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In the leading order of the 1/N expansion for the vacuum polarization, we obtain the chiral-
symmetry-breaking solutions of the Schwinger-Dyson equation in three-dimensional QED with N
four-component Dirac fermions. Special attention is paid on the critical number of the fermion
flavor N: and the scaling law for the dynamical fermion mass. In this framework we introduce the
infrared cutoff as well as the ultraviolet one. We show the relation between the vertex ansatz and
the scaling law which is consistent with our numerical results that the scaling law is affected by the
infrared cutoff. Especially in the case of the Pennington and Webb's vertex ansatz, the mean-field
type scaling law and cutoff-dependent finite N. are obtained in the large infrared cutoff, while the
exponential type scaling and infinite Ne are given in the sufficiently small infrared cutoff. The
connection with the Monte Carlo simulation is discussed.

§1. Introduction

Quantum electrodynamics in three dimensions, QED; is an interesting model in
the gauge field theory, which is plausible to be related to the recent study for the high
T. superconductor, the quark confinement and so on. From the viewpoint of the
strong coupling gauge theory, it exhibits a non-trivial critical behavior, even though
it is superrenormalizable. Furthermore the three-dimensional theory is easy to
analyze the critical behavior beyond the ladder approximation in the Schwinger-
Dyson(SD) equation. '

So far, many people have discussed this model in the strong coupling gauge
theories.’™® There are two claims about the question, whether or not there exists the
finite critical point of the fermion number N. in QEDs. Appelquist, Nash and
Wijewardhana® (ANW) pointed out that there exists the finite critical point, Nc
=32 /7%, using Appelquist et al.’s assumption” that the wave-function renormalization
would be negligible in the large N limit. Matsuki, Miao and Visbwanathan® also
obtained the same result from the viewpoint of the effective potential.® The exis-
tence of the critical point is also supported by the Monte Carlo(MC) calculations by
Dagotto, Kogut and Koci¢'” and its physical meaning is explained from the viewpoint
of the similarity with QEDs. On the other hand, Pennington and Webb® (PW) and
Atkinson, Johnson and Pennington®? (AJP) claimed that if one takes into account the
one loop correction to the wave-fuction renormalization and the corresponding vertex
modifications, the critical point N goes away to infinity in the infinite ultraviolet(UV)
cutoff limit. This means-that only the symmetry-breaking-phase survives in QEDs
againstt ANW’s result. -

*) Recent study for the effective potential by Matsuki shows that the effective potential in the direction
of fermion wave-function renormalization is always unstable for any flavor number N, which reconfirms that
chiral symmetry is broken for any N.9 '
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194 K.-I. Kondo and H. Nakatani

In the approximation of the bare vertex and no fermion loop in the photon
propagator, that is called the quenched planar approximation, it is proved that there
is no wave-function renormalization in the Landau gauge.” In this case, we have
already succeeded in reproducing the MC result' of quenched QEDs based on the
analysis of the SD equation.’ Generally, however, in QED the wave-function renor-
malization is unavoidable if the vacuum polarization is included. In fact, the one
loop correction to the photon propagator leads to the non-trivial wave-function
renormalization even in the Landau gauge.

In contrast with the perturbative expansion in the coupling constant up to some
finite orders, the SD equation can give non-perturbative results,” since it is a self-
consistent equation. In the framework of the SD equation defined in this paper, the
parameter 1/N plays the role of the coupling constant. Hence the SD equation for
unquenched QEDs can extract the large 1/N effect without restricting to the small 1/N
region. Therefore we incorporate the 1/N correction to the wave-function renor-
malization self-consistently through the coupled SD equation.

In this paper, we study the SD equation with the one loop correction in the photon
propagator and the wave-function renormalization for a fermion. Due to the
Ward-Takahashi identity, we also consider the vertex correction. However, in the
present stage, we do not know how the vertex correction should be. So here, we
simply take the ansatz and see how its choice effects the critical behavior of the
theory. As a result, we can point out that the vertex ansatz is closely related to the
critical behavior of the theory. '

In the next section, we give the SD equation with the one loop correction in the
photon propagator in the arbitrary covariant gauge. However, the SD equation is
the integral equation which is not easy to solve. Then we transform it to the
differential equations with the boundary conditions under some approximations.

The main result is contained in §§ 3 and 4, where the critical behavior of QEDs is
studied in the Landau gauge. First we give the analytic proof that, in the case of the
‘bare or PW’s vertex, there is no finite critical point. Next we give some explanation
for the relation between the form of the vertex and the critical point. Then we
confirm these analytic results by numerical calculations. In them, we pay special
attention to the effect of the cutoff on the critical value of the fermion flavor and the
scaling law. Actually we obtained the numerical results that the scaling law becomes
the different type depending on the value of the cutoff. For example, using PW’s
vertex ansatz, we have the scaling law of the exponential type for sufficiently small
infrared(IR) cutoff, while we have the mean-field type as the IR cutoff becomes larger.
These results are very interesting because the former type is the one which was
obtained by PW and AJP and the latter seems to agree with the one obtained by the
MC calculations.® It may give the possibility that the relation of the conflicting
results in QED:s is explained by the analysis of the SD equation.

The purpose of this paper is to summarize the present achievement of relevant
investigations and clarify the root of the confused situation, and then to state the

*} According to the MC results, the mean-field type scaling was obtained in the region N> N, with the
dimensionless parameter f=1/e%z where « is a lattice spacing. We also obtained the mean-field type scaling
by the calculations of the SD equation Wwith the corresponding parameter 8=A/e%
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points which should be taken into account in the future investigation. In the final
section, we summarize the discussion at the present and give some comments for
further study.

§2. SD equation

Here we give the SD equation for the massless fermion self-energy with the one
loop vacuum polarization. In order to discuss the chiral symmetry breaking in QEDs,
we use the formalism of the four-component Dirac fermion.” In this section, we
consider the SD equation in the covariant gauge.

The fermion propagator is written in the form of

S(o)=[sA)+B®]™. , (1)
The SD equation for the fermion propagator S(p) is

S =iy + ¢ [E K S, HDM(—8), )

where So(p)"'=# is the bare fermion propagator, D**(p— k) the photon propagator,
I'.(p, k) the vertex function and e the bare coupling constant.
We use the ordinary covariant gauge-fixing term,

Lense=5 (A" . , (3)
Then the photon propagator is written as
[ ﬁﬂpu ) pﬂpu
Du(p)= p 1+H(j)) \gﬂu +& p (4)

where the vacuum polarization II(p) for photon is defined as
19 == [EE s sk =) %)

In this paper we consider the leading correction in the 1/N expansion, i.e., the one loop
correction, in the photon propagator for massless fermion,'”

n(p=-=, (6)
where

2
a=<X. | (M)

Supposing the ansatz that the vertex I.(p, &) is a function of »* and £% i.e
F/—‘(p; k)=7#G(p2, kz) ) (8)

we can perform the angular integration. After the angular integration, the SD
equation (2) is decomposed into two equations for A(p) and B(p),
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. RA(R)G(7’, /fez)r~2 p+k+a
Alp)=1- Zprd sz(k)2+B(k)2 1‘[1; E+a

—ﬁ@+k—b#kD+%%—7ﬂﬁ—kWp+k—m—kD

L pepfip RREE ot ) _
(9a)

EB(R)G(p* E*) | p+hk+a p+k |
A RAGRY 4 B Ty g T2E I kl} (9b)

The integral equation can be transformed into the equivalent differential equa-
tion, if the kernel of the integral equation has the degenerate form (i.e., separated in
p and k). This procedure greatly simplifies the following numerical analysis. In
order to obtain the degenerate form, we take two approximations, the expansion of
the logarithmic function and the vertex ansatz, G(p?, %)= G(&?).

Note the following expansion,

In |§tl/:|ii7 :2[Pfa/ + é (pfo?>3+"'}‘9(p_k)

+2[kfa+é(kfﬁ>3+"'}9(k‘p)' (102)

This expansion is also used for the term, In(p+ %/|p— %|) by putting #=0. Inthe 2+1
dimensional space, @ can be considered as the UV cutoff, since the coupling constant
@ is dimensionful and in the region p>@& the integration is damped quickly.”
Therefore, the logarithmic term is replaced by the following approximate form,

3

Py kH—af a a*' 3a
2 3
2| L2k SPELL | p(—p). (10b)

Then we obtain the following equations,

kA(R)G(K?)
B*A(k)+ B(k)

Ap)=1+K / dk
(Bt Do def Doan]. o
sk [ 950

[§{1+§—}e(p k)+{1+§%}6(k—p)}, (11b)

where
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8

K=y

Here we have introduced the IR cutoff € for numerical calculations. Note that these
equations show that the kernels of the integrations in Eqgs. (9a, b) are singular, but the
results integrated out are not.

Introducing the variable,

t=In(p/a@), | (12)

we can rewrite the integral equations (11a,b) with the equivalent differential equa-
tions,

3462 .
d*A | p dA _.a\ GHA _ :
it a ar K(1-65 ) 50. (132)
& _
b2
1+2£‘ &
d*B p dB a\ G@)B _
vt e di (e )t gl (13b)
E—
b/
with the following boundary conditions,
P dAl p dB
1— Ea df li=te 1_'_561/ df le=to (14)
1 1.a 1.4a
3 4°» ﬁJrA’ -1, 2 pdB.p g (15)
_.a dt i=tg @ dt t=tg
1 Ep 1+S7

‘where t¢=0 and t=In(e/&).

Almost all the results of numerical calculations reported in the following section
are done for the differential equations (13a, b). As a matter of fact, we have checked
that the results are qualitatively unchanged by solving numerically the original
integral equations (9a, b), at least for not so large cutoff.®

§ 3. Analytical study

In this section we consider the case of the Landau gauge** Then the SD
equations for A(p) and B(p) are written by®

& FARGW ) T oo ket @
Alp)=1- 2Nﬁfd”k2A(k)z+B(k)2 I 7T a

*) For a large cutoff, the integral equations are harder to be calculated numerically than the differential
equations.
**) We give a comment for gauge dependence in the final section.
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- c‘r“(p+k—lp—kl)+2pk—%lp2—kzl(p+k—lp—kl)

1 e e, prEta@ . pt
Z “{lnlp—kHﬁ Iny,= kl}] (162)
_4a 1 EB(R)G(p* k) , p+Ek+a
BO= 5 5 ) PRAG LB A T (16b)

Note that, even in the Landau gauge, A(p) is no longer equal to one due to the vacuum
polarization in the photon propagator. In the quenched planar QED where I7(p)=0
and I.(p, k)=7., it is proved®” that A(p)=1 in any space-time dimensions. In the
presence of the vacuum polarization, this is not the case.

Putting £=0 in Egs. (11a, b), we obtain the following equations,”

A =1-4 [ a2 ) [ K-+ 6 1) (172)
B)=K [ ae B RN [ 2 oo )+ 60— )| (175)

These are the basic equations in the following discussion.

3.1. Imequality
The ansatz for the vertex taken by PW is

L, k)= r.Alk), (18)
which is supposed to be the consequence of the Ward-Takahashi identity. They

claimed, mainly based on numerical calculations, that the chiral symmetry breaking -

occurs for any number of fermion species, i.e., Noe=o0. Here we derive an inequality
which gives the analytical proof for the result that in the limit @ — o, the critical point
N goes to infinity.

In the physical situation, the functions A(p) and B(p) are restricted to the region,

A(P)>0 and B(p)>0, : (19)

since they are related to the wave-function renormalization factor,

2= @
and the fermion mass function,
B(p) |
m(p=S5l. )

Note that the second term of the right-hand side in Eq. (17a) is negative, and then
1> A(p).
Differentiating Egs. (17a, b), we obtain’

dA  BAR ’
d;p) Kﬁ/ Ak AT BEE (22a)
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4B() PBAG)
=Ko [ b <0 | (22b)

which mean that A() is a monotonically increasing function and B(p) a monotonical-
ly decreasing function. Therefore M(p) is monotonically decreasing in p. Now
substituting p=¢ in Eq. (17a), we have a series of inequalities,

3 : d k d k
A= A@= [ iy [ ey

_1 M) 1 (;) |
B 21n< €2+ M(e)? > 21n e*+ M{e)? . (23)
Then finally we obtain the inequality, using A(e) >0,
M(e) 1 [ <_ 3x* > 62]
In 3 2 ln expl ———N 57 |- (24a)

In the limit €—0,

3573[ N >1n( ¢ 7i0) ). (24b)

This inequality tells us that in the limit of infinite &, the critical number of flavors
must go to infinity, Nc—o0. Numerical results are .presented in the next section.
For the simplest choice, i.e., the bare vertex

Fﬂ(ﬁ, k): Yu
or the symmetric vertex
Lut, =1l A0~ E)+ ARV O(E—p)], - (%)

we have the same inequality as the above.
If M(p) is almost constant, the same argument leads to the following scaling law
wn the absence of the IR cutoff,

M(O) ~exp<%ﬂ2N) , (26)

where 37?/8=3.701---. This is the scaling relation which PW and AJP have obtained
by numerical calculations. The above proof gives us a kind of the no-go theorem for
having the finite critical point, in the absence of the IR cutoff.®

3.2. Vertex ansatz and effective coupling

As we mentioned earlier, we do not know how the vertex ansatz should be taken
in actual investigation. So in this subsection, in order to see the relation between the
vertex ansatz and the critical behavior, we consider the more general ansatz**

*) This type of argument was done for QED, with the negative gauge parameter by Nonoyama and
Tanabashi.™™
*%) Although we should consider the symmetric ansatz,?? Tu(p, k)= vl A(pY 0(p—k)+ A(k)*6(k—p)], this
is not so easy to handle with analytieally. Our numerical solutions show that the qualitative behavior of the
effective coupling is unchanged for the ansatz (27) and this symmetric one.
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Lu(p, B)=7.AR)" . v

The cases »=0 and 1 have been already considered in the previous subsection.
Especially the case =1 is likely to be a physical one due to the Ward-Takahashi
identity.® Not only the =1 or n=2 case, but also these generalized cases are very
interesting since it is shown that, depending on #, they correspond to the asymptotical-
ly free or asymptotically non-free theory, in the sense explained below.!”

Now we give the analysis on the SD equation (17a, b) by the bifurcation method,
that B(%)? in the denominator is neglected.' We obtain a solution for A(p), by the
approximation that (£°/p°)0(p—k), the higher order term in k/p, is negligible in Eq.
(17a). :

K [°, 0 n '
Mﬂﬂfﬁlﬁﬂﬂl. | (28)
The solution of this equation is easily obtained as follows: For #+2,

A(t)=<1+ Zg”Kt)”(Z_") . (29)

Note that for »<2, this solution should be taken in the region A(¢)>0, i.e, t>te=
—3/(2—n)K. Inthe IR region #< ¢ < f. where f. is slightly larger than £, A(#) keeps
the small value, since A(¢#) is positive and monotonically increasing. This behavior
of A(#) is confirmed by direct numerical calculations by solving the full SD equat1ons
(133, b).
Substituting this solution into the equation for B(p), we obtain
e 2P Lo+ 0e-1). (30)
—Kt
K1)

Bp)=K [ dk
¢ Q+

This equation is valid for any #, including #=2.**" Then we can read Eq. (30) as the
“improved” SD equation.’” In other words, we can see that the correction to A(p) by
the vacuum polarization is equivalent to replacing the fixed coupling by the “running
coupling” constant,

=)

The case #<2, in which the effective coupling K(¢) diverges in the IR region, is what
we called “asymptotically free”.'”'® In this case, K(¢) becomes strong enough to
cause the chiral symmetry breaking and make the bound state in sufficiently small
region for {. However, note that the asymptotic freedom defined here is valid only

K(t) (31)

*) Recent study for the anomalous dimension by Atkinson, Johnson and Maris'® proposes the =2 vertex
as a physical one, while new calculations under the Ball-Chiu ansatz'® by Pennington and Walsh' show that
the scaling law is qualitatively similar to the z=1 case.

*%) Ror n=2, the solution (29) does not give a correct solution of Eq. (28) for A. However, in this case,
Eqgs. (17a) and (17b) are decoupled with each other in the bifurcation method, and the function A disappears
in (17b). As a result, Eq. (30) for »=2, which is just the linearized form of Eq. (17b) with A=1, is correct.
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K(t)
A

A R N NS

t - ¢]
te i 0

Fig. 1. The effective coupling K(#), for n>2, n=2, n<2.

if we take the cutoff # such that %=In(e/@)< t.. Therefore this asymptotic freedom
would disappear for sufficiently large IR cutoff € or small UV cutoff @.'” This gives
a possible explanation for the numerical results given below. The case #>2 is what
we call “asymptotically non-free” case,'” in which K(¢) remains finite and tends to
zero in the IR region. The case #=2 is a special one in which the coupling constant
does not run and the situation is just like ANW’s case.

§ 4. Numerical calculations

We solve the integral equation (17a,b) to obtain the critical point for N, and
calculate the dynamical mass, which is obtained as the solution of the following
equation,

m=M(m).

Since the mass function M(p) is almost constant in the IR region (see the boundary
condition (14)), we approximate m=M(m)~ M(e) for simplicity, which does not alter
eessential feature of the scaling behavior. From the dimensional analysis, the dynami-
cal mass m can be written as

m=@af(N). (32)

We call the function f(N) the scaling function.

The critical coupling is plotted on the (In(#/@), N) plane in Figs. 2 and 3 for &
=10% 10". All the analytical results obtained from the inequality and the approxi-
mate solution of Eq. (29) are confirmed by numerical calculations.

The numerical results are summarized as follows:
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4.1. The case of large @le

For sufficiently large UV cutoff @ (or small IR cutoff €), we have three types of
the scaling law in respect of the vertex ansatz (27) I'.(p, £)=7.A(k)" as follows:

i) #<2: The choice #n=1 is taken by PW and the case #=0 is nothing but the bare
vertex case. The scaling law for these cases is given by the exponential type,

F(N)ocexp(— CN) (33)

With a constant value C. Actually C=3.70(~37?/8) for =1, which confirms PW
and AJP’s results, and C=1.84(~37x%/16) for n=0.

ii) »=2: This is the case in which two equations are approximately decoupled
with each other. We have the solution for B(p) with the criticality at N.=3.1
(~32/7°) which is the critical point obtained by ANW. In this case the scaling law
is given by the essential-singularity type,

—2r '
N)xe <—~> . 34
f(, )ocexp N (34)
iii) %>2: In this case, there is also the finite critical point but the scaling law does

not fit the essential-singularity type. Rather it seems to be of the power-law type,

Nf

o;g§4§§7§’9101112131415

0

AN

N
A

NN
-101 } \\\
ln (m/&) | \ \<
n m/d
\ \
\

201 =1 \
' \ AN

\ \.

__._..-—-——._.—(—w/'/‘

-30

Fig. 2. The scaling behavior in the Landau gauge with @=10" and e=1; In(m/&) vs N.
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F(N)<(N:—N)*, (35)
where A is an exponent, whose value is, for example, A~.7 for n=3. (Fig. 2)

4.2. The case of small @le

For relatively small UV cutoff @ (or large IR cutoff €), the scaling law is
remarkably different from the above three types. For any value of #, it becomes of
the mean-field type (Fig. 3(b)),

f(N)oc(Ne—N)'2, v - (36)

where N. is cutoff-dependent.

In #=1 case, we can expect this mean-field type scaling from the discussion of the
previous section. From Eq. (24a), the scaling function could be approximately
written by

2 2 12
MO o 350 51" .
The critical point N. is defined by the zero of the scaling function. We can expand
the function in the square-root of Eq. (37) around N, since the function is regular at
the point N=N.. Then in the neighborhood of N, where the higher order terms of
N.—N is negligible, the scaling function 7(N) approximately behaves like the func-
tion, (N.— N)*?, which means the mean-field type scaling.'®

Nf

0 1 2 3 4 5 6 7 8 9 1011 12 13 14 15

0

i
|

(2) ln (m/&)

-20
n=3

) -30
Fig. 3. (continued)
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Nf
Fig. 3. The scaling behavior in the Landau gauge Wlth @=10* and e= 1;
(a) In (m/a) vs N,
(b) m® vs N in the neighborhood of the critical point for the =1 case.

§5. Conclusion and discussion

In this paper we have solved the SD gap equation in QEDs combined with the 1/N
expansion for the vacuum polarization without using the assumption of no wave-
function renormalization.””” We have paid special attention to the critical value N.
of the fermion flavor and the scaling law in the neighborhood of N.. We showed that
the scaling behavior of the dynamical mass is restricted by the inequality and
discussed the relation between the “generalized vertex ansatz” and the scaling law.

Our numerical results show that the scaling law depends on the IR cutoff {(or the
ratio, €/@). Actually in the limit of vanishing IR cutoff e—0, we have three types of
the scaling law depending on the vertex ansatz, i.e., the exponential type (33), the
essential-singularity type (34) and the power-law type (35). We have given an
explanation on this difference based on the concept of the effective coupling. The
result of the exponential type would be the physical one and agrees with the previous
result obtained by PW and AJP.

On the other hand, in the presence of the ﬁmte IR cutoff, the scaling obeys the
mean-field type (36) independent of the vertex ansatz, and N, has a finite value which
depends on the value of the IR cutoff. According to MC results, there exists a finite
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Cutoff Dependence of Self-Consistent Solutions in Unquenched QED;s 205

critical value for fermion flavor. It is, however, still an open question what the
scaling type really is in QEDs. - It should be remarked that IR cutoff introduced in our
framework may correspond to the lattice size in MC simulation, while the UV cutoff
corresponds to the lattice spacing. It appears that our framework is able to provide
a possible explanation to apparently-conflicting results previously obtained, based on
the SD equation®* and the MC simulation.’”

Finally we would like to point out some remarks for the further investigation.
The first important point is gauge invariance. Of course, MC result is gauge-
independent. In our opinion the correction in the 1 /N expansion should be incorpor-
ated so that the physical results become gauge-independent. Therefore we expect
that the correct truncation-procedure of the SD equation in the 1/N expansion may
lead to gauge-independent results. However all the above investigations are limited
to the case of the Landau gauge. In this context, we will have to mention the recent
work by Nash.?® Actually, he has shown, for the non-local gauge-fixing which was
used by one of the authors (H.N.)?” that the critical number of fermion flavors
becomes gauge-independent, if one takes into account all the diagrams of the 1/N*
order in the function B of the SD equation, while the function A includes only the
correction from the 1/N order diagram. Then he reproduced surprisingly the ANW’s
result, i.e., N.=32/r*<co and the scaling law of the essential singularity type in
“Feynman gauge”. However, to accept this result literally we must further clarify
the nature of the non-local gauge-fixing taken there and the consistency for taking the
different order in the 1/N expansion for the functions A and B.

Thus we can check whether the truncation of the 1/N expansion series is consis-
tent, using the criterion of gauge independence for the self-consistent solutions.
From this viewpoint, the numerical calculations of the SD equation for the arbitrary
gauge (9a, b) are in progress.”®

Another point is the criticality for the fermion number in QED,. We note that,
in the framework of the SD equation nobody has succeeded in showing the existence
of the finite critical number of flavors in QED,. In QEDy, under a similar ansatz for
the vertex, the gauge independence of the critical coupling e. and the scaling law for
the dynamical mass near e. are proved by the numerical calculations.”® However the
effect of the vacuum polarization is included up to one loop level there. We are
performing the numerical calculations of the SD equation beyond one loop correction
to the vacuum polarization of the photon propagator, including the improvement of
the vertex.??
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