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1. PRELIMINARY REMARKS

An ordered set is a pair (G, <) where G is a set and < is an order on G, i.e. an
irreflexive and transitive binary relation on G. We write briefly G instead of (G, <)
if the order < is given. If < is an order on G, then the dual relation <* = > is an
order on G. An element x € G is called the least element of (G, <) iff x < y for any
y € G — {x}; the greatest element is defined dually. If (G, <) is an ordered set and
H < G, then < n H? is an order on H; this order is denoted by <[H or, briefly,
also <, and the subset H = (H, <) is called an ordered subset of the ordered set
G = (G, <). An order < on a set G is linear iff x < y or y < x for any x, ye G,
x = y; in this case (G, <) is called a linearly ordered set.

1.1. Definition. Let (G, <g), (H, <j) be ordered sets with G H = 0. An
ordinal sum G @ H of ordered sets G, H is the set G u H with the binary relation <
defined by x < y iff either x, ye G, x <gyorx,yeH, x <yyorxeG, yeH.

It is known ([1]; but it is trivial to prove it) that < is an order on G U H so that
G @ H is an ordered set. Further, the opzration @ is associative so that the symbol
G, ®G,®...H G, is defined, whenever G, ..., G, are pairwise disjoint ordered
sets.

1.2. Definition. Let (G, <) be a linearly ordered set. A subset I < G is called an
interval in G iff there exist subsets A, Bof G with G = A @1 ® B. Asubset A = G
is called an initial interval in G iff there exists a subset B of G with G = A @ B.
A final interval is defined dually.

The following assertion is known; however, it is not difficult to prove it directly:

1.3. Theorem. Let (G, <) be a linearly ordered sct. A subset] < G is an interval
in G iff it has the following property: x,yel, ze G, x <z < y=>zel. 4 subset
A € G is an initial interval in G iff it has the following property: x€ A, y € G,
y<x=>yeA. A subset B< G is a final interval in G iff it has the following
property: x€B, ye G, x < y = yeB.

322



1.4. Definition. Let G be a set, T'a ternary relation on G. This relation is called:

asymmetric, iff {x,y,z)eT=(z,y,x)ET,

cyclic, iff (x,y,z)e T=(y,z,x)eT,
transitive, iff (x,y,z)eT, (x,z,u)e T=(x,y,u)eT,
linear, iff x,y,zeG, x+y+z+x=>(x,y,z)eTor (z,y,x)eT.

1.5. Definition. Let G be a set, C a ternary relation on G which is asymmetric,
cyclic and transitive. Then C is called a cyclic order on G and the pair (G, C) is called
a cyclically ordered set. If, moreover, card G = 3 and C is linear, it is called a linear
cyclic order on G and (G, C) is called a linearly cyclically ordered set or a cycle.

If we define a dual relation T* to a ternary relation Tby (x, y, z) € T* <> (z, y, x) €
e T, then the following remark obviously holds:

1.6. Remark. If C is a cyclic order on a set G, then C* is a cyclic order on G.

1.7. Theorem. Let (G, C) be a cyclically ordered set, let xe G. For any y,z€ G
put y <c, z iff either (x,y,z)e C or x = y *+ z. Then <, is an order on G with
the least element x.

Proof. [4], 3.1

1.8. Remark. Analogously we can define, for a cyclically ordered set (G, C) and
xeG:y < z<seither (y,z,x)eC or y % z = x. Then <* is an order on G
with the greatest element x.

1.9. Lemma. If C is a linear cyclic order on a set G, then <. is a linear order
on G.

Proof. Trivial; see also [4], 3.4.
1.10. Theorem. Let {G, <) be an ordered set. Define a ternary relation C. on G

by(x, y,z)eC< iffeitherx <y <zory <z <xorz<x<y ThenC_isacyclic
order on G.

Proof. [4], 3.5.

1.11. Lemma. Let (G, <) be a linearly ordered set with card G = 3. Then C.
is a linear cyclic order on G.

Proof. Trivial; see also [4], 3.7.

1.12. Lemma. Let < be an order on a set G. Then C., = C%.

Proof. Trivial.
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2. DEFINITION OF A CUT

From now on, we shall deal only with linearly cyclically ordered sets. For the sake
of brevity, we shall omit the adjective “‘linear”; thus, ““cyclically ordered set” means
always “linearly cyclically ordered set”.

A cut in a linearly ordered set is defined as a couple of its subsets. An analogue in
a cyclically ordered set is impossible. Intuitively, a “‘section” of an oriented circle
determines a linear ordering of points of that circle. This is a motivation for the
following

2.1. Definition. Let (G, C) be a cyclically ordered set. A cut on this set is a linear
order < on G with the property x < y < z = (x, y,z)e C.
In 2.5 we shall see that cuts exist. Now we derive some simple properties of theirs.

2.2. Lemma. Let (G, C) be a cyclically ordered set, let < be a cut on (G, C), let
x,5,z€G,(x,y,z)eC. Then either x < y < zory<z<xorz<x<y.

Proof. Any of the remaining possibilities z < y < x, y <x <z x<z<y
implies (z, y, x) € C by definition of a cut, which contradicts (x, y, z) € C.

2.3. Theorem. Let (G, C) be a cyclically ordered set, let < be a linear order on G.
The order < is a cut on (G, C) if and only if C. = C.

Proof. 1. Let < be a cut on (G, C) and let (x, y, z) € C.. Then either x < y < z
ory <z < xorz< x < y, which implies (by the definition of a cut) (x, y, z)e C.
Thus C. < C. As C. isalinear cyclic order by 1.11 and C is linear, we have C. = C.

2.Let C. =C. If x,5,ze G, x <y < z, then (x,y,z)e C. = C. Thus < is
a cut on (G, C).

2.4. Theorem. Let (G, <) be a linearly ordered set with card G = 3. Then there
exists just one cyclic order C on G such that < is a cut on (G, C).

Proof. Existence: Put C = C.. By 1.11, C is a cyclic order on G and by 2.3, < is
a cut on (G, C).

Unicity: Let C;, C, be cyclic orders on G for which < is a cut. Let (x, ,z)eCy.
By 2.2 we haveeitherx < y < zory < z < xorz < x < y, whichimplies (x, y, z) €
€ C, by 2.1. Thus C; € C, and as the both relations C,, C, are linear, we obtain
C, =C,. :

2.5. Theorem. Let (G, C) be a cyclically ordered set, let x € G. Then <, is a cut
on (G, C).

Proof. By 1.9, < is a linear order on G. Let u,v,we G, u <¢, v <¢,w.
First assume x&{u,v,w}. Then (x,u,v)eC, (x,v,w)eC, thus (v, w,x)eC,
(v, x,u)e C and by transitivity of C, (v, w,u)e C and hence (u,v,w)e C. If xe
e{u,v,w}, then x = u and as v <., w, we have (x,v,w)eC, ie. (u,v,w)eC.
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Thus we always have u <¢ v <¢,w=(u,v,w)e C and < is a cut on (G, C).
Dually, we can prove:

2.6. Remark. Let (G, C) be a cyclically ordered set, let x € G. Then <%~ is a cut
on (G, C).

The both orders <¢,, < are thus cuts on (G, C) and by their definitions,
<. has the least element, <~ the greatest element. Other cuts with this property
do not exist, for:

2.7. Theorem. Let (G, C) be a cyclically ordered set, let < be a cut on (G, C) with
the least element x. Then < = < ..

Proof. Let y,ze G — {x}, y < z. Then x < y < z and, by definition of a cut,
(x,y.z)eC. Hence y <, z. Further, x is the least element in both (G, <) and
(G, <c)- We have shown that < < <, and as the both orders are linear, we have
< = <cq

Of course, dually we have:

2.8. Remark. Let (G, C) be a cyclically ordered set, let < be a cut on (G, C) with
the greatest element x. Then < = <&,

3. PROPERTIES OF CUTS

3.1. Definition. Let (G, C) be a cyclically ordered set, let < be a cut on (G, C).
This cut is called:
a jump, iff (G, <) has both the least and the greatest element,
a gap, iff (G, <) has neither the least nor the greatest element,
Dedekind, iff (G, <) has just one of the boundary elements.

3.2. Definition. A cyclically ordered set (G, C) is called dense iff there exists no
jump on (G, C).
As one can expect, it holds:

3.3. Theorem. A cyclically ordered set (G, C) is dense iff it has the following
property: x, y € G, x = y = there exists z€ G with (x, z, y)e C.

Proof. 1. Assume that for any x, y € G, x # y there exists z € G with (x, z, y) e C
and let < be a jump on (G, C) with the least element y and the greatest element x.
By 2.7. we obtain < = <, and by the assumption an element z € G exists with
(x, 2, y)e C. Then (y, x, z) € C which implies x <¢, z, i.e. x < z and this is a con-
tradiction, for x is the greatest element in (G, <). Thus, (G, C) contains no jumps
and it is dense.

2. Let elements x, ye G, x * y exist so that (x, z, y)e C holds for no zeG.
Then <, is a cut on (G, C) with the least element y; we show that x is its greatest
element. When an element z € G exists with x <¢ , z, then (), x, z)e C and also
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(x, z, ) € C which contradicts our assumption. Thus <c, is a jump on (G, C) and
(G, C) is not dense.

3.4. Definition. Let (G, C) be a cyclically ordered set, let x,y€ G, x #+ y. The
ordered pair (x, y) is called a pair of consecutive elements in (G, C) iff there exists
no z e G with (x, z, y) e C.

Note that by 3.3, (G, C) is dense iff it contains no pair of consecutive elements.

3.5. Lemma. Let (G, C) be a cyclically ordered set, let (x, y) be a pair of con-
secutive elements in (G, C) nad let < be any cut on (G, C). Then just one of the fol-
lowing possibilities occurs:

(1) y is the least and x is the greatest element in (G, <);
(2) y covers x in (G, <).

Proof. If < = <, 0r < = <©> then by the same argument as in the proof
of 3.3 we find that (1) holds. In all the other cases x is not the greatest element in
(G, <). Suppose y < x; then there exists ze G with y < x < z, which implies
(y,x,z)eC and (x, z, y)e C, a contradiction. Hence x < y and there exists no
ze G with x < z < y, for otherwise (x, z, y)e C. This means that y covers x in
(G, <). :

3.6. Theorem. Let (G, C) be a cyclically ordered set and let <, <, be two
distinct cuts on (G, C). Then there exist nonempty disjoint subsets A, B of G such
that AUB =G, <4 = <3| <= <a|zgand (G, <,)=A@B, (G, <,) =
= B @ A.

Proof. First observe that <, = <7 is impossible for in that case C., = C%
by 1.12, while necessarily C., = C = C., by 2.3. Thus there exist elements x, y G
such that x <, y, x <, y so that there exist nonempty subsets H € G with <[y =
= <2]H. Denote this property of subsets of G by (P). If & is a chain (with respect
to set inclusion) of (P)-subsets of G, then the sct-theoretic union U is a (P)-subset;
s0, by Zorn’s lemma, there exists a maximal (P)-subset A = G. We show that 4 is an
interval in (G, <,). Let x,ye€ A4, zeG, x <,z <, y. Then (x,z, y)e C so that
either x <,z <, yorz<,y<,xory <,x <,z The second and the third cases
are impossible, since x <, y. Thus x <, z <, y. Let u€ 4 be any element with
u<,z. If u=x, then u <,z If u <, x, then u <, x <, z, thus (u, x, z}e C,
which implies either u <, x <, zorx <,z <, u or z <, u <, x. The second case
is impossible, since u <, x (u, xe 4 and < IIA = <2’A), the third one is also impos-
sible, since x <, z. If x <, u, thenu <, z <, y, thus (u, z, y) € C and hence either
U <,z2<,yorz<,y<,uory<,u <,z The second and the third cases are
impossible, since u <, y and z <, y. We have shown u <, z=>u <, z. By a similar
argument we find u € 4, z <, u = z <, u. It follows that 4 U {z} is a (P)-subset and
the maximality of 4 implies z € A. Note that for the same reason 4 is an interval
also in (G, <,).
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As Ais anintervalin (G, <,),wehavexe G — 4, x <, y forsome ye 4 = x <,
<, z for each z € 4; the same holds for <,. This yields:

xeG — A, x <,y forsome yed =y <,x (¥

Otherwise there would exist xe G — 4, ye 4 with x <, y, x <, y and then
X <z, x <,z for each z e 4, thus A U {x} is a (P)-subset, which contradicts the
maximality of A.

Suppose now that 4 is neither an initial nor a final interval in (G, <,). Then
(G, <) =(H, <) ®(4, <,)® (K, <,) with H*0, K=+0. Choose xeH,
yeA,zeK. Then x <, y <, zand (*)implies z <, y <, x. This is a contradiction,
for x <, y <, zimplies (x, y, z )e Cand z <, y <, x implies (z, y, x) € C. Thus 4
is an initial or a final interval in (G, <1) and for the same reason it is an initial or
a final interval also in (G, <,).

Put B = G — A; Bis a final or an initial interval both in (G, <,) and in (G, <,),
and we show that <,|B = <|B. Assume the existence of elements x, y € B with
X <; ¥,y <, x.Choose any z € A4; if 4 is an initial interval in (G, <1), then z <,
<, x <, yand from (*) we have y <, x <, z. Thisis a contradiction, for z <; x <,
<,y implies (z,x,y)e Cand y <, x <,z implies (y, x, z) € C. If A is a final interval
in(G, <;),thenx <,y <;zand z <, y <, x, which leads to a contradiction as well.

Assume that A is an initial interval both in (G, <,)andin (G, <,). Then (G, <) =
= (4, <,)® (B, <y), (G, <,) =(4, <,)® (B, <,) and as (4, <) = (4, <,),
(B, <;) = (B, <,), we have <; = <,, which is a contradiction. Thus, if A is an
initial interval in (G, <,), it is a final interval in (G, <,) and (G, <;) = (4, <) ®
® (B, <1), (G, <3) = (B, <,) ® (A4, <,). If 4 is a final interval in (G, <), it is
an initial interval in (G, <,) and the given equality holds after interchanging the
sets 4, B.

3.7. Remark. The sets 4, B from 3.6 are unique.

Proof. Assume (G, <) = A® B, (G, <,) = B® A4 and, at the same time,
(G,<,)=A4,®B,, (G, <,)=B, ® A,. As A, A; are initial intervals of the
linearly ordered set (G, <), cither A < A, or 4; S A holds; let the first possibility
occur. Suppose 4 =+ A,; if we choose arbitrary elements x€ 4; — 4 and y e By,
then x <,y in (B, <) ® (4, <,) and y <, x in (B, <,) ® (4,, <,). This is
a contradiction and hence 4 = 4,.

3.8. Lemma, Let G be a set with card G 2 3. Let <,, <, be linear orders on G
such that there exist disjoint subsets A, B of G with AU B = G, <1|A = <,l|,,
<1lB = <2\B and (G, <,) = A® B, (G, <,) = B@® A. Then there exists just one
cyelic order C on G such that <, <, are cuts on (G, C).

Proof. The uniqueness follows from 2.4. For the existence it suffices to prove
C.,=C., Let(x,y,z)eCe,. Theneither x <; y <;zory<;z<;xo0rz<,
<,; X <;y. We investigate only the first case; the second and the third one are
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similar. We have the following possibilities:

X, y,2€A=>x <,y <,z=(x,y2)eCq,;
x,yed, zeB=z<,x<,y=>(x,y,z)eC_,;
xed, y,zeB=y <,z <2x=>(x,y,z)€C<z;

x,y,z€B=x <,y <,z=(x,y,z)eCq,.

Thus we have shown C., < C, and as both cyclic orders C_,, C_, are linear, we
conclude C., = Co,.

3.9. Corollary. Let G be a set with card G = 3, let <,, <, be distinct linear
orders on G. Then C., = C, holds if and only if there exist nonempty disjoint
subsets A, B of G with AuB =G, <1|A = <2|A, <1|B = <2|B and (G, <,) =
=A®B, (G <,)=B® A

Proof. If C., = C.,, then, by 2.3, <,, <, are two distinct cuts on a cyclically
ordered set (G, C) where C = C., = C.,. By 3.6, the orders <, <, have the desired
properties. Conversely, if the condition of Corollary is satisfied, then, by 3.8 and 2.3,
C., = C., holds.

If (G, <) s a linearly ordered set and x € G, then we denote by (G, <), or, briefly,
G,, the open initial interval in (G, <) determined by the element x, i.e. G, = {y € G;
y <x} .

3.10. Lemma. Let (G, C) be a cyclically ordered set, let < be a cut on (G, C)
and let x€ G. Then (G, <¢,) = (G — (G, <),, <) ® (G, <),

Proof. If x is the least element in (G, <), then < = <, and the formula holds,
since (G, <), = 0. Otherwise <, <, are distinct cuts on (G, C) and by 3.6 there
exist nonempty disjoint subsets 4, B of G with A U B = G, <|A = <C,x],1, <|B =
= <cqp and (G, <) =A@ B, (G, <¢,) = B® A. Then 4 is an initial interval
in (G, <) and (G, <¢,) = B ® 4 implies that B has the least lement x. Thus 4 =
= (G, <),and B=G — (G, <),.

3.11. Theorem. Let (G, C) be a cyclically ordered set and let <, <,, <, be three
pairwise distinct cuts on (G, C). Then there exist three nonempty pairwise disjoint
subses A,B,D of G such that AUBUD =G, <[, = <,|, = <3|ls, <4|p=
= <lp = <ilp <ilp = <a|p = <i|p, and either (G, <))=A®B® D,
(G,<,)=B®D®A, (G,<3)=D®A® B or (G,<;)=A4@®B® D,
(G,<;)=B®D®A, (G, <,)=D®A® B holds.

Proof. By 3.6 there exist nonempty disjoint subsets 4,, B, of G with 4, U B, = G,
<1|A1 = <2I,41, <1‘B1 = <2iBla (G, <) =4, ® B, (G, <,)=B; ® 4,, and
there exist nonempty disjoint subsets 4,, B, of G with 4, U By = G, <,|,, = <34,
<1’Bz = <3|Bza (G, <) =4, ®B,, (G, <;3) =B, ® A4, As A,, 4, are initial
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intervals of the linearly ordered set (G, <), we have either 4, < A, or 4, < A;.
The inclusion here is proper, for if A; = A,, then By = B, so that <, = <3, which
contradicts our assumption.

1. Let A; = A,. Consider the sets A;, A, — Ay, B,. As <IIAl = <2|A1, <1|Az =

= <3|A2 and A; < A,, we have <1|A1 = <21/,l = <3|A1. Further, <1IA2—A1 =
= <y|4p-4, and as A4, — A, < B;, we have <i|4_4, = <z|lg-4- Thus
<ilas-a, = <2las—ay = <3|as~a4,- Finally, we have B, = B; and hence <,|s, =

(G, <y) =4, ® (4, — 4,) @ B,,
(G, <2):(A2—A1)®BZ@A1:
(G, <3)=B,D 4, ® (4, — 4,).

2. Let A, = A,. By an analogous reasoning we find

= <2|Bz, <ylp, = <3|, Consequently, <,|BZ = <

B, = <3[Bz. Now, we have

<1‘A2 = <2|Az = <3IA17 <1[A,—Az’ <2|41—A2 = <3|a1-45>
<l’B1 = <2|B1 = <3‘B1
and
(G, <3)=(4, - 4,)® B, @ 4,,

(G, <2)=Bl @A2®(A1 "Az),
(G, <() = 4, ® (4; — 4;) ® B, .

4, CYCLIC ORDERING OF CUTS

4.1. Definition. Let (G, C) be a cyclically ordered set, let <,, <,, <, be three
pairwise distinct cuts on (G, C). Put (<, <,, <3) € € iff there exist three nonempty
pairwise disjoint subsets 4, B, D of G such that AUBU D = G, <], = <,|s =
= <3l0 <ils = <ols = <alp <i|p = <1|p = <3|pa0d(G, <) =A@ B® D,
(G,<;,)=B®DDA(G, <;)=DDA®B.

4.2. Theorem. Let (G, C) be a cyclically ordered set and let 4 be the set of all
cuts on (G, C). Then € is a cyclic order on the set 4.

Proof. Suppose that there exist pairwise distinct cuts <, <,, <5 on (G, C) with
(<1, <2, <3)€%, (<3, <,, <;)€%. Then there exist nonempty pairwise disjoint
subsets 4, B, Dof Gwith AU BU D =G, <[, = <,|4 = <3|l0 <y|z = <3|z =
= <3|B> <1lD = <2|D = <3lu> (G.<)=A®B@®D, (G,<,)=B®D@® 4,
(G, <3) = D® A4 @ B, and nonempty pairwise disjoint subsets A,, B;, D, of G
with AIUBI UDI = G, <1IA1 = <2’A1 = <3lAl’ <1|B1 = <21B1 = <3[£1’
<1lvl = <2’D1 = <3IDlo (G, <3) =4, ® By ® Dy, (G, <z) =B, ® D; @ 4,,
(G. <)) =D, ®A, ®B,. Then BOD@® A =B, ® D, ® 4, = (G, <,), and
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hence either B < By or By < B.Let B = B,;if B « By, choosexe B, ye (B, — B) n
N D. Then (G, <3) = 4; ® B; ® Dy implies x <3y and (G, <;)=D® A@® B
implies y <, x. This is a contradiction. Analogously B; < B is impossible and thus
B = B,. Now we have (G, <,)=A@®@B@®D, (G, <,)=D, ®A® B, which
implies D = @, D, = @ and this is a contradiction. The relation % is thus asymmetric.

Assume <, <,, <3, <4€9%, (<, <;, <3)€%, (<1, <3, <4)€%. Then there
exist nonempty disjoint subsets 4, B, D of G with A UBU D = G, <,|, = <,|. =
= <3lAa <1l3 = <2|B = <3\B’ <1\D = <21D = <3|p (G, <1)=4@B® D,
(G,<2)=B®D®A, (G,<3)=D®A® B, and nonempty disjoint subsets
Ay, B, Dy of G with 4, UB, UD; =G, <yl = <34 = <4la, <ils, =
= <3IB; = <4|Bp <1|D1 = <31D1 = <4lDu (G, <y) =4, ® B, ® Dy, (G, <3) =
=B ®D, ®A4,(G,<,) =D ®A, ®B,. AsA®BO® D=4, ®B, ® D, =
= (G, <), we have either A = A, or A, < A. The equality 4 =4, is impossible, for
inthatcase D@ A @B =B, ®D, ®4=(G, <3), which implies B = 0, a con-
tradiction. Suppose A4, < A; if we choose xe 4,, ye A — 4, then (G, <;) =
=D @® A @ Bimplies x <3y and (G, <;) = B, @ D; @ A, implies y <; x. This
is a contradiction and thus A < A,. Further, we have either A, S A @® Bor 4 ®
@®@B< A,.IfA «c A® B,choosexe 4, ye B — A,.Then (G, <3)=D® A DB
implies x <3 y and (G, <3) = B, @ D, ® A, implies y < x, which is impossible.
IfA® B < A,,choose xe A@® B,yeA; — (A® B). Then (G, <;) =B, @ D, ®
@ 4, implies x <5 y and (G, <3) =D @ A ® Bimplies y <3 x, which is a contra-
diction. Thus A, = A@ Band from A@BO®D=A, ® D=4, ®B, ® D, =
= (G, <,) we have D = B, @ D,. Now, we have (G, <,) =A@ (B® B,)® D,
(G, <) =(B®B)® D, ®A4, (G,<y)=D; ® AD(BD By). This implies
(<1 <2 <4) € % and the relation ¥ is transitive. It follows directly from the defini-
tion that € is cyclic. Finally, if <, <,, <3€ ¥ are pairwise distinct, then 3.11
implies either (<, <,, <3)€% or (<3, <,, <;)€%. Thus % is linear and it is
a cyclic order on 4. ;

4.3, Lemma. Let (G, C) be a cyclically ordered set and let <., <,, <;¢%.
Then (<4, <,, <3)€ C holds if and only if there exist elements x, y, z € G with
X< V<2, y<,z2<,X,2<3X<3).

Proof. Let (<1, <,, <3)ef€. If A, B, D are subsets of G with the properties.
from4.1,choose xe 4, yeB,ze C. Thenx <y <;2,§y <,2<,X%, 2z <3X <3 ).
Conversely, let there exist elements x,y,ze€G with x <;y <;z, ¥y <,z <, X,
z <3x <3 y. Then the cuts <;, <,, < are pairwise distinct and thus there exist
subsets A, B, D of G with the properties from 3.11. Elements x, y, z must lie in the
distinct sets A4, B, D, since the orders <, <,, <3 coincide on these sets. If the
second case from 3.11 occurred, we should obtain in all possible situations always
a contradiction. Thus the first case of 3.11 occurs and (<, <,, <;)€%.

4.4. Theorem. Let (G, C) be a cyclically ordered set and let x, y,z€ G, x + y *
% z % x. Then(x, y, z) € C holds if and only if (<c¢ . <c,» <c.) €%
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Proof. (x,y,z)e C implies x <c .y <c,2, ¥ <c,Z <cyX Z<czX <c.¥
and from 4.3 we have (<C‘x, <cCy» <C’z) € ¥. Conversely, let (<c!x, <c.y <C,z) e¥
and assume (x, ¥, z)é C. Then (z, ¥, x)e C and from the first step of the proof
we have (<c.. <c,» <c,) €%, which is a contradiction. Thus (x, y, z) € C.

4.5. Corollary. Let (G, C) be a cyclically ordered set. Then ({<c,; xe€ G}, %)
is a cyclically ordered set isomorphic with (G, C).

Proof.({<¢,; x € G}, €)is — as a subset of (¢, ¥) — cyclically ordered. The map-
ping G — {<c, x€ G} assigning to any x € G the cut <., is evidently a bijection;
by 4.4 it is an isomorphism.

5. COMPLETION BY CUTS

5.1. Definition. A cyclically ordered set is called complete, iff it contains no gaps.

Note that “complete” has another meaning here than in [4].

5.2. Theorem. Let (G, C) be a cyclically ordered set. Then the cyclically ordered
set (9, %) is complete.

Proof. Let < be a cut on (%, %). Define a linear order < on G by x < y <
< <c,=< <c, The relation < is indeed a linear order on G, for < is a linear
order on ¥, thus also on {<(,; x€ G} and as a consequence of the bijection
X = <c, < Is a linear order. We show that < is a cut on (G, C). Let x, y, z € G,
x <y<z. Then <¢, < <¢, < <c. thus (<¢,, <c, <c.)€% and by 4.4,
(x,y,z)eC. Thus < e %.

Suppose that < is neither the least nor the greatest element in (%, <). Then there
exist <,, <, &% such that <; < < < <,. This implies (<, <, <,)€ % and by
4.1 there exist nonempty disjoint subsets 4, B, D of G such that AuBuU D = G,
<1|A = <|A = <2|A7 <1!B = <|B = <3|s» <1lD = <|D = <2|D and (G’ <1) =
=A®B®D, (G,<)=B®D®A, (G, <,)=D®A® B. Choose elements
xe A, yeB. We show that <, < <¢,. If <¢,= <, and <¢, = <,, then the
desired relation holds. Let <¢ , # <,.Then 4 = A, ® (4 — 4,)and as (G, <), =
= A,,3.10 implies (G, <;) = 4, @ (4 — A )@ (B® D), (G, <¢c.)=(4— 4,)®
D@B@®D)® A, (G, <)=(B®D)D A, ® (4 — A,). Consequently, (<, <c,
<)e® and hence either <; < <¢, < < or <¢c, < << <; or < < <; <
< <¢.x The second and the third case are impossible for <; < <. Thus <; <
< <c¢x =< <. Analogously, if <., =+ <,, then we find < < <, < <,.Thus
in all cases we have <; = <¢,< < < <¢, = <, and hence <c, < <c,
But (G, <)=B® D ® 4 and ye B, xe 4,thus y < x. This contradicts the defini-
tion of the order <.
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5.3. Corollary. Let (G, C) be a cyclically ordered set. Then there exists a complete
cyclically ordered set (H, D) containing an isomorphic subset with (G, C).

Proof follows from 5.2 and 4.5.

5.4. Lemma. Let (G, C) be a cyclically ordered set, let x € G. Then (<¢ ., <)
is a pair of consecutive elements in (9, 6).

Proof. Let < be any cut on (G, C) distinct from both <., and <“* By 3.6
there exist nonempty disjoint subsets 4, B of G with 4 U B = G, <C,x|,1 = <1A,
<cals = <|pand (G, <c ) =A®B, (G.<)=B@® A As < + <% we have
A # {x}.Nowwehave (G, <¢,) = {x} @ (4 — {x}) ® B,(G, <) = (4 - {x})®
@B@®{x}, (G,<)=B®{x] ®(4 — {x}) so that (<¢,, <, <)e®. Thus
(<c <, <*)e % holds for no cut < € % and, therefore, (<¢,, <°~) is a pair
of consecutive elements in (¥, %).

Note that 5.4 implies that (%, €) is never dense.

5.5. Notation. Let (G, C) be a cyclically ordered set. Denote 4, = {< € %; < is
a gap} U { <c . x € G}; the elements of %, will be called regular cuts.

%, thus contains all jumps and all gaps in (G, C) and from Dedekind cuts it contains
only those which have the least element. As a subset of %, (%,, %) is a cyclically
ordered set and by 4.5, x — <, is an isomorphic embedding of (G, C) into (%,, %).

5.6. Theorem. Let (G, C) be a cyclically ordered set. Then the cyclically ordered
set (%,, €) is complete.

Proof. Let < be a cut on (g,, (5) This cut in a natural way determines a cut on
(%. ‘6), which we denote by the same symbol < : any cut from ¥ — 4, is of the form
<€ for such a cut we put <c, < <% if yeG, y #+ x, then <¢, < < =
@ <c, < <cpo <L <, <o < <ey << <o <, < <¢, and
for < € ¥, which is a gap, we put < < < & < < <com <L < <cx< <.
It is not difficult to show that < is indeed a cut on (¥, %). By 5.2 there exists a cut
< € 9 which is either the least or the greatest element in (%, <). If < € %,, then %,
has either the least or the greatest element. If < €%,, then < = <%~ for some
x € G. In this case, by 5.4, (<¢,,, <©7¥)is a pair of consecutive elements in (¥, )
and by 3.5 we have: (1) either <©*is the least and <, the greatest element in (%, <),
(2) or <©* covers <, in (¥, <). If (1) holds, then < , is the greatest element in
(%,, <)- If (2) holds, then <* cannot be the least element in (¥, <), for it covers
<¢.x- Therefore <% is the greatest element in (¥, <) and then < , is the greatest
element in (%,, <). Thus no cut on (%,, %) is a gap and (%,, %) is complete.

If (G, C) is a cyclically ordered set, then (¥,, %) will be called its completion by
cuts.

5.7. Theorem. Let (G, C) be a cyclically ordered set. If (G, C) is dense, then
(%,, %) is dense.
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Proof Let <, <,€¥%, <, + <,. If <; = <¢c,, <; = <¢,forsomex, yegG,
then x & y and by the assumption, there exists z € G such that (x, z, y) e C. Then
4.4 yields (<, <c,. <,) € %. Assume now that at least one of the cuts <, <, is
a gap. By 3.6 there exist nonempty disjoint subsets 4, B of G with 4 U B = G,
<ila = <3l <ils = <a|pand (G. <,) = A ® B, (G, <;) = B@® A. The subset
A is necessarily infinite: otherwise 4 would have both the least and the greatest ele-
ment and then (G, <) would have the least, (G, <,) the greatest element. Choose
any element x € 4 which is neither its least nor its greatest element and put < = < ,.
Then A = A, ® (A — A,) and by 3.10 we have (G, <,)= A4, ® (4 — 4,) ® B,
(G, <)=(A—-A4)DBD A, (G, <;)=Bd A, ® (4 — A,). This implies (<,
<, <,)€%. Thus (%,, %) is dense.

5.8. Definition. A cyclically ordered set (G, C) is called continuous iff any cut on
(G, C) is Dedekind.

In other words, (G, C) is continuous iff it is dense and complete. From 5.6 and 5.7
we directly obtain

5.9. Theorem. Let (G, C) be a dense cyclically ordered set. Then its completion
by cuts (%,, %) is continuous.

5.10. Corollary. For any dense cyclically ordered set (G, C) there exists a con-
tinuous cyclically ordered set (H, D) and an isomorphic embedding of (G, C) into
(H, D).

5.11. Definition. Let (G, C) be a cyclically ordered sct, let H = G. H is called dense
in (G, C) iff for any elements x, y € G, x = y there exists ze H with (x, z, y) e C.

Note that if (G, C) contains a dense subset, then (G, C) itself is dense.

Let (G, C) be a cyclically ordered set, let (#,, ) be its completion by cuts. Let us
identify the set G with its image by the canonical isomorphism given in 4.5, i.e. let us
identify the element x € G with the element <., € %,. Thus any cyclically ordered
set is a subset of a complete cyclically ordered set.

5.12. Theorem. Let (G, C) be a dense cyclically ordered set. Then G is dense
in (gr, (tf)

Proof. In the proof of 5.7 we have shown that for any distinct elements <, <, €
€ ¥, there exists x € G such that (<, <¢,, <,)€%, Le., after identifying the ele-
ments y € G with the cuts < ,, (<1, x, <,) € . Thus G is dense in (%,, %).
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