CUTOFF RATE ANALYSISOF THE GAUSS-MARKQOV FADING CHANNEL WITH
ADAPTIVE ENERGY ALLOCATION

Saswat Misral, Ananthram Swami!, and Lang Tong?
L Army Research Lab, Adelphi, MD 20783, USA
2 Cornell University, Ithaca, NY, USA
{smisra,aswami } @arl.army.mil, Itong@ece.cornell.edu

ABSTRACT

We use the cutoff rate to analyze reliable rates over the first-
order Guass-Markov fading channel when an optimized pilot-symbol
assisted modulation (PSAM) schemeis used to provide partial CSI
to the receiver. The transmitter uses BPSK modulation, and has
knowledge of the SNR at the receiver and the normalized doppler
spread only. Under an average energy constraint, closed form ex-
pressions are found for the optimal training and data energies, for
both the adaptive and non-adaptive cases. For the non-adaptive
case, alower bound on the optimal training period, which is exact
at moderate to high SNR, is given.

1. INTRODUCTION

We investigate reliable rates for single user transmission over a
temporally-correlated Rayleigh fading channel, which we model
as afirst-order Guass-Markov process. We use the average cutoff
rate as an information-theoretic metric.

At the outset, the channel state is unknown to both the trans-
mitter and receiver. To learn the channel, we use pilot-symbol
assisted modulation (PSAM) [3], and employ a MMSE channel
estimator, thereby providing partial CSl to the receiver. By opti-
mizing the cutoff rate over the training parameters (energy alloca-
tion and the training period), we characterize the reliable rates on
the Gauss-Markov channel for an optimized PSAM approach.

Previous work on reliable rates for fading channels using an
optimized PSAM channel estimation scheme have been primarily
for the (block) iid Rayleigh fading scenario, and have looked at
the maximization of (bounds on) mutual information [12], [6]. A
minimax optimization leads to a Gaussian input distribution, and
makes the analysis tractable. It has been shown in [4] that the
Gaussian input isill-suited for consideration on the Guass-Markov
channel, as it produces bounded mutual information at high SNR.
The results of [1] indicate that the capacity-achieving distribution
for theiid Rayeligh scenerio without CSI isadiscrete one, and that
at low SNR, binary ON-OFF keying (OOK) is optimal.

The paper most related to our work is [10], which also con-
sidersreliablerates for the Gauss-Markov fading model when par-
tial CSl isprovided to the receiver viaa PSAM/MM SE estimation
scheme. The mutual information metric isused, and itsintractabil-
ity leads to a numerical analysis. The authors use the optimal bi-
nary input distribution at the transmitter, however, the transmission
energy is kept constant.

Here, we consider a similar framework, and obtain analytic
results for the adaptive energy scenario. Our results detail the op-
timal energy allocation between the pilot and data, and we find a

bound on the optimal training period (the period between train-
ing symbols) that is exact at moderate to high SNR. We assume
antipodal BPSK modulation. We consider the case of adaptive
modulation in [11].

Wewill usethe cutoff rate R, asan information-theoretic met-
ric for characterizing thereliable rates R for the systems we study.
The use of cutoff rate R, in place of capacity has been common
sinceitsreintroduction in[9], and discussions on cutoff rate for no
CSl and full CSI may be found in [7] and [8]. The cutoff rate is
alower bound on capacity and the function R, — R may be used
in place of the random coding exponent to characterize the entire
rate vs. performance curve. The use of cutoff rate in place of ca-
pacity often leads to tractable results that would not be available
otherwise. For low-complexity, low-delay systems, the cutoff rate
is often viewed as a“practical channel capacity.”

2. SYSTEM MODEL

We describe the channel model, the training scheme, and the chan-
nel estimation algorithm.

2.1. The Gauss-Markov Channel

The channel of interest is a Rayleigh flat fading model. Typically
the Jakes model is used to describe the temporal correlation of
the fading process. It is known that second- and third-order AR
(Gauss-Markov) models provide excellent fits to the Jakes model.
The higher-order models are not analytically tractable and so do
not provide ready insights. We consider the first order Gauss-
Markov fading channel described via

hi = ahi—1 + 2 (state),
yk = V Exhisk +ny  (observation), @

where k denotes discrete time, hy ~ CN(O,U;QL) models fading,
0 < a < 1 describes the channel correlation and is related to the
normalized Doppler spread; z,, ~ CN(0,07(1 — o?)) isdriving
noise, yi, isthe signal at the receiver, Ej, is the energy of the k-
th symbol, n, ~ CN(0, %) models AWGN, and s;, € {—1,1}
(antipodal BPSK modulation).! We assume that 0%, o # 0.

2.2. Channel Estimation

Partial CSl is available at the receiver via pilot-symbol assisted
modulation and MM SE channel estimation. We will use a periodic

LI this paper CN' ~ (p,0?) denotes a complex Gaussian random
variable with mean p and with independent real and imaginary parts, each
having variance o2 /2.



PSAM methodology in which a single training (pilot) symbol is
periodically inserted into the symbol stream every T' symbol dots.
Motivation for sending one pilot symbol, rather than many, may be
found in[2], [5], and [3]. Given periodic training, we assume that
the energy alocation is also periodic, i.e., the received data are

yr =V E¢hy +nk, €=kmodT.

At the receiver, aMM SE channel estimator is used as follows:
Upon the reception of atraining symbol, the current channel state
is estimated, and the next T' — 1 channel states are predicted us-
ing only the most recent training symbol. The MMSE estimator
equations are:

~ vV Eo
hm = 5 hm 'm = "5 7 92 , p YmT,
T [ T\y T} C’zzv/Ui‘FEOy T
hnrie = @ hpr  for 1<0<T—1. )

The margina pdf of the estimator (2) is given by:

E‘()CJ';QL
0% /o7 + Bo’
for 0 < ¢ < T — 1. Note that the performance of the estimator
becomes worse with increasing /.

©)

;\lmT+é ~ CN (07 a’l?) ) a? = a2l

3. AVERAGE CUTOFF RATE

To characterize the rates that can be used reliably on the Gauss-
Markov channel, we will use the average cutoff rate R 4, which is
developed as follows: The estimation scheme separates the chan-
nel into 7" distinct slots per period. Consider the /" slot. Over
time, and after estimation, successive realizations of the ¢ slot
have the same margina statistics (3), and form a channel which
can be treated as iid under the assumption of “perfect” interleav-
ing. The first channel is used only for training symbols, and the
remaining channels are data channels. Then R4 is simply the av-
erage cutoff rate over the set of 7' channels created by the channel
estimation agorithm. Given partial CSl| at the receiver, via the
channel estimate 71 in (2), we assert that? the ergodic cutoff rate of
the ¢ channel (¢ # 0) is given by:

1 1{1+m(1—w)”7

or =—logy{ =+ >
Roe og2{2+2 1+ Ry

where w, £ 57/07 (0 <w < 1) is the estimator quality and
Ke & 02 E./0% is the received SNR in the /" slot. Figure 1
shows the cutoff rate asafunction of w, and K,. Notethat, above a
certain value of K, the cutoff rate saturatesto avalue that depends
only on the estimator quality w,. The average cutoff rate R4 is

T-1

IO ST {1_1—*[%0
A—Te:1 0,0 = T£:1 g2 2 (L Fo) (11 o)

©)

Codebook multiplexing is one scheme that achieves R4. There
are T — 1 codebooks. The ¢ codebook operates independently
at rate R, ¢, and transmits an N-length codeword over a period of
NT slots. Under the assumption of perfect interleaving, Ra isa
lower bound on reliable rates for the Guass-Markov channel for
the following reasons:

2We defer the proof of this assertion, and of several other results, to
[11].

LB1. ThePSAM front end isadesign constraint and may be rate-
suboptimal. The MMSE-1 estimation algorithm is clearly
suboptimal, as it uses only the current training symbol.

LB2. Treating the Guass-Markov channel asT" independently coded
sub-channels does not allow for joint coding across sub-
channels.

Increasing the energy in the pilot improves channel estimation
accuracy and increases R 4 ; decreasing the energy in the data sym-
bolsdecreases R 4. Thus, subject to atotal energy constraint, there
is an energy alocation problem which we study next.

4. OPTIMAL ENERGY ALLOCATION: EQUAL ENERGY
DATA SLOTS

In this section we assume that practical constraints require that all
data slots use the same energy Kp, so that K, = Kp for £ €
{1,...,7 =12

4.1. Optimal Energy

Here, we will find the data energy K}, and training energy K
which maximize R4 subject to a constraint on the total energy,

Ko+ (T —1)Kp < Kot (5

The average cutoff rate is given by (4) with K, = Kp, V¢ > 1.
We can show that the optimal solution satisfies the equality
constraint in (5), and is given by

Ritot Rtot + 1
' '=——
T—-1" T—-2"

Kp=T—,/T2—

()

forT > 2. ForT =2,Kp = Ko = Kiot/2.
Note that K7, does not depend on «, however R4 (K1), does.
Next, we look at two asymptotic results:

e Low energy regime (Kot < 1), we obtain

Kot
2

Ky =

implying that half of the available energy per period should
be allocated to the training symbol. The 50-percent train-
ing paradigm has also been reported in [12] for a different
channel model, metric, and assumptions.

e High energy regime (ko > 1), we have

. Kot 1
Kp=———|1— —— d
D T—2( T-]_)’ an

ng/ftot {1—;:;(1— Tl—l):|. (7)

A similar result was found in [12]. For large T', the energy
allocated to the training symbol decaysas7~'/2,

/13:5‘%‘.

SHenceforth, we will describe energy quantities by their faded values,
denoted by K = Eo? /o%;. The system designer has control over the cor-
responding unfaded energy E. The conversion between these two quanti-
tiesistrivial, asthe transmitter has knowledge of the noise ratio, o'%; /o2,




4.2. Optimal Training Period

Thetraining period T isthe remaining design parameter. Here, we
find the optimal training period 7 for maximization of R4. For
a fair comparison, we generalize the constraint of (5) so that the
average energy per slot K remains fixed aswe vary T':
Ko+ (T'—1)Kp = Kot = TKav

(©)

Let R’ (T) be the optimized average cutoff rate for fixed 7'.
Using (8) in (4), with kK, = K}, given by (6), and T'K .. replacing
Kot We obtain

2¢ (TKay — (T = 1)K3},) K

T—1
1 a
RY(T) = —— g I 11— —
A( ) Tg:1 032{ 2 (1+T/iav—(T—
9

which depends on T', o, and Kay. Increasing T' decreases the
overhead (rate loss) due to training, but also decreases the channel
estimation accuracy, and thus the achievable rate in the | atter slots.
We seek the T" that optimizes R, (T').
In the high energy regime (K., — o), each term in the sum-
mation of (9) enters the saturation region, and we have

1 T—1 azl
RA:—T;::IIOgQ {1—7}.

Denoting the optimum training period in the high energy regime
as Ty, we have that

(10)

T—1 Q201 YT
TH = arg max éli[l [1 — 7}

whichisgiven explicitly intermsof o in Table 1. Noticethat T7; is
anincreasing function of .. Thisiseasily verified from (10) for the
high energy case, and can be verified, in general, from (9). Thisis
because larger o implies that estimates of successive channel slots
degrade slowly, and therefore more channel s can be utilized before
we reach the point at which thelossin R’ (T") incurred by adding
another channel is no longer offset by the potential gain dueto less
training overhead.

Ty is alower bound on T™ for any Kay (i€, Tyy < T7).
This is because, in the saturation region, the quality loss between
successive data slots is magnified (see Figure 1). Therefore, mak-
ing 7" larger diminishes R’ (T") quickly. In Table 2, we compare
the optimum training period in the high energy regime Ti;, with
T™ for several values of K.,. Note aso that for « < 0.98 and
for K.y > 10, the bound is nearly exact. Note that 7™ indicates
the optimal training period under an average energy constraint; it
clearly depends upon the normalized Doppler bandwidth, «.

5. OPTIMAL ENERGY ALLOCATION: VARIABLE
ENERGY DATA SLOTS

In this section we seek to optimize R 4 in (4) over K £
{Ko,...,Kr—1}, subject to the total energy constraint

3
s

K¢ = Kot
0

~
Il

We will treat the training period 7" as a fixed parameter.

DRp) (1+Kp)

}

[ | T |
0<a<073
0.74<a <089

2
3
090 <a<094 || 4
5
9

0.95 < a < 0.96

a=0.99
a = 0.999 27
a = 0.9999 84

Table 1. The optimal training period at high energy T4

T" |

[a [T | Ka=1000 [ 100 [ 10 | 1 |
0.50 2 2 2 [ 2 [ 2
0.80 3 3 3 3] 3
0.90 4 4 i 475
0.95 5 5 5 [ 5 | 8
0.98 7 7 7 [ 8 [ 13
0.99 9 9 9 [ 11 | 20
0.999 || 27 27 28 | 37 | s8
0.9999 || 84 85 90 | 136 | 387

Table 2. Comparing T}; to T for different values of Ka

Our intuition from water-filling over parallel AWGN channels
applieshere aswe areignoring the correl ation between the T' chan-
nels with respect to coding, and are instead exploiting this correla-
tion in designing the channel estimator. Waterfilling predicts that
more energy will be alocated to less noisy channels, and that chan-
nels with noise-levels above athreshold will not be used at all. We
will see that both of these ideas are preserved, where the noise
metricis o3 /os.

5.1. Substitution Function

Optimization of R4 over K doesnot lead to aclosed form solution
for the optimal energy allocation. Instead, we propose an approxi-
mate solution based on optimizing the substitution function

T—1 Koko

Ra2y o* — 2o
— (14 Ko)(1+ Ke)

over K. We will denote the optimizer of the substitution function
by K*. Let K* be the optimal energy-vector for R in (4). We
clamthat K ~ K* for the following reasons (proofs and further
details are given in [11]):

Al. Theapproximate solutionis exact (i.e, K" = K*)
aSsa —lorasa — 0orasKip — 0.

A2. The appropriate Taylor expansion showsthat K* ~ K* if

a? < lorif Ko< lorif ke < 1,0 > 1.
Numerical simulations show that K" ~ K* for moderate

values of «, at moderate to high values of K (thisisthe
region where no theoretical justification has been given).

AS.

Illustrative examples of the above remarks are given in section 5.3.



5.2. Optimal Energy Allocation

The optimal energy vector K" is specified by the following:
Theorem. (a) Usethefirst M dataslots (T4 = M) iff

Pa (M)
_ < _ rerr/
$a(M=1) < Ko < 75O — 1y (12)
where d(x) isthe Kronecker delta, 1 < M < 7T — 1, and
¢aUV):
a™ -1 1 \/1 (VN —a)(a=N —1)
[ﬁ_(N+§>+ T e
12)
(b) The optimal training energy (T4 # 1) isgiven by:
Ko(Ta) = —A(Ta + Kiat)
+ /(82 + 8) (T4 + ) — (A +1) (Ta + Fw),
where A = 1 (1=e)(ia®a)
a—atA '
(c) Thedataenergies (T4 # 1) aregivenby, 1 < ¢ < Ty,
1 1=
Re = O/ lﬁ [K/tot — /’QO(TA) + TA] -1
@A) If Ta =1, Ko = K1 = Kot/ 2.
Proof. See[11]. a

The channel assignment strategy of (11) isillustrated in Figure
2 forasystemwith Kot = 50, T = 21, and for several values of a.
Consider the curve ¢ s(M). The candidate energy line intersects
¢.s(M) between M = 10 and M = 11. Therefore, T4 = 11 is
the optimum number of data paths to activate.

We look at some consequences of the Theorem:

1. T4 isanincreasing function of « (see Fig 2). This can be
verified by noting that

for0 1.
50 <a<

2. AsRKit — oo al T — 1 dots become active and

h(a) — 1
1} )

Ko(T — 1) = Kuat { hi) —

_ (4o)a=a’"h
T (l-a)(14aT-1)"

3. As Kt — 0 only thefirst datadlot is active and

where h(«)

Bt

F.}o(l) B

(14)

5.3. Numerical Simulations

In this section, we show that K" ~ K* using numerical tech-
niques. Define the normalized error metric*

o K= Rl
Ritot

e

Figure 3 compares K* with K* for K = 10 and T = 6,
and for several values of «. The remarks Al and A2 predict that
the approximate solution performs well for = 0.2 and o =
0.98. Thisisverified in the figure, both graphically and from the e
metric. We observe that the solution is aso close for « = 0.5 and
a = 0.7. Notethat in all cases the approximate solution correctly
predicts the number of active paths T'4.

In Figure 4, we compare KR and K* for o« = 0.85, T = 6,
and for different values of K. Theremarks Al and A2 predict ac-
curacy for Kot = 0.1. We see that the normalized error e remains
small for the higher values of K aswell. Again, the approximate
solution correctly predicts T4 in each case.

6. DISCUSSION

We considered the Gauss-Markov fading channel with partial CSI
available at the receiver via periodic training. Using average cut-
off rate as a metric, we derived a closed-form expression for the
optimal alocation of energy between the training and data slots
for both the fixed and variable data energy cases. For the fixed
data-energy case, we aso found a bound on the optimal training
period, that is exact at moderate to high SNR. For the variable
data-energy case, a well-justified substitution function was used,
leading to closed-form expressions for the optimal number of ac-
tive data slots, and the energy allocation to each slot. We are cur-
rently studying optimal binary signaling in place of BPSK, more
sophisticated estimation strategies, and MIMO/OFDM extensions.

Cutoff Rate of the (estimated) fading channel
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Fig. 1. Cutoff rate R, vs. received SNR ~ (dB) for severa values
of estimation quality factor w.

“Here ||al|; denotes the 1-norm of the vector a.
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Fig. 4. Comparison of K* with K” for & = 0.85 and different

values of Kot
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Fig. 3. Comparison of K* with K" for K = 10 and different
values of . The x-axis indicates each of the T" slots. The y-axis

shows the energy placed in each of the dots. (12]
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