
i

Proor. Using Proposition 5.1 and the second equality in (5.8), we have

d< Z , c).,2[m— 1] ,2> =; {c).,Z[m— 1] E).,Z[m]qb + El,Z[m—- 1] c}.,2[m]¢} >
A

which implies
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dc(Z [€3,20m—1 lz> =i) {—Ca20m-1)Caam® + E2,20m— 11 €, 20m P}
i A

=iy { —Ca20m= 1193, 20m— 17 F €2, 20m - 1142 20m— 1
7

+2im+1)| ¢z 20m-13 1%6,,— 2;, 2tm - 11Cu,20m - 11 D) -

By a direct calculation of dd“(}’| ¢; ym-131%) We get the first formula of Lemma 5.3.
In a similar way, by the fourth equality in (5.8), we can prove the fomula for

A(Zlal,um—x]lz)- q.e.d.

6. Proofs of Theorems. We assume that pe M is a J-regular point of order
(m+1). By Proposition 5.2, we have that ¥{* " and V{"*) are perpendicular to each
other and of the same length. Normalizing these vectors we adopt them as a basis of
Oy in a neighbourhood of p, so that we have &,,,,=V™+V)|ym+D| and
Cam+2 =V VIV V| and cos(oy, 4 )= <Tam+ 1, €am+ 2> # + 1. With respect to these
new frames, we have

' Ram+1,10m1= —Pam+2,10m12(#0) ,
(6.1)
Ram+1.11m12 =Pam+ 2,10m1 =2 10m11 = A2 112 =0, (A=4m+3).
Substituting (6.1) into (5.5), we have
h4m— 3,1[m](§4m— 3,4m+1 + i04m—2,4m+ 1) = h4m+ 1,1[m]l¢ 5
ham—3,11mOsm—3,am+2+ i§4m-2,4m+2)= —ham+2,1m29 »
h4m—3,1[m](54m-3,4m+3 +i§4m—2,4m+3)=0 s
(6.2) - ~
ham-3,10mOam—3,4m+4+104m-2,4m+4)=0,
ham-3,1m(Oam-3,20—1+ i9~4m—2.2a— 1)=0,
h4m—3,1[m](§4m—3,2a+i9~4m-2,za)=0 ) (@=2m+3).
On the other hand, by taking the exterior derivatives of (4.2) fork=1,2, ..., (m+1)
and using the structure equations for X, we have, for k, /=1,2,..., (m+1),

Oak—3,41-3+i04_2 413

0t o u\ . [ o
=CO0Ss 7 COIS —2— ka—l.Zl—l +Ccos 7 sin _2— w2k—1,21
. Otk 0(, - . ak . a[ -
+sin 7 cos 7 ka'zl_l'f‘Sln 7 sin 7 w2k’21,
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Oak—3,a1-2F 042,412

o o o o
—I{COS< 2 >COS( 2 )wzk-'l 2,_1—COS< )Sln( 2)0)2"__1’21
sin % cos hal @ +sin( > >w
2 2 2k,21-1 2k,21

(63) 541(—3,4!—1 +i§4k—2,4l—1

—cos(ac >sm<a )a)Zk_lz, 1-cos< >cos( >cu2k 1.21
2 2
%, o o o
+ sin N sin -5 Doy 21-1—Sin| — 5 cos > B 215

Osk—3,41+ 10452 a1

oy o Oy oy
=i<cos > sin - Jou- 1.21—1+COS - Jeos| = J@z- 1
o (‘X, _ . oy o\
—sin 5 sin ) Panz-1—sin{ == J cos| = )@auz -

In the first and second equalities in (2.2) and the eighth and ninth equalities in (5.3)
we put k=m. Then we have fyy,_ 3,1 jm= —3C(0%m/2)C2m~ 1,2(m—21= — COSEC(m/2)d2m,1jm - 215
Cam—1,20m-21P2m—1,,=Ca2(m-11® N4 Gy 1(m-2)P2m 2=, 1pm-11@® for A=2m+1, re-
spectively. Substituting these equalities and (6.3) into (6.2), we get

o
cos< mt

e
+sm< mt1

am+1 -
COS( > >(C2m+ 1,2im— 11— %2m+1,1(m- 11)

1 -
>(sz+1,2[m— 0+ Aamet1m-17)

)(52m+2,2[m— 1t %m+2,1m-1)= _h4m+1,1[m]1 s

: O + 1 =
—sm( > )(sz+2.2[m—1]—azm+2,1[m-1])=h4m+2,1[m12,

+1 /=
)(c2m+1,2[m—1]+azm+1,1[m-11)

o
+cos< mt

(6.9) —sin( O

1 -
>(€2m+ 1,2tm—1]F D2m+2,1m-1P =0,
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: Xm + 1 =
: sm<—2 (—Cam+1.20m—11F 2m+1,11m-17)

O+ 1 _ —
+COS< m2 >(_c2m+2,2[m—1]+a2m+2.1[m—1])_0’

E)-,Z[m—l]_a}.,l[m—l]=0 s
Ci2m-111 %1 pm-11=0 .

Solving the above equations, we have

O +

52m+1,2[m—1]=00t( )azm+2,1[m—1] s

Ay 41

Aym+ 1,1[m—1]=00t< >52m+2,2[m—1],

Ca20m-11= 43, 1{m— 1] =0.

Moreover, since H™* =0, we see that ¢, 4 1, 2im- 1 is real-valued and ¢ 4 5 2pm— 1;=0-
Summarizing these results, we have

O+ 1

h4m+1,1[m]1 = _h4m+3,l[m12= —sec( )c2m+ 1,2[m—1] »

Pam+1,1pm12 = Pam 2,10m =PBe 11 =P, 1pmi2 =0, (t=4m+3),
©5) + ] + t t

X+ 1

sz+1,z[m—11=°0t< >4a2m+l,l[m—l] ,

Com+2,2im-11= % 2m+1,1im— 11=Ca,2tm - 11= A 1m-11=0, (A=2m+3).

Now substituting (6.5) into the eighth and ninth equalities in (5.3), we have

Com—1,2(m—21P2m+1,2m-1= —Com+1,2im- 119 »
(6.6) A2m, 1 im—2102m+2,2m= _azm+2,1[m—1]¢ s
Dom+2,2m-1=D2m+1,2m= WO 2m—1=W4,2, =0, (@x=2m+3).

Moreover, by (5.8), we have
dcyms 1,2(m-11F im+ 1)y 1,2[m— 1]512 T Cam+1,2(m-11P2m+1,2m+1 = C2m+ 1,2[m]$ ,
A 42, 1(m— y—i(m+1a,, . 2,1[(m— 1]512 —Bom+2,1im=1102m+2,2m+2 = Co2m+ 2,1} P >
Cam+1,2im—11P2m+2,2m+1= —Com+ 2,2[m]¢; )

6.7)

Bom+2,1im-11D2m+1,2m+2= ~ A2m+ 1,1(mP >
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Com+1,2im-11P0,2m+1= —C; 2[m]$ >
Aom+2,1m-11P3,2m+2= — 3 1pm® 5 (A=2m+3).
Hence, (6.5), (6.6), (6.7) and Lemma 5.3 show that (5.2), (5.3) and (5.4) are valid for

k=(m+1).
We define smooth functions on M by

2 2 2
(6.8) (€k=c§cs,2'"cz,‘_l’ZIk_Z], k=2,3,...,m

Note that these functions are scalar invariants of x, which can be seen in a way similar
to that in [12, p. 372]. Using (5.2) and (5.3), we get d(gz—‘gk(A,,d)+Ak¢) where A,
satisfies Ay =%, _1Cox—1,2p- 17+ Ak~ 1C2k-1.20-2) fOr k=3, ..., m and A,=c; ,. Hence,
using (5.4) and Lemma 5.3, we have:

LeMma 6.1.
6.9 A€} =2%2{m(m+1)K/2— p+(2m+ 1)p cos(a)}

+4) A, 1> +46%_, ; | cz,z[m—ulz s

(6.10) A<(ngnZ|cl,2[m—1]|2>=2(ngn; Icl,2[m—l]lz{(m+1)(m+2)K/2
) .
—p+(@Qm+3)pcos(a)} +4Y | EnCa2mm+ AnCa2im-1 1 -
2

Note that (6.10) coinsides with (3.8) in [12] for m=2.
Now we give the proofs of the main theorems.

PROOF OF THEOREM 4.1. By (6.10) and the assumption, €2, |c; ypm-171? is @
non-zero subharmonic function on a compact manifold M, which is constant on M.
This shows that K=2{1—(2m+ 3) cos(«)}p/(m+ 1)(m +2). Hence, by Ohnita’s theorem
[10], we get Theorem 4.1. q.e.d.

COROLLARY 6.2. Let x: M— X be as in Theorem 4.1. If M is a J-regular manifold
and the Gaussian curvature K satisfies 2{1—(2m+ 1) cos(a)}/m(m+1)>K>2{1 —2m +
3)cos(w)}p/(m+1)(m+2)=0 on M, then we have K=2{1—(2m+3)cos(a)}p/(m+
1)(m+2).

PrOOF. By the J-regularity of M and the assumption, we have Y| c; jim- 1712 #0
on M. Hence, each point of M is J-regular of order (m+1). By Theorem 4.1, we are
done. q.e.d.

Proof of THEOREM 4.2. We may assume that each point of M is J-regular of order
8. If 31 ¢;,20- 13/ #0 at a point p of M, then we get Y |c; 55— 1;/>#0 on M. Hence,
each point of M is J-regular of order (s+1). By Theorem 4.1, we see that x is locally
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congruent to @, 4. If 3.1 ¢; 2—1;[=0 on M, then, by (6.9), we see that x is locally
congruent to @, . q.e.d.
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