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SVAZEK  23  (1978)  AP LI K A C  E  M A T E  M Á T I  KY  ČÍSLO 5 

CURVED  TRIANGULAR  FINITE C
m
-ELEMENTS 

ALEXANDER  ZENISEK 

(Received  February  4,  1977) 

INTRODUCTION 

The  aim  of  the  paper  is  to  construct  curved  triangular  finite C
m
-elements  and  to 

apply  them  in  solving  elliptic  boundary  value  problems  of  order  2(m  +  1).  The 

paper  consists  of  five  sections. 

In  Section  1  the  approximation  of  a  curved  boundary  used  in  the  paper  is  descri­

bed  and  a  modification  of  the  transformation  first  analyzed  by  Zlamal  [9,  10,  11] 

is  presented. 

In  Section  2  curved  triangular  finite C
m
-elements  are  constructed.  The  results 

presented  in  this  section  modify  and  generalize  the  ideas  of  Mansfield  [6]  where 

curved C
1
-elements  were  first  constructed. 

In  Section  3  an  interpolation  theorem  for  curved  finite  triangular C
m
-elements 

is  presented.  This  theorem  is  a  generalization  of  the  interpolation  theorem  for 

"classical"  triangles  (cf.  Bramble  and  Zlamal  [1]). 

In  the  last  two  sections  the C
m
-elements  are  applied.  As  a  model  problem,  the 

Dirichlet  problem  is  chosen.  The  main  attention  is  devoted  to  analyzing  the  effect 

of  numerical  integration.  The  theory  is  a  generalization  of  the  results  of  Ciarlet  and 

Raviart  [2]  and  Ciarlet  [3]. 

The  results  of  the  paper  can  be  described  in  the  case m  =  1 as  follows:  The  Diri­

chlet  problem  of  the  fourth  order  elliptic  equation  in  a  domain Q  with  a  smooth 

boundary F  is  solved  by  the  finite  element  method.  The  domain Q  is  triangulated 

and  Bell's  element  of  degree N  =  5  is  used  on  the  interior  triangles.  The  curved 

side  of  each  boundary  triangle  is  approximated  by  an  arc  of  the  third  degree.  The 

union T
h
  of  these  arcs  is  the  approximation  of  the  boundary F.  Using  a  special 

polynomial w*(£, rj) of degree N* = 7 on the triangle T0 with vertices Kj(0, 0), 
R2(h 0), K3(0, 1) we can create, by means of one-to-one mappings of T0 onto the 
curved triangles T, elements wr(x, y) which give by piecing them together with Bell's 
elements a function from Cl(Qh)- Such functions are used in solving the problem 
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by the finite element method. In order to get numerical results the weak formulation 
of the problem must be expressed approximately by means of numerical integration. 
If the quadrature formula used for interior triangles has degree of precision d = 6 
and the formula used for curved triangles has degree of precision d = 10 then the 
approximate solution exists and is unique and the rate of convergence is 0(h3), h 
being the length of the greatest side in the triangulation. 

In the case m = 1 the Dirichlet problem (107), (108) is solved and on the interior 
triangles the generalized Bell's element of degree N = 4m + 1 is used. The boundary 
F is approximated piecewise by arcs of degree 2m + 1. This implies that w*(£, rj) 
is a polynomial of degree N* = N + 2m2 on T0. If d = 2N - 2(m + 1) for the 
interior triangles and d = 2N* — 2(m + 1) for the curved triangles then the appro-
ximate solution exists and is unique and the rate of convergence is 0(h2m + 1). 

In the paper the following notation for partial derivatives is mostly used: 

Dau(x9 y) = dlalujdxaidya2, Dav(£, rj) = d^vjd^dtf2 

with a = (a1? a2), |a| = ax + a2. 

Let k = 0 be an integer and p any number satisfying 1 _ p = oo. In the paper, 
the symbol W^k)(Q) denotes the Sobolev space which consists of those functions 
veLp(Q) for which all partial derivatives D*v with |a| = k belong to the space 
Lp(Q). It is a Banach space with the norm 

Mw(h°\;.,*y" 
j = o 

where the seminorms are given by 
UP My.,.-. - ( E í í \D"v\>dxdyy< 

i«i=yJJfl 

with the standard modification for p = oo: 

'Uoo.ii = v r a i m a x \^av\ > Ily||kfoo,í2 = vra i m a x | D a v | . 
(x,y)eQ,\oc\=j (x,y)eQ,\<z\ ^k 

When p = 2 we shall use the notation 

nf\Q) = Hk(Q); | - | M , f i \\k,Q , \'\j,2,Q - \'\j,Q • 

1. APPROXIMATION OF A CURVED BOUNDARY 

Let Q be a bounded domain in the x.y-plane with a boundary F which is piecewise 
of class Cq+1 with q sufficiently large to fulfil our requirements. Then the boundary F 
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can be divided into a finite number of arcs each of which has a parametric representa-
tion 

(1) x = (p(s) , y = i//(s) , a ^ s S b 

with functions (p(s), \J/(s) belonging to Cq + 1 and such that at least one of the derivatives 
<p'(s), *A'(S) is different from zero on [O, b]. 

Let us triangulate the domain Q, i.e., let us divide it into a finite number of triangles 
(the sides of which can be curved) in such a way that two arbitrary triangles are either 
disjoint, or have a common vertex, or a common side. Let the triangulation have the 
property that each interior triangle (i.e. a triangle having at most one point common 
with the boundary) has straight sides and each boundary triangle has at most one 
curved side. This side lies then on the boundary. Further, we assume that the domain 
Q is triangulated in such a way that the curved side of each boundary triangle lies 
on one arc of the type (1) from which the boundary F consists. 

With every triangulation i we associate two parameters h and S defined by 

(2) h = max hT , # = min ST 
Tex Tex 

where hT and ST are the length of the greatest side and the smallest angle, respectively, 
of the triangle (with straight sides) which has the same vertices as the triangle T. 
We restrict ourselves to such triangulations that $ is bounded away from zero as 
h -> 0, i.e. 

(3) 8 ^ 90 , 90 = const > 0 . 

Let Tbe a curved boundary triangle and Pl9 P2, P3
 a local notation of its vertices. 

Let Pi(xt, y,), PJ(XJ, ys) be the end points of the curved side of Tand let 

(4a) <Pij(t) = [<p(sj + Sijt) - xj - Xijt]l(l - t), 

(4b) Tij(t) = 0(5,. + ^jt) - yj - )V]/0 - 0 

where 

(5) xtj = Xi - xj , ytj = y,- y} , su = st - Sj . 

The symbols sk (k = i,j) denote the values of the parameter s for which 

(6) xh = cp(sk) , yk = ij/(sk) , k = i,j . 

For the sake of brevity, it is convenient to set 

(7) Xi = xn , yt = yn , s( = sn . 

In what follows we shall use the notation xi9 yt even if one of the vertices lies inside 
of Q. 
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Finally, let T0 denote the triangle (with straight sides) which lies in the £, //-plane 
and has the vertices Rx(0? 0), R2(l, 0), P3(0, l). Now we are ready to formulate the 
following theorem. 

Theorem I. Let T be of class Cg + 1, q ^ 1. Let the local notation of the vertices 
of T be chosen in such a way that P2P3 is the curved side of the triangle T If (3) 
holds and hT is sufficiently small then each of the transformations 

(8a) x = x(Z, n) = x, + x2£ + x3n + { $32(n) , 

(8b) y = y(i, rj) == y, + y2£ + y3n + { W32(rj), . 

(9a) x = x(£, n) = x, + x2£ + x3rj + n <P23(£), 

(9b) y = y(L rj) = yx + y2£ + y3n + n <P23(£) 

maps T0 one-to-one onto T. TheJacobian J(£, n) of each of these mappings is different 
from zero on T0, the sides B1P2 and R1R3 are linearly mapped onto the straight 
sides P!P2 and PxP3, respectively, and the side R2R3 is mapped onto the arc P2P3. 
The mappings (8), (9) as well as their inverse mappings are of class Cg. In addition, 

(10) cvhT S \J(L n)\ ^ c2hT , c( = const > 0 , 

(11) D*x(£, n) = 0(h™) , D*y(^ n) = 0(h™) , 1 ^ |a| ^ q , 

(12) D%x, y) = 0(hT
l) , Da;/(x, y) = 0(hT

x) , l^\o\^q. 

Proof. Except for (12), the proof is a slight modification of the proof of [10, 
Th. 1]. Thus we omit it. To prove (12) let us differentiate the relations x = x(£, 77), 
y = y(£, n) with respect to x and y. Solving the equations obtained we find 

(13) ^ L ^ J - 1 ^ ^l^-j~id-l ^ ^ - J - 1 — dtl^j-tfa 
dx dn dx d£ dy drj dy dc 

The relations (10), (11), (13) imply (12) in the case |a| = 1. 
Let us suppose that we proved (12) for |a| ^ n. We shall prove (12) for |a| = n + 

+ 1 ^ q. Each of the derivatives Da£(x, y), Dan(x, y) with |a| = n is a linear 
combination of expressions of the type 

(14) [./(£, „)]-* [D*J($, n)Y l»"S(x, y)Y [-"-ft»?)] 

where |a| < n, |/?| < n, \y\ ^ n and £ = £, or n, z = x or y. It holds 

[j(Z, nj\-k = o(h-T
2k), [D"j(i, r,)]' = o(h<r

2+l")p), 

[D"C(x, y)]r = 0{hrr) , D?z(t;, n) = W ) . 
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We can easily find 

f {['(€.*)]-*} = o(h?2t), f {[flV(^F) = o{hr^p), 
Ow Ow 

f {[D%x, y)]'} = 0 ( h - ) , A {Wz(Z, «)} = O(hW) 
OW Ow 

where w = x or y. Thus the estimate of the first derivatives of (14) is the same as 
the estimate of (14). This proves (12). 

R e m a r k 1. In [9], [10], [11], where the curved triangles were first introduced, 
another local notation of vertices of Tis used: the curved side of Tis denoted there 
by PiP3. It should be noted that each of the possible local notations allow a construc-
tion of curved triangular Cm-elements. However, if we use the same notation as in 
Theorem 1 then the expressions defining Cm-elements are less cumbersome than 
in other cases. 

R e m a r k 2. The arithmetical mean of the right-hand sides of (8) and (9) gives 
the transformation 

(15a) x = x± + x2£ + x3n + ±[f * 3 2 0 0 + n *2 3({)] > 

(15b) y = y! + y2£ + y3n + ±[£ W32(n) + n !P23({)] . 

This is in another notation the transformation (3.5) of [6]. 
The transformations (8) and (9) (or the transformation (15)) do not allow to con-

struct curved finite Cm-elements (m ^ 1). In order to obtain such a transformation 
we must approximate the functions cp(s), \J/(s) by polynomials and change the defini-
tion of the functions #, W. 

In what follows we restrict ourselves to the mapping (8). Let cp*(i) and ^*(t) be 
polynomials of degree at most n which satisfy (cf. (6)) 

(16) <p*{0) = x2, cp*(l) = x3, <A*(0) = y 2 , «A*(1) = J 3 , 

P2(x2, >'2), P3(x3, y3) being the end-points of the curved side of T. Then 

(17) <p*(t) = x2+ x32t + t(l - t) Pl(t) , 

(18) ^*(t) = y2 + y32^ + t(\ - t)p2(t). 

The polynomials pt(t), p2(t) depend on the form of approximation of the curved 
side of T. We restrict ourselves to the case n = 2r + 1 (r ^ q + 1) and require 
cp*(t)9 \J/*(t) to be Hermite interpolation polynomials of the functions cp(s2 + s32t), 
\j/(s2 + s32t) uniquely determined by the function values and all derivatives up to 
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order r inclusively at the points t2 = 0 and t3 = 1. This leads, with respect to (16), 
to the following additional conditions for (p*(t) and i/>*(t): 

(19) s\2 <pm(Si) = q>*»\t,) , k - 1 r ; i = 2, 3 (t2 = 0, i3 = 1) , 

(20) s\2 ^k\st) = tfr*«(t,) , fc = 1, . . . , r ; i = 2, 3 

which form 2r conditions for the polynomials pt(t) and p2(t) of degree 2r — 1, 
respectively. 

If the curved side P2P3 lies on a curve y = f(x) then the parametric equations 
of P2P3 are x = x2 + x32t, y = f(x2 + x32t) , t e [0, 1]. In this case s32 = x32, 
(p*(t) = x2 + x32t and the conditions (19) are automatically satisfied. 

It should be noted that the curve 

(21) x = cp*(t), y = ^*(t), te [0,1] 

has the same derivatives dJyjdxj (j = 1, . . . , r) at the points P2, P3 as the curve (l). 
Let <P32(t) and W*2(t) denote the functions obtained by replacing the functions 

<p(s2 + s32t) and \j/(s2 + s32t) in (4a) and (4b) by their interpolation polynomials 
cp*(t) and \jj*(t), respectively. With respect to (17) and (18), we can write 

(22) <P*32(t) = t Pl(t), y»2(t) = t P2(t). 

If we replace in (8) the functions <P32(r]), xP32(r]) by the functions (22) we obtain 
the transformation 

(23a) x = x*(£, rj) = xx + x2£ + x3r] + ^ Pl(rj) , 

(23b) y = y*(t, rj) = yx + y2^ + y3r] + & p2(n) . 

Theorem 2. Let T* be a curved triangle with straight sides PXP2> P1P3 and a curved 
side P2P3 the parametric equations of which are given by (21). If (3) holds and hT 

is sufficiently small then the transformation (23) maps T0 one-to-one onto T*. 
The Jacobian J*(£, n) of the mapping (23) is different from zero on T0, the sides 
PiR2 and RXR3 are linearly mapped onto the straight sides PiP2 and PXP3, 
respectively, and the side R2R3 is mapped onto the arc P2P3. In addition, 

(24) cxhT = \J*(£, n)\ ^ c2hT , ct = const > 0 , 

(25) DV% rj) = 0(h\p) , D«y*(£, n) = 0(h™) , |a| = 1, 2, . . . 

(26) D*£*(x, y) = 0(hT") , D*n*(x, y) = Ofa1) , |a| = 1, 2, . . . 

where 

(27) Z = Z*{x,y), t, = r,*(x,y) 

is the inverse mapping to the mapping (23). 
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The proof is again omitted because it follows the same lines as the corresponding 
considerations in [11]. 

2. CONSTRUCTION OF CURVED Cm-ELEMENTS 

In this section we shall use the transformation (23) for constructing curved triangu-
lar finite Cm-elements. The definition of a curved finite Cm-element depends on the 
choice of the Cm-element which is used on the interior triangles of the given triangula-
tion of Q. Let us decide to use the generalized Bell's Cm-element [5] on these triangles. 

Let us substitute the curved triangles T of the triangulation of Q by the curved 
triangles T* described in Section 1 and denote such a changed domain by Qh. Our aim 
is to construct on the curved triangles T* functions which give, by piecing them 
together with generalized Bell's elements, functions from Cm(Qh). 

The generalized Bell's element is a triangular element with a polynomial of degree 
4m + 1 uniquely determined by the following parameters: 

(28) Daw(Pl), |a| = 2m , i = 1, 2, 3 , 

(29) D«w(P0) , |a| = m - 2 

where P1? P2, P3 denote the vertices of the triangle in a local notation and P0 is the 
centre of gravity of the triangle. On the contrary to [12] no parameters are prescribed 
on the sides of the triangle. These parameters are substituted by the requirement 
that the k-th normal derivative dk w/dn^j be a polynomial of degree 4m + 1 — 2k 
(k = 1, . . . , m) along the side PtPj (i < j , i = 1, 2; j = 2, 3). Thus we want 
to construct on T* a function w(x, y) with the following properties: 

(a) The function w(x, y) is uniquely determined by the parameters (28) prescribed 
at the vertices of T* and (if necessary) by some parameters prescribed in the interior 
T* of T*. 

(b) The function w and its k-th normal derivative dkw\dn\j (k = 1, . . . , m) are 
polynomials of degree 4m + 1 and 4m + 1 — 2k, respectively, in one variable 
along the straight side PiP/ (j = 2, 3). These polynomials are uniquely determined 
on each straight side by the parameters prescribed at the end-points of this side. 

(c) The function w*(£, n) given by the relation 

(30) ^,fl) = w(x*(^,r1),y*(i,ri)) 

is a polynomial; here the functions x*(£, rj), y*(£, n) are defined by (23). 
Let us suppose for a moment that there exists a function w(x, y) with properties 

(a) —(c) and analyze the properties of the polynomial w*(£, n). The basic result 
of this analysis will be the relations (51), (57). We sketch how to obtain them. 
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Let the set of normals in the triangulation rh of Qh be given in such a way that 
the unit normal vector n{j to each straight side PiP, of each curved triangle T* is 
defined by 

(3D »u-(yjllij, Sjlhj) 0 = 2,3) 

where liy is the length of the segment PjPy. Let us define the functions 

(32) fk(i) = ( ( j 2 £ - x2 0 w) (x*(t, 0), y*(i, 0)) , 

(33) gk(n) = ( (y 3 £ - *3 ~ Y w) (x*(o, i,), v*(o, n)) 

where k = 0, 1, . . . , m. The expression on the right-hand side of (32) must be inter-
preted in the following way: First we apply the operator (y2 djdx — x2 djdyf on the 
function w(x, y) and then we set x = x*(£, 0) == xt + N2c, y = y*(£, 0) = yx + 
+ y2£. A similar rule holds for the right-hand side of (33). Using (31) we can express 

fk(£) and gk(rj) in the form 

(34) A(£) = /*2 ~ (x, + x£, y, + y£), k = 0, 1, . . ., m , 
8nl2 

~>k 

(35) gk(n) = /*13 - + (x, + x3n, yx + y3n), A- = 0, 1, ...,m . 
дn\ 

Owing to the requirement (b) the expressions (34), (35) show that the functions 

fk(£)> Qk(ji) a r e polynomials of degree 4m + 1 — 2k (k = 0, 1, . . ., m). The para-
meters fk

J)(0), f[J)(\) and g^'^O), g(
k

J)(l) (j = 0, 1, . . . , 2m - k) uniquely determining 
fk(£) and gk(f]), respectively, are linear combinations of the parameters (28). We 
obtain them from (32), (33) by means of the rule of differentiation of a composite 
function. 

Let us define vectors 

(36) m = (/mjr1^), • •.JL-MMZ))*, 

(37) 8k(n) = (9o
k\n), g(r l\n), • • •, sLM 9k(n)Y -

(38) uk(^) = (ukM(Z), ukA(S), ..., uk,k(c))T, 

(39) vk(n) = (vky0(n), vkJ(n), •••, vk,k(n))T 

where the superscript 7'indicates transposition and where 

(40) uUt) = - - ~ . (x*(t> °)' y*& 0)) (i = 0, I. .. .. k), 
ax. J nvJ 
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(41) v
k,j(ц) 

дxk-Jдy 

W 

~~-(x*(o,
n
),y*(o,n))  (j =  o,\,...,k) 

J
  n  \}J 

Then we can write, according to (32), (33), 

(42)  fk(Z)  =Dkuk(i)  (k  =[,...,  m), 

(43)  gk(n) = Gkvk(r,)  (k  =  l,...,m), 

where  Dk and Gk are square matrices with  k + 1 columns. The entries of the matrix 

Dk are linear combinations of the monomials  x2y2  (a +  b =  k), and the entries 

of the matrix  Gk linear combinations of the monomials  x\yb

3  (a +  b =  k). The 

explicit expression for the matrices  Dk, Gk can be obtained from (32), (33) by means 

of the rule of differentiation of a composite function. E.g., 

x2 2x2ÿ2 Ѓ2 

X2Ӯ2  Ӯl  -  X\  —  x2ӯ2 

ӮІ  ~2x2ӯ2 
x\ 

It  holds 

(44) 

(45) 

DkDk  = (x2

2+ӯ2

2)Чk+1  (k  =  l,...,m), 

GkGk  =(x2

ъ+ӯl)Чk+1  (k  =  \,...,m) 

where  (
f c + 1

  is  the unit  matrix  with  k  +  1 columns. 

Let  us  set 

(46)  Mk  = (x\  +  y2

2y  N
t 

(xl  +  ӯl 

The  relations  (42)-(46)  then  imply 

(47)  uk(Z) =  Mkfk(Z)  (k=\,...,m), 

(48)  vk(l)  =  Nkgk(n)  (k=\,...,m). 

Denoting 

(49)  aj  =  xJl(x2  + y2),  fl,  = y^x]  +  f})  (7 = 2,3) 

we  see  from  (46) that  the entries  of  the matrix  Mk  are  linear  combinations  of the 

monomials  a
2
/?2 (a  -\-  b  — k), e.g., 

M , 

a
2
 2a2ß2 

a2ß2 ß2
2 - a2

2 

-2a2ß2 

ßl 

^ 2 

ßì 

and the entries of the matrix Nk are linear combinations of the monomials u."3fl\ 

(a + b = k). 

354 



Now we are able to express the derivative dsw*(£, 0)/OV (1 ^ s ^ m) in a form 
suitable for our considerations. It follows from (30) that 

ôц
s
  дx

s
  \ дц 

\
s
  дw ôsy* 

) + ... + -~ 
/  дy  дц

s 

Considering (50) for the points (£, 77) = (£, 0) we can express the derivatives 
dkwjdxk~j dyj (j = 0, 1, . . . , k; k = 1, . . . , s) by means of (47). We obtain then 

(si) 5r(«• °) - -- I <?«/«)jr^) (i = - = «) 

where the functions 0sfcj({) are of the form 

j t + i 

(52) Qskj(£) = X ^/i(a2 J £2) T
Sfcji(0 • 

i = l 

Each (Tkji(oc2i P2) is a linear combination of the monomials a2p
b
2 (a + b = k) and each 

Tsfc/i(<-0 a linear combination of the products 

/75-iiY* V 1 /dipx* \ipffiXiv* V1 /f)Xrv* Vr 

<53) ( ^ « o ) ) • • • ( ^ - « o ) ) ( i ^ « o ) ) - ( i ^ « - o ) ) 

where 

(54) i„ ^ 1 , j x £ 0 , 4 ^ 1 , jix £ 0 , 

(55) ^ + . . . + j p + rii + . . . + fir = k , 

(56) 1J1 + . . . + ipjp + Aj/i- + . . . ArDr = 5 . 

As the functions x*(£, */), y*(£9 f/) depend on £ only linearly (see (23)) the expression 
for the 5-th normal derivative on the side K!K3 is simpler: 

(57) ^ (0, r,) = i Un) 9TJ\n) (ISsS m) 
d£s j = o 

where 

(58) QM = I o M « 3 , ft) [ ~ (0, nil" [ ^ (0, fl)]' • 

Each 0sJi(a.3, /?3) is a linear combination of the monomials ocj/5^ (a + b = s). 

Finally, the relations (30), (32), (33) imply 

(59) w*(i, 0) = /„({) , w*(0,fj) = g0(n) . 

355 



It follows from (23), (51), (52), (55), (57), (58), (59) that dsw*(£, 0)\dns is a polynomial 
of degree 4m + 1 and d5w*(0, n)\d^s a polynomial of degree 4m + 1 + (n — 2) s 
where s = 0, 1, . . . , m and n = max(rii, n2), nx and n2 being the degrees of the 
polynomials x*(£, n) and y*(£, r\), respectively. Thus, if w*(£, n) is a polynomial it 
is at least of degree N*, 

(60) N* = 4m + 1 + (n - 1) m . 

We shall now construct a polynomial w*(£, rj) of degree N* which satisfies the 
relations (51), (57) and (59). This will be done by means of the following theorem 
which is a consequence of the theorem introduced in [4], p. 31. 

Theorem 3. A polynomial w*(£, n) of degree Am + 1 + (n — 1) m is uniquely 
determined by the following parameters: 

(61) D«w*(Ri), |a| = 2m ; i = 1,2,3 

(62) vv*(Roy), ; = 1, 2, . . . , M ; M = mrc(m/7 - l)/2 

(63) ~ m s ) ) , i = U2; 1 = 2 , 3 ; ; / < j ; r = l , . . . , , ; 
O\7 

s = (n — l) m + k ; k = 0, 1, . . . , m 

where R((i = 1, 2, 3) are the vertices of the triangle T0, d\dv{j the derivative in the 
direction of the normal to the side R{Rp Q\)'s\ . . ., 2o ' s ) the points dividing the 
side RiRj into 5 + 1 equal parts and R0J (j = 1, . . ., M) points lying in the interior 
T0 ofT0 and ordered in the same way as M integers in the Pascal triangle. 

As w*(£, rj) is connected with the function w(x, y) by the relation (30) we can 
express the parameters (61) in the form of a linear combination of the prescribed 
parameters (28). 

To get the parameters (62) let us prescribe in the interior T* of T* the parameters 

(64) w(Poj), j = 1, . . . , M 

where P0j- is the image of the point R0j obtained by the mapping (23). Then, accord-
ing to (30), w*(R0J) = w(P0J). 

As the parameters uniquely determining the polynomials fk(£), gfc(^) (k = 0, 1, . . . 
. . . , m) are known (see the text following (34), (35)) we can express fk(£) and gk(n) 
explicitly. The explicit expression for dkw*(t;, 0)\dnk and dkw*(0, n)\d£k (k = 0, . . . , m) 
can be then easily obtained by means of (51), (57) and (59). Using these expressions 
we find the parameters (63) on the sides RXR2 and KiP3. Each of these parameters 
is a linear combination of the parameters (28). 

As to the parameters (63) on the side K2^3 w e a r e allowed to prescribe them 
quite arbitrarily. Let us prescribe them in such a way that they are linear combina-
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tions of the parameters (28). This means that we require the function dkw*(i — rj, rj)\ 
\dvk

23 to be a polynomial of degree 4m + 1 — 2fc (k = 0, 1, . . . , m). 
Let us order the parameters (28), (64) in a d-dimensional column vector A, d = 

= 3(m + l)(2m + l) + mn(mn - l)/2, and the parameters (61), (62), (63) in 
a d*-dimensional column vector A*, d* = [4m + 2 + (n — l) m] [4m + 3 + 
+ (n — l) m]/2. The preceding considerations imply 

(65) A* = LA , 

where the (d* x d)-matrix L depends on the co-ordinates of the vertices P; of T*? 

on the values of the polynomials P\(r\), p2(rj) and their derivatives at some discrete 
points and on the ordering of the parameters in the vectors A*, A only. 

Theorem 4* Let a vector A be given and let w*(£, n) be the polynomial of degree 
4m + 1 + (n — l)m uniquely determined by the components of the vector (65). 
Then the function 

(66) w(x, y) = w*(£*(x, y), n*(x, y)) 

has the properties (a) —(c). 

Proof. To prove (a) let us set A = 0. Then, according to (65), A* = 0 which 
implies w*(£, rj) = 0. The relation (66) then gives w(x, y) =• 0. 

The property (c) follows immediately from (66) and from the fact that the mapping 
(23) maps T0 one-to-one onto T*. 

To prove (b) let us set 

(67) Fk(i) = ((y2 ~ - x2 -pj w) (x*(Z, 0), >>*(£, 0)) (k = 0, 1, . . . , m) , 

(68) Gk(n) = (()>, £ - x3 -pj w\ (x*(0, t,), y*(0, r,)) (k = 0 ,1 , . . . , m) . 

The considerations introduced in (36) —(58) hold even if A(£), g^) are not poly-
nomials (they do not depend on the form of the functions fk(£), gk(r])). Thus it holds 

(69) ~(^°) = i wo !r^)> 
crjs k = I j = o 

(70) 5 r ( ° ^ ) = iUn)orj)(n)' 

It follows from (66), (67), (68) and from the linearity of the transformation (23) 
along the sides RtR2, BiB3 that 

Fo(Z)=fo(e), G0(n) = g0(n). 
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If we set now in (69), (70) successively s = 1, 2, . . ., m and compare the obtained 
relations with the relations (51), (57) for s = 1, 2, . . . , m we get 

Fj(t) = fj(i) > G/rj) = 9An), J = 1, 2, . . . , m 

which was to be proved. 

3. INTERPOLATION THEOREM 

Let T be a curved triangle the geometry of which is described in Theorem 2 (we 
omit the star in this section). We say that a function w(x, y) is the Cm(T)-interpolate 
of a sufficiently smooth function u(x, y) if 

(71.) D'w(Pi) = Dau(P(), |a| = 2m , i = 1, 2, 3 

(72) w(P0J) = u(P0i), j = 1, . . . , M ; M = mn(™ - l)/2 

and if the function w is constructed according to (66) and the assumption of Theorem 4. 
It should be noted that the definition of the Cm(T)- interpolate includes the assump-

tion that hT is sufficiently small. 

Theorem 5. Let u(x, y) e Hk(T) where 2m + 2 = k :g 3m + 2. Let w(x, j!) be t/ie 
Cm(T)-interpolate of the function u(x, y). Then, for 0 = s = k and sufficiently 
small hTi 

(73 ) ||u - w | | s , T ^ C/zT-s||u|| fc,T 

where the constant C does not depend on the triangle T and the function u(x, y). 

Proof. The proof (as well as the formulation of Theorem 5) is a modification 
and generalization of the proof of [ l , Th. 2]. 

a) Let us set 

(74) u*(£, rj) = u(x*(£, rj) , y*(£, n)) . 

Then the relations (71), (72) imply 

(75) Daw*(K() = Dau*(P,-), |a| S 2m ; i = 1, 2, 3 

(76) w*(R0i) = u * ( B 0 ; ) , j = 1,2, . . . , M 

where the function w*(£, ?/) is defined by (30). Let us consider the linear functional 

(77) F(u*) = (u* - w*, v)s,To 
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where (•, •), To means the scalar product in HS(T0) and v is an arbitrary function 
from Hs(T0).'we shall prove 

(78) F(w*) = 0 , Vu* e P(k - 1) 

where P(k — 1) denotes the set of all polynomials of degree at most k — 1. 

The following relations are obtained in the same way as the relations (69), (70) 

(79) -t!.! (€, 0) = i i Qrpj(S) l[2 ^L \£L (,. + ̂  yt + ",<;)] , 

(80) * '»* ,n . ^ - /  ч  ,J
  d r

~
7
  Г

 ði" / - -  Л 
—  (0,  , )  =  2J  ад)  <iз  — —  — г -  (x,  +  XзЧ,  >  +  Уз,) 
3<Г  j=o  dц

  J
  ]_дn{

3
  J 

where Qrpj(£) and £rjv»?) are given by (52) and (58), respectively, and where r = 1, . . . 
. . . , m. Let w* e P(k — l). Then the left-hand sides of (79), (80) are polynomials 
of degree at most k — r — 1. The linearity of the transformation (23) along the side 
RiRj (j = 2, 3) implies that u(x1 + XjC, yi + y£) is a polynomial of degree at most 
k — 1, where ( = . £ if j = 2 and ( = *? if I = 3. Setting successively r = 1, . . . , min 
(79) and (80) we find that (drujdn\j)(xl + XjC, yx + y,C) is a polynomial of degree 
at most k — r — 1 (r = 1, . . ., m). 

It holds k ^ 3m + 2. Thus (drujdn\j) (xt + XyC- y! + yjC) (r = 0, 1, . . . , m) is 
a polynomial of degree at most 3m + 1 — r = 4m + 1 — (m + r). As r ^ m we 
seethat drw/3ftiyis on PiP, a polynomial of degree at most 4m + 1 — 2r( r = 0, 1, . . 
. . . , m). This polynomial is uniquely determined by the parameters (71) prescribed 
at the points Pl9 Pj. Thus 

(81) T T ^ J ^ on PiPj (r = 0 , l , . . . , m ; j = 2 ,3 ) . 
OX, 3n i y 

The relations (51), (57), (79), (80), (81) imply for r = 0, 1, . . . , m 

(82) _ ! tf, 0) = - I t («, 0 ) , - _ ! (0, , ) = _ - - (0, , ) . V 5»/r 7 5/yr d? 5 f 

To derive a similar relation on the side R2R3, i.e. the relation 

(83) ^ ( i - , , , , ) ^ ^ ! ^ - , , , ) (r = 0 , 1 , . . . , m ) , 
dv23 dv23 

is simpler: According to the definition (see the text following Theorem 3), the right-
hand side of (83) is a polynomial of degree 4m + 1 — 2r. As k S 3m + 2, r g m 

the left-hand side of (83) is a polynomial of degree at most 4m + 1 — 2r. Thus (83) 
follows from (75). 

359 



The relations (75), (76), (82), (83) and Theorem 3 imply u* = w*. Since F(u*) 

is of the form (77), the relation (78) holds, 

b) It follows from (77) that 

(84) K"*)| = IIHUTo(ll«1kTo + IMkT0). 

We estimate now ||w*||fct-r0 by means of ||u*||fc,T0- It holds 

(85) w*(£, n) = Y at r t f , r,) 
1 = 1 

where al9 . . . , ad* are the parameters uniquely determining the polynomial w*({, rj) 

of degree N* (see Theorem 3) and r£(cj, rj) (i = 1, . . . , d*) are the basis functions. 

As the polynomials r,(^, 77) are defined on the fixed triangle T0 they are bounded 
together with their partial derivatives by absolute constants. Thus it holds 

(86) ll"1*,r„ á I N • I N k r o á C £ h 
d* â* 

I 
» = 1 

As k ^ 2m + 2 and the relations (75), (76) hold we get for the parameters a} prescri-
bed at the vertices Rj, R2, R3 and in the interior T0 of T0 the following estimate 
by means of the Sobolev lemma: 

(87) \aj\ S C\\u*\ k,T0 ' 

In (86), (87) and in the following text we denote by C an absolute constant not 
necessarily the same in any two places. 

The estimate (87) holds also for all parameters which are linear combinations of the 
parameters (75), i.e. for the function values on all three sides RtRj and for all normal 
derivatives on the side B2^3- It remains to estimate the normal derivatives on the 
sides RtRj (j = 2, 3). 

According to (51), it holds 

(88) ??<í.o) 
crf 

йí  IЫí)l-lfГJ,
(c)l 

p=\ j=0 

First  we  estimate |Orp7-(£)|. The assumption (3) together with the sine theorem gives 
(xj + y])112 ^ hT sin S0. As Xj = 0(hT), yj = 0(hT) we obtain from (49) a, = 
= 0(h~% pj = 0(hT

l). Thus vpji(a2,p2) = 0(hT
p). Using (25) and (56) we find 

TrpS) = 0(hr
T). Hence 

(89) \Qrpj(Z)\ ^ ChT~p <; C 

because r J> p and hT is sufficiently small. The estimates (88) and (89) give 

(90) Ï V ( U | С £  Ц / Г
J

' ^ ) I  ( г -  ! , . . . , « ) 
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In the same way we can obtain from (57) the estimate 

= C i \9r
J)(>l)\ (r = l , . . . ,m) . (9i) ;ïг(

0
^) 

І  дł; 
1 = 0 

As the functions f
0
(£) and g

0
(^) are Hermite interpolation polynomials of degree 

Am + 1 uniquely determined by linear combinations of the parameters (75) it holds, 

according to the Sobolev lemma, 

(92) |/S°(€)| S C\\u*\\kfTo, c e [0, 1] , j = 1, . . . , m , 

(93) | ^ 0 % ) | ^ C | | u * | | , , r o , f / e [ 0 , l ] , J = l , . . . , m , 

According to (b) and (32), fi(£) is an Hermite interpolation polynomial of degree 
Am — 1. In order to estimate |fiJ)(£)| where <J e [0, 1] and j = 0, . . ., m — 1, it 
suffices to estimate |fi°(0)| and |fi°(l) | (i = 0, 1, . . . , 2m - 1). We have, according 
to (32) and (71), 

(94) f</>(0) = xiy2 f ^ (PO + . . . - x2yi ^ (PO , j ^ 2m - 1 . 
Ov Gy 

If we express the derivatives D^Pj) (|a| = j + 1) by means of the derivatives 
Da u*{Rt) (1 ^ |a| ^ j + 1), i.e. if we use relations of the type 

dJ+lu ,„ v a i + 1 u* ,_ v (d£* ,„ A ' /O^* ,_ Aj + 1~l 

a^(P,)=9^(R,)(f(P,))'(f(„)y 

we obtain from (94), according to (26) and Xj = 0(hT), yj = 0(hT), 

(95) |f</>(0)| ^ c / l f c ^ 1 " 1 I | D - I I * ( ^ ) | } 
i = l |a| = i 

where j = 0, . . . , 2m — 1. In the same way we obtain 

(96) |/™(0)| g C{'i:Vp--1 |D' «*(«!)[} , 0 g ; ^ 2 m - p . 
i = l |a| = i 

As hT is sufficiently small we get from (96) by means of the Sobolev lemma 

(97) [/«>(0)| ^ C||u*||t,ro, 0" = 0, 1, . . . , 2m - p) . 

In the same way we can estimate 

(98) | / f ( l ) | ^ C|u*| | t i T o , (; = 0, 1, . . . , 2m - p). 
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The relations (97), (98) give for the polynomial fp(^) of degree 4m + 1 — 2p and 
its derivatives the following estimate: 

(99) \fp
j)(()\ ^C| |n*| | f c f T o , £ e [ 0 , l ] , j = 0 , l , . . . , 2 m - p , 

p = 1, . . . , m . 

The estimates (90), (92) and (99) imply 

ѓC\\u*\\
k
,

To
, É є [ 0 ,  L] ;  r = l ,  . . . , (100)  ^ f c o ) 

Ôľf 

Similarly, 

(101) 
д

r
vv*  ,  v 

^ ( M ) 
^  С| |м* | |

л > Г о
,  1/6  [0,  1]  ;  г  =  1,  . . . ,  т  . 

It  follows  from  (100)  and  (101)  that  the  estimate  (87)  holds  also  for  the  normal 

derivatives  on the sides R
x
Rj  (j  =  2, 3). The estimates (84), (86), (87) then  imply 

(102)  |Ғ(и*)|  й  C|H|..
Г o

  ||и*  \k,T
0 

c)  Now  we  use  the  Bramble-Hilbert lemma  which  we  formulate  for  the purpose 

of  this paper as  follows  (cf.  [3, Ch. 8, Th. 3]): 

Lemma 1.  Let  Q  be  an  open  subset  of  E
n
  with  a  Lipschitz-continuous  boundary. 

Let  f  be  a  continuous  linear  functional  on  the  space  W^(Q)  (1  ^  p  :g  oo) with  the 

property 

f(v)  =  0 ,  V v e P ( k -  1). 

Then  there  exists  a  constant  C(Q)  such  that 

| /0) |  ^  C(Q)  | / | | * ,,„  \v\
kiPia

  ,  V, «=  Wf\Q) 

where  || • ||*,p>Q is the norm in the dual space of Wp
:k)(Q). 

According to (102), the linear functional F(u*) is continuous with the norm equal 
to or less than C||v||r>To. As (78) holds Lemma 1 gives 

(1 0 3) \F(u*)\ £ C\\v\\StTo \u*\KTo, Vu* e Hk(T0) . 

Choosing v = w* - w* we get from (77) and (103) 

(104) ||M* ~ w* 
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The theorem on transformation of multiple integrals and Theorem 2 imply the 
estimates 

(105) | | u - vv||s>T g C/7T-S||u* - vv*||s>ro, 

(106) \u*\kiTo = Chk
T^\\u\\k>T . 

Combining the inequalities (104), (105), (106) we obtain the estimate (73). Theorem 5 
is proved. 

4. THE MODEL PROBLEM. ^-INTERPOLATES 

In this section we use essentially the approach of Ciarlet and Raviart [2] and 
Ciarlet [3] which we generalize to the case of elliptic equations of order 2(m -f l). 

We shall consider as a model problem the Dirichlet problem 

(107) Au = ( - 1 ) - + 1 £ D*(aapD
pu)=f in Q, 

| a | , | j 3 | = m + l 

(108) Dau|r = 0 , |a| S m 

where F is a smooth boundary of Q and aap( = aPa),f are sufficiently smooth functions 
(the smoothness will be specified later). The weak solution of the problem (107), (108) 
is a function u e V = Hm + 1(:Q) = W^m+i)(Q) satisfying 

(109) a(u, v) = l(v), Vv G V 

where 

У i (110)  a(u,  v) = £ f f aal)(D°u) (D>v) dx d 
|«U/»l=m+lJJfl 

(111) /(»)« j j fvdxdy. 

We assume that there exists a constant p. > 0 such that the inequality 

(112) Z a^x, >>)«, ^ n Z £ 
| a | , | 0 |=m+l |a |=ro+l 

holds for arbitrary (x, y) e Q and for arbitrary values of £a. Using the Friedrichs 
inequality, we see from (110) and (112) that the form a(u, v) is V-elliptic. 

Piecing together in the triangulation xh of Qh the generalized Bell's Cw-elements 
and the curved Cw-elements described in Section 2 let us construct a finite dimensional 
space Vh which satisfies 

(U3) ^ C W -
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The natural way of defining the discrete problem associated with the space Vh consists 
in finding a function uh e Vh such that 

(114) dh(uh,vh) - lh(vh), Vv„eV* 

with 

(115) ah(v,w) = X ãaß(IУv)(D'n)dxdy, 
Q

h
 | a | , | B | = m + l 

;iiб)  i ИJ fv  dx  dy 

where  the functions  d
aP

  and fare  extensions of  the functions  a
aP

  and f  to  the  domain 

Q
h
,  when  Q

h
 <£ Q. In other words, we are actually approximating the solution of the 

problem 

(J 17) Ahu = ( - l f + 1 X trfapDfiu) = J in 0 , , 
|a | , | /J | -=m+l 

(118) Dau|,h = 0 , |a| S m 

where rh is the boundary of Qh. 

As we shall consider a family of discrete problems, with the defining parameter h 

approaching zero in the limit, we shall make a natural assumption that there exists 
a bounded domain Q such that 

(119) Q c Q and Qh c Q for all h . 

By the Tietze-Urysohn theorem the functions aaP and f have (non unique) conti-
nuous extension to E2. The extension/off will be defined by (131). As to daP we shall 
use in (115) those of the extensions of aaP which extend also the validity of (112) to 
a domain Ql ZD Q (the reason will be explained in Section 5, Corollary l). It is irre-
levant that these extensions are not unique because the results will not depend upon 
them. (This will be a consequence of using approximate integration with integration 
points lying in Q.) So let us assume that a certain choice of the extensions daP has 
has been made once for all. Then the bilinear form dh(v, w) defined over Hm + 1(Qh) x 
x Hm + 1(Qh) by (115) is continuous and moreover, by (H9) there exists a constant 
M depending on Q only such that 

(120) \ah(u9v)\ g M | | u | | m + 1 A | | v | | m + 1 ^ , Vu:veHm+\Qh). 

IfQh c£ Q we do not know the values of aaP, / i n Qh — Q. In this case it is impossible 
to evaluate the integrals in (115) and (116). To avoid this difficulty we use numerical 
integration and make the basic assumption that for all h the integration points Bt 

lie in the set Q. Then 

(121) ajBt) = a^B,), / ( B , ) - - / ( B , ) . 
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Let  us  have  at  our  disposal  a  numerical quadrature scheme over  the  unit  triangl 

T
0
  (e.g., some of  the  conical product formulas  which are known  for  arbitrary  degr 

of  precision  [8]) 

le 

•ee 

(122)  P*(5,ч)dÉd
Ч
-£»***(**). 

where co* are the coefficients and B* the integration points of the formula. According 
to the theorem on the transformation of multiple integrals, we have 

(123) \\ co(x, y) dx dy = [[ <p(x*(t, r,), y*(<;, tj)) \J*(t;, tj)\ dc di, = 
J J T J J To 

<p*(i, n) \j*(t, i,)| d<t dn. 
To 

The relations (122) and (123) imply 

(124) 

with 

(125) 

<p(x, y) áx áy ~ X  ^ І . Г ^ Í , 
JT <=1 

a>hT = co*\j*(B*)\ , B , r = (x*(B*), y*(B*)) 

Let us approximate the bilinear form (115) and the linear form (116) by means 
of (124), i.e., let us define a bilinear form ah(v, w) and a linear form lh(v) by 

(126) 

(127) 

я/,0>
w
)  =  l  f<».,r  I  (a^JУvDfv,) ( ß ,

г
) , 

Tєт
h
  i = l  | a | , | / i | = m + l 

/
*(»)  = I  E  »«.!</») (-»«.r). 

TeTh  i = l 

In  (126) and (127) we  use  (121) and write  a
a
p  and /  instead of d

aP
  and f  respectively. 

The  symbol  I
T
  expresses  that  we  may  use  different  numerical quadrature schemes 

(124) on different  triangles Te  x
h
.  (For more details see Section 5.) 

We  replace  now  the  discrete  problem  (114)  by  the  following  discrete problem: 

Find  u
h
  e  V

h
  such  that 

(128)  afc(Wft>  »h)  =  lh(
V
h)  i  Vv

f t
  G  V

h
  . 

In  applications we  always  solve  the  problem  (128).  As  all  integration points  B
iT 

belong to  Q the discrete problem (128) is  independent  of  the choice of  the extensions 

fi*pij-  Now  we are ready to formulate an abstract error  theorem. 
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Theorem 6. Let a family of discrete problems (128) be given. We assume that 
(119) holds and that there exists a constant y > 0 independent of h such that 

(129) ah(vh,vh)^y\\vh\\
2

m+lfQh, Vv„ e Vh, Vh . 

Then the unique solution uh of the discrete problem (128) satisfies the inequality 

(iso) \\a - uh\\m+1A i c r s u p l M ^ J « l + 
L^eVh | |WA | |m + 1 > r 2 h 

+ inf {||« - vh\\m+USih + sup i f e p ) - - ^ 1 1 } ] 
«^H [ WhSVh | | W A | | m + l f 0 | i J J 

where u is any function in Hm + 1(Q) and C is a constant independent of u and h. 
We omit the proof because it follows the same lines as the proof of [2, Th. 1] and 

[3, Ch. 11, Th. 1]. We make now some comments to Theorem 6. 
The assumption (129) is a "uniform" eilipticity assumption (i.e. independent 

of h) made upon the discrete problems. A sufficient condition for (129) will be given 
in Section 5. 

When Qh = Q (and thus Q = Q) we set u — u where u is the solution of the problem 
(107), (108). When Qh <+z Q a natural candidate for the function u of Theorem 6 will 
be any extension u e Hm+1(Q) of the function u. Notice that in this case 

(131) Ahu = / in Q 

so that A^u is an extension of / to Qh. This fact enables us to explain the meaning 
of the first term on the right-hand side of (130): It represents the contribution to the 
error of the numerical integration used on the right-hand side of (128). To prove 
it let us write, according to (116), (117) and (131), 

(132) 7A(wA)= [[ (Ahu)whdxdy= [[ [ ( - 1 ) " + 1 I D\aa^u)\ . 
JJnh JJnh \*\,m = m+i 

. wh dx dy . 

Let wh e Vh. Then, using Green's theorem and the relation aaP = afia, we can write 
(132) in the form 

(133) lh(wh) = ah(u, wh) (wh e Vh) . 

Thus 

(134) a(u, wh) ~ lh(wh) = lh(wh) - lh(wh) 

which was to be proved. 
The second term on the right-hand side of (130), i.e. inf j|u — vh\, is a generaliza-

tion of the usual term of the approximation theory: if Q — Qh,u — u and no numerical 
integration is used we obtain the well-known upper bound for the error. 
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The  third  term  on  the  right-hand  side  of  (130)  represents  the  contribution  to  the 

error  of  the numerical  integration  used  on  the  left-hand  side  of  (128). 

All  three  terms  on  the  right-hand  side  of  (130)  will  be  estimated  in  Section  5. 

At  the  end  of  this  section  we  mention  the  so  called  ^-interpolates  which  will  play 

an  important  role  in  Section  5. 

The function  w(x,  y)  is called  a  C
m
(jQ

A
)-interpolate  of the function  u(x,  y)  if  w(x,  y)  e 

e  C
m
(Q

h
)  and  is  pieced  together  from  the  generalized  Bell's  C

m
-elements  and  curved 

C
m
-elements  which  on each Triangle  of T

h
  interpolate the function  u(x,  y). 

The  function  w(x,  y)  is  called  a  ^-interpolate  of  the  function  u(x,  y)  if  w(x,  y) 

belongs  to  V
h
 and  is  a  C

m
(O

ft
)-interpolate  of  u(x,  y). 

We  want  to  know  how  to  construct  the  domain  Q
h
  (or  the  finite  dimensional 

space  V
h
)  to  be  sure  that  every  function  satisfying  the  boundary  conditions  (108) 

and  being  sufficiently  smooth  has  a  ^-interpolate.  To  this  end  let  us  consider  an 

arbitrary  boundary  triangle  T  of  the  triangulation  T of  Q.  As  usual,  we  denote  its 

curved  side  by  P
2
P

3
.  If  follows  from  (108)  that 

(135)  D*u((p(s),  i//(sj)  =  0  ,  |a|  ^  m ,  s e  [s
2
,  s

3
]  . 

The  relations  (135)  imply 

d
k 

(136)  —  D*u((p(s), i//(s))  =  0  ,  |a|  =  m  ;  k  =  1,  . . . ,  m . 
ds 

E.g.,  in  the  case  m  =  1 the  relations  (136)  have  the  form 

<P'(S)~M
S
)>  *(*))  +  *'(-) T T T -

 (<?(s)
' *W>

 =
  °' 

ox  ox  dy 

<P'(
S
) -f^(v(s), m  +  *'(-) ~  W-). *(-)) - o. 

ox  dy  dy 

It  should  be  noted  that  owing  to  (135)  the  relations 

d* 

ds' 

—  D"u((p(s),  ф(s))  =  0  ,  |a |  <  m  ;  k  =  1,  . . .  ,  2m  -  |a|  , 

where  |a|  +  k  >  m,  are  linear  combinations  of  the  relations  (136). 

Let  r  ^  m in  (19), (20).  Let  us  set  s  =  s
t
  (i  =  2, 3) in  (135),  (136)  and  use  the  rela­

tions  (19), (20)  and  the  fact  that  w(x,  y),  the  C
m
(.Q

A
)-interpolate  of  u(x,  y),  satisfies 

(137)  D
a
w(P

t
)  =  D

a
u(P

;
),  |a|  ^  2m  (i  =  2,  3) . 

Then  we  obtain 

(138)  D
a
w(P,.) =  0  ,  |a|  ^  m ,  i  =  2, 3 

(139)  ^ £ aM>*(0 > **(t))\t = t2.t, = 0 , |a| = m , k = 1, . . . , m . 
d r 
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E.g., in the case m = 1 the relations (139) have the form 

ð 2 w , _ , , .,,
  ч

 õ2 
w </>*'('.) ji (P,) + rVd ~ (P'-) = ° ' (' = 2- 3) -

Ox Ox Oy 

<?*'('.) / j - (P.) + r\u) £ ? (P,) = 0 , (i = 2, 3). 
Ox Oy Oy 

The relations (138), (139) imply 

(140) i ^ * - ( R . ) = o , k = 0, . . . , 2 m -j; j = 0, . . . , m ; i = 2, 3 
Ov Ov23 

where 3/crr is the derivative in the direction R2R3. (Details are even in the case m — 1 
cumbersome and we do not introduce them.) As dJw*\dvJ

2Z is a polynomial of degree 
4m + 1 - 2j on R2R3 (j = 0, 1, . . . , m) it follows from (140) that dJw*\dvj

23 = 0 
on Iv2K3 (j = 0, 1, . . . , m) and thus 

(141) Daw*(£, i/) = 0 , |a| g m on R2R3 . 

Using Theorem 2 we obtain from (141) that Daw(x, y) = 0 , |aj g m on the curved 
side P2P3 of the triangle T* which has the same vertices as the triangle T. Thus we 
have obtained 

Lemma 2. Let n ^ 2m + 1, i.e. let r ^ m in the relations (19), (20). Let a function 
u(x, y) belong to C2m(Q) and satisfy the boundary conditions (108). Then the 
Cm(Qh)-interpolate of u(x, y) is the Vh-interpolate of u(x, y). 

5. THE EFFECT OF NUMERICAL INTEGRATION 

First we define the error functionals by 

(142) ET(cp) = cp(x, y) dx dy - £ coitTq>(BitT) , 

(143) E*(cp*) = [[ cp*(£, rj) dtdn-Z co* <p*(B*) . 
J J To *= 1 

According to (122)-(125), it holds 

(144) ET(<p) = E*(cp*J*) . 

Taking into account (115), (121), (126) and (142), we can write 

(145) ah(vh, wh) - ah(vh, wh) = £ ET( £ da^vhDpwh) 
Texh \«\,\p\=m+l 
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We have with respect to (144) 

(146) ET( _ a^DWw,) = £*( _ a^D'v,,)* (D'w»)* J*) . 
\a\,\fi\=m + l \a\,\fi\=m+l 

Our aim is now to express (Dav)* by means of Dyv*. According to the rule of differen-
tiation of a composite function we have 

d«*+*2w dai+a2w* (d£*\ai [dZ*\a2 , , dw* dai+a2n* 

3xai OY2 dC 2 \dxj \dyj drj dxai dy*2 

or in a more concise form 

(148) Daw(x, y) = X bav(x, y) D V ( { , rj) , |a| = m + 1 
l ^ | y | ^ m + 1 

where the explicit expressions for bay(x, y) can be obtained by comparing the right-
hand sides of (147) and (148). If we express the derivatives Da£*(x, y), Darj*(x, y) 
in the same way as we did in the proof of Theorem 1 (see (13) etc.) we can transform 
the functions bay(x, y) to the functions h*y(£, rj). Then we obtain from (148): 

(149) (Daw)* = £ b*yD
yw* , |a| = m + 1 . 

l ^ | y | = m + 1 

Inserting (149) into (146) we have 

(150) ET( £ aapD
avhDfiwh) = 

\a\,\p\=m+l 

= E*( X a*apb*ayb*pdJ*Dyv*hD
5w*h). 

\a\,\p\-m+l 
l^\y\,\d\^m+l 

Lemma 3. It holds 

(151) D\b*ayb*dJ*) = 0(h2
T-M~W + M) . 

The relation (151) is a generalization of the relation (5.9) of [6] and can be proved 
by means of (24), (25) and (26). The following Lemma 4 is proved in [3, Ch. 8] and 
Lemma 5 in [11]. 

Lemma 4. Let <p e W^k)(T), w e W%\T). Then the function <pw e W^k)(T) satisfies 

k 

0 5 2 ) WW\kA.T ^ C £ \<p\k_j$q>T IHLocT 
I = 0 

where C is a constant depending only upon the integers k and q. 
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Lemma 5. Let k be a given integer. There exists a constant C independent of 
v* e P(k) such that 

(153) |-*|J§To S CM.,ro - O^i^j, Vt>* e P(k), 

(154) \v*\j,ao,To^C\v*\hTo, j^O, Vv*eP(k), 

P(k) being the space of all polynomials of degree not greater than k. 
The proofs of the following two theorems are generalizations of the proof of [3, Ch. 

11, Th. 4] . 

Theorem 7. Let 

(155) E*(cp*) = 0 , V(p* e P(2N* - 2(m + l)) 

where N* = 4m + 1 + (n — l)m for the curved elements (cf. (60)) and N* = 
= 4m + 1 for the interior elements. Then 

(156) |ET( X aapD*vhDl>wh)\ ^ ChT( £ | |^ |U.-m ,co.r) • 
\a\,\P\=m+l \a\,\p\=m+l 

• | |^|U+i,r | |w f c |U+ 1 , r 

where C is a constant independent of hT, vh and wh. 

Theorem 8. Let r ^ m + 1 be a given integer and let 

(157) E*(il/*) = 0 , Vi/J* G P(r + N* - (m + 2)) 

where N* is the same as in Theorem 1. Then 

(158) \ET( £ dapD-vhD^wh)\ <; 
\cc\,\p\=m+l 

S ChT( £ | | ^ | | r , o o , T ) | | ^ | | r + m+l ,T | K | | m + l , T 
\a\,\fi\=m+l 

where C is a constant independent of hTi vh and wh. 

Proof of Theorems 7 and 8. A typical term on the right-hand side of (150) is 
of the form 

(159) E*(c*Dyv*D3w*) 

with |y| = \3\ = m + 1 for the interior elements and with 1 ^ \y\, \S\ :_ m + 1 
for the boundary elements. The function c* is given by 

(160) c* = a>a>;,J*. 

As v*, w* e P(N*) it holds Dyv* e P(N* - |y|), D5w* e P(N* - \S\). 
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Let us consider the form 

(161) E*(<B*u*) , cp* e W£\T0) , u* e P(N* - |<5|) 

where in the case of Theorem 7 

(162) 5 = N* + \S\ - 2m - 1 

and in the case of Theorem 8 

(163) s = r + \5\ - m - 1 . 

It holds, according to (143) and (161), 

0«4) \E*(cp*u*)\ = C|<p*|0,oc,To |«*koo.r0 • 

Using (154) and the inequality |<p*|0,ao,r0 = ||^*||S,OO,T-0
 w e Se t f r o m (1 6 4) 

(165) \E*(cp*u*)\ = C\\cp*\\s^,To \u*\0fTo . 

For a given u* e P(N* — \S\) let us define a linear formf(<p*) on W^\T0) by 

(166) f(<p*) = E*(cp*u*) , Vcp* e W£\T0) . 

The linear functionalf(<B-*) is continuous with the norm less than or equal to C(u*|0 T 

on the one hand, and vanishes over P(S — l) on the other hand, by virtue of the 
assumptions (155), (157) and the expressions (162), (163). Therefore, using Lemma 1 
we obtain 

(167) jE*(<B*u*)| g C|^*U,ro|u*|o.T0 

Vcp* e W£\T0) , Vu* e P(N* - \S\) . 

Let us set cp* = g*p* with g* e W^\T0), p* e P(N* — \y\) and use Lemma 4 and 
Lemma 5. We obtain 

068) | < P * U , r o = ci\d*\s-J,co,To\P*\j,T0-

1 = 0 

Let us set #* = c*, p* = Dyv*, u* = IAv*. Then, according to (167) and (168), 

(169) \E*(c*DXD*Wt)\ ^ C(i\c*\s^,To KUw.ro) Kl,*,,r„ • 
y = 0 

It holds 

(170) K*Ur0 = C|w*|m+1>ro = Ch?||wA||m+1>r. 

The first inequality (170) follows in the case of boundary elements from (108) and 
the Friedrichs inequality; in the case of interior elements we have |<5| = m -f 1. 
The second inequality (170) follows from (106). 
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Now we estimate |c*| s_ J ) 0 0 j T o . It holds, according to (160) and lemmas 4 and 3, 

s-j 

(171) | c * | s _ ; o o > r o S C J , \fiap\s-j-i,ao,To |°ay^<5^*|i,oo,To = 
i = 0 

< rV/j2" l y |"H + ilfl* I 
== ^ Z, nT \aap\s~ j - i ,oo ,To * 

i = 0 

The estimates (25) imply 

(172) K\.-J-i.a.T0 = C h r ^ ' l ^ l . - i - i . o o . T • 

Combining the inequalities (171) and (172) we obtain 

(173) \c%^,To ^ C * J - | 7 | - | J | + ' - 1 ^ | | . . i . - o . r • 

The inequalities (169), (170) and (173) give 

(174) |£*(c*Dyv*D5vv*)| ^ 

= C / 7 T \\aotp\\s,oo,T \\Wh\\m+\,T L nT \Vh\j+\y\,T0 ' 
j-0 

In the proof of Theorem 7 we shall distinguish two cases: 

(i) If |y| = \d\ = m + 1 then |v*|s+ |y | = |v*|iv*+i = 0, according to (162), and we 
obtain, using (153) and (106), 

(175) I V ' K b + |y|,To = ChT
+1-s\\vh\\m+ur. 

j-o 

Taking into account (150), (159) and (160), we see that the inequalities (174), (175) 
imply (156). 

(ii) The situation |y| -f- |<5j ^ 2m + 1 occurs only in the case of boundary elements. 

In this case we can use, besides (153) and (106), the Friedrichs inequality and obtain 

(176) inTJ\vt\j+\y\,To= ChrS\\vh\\m+1,T. 
j-0 

The inequalities (174), (176) imply (156) because in this case s ^ N* — m. Theorem 7 
is proved. 

Now we prove Theorem 8. According to (106) we have 

(177) lf)*l < rhj+^~1\\ii II < Chj+\y\~l\\n 
\ i n ) \vh\j+\y\,T0 = c n T lr*III+|y|,T = ^nT \\Vi 

Л| | j  + m + l , T  • 

Inserting  (177)  into  (174) and using  (163) we get (158)  because  in this  case s ^ r. 

Theorem  8 is proved. 
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Corollary 1. Let aape W^N*~m\Q)(\a\, \fi\ = m + l) where N* is given by (60). 
Let the inequality (112) hold for arbitrary (x,y)eQ and for arbitrary values 
of £a and let the assumption (155) be satisfied. Then the inequality (129) holds for 
sufficiently small h. 

Proof. Let {Q} be the set of domains of the following properties: Q ID Q; there 
exists a constant jl > 0 (depending on Q) such that the inequality 

(178) I d„(x, y) Ue ^ ft I C 
\a\,\p\=m+l | a | = m + l 

holds for arbitrary (x, y) e Q and for arbitrary values of £a. The functions dafi are 
continuous extensions of the functions aap to the domain Q. The existence of such 
domains Q follows from the assumptions of Corollary 1. 

If h! > 0 is sufficiently small we can find C21 e {Q} such that 

(179) Qh a Ql = fr n Q , Vh < h, . 

Let S = {(x, y) : |x| < a, \y\ < a} be such a square that Q{ c S. Then, according 
to (179) and [7, pp. 1 3 - 14], it holds 

(180) \v\lt0h = 4a2\v\2
UQh, Vv E Hl(Qh) , Vh < h{ . 

In Section 4 the extensions aaP were chosen in such a way that aaP = dap in Qi. Thus 
(115), (178) and (180) imply 

(181) ah(v,v) = K\\v\\2
m+1>Qh, VveHm + i(Qh), V/i < ht 

where the constant K > 0 is independent of v, Qh and h. 

For the sake of brevity, let us set 

(182) Bt = £ ||tf«/j||jV*-ifi,oo,fll • 
| a | , | / M = m + l 

The inequality (156) then gives 

(183) |E r ( X 4 ^ X ^ ) | ^ CB^rlWIm+i.T 
| a | , | / , | = m + l 

which implies 

(184) - X £T( I aaPD*vhDhh) = -CB^WWl+x^ • 
TGTh | a | , | / , | = m + l 

The relations (145), (181) and (184) give 

(185) ah(vh,vh) = (K - C M ) |h||m+i,<.„ • 

Let us choose h2 = KJICB^. Then the inequality (129) is satisfied with 7 = K/2 

for h < min (hu h2). Corollary 1 is proved. 
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Corollary 2. Let dafi e ty£\Q) and let the extension u of the solution of the problem 
(107), (108) belong to Hr+m+1(Q) where m + 1 g r S 2m + 1 is a given integer. 
Let (157) hold and n ;> 2m + 1. Then 

(186) i n f sup l ^ - ^ 1 ^ + 

+  й 

d
h
(v

h
,  WH) ~ fl

fc
fa> w

A
)| 

| | V V / I | | m + 1 , í 2 | t 

A W ( 1 + 82)h
r||w||r+m+1.s 

W here 

(187) B2= £ K/i,oo,5. 
| a | , f B | = m + l 

Proof. Let IJhu be the V^-interpolate of the function u which exists according to 
Lemma 2. Theorem 5 and a similar theorem for generalized Bell's elements [1, p. 819] 
imply 

(188) ||fi - /7fcfi||m+lt0h £ Chr\\u\\r+n+u{k. 

Next, according to (145), (187) and Theorem 8, it holds for all wh e Vh 

(189) \ah(nhu9 wh) - ah(nhu, wh)\ g CB2h
r £ \\nhu\\r+m+UT K | | m + 1 , T . 

TeTh 

Using Theorem 5 for s = k = r + m + 1 we get 

(190) ||/7fcw||r + m + I , r ^ | |w| | r + m + 1 , r + ||w - HAw||r+m+1,r ^ C||u||r + m + 1 > r . 

According to (190) and the Schwarz inequality, it holds 

(191) £ |I7Au | | r + m + 1 ,T ||wA||m+1>T ^ C| |u | r + m + 1 ? f i | K | | m + 1 ^ h . 
TGTh 

As nhu e Vh the relations (188), (189) and (191) imply (186). Corollary 2 is proved. 
The following theorem is a slight modification and generalization of [3, Ch. 11, 

Th. 6]. The proof is therefore omitted. 

Theorem 9. Let the assumptions of Theorem 8 be satisfied. Then 

(192) • \ET(fwh)\ ^ Chrl/IU-r | M U + , . r 

where C is a constant independent of hT,f and wh. 

The main result of the paper is formulated in the following theorem where the 
results of this section are summarized. 

Theorem 10. Let the inequality (112) hold for arbitrary (x, y) e Q and for arbi-

trary values of £a. Let the extensions u and d^ of w, the solution of the problem 
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(107), (108), and the coefficients aaP, respectively, to the domain Ql = Ql n Q 
satisfy 

(193) ueHim + 2(Ql), 

(194) a a ,E ^ 2 w 2 + 3w + 1 ) (Q l ) , |a|, |/?| = ra + 1 , 

(195) Aw = ( - l ) w + 1 ^ D t f l / i i ) e / / 2 m + 1(tf) . 
| a | , | / M = m + l 

Let the degree n of arcs from which Th consists be equal to 2ra + 1. Let the numerical 

quadrature schemes over the unit triangle T0 preserve polynomials of degree 

2(n + 2) ra, 

(196) E*(9*) = 0 , V<p* e P(2(n + 2)ra) 

with n — I for generalized Bell's Cm-elements and n — 2ra + I for curved triangular 

Cm-elements. Then for sufficiently small h the solution uh of the discrete problem 

(128) exists and is unique and the following estimate holds: 

(197) ||u - Uh\\m+i>Qh S C h 2 m + 1 [ | | ^ | | 2 m + l ^ + 

+ | | w | | 3 m + 2 , ^ 0 + Z K * || 2m+l,oo,fit)] 
\<z\,\p\=m+l 

where C is a constant independent of h, u and daP. 

Proof. According to (60), it holds 2N* - 2(ra + l) = 2(n + 2) ra and N* -
— ra = (n + 2)ra + l = 2ra2 + 3ra + 1. Thus, according to Corollary 1 the 
assumptions (194), (196) together with (112) imply for sufficiently small h the ine-
quality (129). Thus the solution uh of (128) exists and is unique. 

As P(2(n + 2) ra) ID P(r + N* - ra - 2) for r g N* - ra the assumption (157) 
holds with r = 2ra + 1. Using (116) with / = Au, (127), (131), (134), (142) and 
Theorem 9 with r = 2ra + 1 we obtain 

(198) \ah(u, wh) - lh(wh)\ S Z | £ T ( ^ ) | = 
Terh 

g C h 2 m + 1 ^ \\M\\2m + 1,T\\wh 

TEX,, 

й  c h
2 w + 1

Ш | 2 m + l , f i
1
 11̂ /111/71+ \,Q

h 

Inspecting the proof of Corollary 2 we see that Corollary 2 remains true if we replace 

Q by Q
l
 in it. Thus the estimate (197) follows from Theorem 6, the estimate (198) 

and Corollary 2 with r = 2ra + 1. Theorem 10 is proved. 

R e m a r k . There is a disproportion between the assumptions (155) and (157) 

which increases with ra. This disproportion does not arise in two cases: (i) if Q is 
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a polygonal domain and we use triangular Cm-elements with full polynomials of an 

arbitrary degree N = 4m + 1 (for their definition see [12]), (ii) if m = 0 and we 

use full polynomials of an arbitrary degree N on the interior triangles, while the 

curved boundary C°-elements are of the same accuracy (cf. [3, Ch. 11]). In both 

cases the order of accuracy is r — N — m and N* = N where A7* is the degree of the 

corresponding polynomial on T0. Thus 2N* — 2(m + l) = r + N* — (m + 2). 
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S o u h r n 

ZAKŘIVENÉ  TROJÚHELNÍKOVÉ  KONEČNÉ C
m-PRVKY 

ALEXANDER  ŽENÍŠEK 

V  první  části  článku  (odst.  1 a  2) je  uvedena konstrukce funkcí  w(x, y)  s  těmito 

vlastnostmi: 

(a)  Funkce  w(x, y) je  jednoznačně  určena  parametry (28) a (64). 
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(b)  Na  přímce  PiPy  (j  — 2, 3) je  funkce  dkwjdnk

íj  polynomem  stupně 4m  +  1 — 2k 

(k  =  0,  1,  . .  .,  m)  jedné  proměnné  uvažované  ve  směru  PiP,  (d\dnxj  je  derivace 

podle  normály  k  PiP,). 

(c)  Funkce w*(£, n) = w(x*(£, n), y*(š, n)) je polynomem  stupně  N*  =  4m  + 

+  1  +  (n  -  1) m. 

Přitom x*(£, n), y*(š, r\) jsou polynomy  stupně  n  (viz  (23))  a  x  = x*(£,  ř/),  y  = 

=  y*(š,  n)  je  vzájemně  jednoznačné  zobrazení  trojúhelníka  T
0
  s  vrcholy  R^O,  0), 

R
2
(l,  0), K

3
(0,  1),  který  leží  v  rovině £, n, na  zakřivený  trojúhelník  T*, jehož  strany 

P!P
2
,  P!P

3
  jsou  přímé  a  P

2
P

3
  oblouk  stupně  n daný  rovnicemi  (21). 

Zakřivený  trojúhelník  T*  spolu  s funkcí  w(x,  y)  tvoří  tedy  Cm
-prvek,  který  je  možno 

napojit  na  zobecněný  Bellův  Cm
-prvek  stupně N  =  4m  +  1. 

V druhé části článku  (odst. 3) je  uveden  interpolační teorém pro  zakřivenéCm
-prvky. 

Přesnost  aproximace  je  stejná  jako  v  případě  zobecněných  Bellových  Cm
-prvků,  tj. 

0(h3m+2~s)  v  normě  prostoru  HS
(T*). 

V třetí části článku  (odst. 4 a 5) jsou  zakřivené  trojúhelníkové  Cm
-prvky  aplikovány 

na  řešení  Dirichletova  problému  (107),  (108)  eliptické  rovnice  řádu  2(m  +  1). 

Hranice  F  oblasti  Q je  aproximována  křivkou  rh,  která  je  sjednocením  stran  zakřive­

ných  trojúhelníkových  Cm
-prvků.  Křivé  strany  těchto  trojúhelníků  jsou  oblouky 

stupně  n  =  2m  +  1,  které  mají  v  uzlových  bodech  triangulace  tytéž  derivace  až  do 

řádu  m  jako  křivka  F.  To  stačí  k  tomu,  aby  interpolant  funkce,  která  splňuje 

okrajové  podmínky  (108),  splňoval  okrajové  podmínky  (118). 

Bilineární  a  lineární  forma  diskrétního  problému  (128)  jsou  definovány  pomocí 

kvadraturních  formulí.  Je-li stupeň přesnosti  těchto formulí  2N  — 2(m  +  l)prozobe-

becněné Bellovy  Cm
-prvky  a 2N*  — 2(m  +  1) pro zakřivené  Cm

-prvky, potom  existuje 

právě  jedno  řešení  diskrétního  problému  (128)  a  rychlost  konvergence  k  přesnému 

řešení  problému  (107), (108) je  0(h2m+1)  v  normě prostoru  Hm+í(Qh). 
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