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CYCLICITY OF CM ELLIPTIC CURVES MODULO p

ALINA CARMEN COJOCARU

ABSTRACT. Let E be an elliptic curve defined over Q and with complex multi-
plication. For a prime p of good reduction, let E be the reduction of E modulo
p. We find the density of the primes p < 2 for which E(Fp) is a cyclic group.
An asymptotic formula for these primes had been obtained conditionally by
J.-P. Serre in 1976, and unconditionally by Ram Murty in 1979. The aim
of this paper is to give a new simpler unconditional proof of this asymptotic
formula and also to provide explicit error terms in the formula.

1. INTRODUCTION

Let E be an elliptic curve defined over QQ and of conductor N. By a famous result
of Mordell, the set E(Q) of Q-rational points of E is a finitely generated abelian
group. The study of the free part of E(Q) is still one of the major problems in
arithmetic geometry.

Now, for a prime p of good reduction for E (that is, p f N), we denote by E
the reduction of £ modulo p. This is an elliptic curve defined over F,,, the finite
field with p elements. Naturally, as in the rational case, one is interested in the
study of the structure of the group E(F,) of F,-rational points of E. From classical
theory, E(F,) can be written as the product of two cyclic finite groups. Indeed,
E(F,) C E(Fp)[k] C Z/kZ ® Z/kZ, where F,, denotes the algebraic closure of F, k
is a positive integer such that the order #FE(F,) of E(F,) divides k, and E(F,)[k]
denotes the group of IF_p—rational points of E annihilated by k. Early computations
of Borosh, Moreno and Porta ([BMP]) showed that, in fact, for “many” primes p,
the group E(F,) is cyclic. One expects this to be true for infinitely many primes
p, as suggested by the elliptic curve analogue of Artin’s primitive root conjecture
formulated by Lang and Trotter in 1977 (see [LT2]).

Our goal in this paper is to provide an asymptotic formula, with explicit error
terms, for the function

f(z,Q) :=#{p<z:p{N,E(F,) cyclic},
in the case of an elliptic curve E defined over Q and with complex multiplication.
In 1976 (see [Sell), J. -P. Serre showed that C. Hooley’s conditional method
of proving Artin’s conjecture on primitive roots (see [Hol ch. 3]) can be adapted

to estimate f(z, Q). More precisely, let Q denote the algebraic closure of Q and
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2652 ALINA CARMEN COJOCARU

let Q(E[k]) denote the field obtained by adjoining to @ the coordinates of the
Q-rational points of E annihilated by k. Then, under the Generalized Riemann
Hypothesis (denoted GRH) for the Dedekind zeta functions of the division fields
Q(E[k]) of E, Serre proves that, as  — oo,

i x
(1) f(x,Q)fEhx—f—o(@),
where liz := [ @ dt is the logarithmic integral and
o u(k)
fr = ;
2 o) @

with p(-) denoting the Mébius function.

We recall that for real-valued functions f and g # 0 we write f(z) = o(g(x)) to
f@) _
g(z) —
or f < ¢ to mean that there exists a positive constant A such that |f(z)| <

Ag(z) V. If the constant A depends on some quantity B, then we may write
f(@) = O0p(g(x)) or f <p g. In this paper, whenever we write f(xz) = O(g(z)) or
f < g, we mean that the implied O-constants are absolute. If f < g < f, then we
write f =< g.

In 19797 (see [Mull, pp. 161-167]), Ram Murty removed GRH in formula (1)
for elliptic curves with complex multiplication (denoted CM). His proof uses class
field theoretical properties of the division fields of CM elliptic curves, as well as a
number field version of the Bombieri-Vinogradov theorem (whose proof is based on
the large sieve for number fields). In 2000 (see [acCI]), the author proved formula
(1) for elliptic curves without complex multiplication (denoted non-CM) under the
assumption of a quasi-GRH (more precisely, a zero-free region of real part > 3/4
for the Dedekind zeta functions of Q(E[k])). For more history about f(z,Q) in
both the CM and non-CM cases we refer the reader to JacCl], [acC2| and [Mu3].

In this paper we give a new simpler unconditional proof for the asymptotic
formula for f(z,Q) in the complex multiplication case, and provide explicit error
terms in this formula. We are proving the following:

Theorem 1.1. Let E be a CM elliptic curve defined over Q, of conductor N and
with complex multiplication by the full ring of integers Ok of an imaginary quadratic
field K =Q (\/—D), where D is a positive square-free integer. Then, as T — 00,

(2) flz,Q) =fpliz +On ((log x)(log loglog x)) ’

mean that lim,_, o 0. Also, if g has positive values, we write f(z) = O(g(x))
|

or, more precisely,

(log z)(log log 192  log 1982

where the O-constant in (2) depends on N and the one in (3) is absolute.

Corollary 1.2. Let E be a CM elliptic curve defined over Q, of conductor N and
such that Q(E[2]) # Q. Then the smallest prime p 1 N for which E(F,) is cyclic
has size O (exp (NQ)) . The implied O-constant is absolute.

3) f(@,Q) = i nx+0< v 1°g10g9”>7

11t was communicated to the author by Ram Murty that this result was obtained in 1979;
however, it appeared in print only in 1983.
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It is possible that the error terms in Theorem 1.1 can be improved, but this
involves more sophisticated methods than the ones used in our paper. We relegate
this to future research.

2. PRELIMINARIES

2.1. Notation. Given an elliptic curve E defined over Q, p will always denote a
prime of good reduction for E. We set a, := p+ 1 — #E(F,) and say that p is of
ordinary reduction if a, # 0, and of supersingular reduction if a, = 0. We denote
by 7, and 7, the roots of the polynomial X? — a,X + p € Z[X].

If not otherwise stated, ¢ will denote a rational prime and k a positive integer;
m(x) will denote the number of rational primes < x; #S will denote the cardinality
of a set S; Ker ¢ will denote the kernel of a morphism ¢.

2.2. Algebraic preliminaries. The following preliminary lemmas are well known,
but, for the sake of completeness, we include them here.

Lemma 2.1. Let E be an elliptic curve defined over Q and of conductor N. Let
E[k] be the group of k-division points of E. Then
(1) the ramified primes of Q(E[k])/Q are divisors of kN
(2) assuming that E has complex multiplication and k > 2, we have
¢(k)* < [QE[K) : Q] < K2,
where ¢(k) denotes the Euler function.

For proofs of this lemma the reader is referred to [Silvl, p. 179] and |Silv2)
p. 135].

Lemma 2.2. Let E be an elliptic curve defined over Q and of conductor N. Using
the notation introduced in Section 2.1 we have that, for a positive integer k and a
prime p 1k of good reduction for E, p splits completely in Q(E[k])/Q if and only if
Wp,; L s an algebraic integer.

Proof. We recall that m, is the algebraic quadratic integer corresponding to the
Frobenius endomorphism

which we also denote by 7.

Since (p,kN) = 1, we have that p is unramified in Q(E[k])/Q (see part 1 of
Lemma 2.1). By classical results in algebraic number theory, p splits completely in
Q(E[k])/Q if and only if 7p|5yy = 1, where 1 denotes the identity map. This last
condition is equivalent to saying that Ker([k]) C Ker(m, — 1) as maps E (F,) —
E (IF_p) , where [k] is the multiplication by k¥ map. Hence there exists an elliptic
curve endomorphism ¢ : E (F,) — E (F,) such that ¢ o [k] = m, — 1 (see [Silv1l
Corollary 4.11, p. 77]). This is equivalent to saying that W"kfl is an algebraic
integer. U

Lemma 2.3. Let E be a CM elliptic curve defined over Q and with complex mul-
tiplication by an imaginary quadratic field K. Then, for every prime p of ordinary
good reduction for E, we have Q(m,) = K.
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Proof. First we observe that
Q(mp) € Endr, (E) ©z Q C Ende~(F) ®z Q.

Then we note that, since E has complex multiplication by K, we have an embedding

K C EndE(E) ®z Q, and, moreover, since p is a prime of ordinary reduction, we
actually have K = Endﬂ(E) ®z Q. Thus Q(m,) C K for any prime p of ordinary
reduction for E. But K is a degree 2 extension of Q, and so is Q(m,). This gives us

the desired equality. (I

Lemma 2.3 describes a feature of CM elliptic curves that will play a very impor-
tant role in our unconditional estimates of f(x, Q). It actually describes one of the
main differences between CM and non-CM elliptic curves (see [LT1]).

2.3. Analytic preliminaries. The next preliminary lemma is an application of
the sieve of Eratosthenes, which we recall below.

Theorem 2.4 (The sieve of Eratosthenes). Let A be a set of natural numbers < x,
and let P be a set of rational primes. To each prime p € P we associate w(p)
distinguished residue classes modulo p. For any square-free integer d composed of
primes of P we set

A(d) :={a € A: a belongs to at least one of the w(p) residue classes
modulo p for all p|d},

and
w(d) = Hw(p).
pld
For a fized real number z, we let S(A, P, z) be the number of elements a € A that do
not belong to any of the distinguished residue classes modulo p for allp € P,p < z,

and we set
w(z) =] (1— @) .

pEP p
p<z

We assume that

(1) there exists a real number X such that, for all square-free integers d com-
posed of primes of P,

#A(d) = X@ + Ry

for some Rq = O(w(d));

1
(2) Z M < clogz+ O(1) for some positive constant c.

pEP p
p<z

Then

1
S(A,P,2)=XW(2)+ O (m(log 2)* exp (_ 1?2:;)) 7
where the implied O-constant is absolute.

For a proof of this result, see [Mudl p. 141].
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Lemma 2.5. Let x € R and let D,k be fized positive integers with k < /x — 1.
Then

Stoo= #{pgx:p:(ak—i—l)Q—i—DﬁQkaorsomea,ﬂEZ}
O((@H) Vzloglogx >;

r—1
k k\/ﬁlog‘/_T
2 o 2 2o
SE = # pgx:p:<5k+1) +Dzk for somea,B € Z
o <£+1> \/Eloglogfcl .
k k\/ﬁlog‘ﬁ,;

The implied O-constants are absolute.

Proof. 1. Let us observe that the conditions p < z and p = (ak + 1)2 + DB?k? for
some «, 8 € Z imply

1 _
0e \/E, 14+ vz Nz,
k k

€ |- , NZ, 0.

7 { kvD' kv/D b
Thus

—1-z -1
4) Si< /# a € \/E, + e NZ: (ak +1)® + DA?k? a prime § ,

k k k
B
where the sum ZI is over nonzero numbers (3 € [— k‘\//_%, k%} N Z. We set
B
A= {oze [_1;\/57_1—;\/5]0Z}7

P = {p a rational prime : (p, k) =1, (%) = 1} ,
with (5) denoting the Legendre symbol modulo p. To each prime p € P we asso-
ciate the residue classes
(=1 =+ BkD)k ™! (mod p),
where D is an integer such that D? = —D(mod p) (let us observe that (ak + 1)% +
DB3?¢?> = p imposes the conditions (*TD) =1 and (p,k) = 1, and hence D and

k~!(mod p) are well defined).
For a fixed real number 2z we have

#{a € [_1 ; \/E, _1—;\/5} NZ: (ak +1)* + DF*E? aprime}

(5) < S(AP,2) +7(2)
< S(AP,z)+ 2,

with S(A, P, z) defined as in the sieve of Eratosthenes.
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Now we want to verify that the hypotheses of Theorem 2.4 are satisfied. Ele-
mentary estimates give us

#A(d) == #{a € A: (ak +1)> + DB%k* = 0(modd) } =2 (M + 1) +0(1)

for all square-free integers d composed of primes of . Thus the first hypothesis
of the sieve of Eratosthenes is satisfied with w(d) = 2 and X = 2—‘5 + 1. Using

Mertens’ theorem and recalling that ( o ) = 1, hence that p splits completely in
Q(v—D), we obtain

3 M:2Z b%:logwro(l)

pEP p pEP

p<z p<z

Thus the second hypothesis of the sieve of Eratosthenes is satisfied with ¢ = 1.

Therefore,
SA P ) = (22 1 W)+ 0 [ YVE L log o) exp [ BT
Prz) == z ? 0g z)“ exp o 2 ,
where

3

2
W(z) = H (1 - —) <exp | -2 E < exp(—loglog z) =
pEP p pEP
p<z p<z

log 2z

by using the elementary inequality 1+t < exp(t) and, again, Mertens’ theorem.
Let us choose z such that

) _ log —\/Ekfl
082 3loglogx
Then
VT +1 ) log _\/5;1 Vo +1 1
1 —_ =
O < A (log 2)” exp log 2 0 k  logz(loglogx)? )’
and so
2T loglog x VT
= _ 1 - = 1
S(A7P7Z) ( k + ) O <1og @—1) + 0 (klogx(loglogx)Q
_ <—2\/fE n 1) 0 logloggi
k log ‘/5,;

From (5) we obtain

o [ 210

k ’ k

2/x loglog
= (2L
( k - )O<10g‘f 1) ,

which, used in (4), completes the proof of the first part of the lemma.
2. Similar to the proof above. O

Z: (ak +1)* + DB%k? a prime}
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We remark that for S} and S? of the above lemma we actually have elementary
estimates that are weaker than the ones given by Lemma 2.5 only by a lolgol%
factor. The sieve has been invoked precisely for obtaining this saving.

Lemma 2.6. Keeping the notation of Lemma 2.5, we have that, for any k and x,
. 2
Si < ﬁ (ﬁ + ]_) ,
kvVD \ k
where 1 <13 < 2.

Proof. We justify this estimate for ¢ = 1. The case i = 2 is resolved similarly. We

observe that the conditions p < z and p = (ak + 1)? + DB?k? for some «a, 3 € Z
20/F 20/F

give us == + 1 choices for a and D choices for 8. The lemma follows. O

3. THE PROOF OF THE THEOREM AND COROLLARY

As explained in [Mull, pp. 153-154], we have that E(F,) is cyclic if and only if
p does not split completely in Q(E[q]) for any prime ¢ # p. Also, we have that if
p < z and p splits completely in Q(E[k]) for some k, then k%|(p + 1 — a,), and so,
using Hasse’s bound a, < 2,/p, we obtain k < 2,/z. Therefore, using the simple
asymptotic sieve, we can write

f(@,Q) = N(z,y) + O (M (z,y,2Vx)) ,

where

N(z,y) := #{p < x : pdoes not split completely in any Q(E[q])/Q,q <y},

M (z,y,2v/x) := #{p < x : psplits completely in some Q(E[q])/Q
withy < ¢ <2V},

and where y is a real number to be chosen later. In order to estimate f(z,Q) we
need to estimate each of N(z,y) and M (xz,y,2+/z) and to choose the parameter y
appropriately.

3.1. Estimate for N(z,y). By the inclusion-exclusion principle we have
!
N(z,y) = u(k)m(z, Q(E[K])/Q),
k

where the sum is over all square-free positive integers k < 21/z whose prime divisors
are < y, and where

m1(z, Q(Ek])/Q) := #{p < x : p splits completely in Q(E[k])/Q}.

We estimate this sum by using the unconditional effective version of the Chebotarev
density theorem as stated in [Mu2), p. 243] or [acCI], p. 337]. To do so, let us recall
from [Se2| p. 130] that if L/Q is a finite normal field extension that is ramified only
at the primes p1,po,...,Pm, then

m log | disc(L/Q)| < log[L : Q] + ]2_:1 log p;,
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where [L : Q] and disc(L/Q) denote the degree and the discriminant, respectively,
of L/Q. We apply this result, together with Lemma 2.1, to the fields Q(F[k]), whose
degree and discriminant over Q we denote by n(k) and dj, respectively. We get

n(k)|dg| 77 < kSN2
and ,
n(k) (log|di|)? < k° (log (k*N))~,
and so the maximum of the two quantities above is < k®N2. In order to apply the

unconditional effective Chebotarev density theorem mentioned before we need to
have k®N? < logz. Since k < exp(2y), it is enough to choose

1
(6) yzg(loglogx—ﬂogN).

Then, by the unconditional effective Chebotarev density theorem, we obtain

k) \ ' log
N = —= |1 0O —A
(x,y) (2}; (k) iz + zk:a:exp (k)
for some effective positive constant A. To handle the error term we use that n(k) <
k2 and that there are at most 2¥ square-free numbers composed of primes < y. Then

(k) z
(7) N(z,y) = <Z %) liz+0 (W)

k

for any positive constant B.

3.2. Estimate for M (z,y,2+/x). For real numbers &1, &, we denote by
Me (1[,', gla 52)

the number of primes p < z such that p has ordinary reduction and splits completely
in some Q(FE[g]) with & < ¢ < &, and by

MS(£7§1)€2)

the number of primes p < x such that p has supersingular reduction and splits
completely in some Q(FE[q]) with & < ¢ < &. We write

(8) M (z,y,2vz) = M° (2,y,2vz) + M* (2,y,2V/x)

and estimate each of the two terms. For the first one we observe that

(9) M (z,y,2vz) < ) 7P (2, Q(Elg)/Q),
y<q<2y/x

where

71 (x, Q(E[q])/Q) := #{p < x : a, # 0 and p splits completely in Q(E[qg])/Q}.
By Lemmas 2.2 and 2.3 we obtain

9(x, Q(Elg))/Q) < # {p <a: 72> 1 oK} |

Since the norm of 7, in K/Q is p, we get

—1
#{péxrﬂpq EOK}gsq,

License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



CYCLICITY OF CM ELLIPTIC CURVES MODULO p 2659

where S, is S, if —D = 2,3(mod4), and S? if —D = 1(mod4), with S}, S? as in
Lemma 2.5.

Let us fix a real number u < y/z — 1. Using the elementary estimate for S, given
in Lemma 2.6, we obtain

o @, QEFQ)/Q) < > S,

u<q<2y/x u<q<2y/z

_ 2z T 1,V )3 1
VD 2 VD q
u<q§2\/_ u<g<2V/x

T vz loglogx
10 < + .
(10) v Dulogu VD

On the other hand, using the estimates for S; given in Lemma 2.5, we obtain

> m@QE/Q) < Y S,

y<q<u y<q<u
log1
< Z(Qx +\/_>ogogx
yEazun N*VD @D/ log
xloglog x 1 \/_log log x 1
€ =g Y Gt Y -
\/Elog \/Eu : y<q<u 4 \/Elog \/Eu : y<q<u 4
zloglogx vz (loglog z)(log log u)
(11) < \/_ Vil
vV D(log Jylogy VD log 2=
We choose
u = logx
and recall that y = £ (loglogz — 2log N) (see (6)) and that D is bounded, since E

has CM. Then, from (9), (10) and (11) we get

zloglogx
12 M°(z,y,2y/z) =0 .
( ) ( Yy \/_) ((10g J)) (log logz)(log log 1(])\%5))

For the second term in (8) we have
(13) M (2y,2v3) < 37 i, QE)/Q),
y<q<2yx

where

71 (z, Q(E[q])/Q) := #{p < x : a, = 0 and p splits completely in Q(Eq])/Q}.

We observe that if p is a prime of supersingular reduction that splits completely in
some Q(FE[q])/Q, then ¢ = 2. Indeed, for such primes p and ¢ we have, on the one
hand, that ¢*|(p + 1 — a,) = (p + 1), and, on the other hand, that ¢|(p — 1); thus
q|2. Now we note that in the sum of (13) we run over ¢ > y; thus, by our choice of
y (see (6)), ¢ # 2. This implies that

(14) M?® (z,y,2Vz) = 0.
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3.3. The final formula. Putting together (7), (8), (12) and (14) we get
(k) r
= 1 _
f®) (Z n<k>> 40 (risge)

+ O ;
(log z)(log log x)
L 0 x log log x
og r)\1og 10g 72 08 N
1 1 1 1(])\%% 1 log T ’

where the implied O-constants are absolute. It remains to analyze <Z (—k> liz.

k
We write

Z’#(k) N Ak) Z”M(/‘J)
— n(k) —n(k) 4 n(k)’
where Zk” means that the sum is over those positive square-free integers k for
which there exists a prime divisor ¢ > y. Using part 2 of Lemma 2.1 we get that

" (k)
> (k)lm < 1ng22 2t3/2

k q> t=1
L —X
(log x)y logy
— O o
(log =) (log %) (log log 3&*) |
Thus
) T log log x
15 z,Q)=fgliz+ 0O .
( ) f( Q) fE <(10g .1?) (log log 1(])§2z) 10g loga: )

This completes the proof of Theorem 1.1.

3.4. The proof of Corollary 1.2. First, let us recall that it was pointed out by
Serre (see [Mu3|, p. 327]) that the density fg is positive if and only if Q(E£[2]) # Q.
Now, we note that a necessary condition for formula (15) to hold is that = >
exp (NQ) . Then, if x < exp (NQ) , the main term of (15) will be bigger than the
error term. This proves the assertion of the corollary.

4. CONCLUDING REMARKS

As mentioned in the proof of Corollary 1.2, the density fg is positive if and only
if Q(E[2]) # Q. For the sake of clarity, we explain this in what follows in the case
of a CM elliptic curve E defined over Q. Naturally, in order to have fg # 0 we need
to assume Q(E[2]) # Q, for otherwise the torsion part of F(Q) contains the Klein
four group and so E(F,) cannot be cyclic. The condition is also sufficient. To see
this, let us first note that if Q(F[2]) # Q, then [Q(E[2]) : Q] is 2, 3 or 6. We let
K5 be the unique abelian subextension contained in Q(E[2]). Also, we let K be the
CM field of E. We recall that K(F][g]) = Q(F|[q]) for any prime ¢ > 3 (see [Mull
p. 165, Lemma 6]), and we observe that since K is a quadratic field and K5 is a
cubic or a quadratic field, we have either Ko NK =Q or Ko = K. If Ko N K =Q,
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then using that Ko C Q(E[2]) and K C Q(E|[q]) for any ¢ > 3, we deduce that the
density of the primes p that do not split completely in any of the fields Q(F]q]) is
greater than or equal to the density of the primes p that do not split completely in
K5 and K. In other words,

o> (- et (- )

If Ko = K, then K C Q(FE][q]) for any prime ¢, and so the density of the primes p
that do not split completely in any of the fields Q(FE]g]) is greater than or equal to
the density of the primes p that do not split completely in K. In other words,

o> () 4

This completes the proof of the positivity of {g.

The main significance of our unconditional proof of the asymptotic formula for
f(z,Q) in the case of a CM elliptic curve lies in the simplicity of the tools that
are used. Ram Murty’s initial proof avoided the GRH by using a difficult appli-
cation of the large sieve for number fields, namely a Bombieri-Vinogradov type
result for number fields. In our new proof we use instead an application of the
sieve of Eratosthenes, one of the simplest sieves in number theory. We point out
that this application of the sieve of Eratosthenes (Lemma 2.5) could be viewed as
a Brun-Titchmarsh theorem for quadratic number fields, since it gives nontrivial
upper bounds for the number of (principal) prime ideals whose generator satisfies
congruence conditions. A result of this kind had been obtained in [Schl, but as an
application of the large sieve for number fields, and could have been used in our
treatment of M (z,y,2/T).

Another significance of our new proof is that it provides explicit error terms,
with absolute O-constants. As noted in Corollary 1.2, we can then deduce an
unconditional upper bound for the smallest prime p for which E(F,) is cyclic.
Considerable improvements of this bound, under GRH, will be discussed in an
upcoming paper.

Naturally, one can ask if our ideas can be explored further and used in other
related situations. For example, one could consider the question of determining
the number of prime ideals for which the reduction of a CM elliptic curve defined
over a number field gives a cyclic group. It seems that our tools can be used in
this situation. Another question is that of using the ideas of this paper in the case
of a non-CM elliptic curve. At present, no unconditional proof for the asymptotic
formula for f(z,Q) is known in this situation, but, as mentioned in Section 1, only
a proof based on a quasi-GRH assumption (see JacCl]). If we assume a variation of
a conjecture of Lang and Trotter on the number of distinct fields Q(m,) obtained
when p runs over primes of ordinary reduction for a non-CM elliptic curve (see
ILT1]), then it turns out that we can follow the current CM approach even in

the non-CM case. The dependence % on the discriminant D of the estimates

provided by Lemma 2.5 will be more advantageous than the dependence on D
provided by Schaal’s result mentioned above. This is, again, an asset of our new
proof. Yet another related question is that of determining an asymptotic formula
for the number of primes p for which the order of E(F,) is square-free. The ideas
of our paper can be successfully used to answer this question if E is a CM elliptic
curve. The details of our last two claims will be given in different upcoming papers.
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