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CYCLOTRON ECHO PHENOMENA 

Roy W. Gould

In t roduct ion

First I'd l ike t o rem ark t hat not all t he ef fects which I p lan t o  

d iscuss are real ly echo phenom ena, so a sl igh t ly m ore appropr iate t i t le 

m ight be "Pu lse St im ulated Cyclot ron Rad iat ion in Plasm as". However , all  

of  t he work was in fact m ot ivated by t he very in terest ing and im por tant  

d iscovery of R. M. Hil l and D. E. Kap lan at t he Lockheed Laborator ies

ear l ier t h is year . Their work was pub lished in t he June 28 Physical Review

Let ters1 , and a num ber of physicist s im m ed iately set out io t ry t o understand 

t he ef fect ; t he observat ion of echo rad iat ion when a p lasm a is sub jected  

t o m ult ip le pulses of rad iat ion at t he cyclot ron f requency. At t he 

Novem ber 1965 m eet ing of t he Plasm a Physics Division in San Francisco, 

t h is had already resu lted in four papers: by Hil l and Kap lan2 , b y J.  

Hirschf ield3 , by W. H. Kegel4 and by m yself5 . I'l l  t ry t o sum m ar ize som e 

of t he im por tant ideas which have been developed t o date.

It  was t he fact t hat one cou ld not d irect ly carry over t he nice ideas 

of Hahn6 and Purcell7 about sp in echoes t o cyclot ron echoes t hat at t racted  

peop le t o work on t h is prob lem . Basical ly, although precessing sp in  

system  and gyrat ing charge par t icle system s have form al sim ilar i t ies, 

t here are som e essent ial d if ferences which, I hope, wil l becom e m ore evident  

as t h is t alk  proceeds.

First , let  m e sum m ar ize i n a very gross fasion, t he ex per im ental 

resu lt s (Refer t o Figure 1). A shor t (10 - 20 nanosecond) pulse of rad iat ion  

at t he cyclot ron f requency causes t he p lasm a t o develop a m acroscop ic cur

rent (or polar izat ion) which decays af ter t he rem oval of t he pulse. A



second pulse fo l lowing t he f i rst by in terval τ , cause a sim ilar  

p lasm a response. This is fo l lowed af ter st i l l another in terval τ by 

a delayed response or  echo and, in m any cases, a ser ies of echoes with

decreasing am pli tude. I m ight rem ind you t hat in t he sp in case norm ally

only one echo is observed . If , af ter a st i l l long t im e T - -  wh ich is

long com pared with t he decay t im e of t he echo response - -  a t h ird pulse i s 

app lied , one obtains, in add it ion t o t he im m ed iate p lasm a response, again  

a response delayed by t im e τ and perhaps also a ser ies of responses or

"echoes" . As T is increased t he t h ree- pulse "echoes" becom e weaker .

It is im por tant t o recogn ize t hat a l inear system  (one whose res

ponse is st r ict ly propor t ional io t he dr iving force) cannot such

echoes. In t heir Physical Review let ter1 Hil l and KapIan repor t two-  

pulse echo decay t im es of 50 - 900 nanoseconds and  t h ree- pu lse decay t im es 

of 10- 20 m ircroseconds, and at San Francisco2 i t  was repor ted t hat t h ree-

pulse response had been observed with T greater t han 1 m il l isecond .

The ex per im ents were per form ed in af terg low rare- gas p lasm as, Ne, Ar and  

in nit rogen and t he m agnet ic f ield  had about a half percent inhom ogeneit y 

over t he p lasm a volum e. Elect ron densit ies were such as t o m ake t he 

p lasm a f requency well below t he cycIot ron f requency and presum ab ly one 

cou ld , as a f i rst approx im at ion, ignore co l lect ive ef fects.

Figure 2 shows schem at ical ly the m anner in which t he ef fects can be observed 

observed in f ree space using m icrowave horns, in  a waveguide, or  in  a  

cavit y resonator . Hi l l  and  Kap lan have em ployed t he f i rst two conf igura

t ions and have estab l ished t hat both t he elect r ic f ield and t he

propagat ion vector of t he incident wave should be perpend icu lar t o t he

stat ic m agnet ic f ield . With t he cavit y m ethod  one can observe the cross

2 .
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polar ized  response of  the p lasm a and  suppress the observat ion of  the 

dr iving f ield in a m anner analogous t o t hat em ployed by Bloch in  

nuclear m agnet ic resonance ex per im ents.

Having reviewed cer tain  aspects of  the observat ions, I wou ld  turn  

now t o t he at tem pts which have been m ade to understand  th is phenom ena,

and t o som e pred ict ions of related ef fects which arose f rom  t hese 

at tem pts. The rem ainder  of t he t alk wil l be i n t he form  of a shor t

ex cursion in to ro tat ing velocit y space.

I shal l f i rst d iscuss t he l inear ized equat ion of m ot ion of sing le 

par t icle in a stat ic m agnet ic f ield  and an osci l lat ing elect r ic f ield .

Then I'l l  d iscuss t he behavior of an ensem b le of non- in teract ing par t i

cles, i .e. par t icles which in teract only with t he app lied f ields.

Although such a l inear ized t heory does not g ive r ise t o echoes, i t  does 

g ive a very clear p icture of how t hey can com e about  when nonlineari t ies 

of var ious t ypes are included .

Figure 3 shows t he l inear equat ion of m ot ion which is t o be solved . 

Ef fects of t he spat ial var iat ions of E and B and of t he r .f .  

m agnet ic f ield are ignored . As in t he case of m agnet ic resonance prob lem s 

i t  is convenient t o t ransform t o a ro tat ing system (velocit y space in  th is 

case) in whic h one of t he ro tat ing com ponents of  E is stat ionary. In  

t h is system  t he ef fect  o f  the other  rotat ing  com ponent  m ay be neg lected, 

and t he cyclot ron f requency appears reduced by t he f requency ω of t he 

r .f . elect r ic f ield . Cyclotron resonance corresponds t o a d if ference

cyclot ron f requency ω 'c of zero and near resonance t o sm all ω 'c

Since we shal l be concerned only with t he com ponents of velocit y perpen

d icu lar t o t he stat ic m agnet ic f ield (which l ies along the ax is of

ro tat ion) i t is also convenient t o in t roduce a com plex  velocit y
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rep resentat ion in  which the real and  im ag inary par ts of  V are Vx  

and Vy respect ively.

The solu t ion of  th is equat ion consists of  f ree rotat ion of  the d if -

ference cyclot ron f requency ω 'c p lus the response to the elect r ic f ield

which is constant dur ing  the pulse. If  t he pulse is shor t ω 'ct < <  1 t he

ef fect  o f  the elect r ic f ield is sim p ly to  t ranslate the velocit y "vector"

by an am ount propor t ional t o in tensit y and durat ion of  the pulse. Between

pulses t he velocit y vector ro tates slowly about t he ax is with t he f re-

quency ω 'c. 

We wil l now use t h is resu lt t o d iscuss t he behavior of elect rons 

which have a d ist r ibu t ion of cyclot ron f requencies by vir tue of t heir  

being located in reg ions of sl ight ly d if ferent  m agnet ic f ield .

Figure 4 shows t he behavior in our ro tat ing velocit y space. If  we

ignore t he t herm al  velocit ies of  t he elect rons, which seem s also t o be a

fair  approx im at ion since general ly Vpulse > >  Vt h  - -  and  we shal l  return  to

t h is later  - - , t he velocit y vector of each par t icle is in i t ial ly at t he 

or ig in and is t ranslated by an am ount V '1 by t he f i rst app lied pulse. 

Following t he f i rst  pulse each velocit y vector ro tates about t he or ig in  

at a rate determ ined by t he d if ference cyclot ron f requency  ω 'c and af ter  

a t im e t hey becom e d ist r ibu ted around a circle of rad ius V'1 . Bear in  

m ind t hat vectors at B, for ex am ple, consist of par t icles which dr if ted  

d irect ly t o B or encircled t he or ig in once, tw ice or m ore, either  

clockwise or counterclockwise, t o reach B. Since t he p lasm a current  is 

essent ial ly t he sum of velocit y vectors, t h is d ispersal rep resents t he

decay of t he current induced by t he f i rst pulse due t o t he inhom ogeneous 

m agnet ic f ield .
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The second  app l ied  r .f . (equal in  st rength  for  sim p lici t y) t rans-

lates each of  the velocit y vectors by the sam e am ount , g iving  d iagram  (c). 

Following the second  pu lse, each velocit y vector  roates wt ih  t is appro-

 
pr iate rate and  the circle of  d iagram (c) b reaks in to m any "circles," since

par t icles at  a g iven poin t  on the circle have arr ived  there by rotat ing  at  

d if ferent rates. However , af ter  a t im e ex act ly τ  each vector wi l l  have 

t u rned t h rough t he sam e ang le as i t  d id dur ing t he in i t ial in terval τ  

between t he two pulses and al l  vectors which were t ogether at B in  

d iagram  (c) are again t ogether at B in d iagram  (d ). They have, in  fact ,

ro tated by 45º +  som e posit ive or negat ive m ult ip le of 360º .

Diagram  (e) corresponds t o t he t im e of t he f i rst echo and d iagram

(f ) corresponds t o t he t im e of t he second echo, d iagram (d ) t o  in term ed iate 

t im es. We see t hat at special t im es nτ (m easured f rom  t he second pul se) 

velocit y vectors which are otherwise d ist r ibu ted over t he ent ire p lane, 

regr oup. This regroup ing in phase at special t im es is not suf f icient t o  

produce a m acroscop ic current in t he p lasm a, since t he sum s of t he velocit y 

vectors in d iagram s (e) and (f ) are st i l l zero, due t o an ex act cancel lat ion 

of posit ive and negat ive V'x 's (there are m ore with negat ive Vx , but

t hose with posit ive V'x  have larger  V'x .) However , th is ex act  cancel la-
 

t ion at  t he special t im es nτ wil l be spoi led by any of a num ber of  non -  

l inear i t ies. The im por tant nonIinear i t ies seem  t o be

a) Spat ial inhom ogeneit ies of t he rad io f requency d r iving f ield  

(both E and B). When t he orb it size is not  neg lig ib le in com par ison with  

t he wavelength of t he p lane wave dr iving f ields, t he ef fect iveness of t he 

dr iving f ield decreases with increasing orb it  size. Th is non l inear  af fect

causes par t icles at A in d iagram (b ) t o be t ranslated  less than par t icles



6 .

at  E, for  ex am ple, and  d iagram  (c) is no longer  a circle, but  el l ip t ical.

The curve in  d iagram  (e) is therefore sl igh t ly d istor ted  so that  par t icles

near  A cont r ibute sl igh t ly less current  and  the ex act  cancel lat ion  at  t im e

τ is spoi led and an "echo" p roduced . It s am p li tude is rough ly V21 / c2

sm aller t han t he instantaneous p lasm a response. The am p li tude of  subsequent

echoes is propor t ional to  h igher  powers of  V21 / c2 , and  are very weak .

Another nonlinear m echanism  which can spoi l t he ex act cancel lat ion  and 

t herefore lead t o echoes is an energy- dependent cyclot ron f requency, such as 

is causes by t he relat ivist ic m ass ef fect . Par t icles along HAB have a higher 

ro tat ional energy t han t hose along DEF and would t herefore have a sl igh t ly 

reduced ro tat ion rate. They t herefore appear ro tated clockwise is (e) and  

(f ) and t herefore spoi l t he sym m et ry with respect t o t he V'x ax is . Th is 

ef fect , although i t  is due t o t he relat ivist ic sh if t in cyclot ron f requency, 

is, in general, m uch m ore im por tant t han t he f i rst , since i t  is actual ly the 

relat ivist ic change in phase which mat ters and t h is is approx im ately V2/ c2 

t i m es t he ro tat ion ang le in t he laboratory system  (t yp ical ly 104 ) .

Furtherm ore, Hirschf ield  poin ted  out  in  h is San Francisco talk  that 

t here are other , possib ly m ore im por tant , reasons for t he cyclot ron f requency 

t o  be energy dependent . For ex am ple, in a non- un iform  stat ic m agnet ic f ield  

t he cyclot ron per iod depends on t he orb it size and hence upon t he rotat ional 

energy. As a very sim p le ex am ple, a ro tat ionalIy sym m et r ic m agnet ic f ield 

whose st rength decreases with rad ius, leads t o a cyclot ron f requency which  

decreases with t he par t icle energy. Spat ial ly non- un iform  static elect r ic  

f ields, which m ay also be present , also can g ive r ise t o  an energy- dependent 

cyclot ron f requency .

St i l l another possib le m echanism suggested or ig inal ly by Jam es P.

Gordon of t he Bell Telephone Laboratory and d iscussed quant i tat ively by Hil l
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and Kap lan at  San Francisco, is the energy- dependent  co l l ision p rocess.

Although we have ignored  col l isions unt i l  now, the ef fect  o f  an elast ic

col l ision is to  alter  the phase of  a par t icle in  a random  way and  ef fec-

t ively rem ove i t  f rom  fur ther  consideration - -  at  least  in  the two- pu lse

case. If , however , t he rem oval p rocess is energy dependent , m ore 

par ti cles wil l be rem oved , for ex am ple, f rom  HAB t han f rom DEF (when t he 

col l ision f requency increases with energy). Again t he cancel lat ion at  

t im es t  =  nτ does not occur and echoes resu lt .

Now I would l ike t o d igress a m om ent t o d iscuss t he sp in echo

ef fect f rom  t h is poin t of view. Figure 5 shows t he equat ion obeyed by an

ind ividual m agnet ic m om ent M in t he absence of relax at ion ef fects. ω

is propor t ional t o t he app lied f ield H, which consists of super im posed

stat ic and r .f . f ields, ω o and ω1 , respect ively. It  fo l lows f rom  t he 

f i rst equat ion t hat t he m agnitude of M is a constant and t herefore t he 

t ip of M vector l ies on a sphere. In nuclear induct ion ex per im ents one 

observes only t he pro ject ion of t he m acroscop ic m agnet izat ion, wh ich is 

t he sum of t he ind ividual m om ents, in t he x - y p lace. The last  equat ion 

descr ibes t h is perpend icu lar part  of M, and i t , is sim ilar  in  som e res-  

pects t o t he previous equat ion for elect ron velocit y. Note t hat f ree 

precession f requency is independent of M (i .e., "energy"- independent) 

but t hat t he dr iving force is non l inear , since i t  is propor t ional t o M as 

well as t o ω 1 .

The dr iving force nonlinear i t y can perhaps be seen m ore clear ly in

t he d iagram , where t he circle centered on t he or ig in rep resents a d ist r i 

but ion of m om ents with d if ferent phases. (The vectors descr ibe a cone and 

we see t he pro ject ion of t heir t ips on t he x - y p lane.) A r .f . pulse which
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ro tates each of t he m om ents about t he y ax is t h rough ang les about  30º and

60º resu lt s in t he el l ipse- l ike p ro ject ion. ObviousIy in t h is d iagram

d if ferent  m om ents appear  to  ex per ience dif ferent  t ranslat ions in  the x y-

p lane, depend ing on the value of Mx  wh ich they had  to beg in  with. While

sp in  echoes em p loying  pu lses which rotate the m om ents through ex act ly 90º

and 180 º have very sim p le ex p lanat ion, g iven by Hahn and  Purcel l , any com -  

b inat ion of  two non- in f in i tesim al pulses produces an echo.

Furtherm ore, any two- state quantum - m echanical system , sp in or otherwise,

can be cast in to t he sam e m old8 as Figure 6 ind icates. If  t he wave funct ion

can be descr ibed as a Iinear superposit ion of Ψa and Ψb t hen t he am pli -  
 

t udes a and b , or rather cer tain quadrat ic com binat ions of t hem , obey

a sim p le t h ree- com ponent vector equat ion which has t he sam e form  as t he sp in

equat ion. Furtherm ore in t he case of elect r ic or m agnet ic d ipole t ransit ions

r1 , r 2 and r3 are t he ex pectat ion values of t he d ipole m om ent , ω 3 is the 

energy d if ference, ω 1 and ω 2 are com binat ions of t he m at r ix  elem ents o f 

t he dr iving per turbat ion between states a and. b.

We m ay in terp ret t h is t o m ean t hat any ensem ble of  two- stat e quant um -  

m echanical system s which has a spread in t ransit ion f requencies with  

suf f icient l i fet im es cou ld ex h ib it echoes.

Indeed , t h is is t he proposed ex p lanat ion of t he photon- echo observed 

in ruby by t he Colum b ia group : Kurn it , Abel la and Hartm ann9 . The levels 

invo lved are elect ron ic states in chrom ium which are sp l i t by t he crystal 

elect r ic f ield .

I would now l ike t o out l ine t he m athem at ical t reatm ent  that  goes with  the 

d iagram s (refer t o Fig .  7). V' is t he com plex velocit y of  a par t icu lar elect ron  

whose d if ference cyclot ron f requency is ω 'c at a t im e t m easured f rom  t he
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second  pu lse. The f irst  pu lse p roduces velocit y V1  and  between 

t he two pu lses the velocit y vector  is ro tated  through an ang le ø1  - -  

rem em ber t he coord inate system  is locked to the rotat ing  elect r ic f ield  

and ω 'c is t he cyclot ron rotat ion f requency relat ive in  the rotat ing  

system . The second  pu lse p rovides an add it ional velocit y V2  and  the to tal 

velocit y vector  ro tates through an ang le ø in  the nex t  in terval

To obtain  the m acroscop ic p lasm a current we need t o m ult ip ly

both by t he num ber of par t icles which have a d if ference cyclot ron f requency 

ω 'c and by t he probab il i t y t hat t hese par t icles survive unt i l t im e t , 

w i t hout m ak ing a phase- dest roying col l ision, and t hen in tegrate over ω 'c.

For t he t h ree t ypes of nonlinear i t ies already d iscussed , either  

v2 , ø or P(t ) are energy dependent , accord ing t o whether t he dr iving  

force, t he cyclot ron f requency, or t he col l ision f requency is energy 

dependent .

Figure 8 out l ines a sim p li f ied t reatm ent of what are probab ly t he 

two m ost im por tant nonlinear i t ies in p lasm as. I have assum ed, for sim p li

cit y, t hat both t he cyclot ron and col l ision f requencies have a weak

dependence on v2 , i .e., upon energy. This is a good approx im at ion for  the

cyclot ron f requency and not so good for t he col l ision f requency, but i t

serves t o i l lust rate t he poin t . Hi l l and Kap lan2 have g iven resu lt s for

other m ore real ist ic dependences of coll ision f requency on velocit y.

Between t he two pulses all par t icles have t he sam e energy, V21 , and  these

ef fects are unim por tant . Af ter t he second pulse, however , V2  depends on

V1,  V2 and ø1 , t he phase t he par t icle had at t he t im e of t he second  pu lse.

Since both ø and ν appear in t he ex ponent , cos ø1  w i l l  appear  in  the

nonlineariti.es
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ex ponent  ad  we can em p loy the well- known Bessel funct ion ident i t y.

Note par t icu lar ly the sym m et r ical way in  which the two ef fects appear ,

so that  we can evaluate their  relat ive im por tance by com par ing  ∂ ω c/ ∂ v2

d irect ly with  ∂ v/ ∂ v2 . Now ω c is very large com pared  with  ν, but the

relat ive dependence on v2  is m uch weaker . It  is therefore not  clear ,

a pr ior i , which ef fect is m ore im por tant .

Af ter a few m inor steps one obtains an ex pression for t he p lasm a 

current which has t he form  of a ser ies of pulses. Centered on  

The pu lse shape is g iven by t he Four ier t ransform  of t he cyclot ron f re-  

quency d ist r ibu t ion funct ion. A very inhom ogeneous f ield leads t o narrow 

echo pulses . The am pli tude factors contain t he Bessel funct ions and  are 

slowly varying funct ions of t im e.

Figure 9 shows t he m anner in which t he am pli tude of t he f i rst  echo 

pulse depends upon t im e in t hese two t heor ies. Note t hat t hey al l  have 

t he sam e general appearance, r ising at f i rst as either nonlinear  ef fect  

allows t he echo t o develop , and f inal ly fal l ing as col l isions t ake their

t o l l . The dashed and sol id curves are for energy- dependent  co l l isions and

cyclot ron f requencies, respect ively. As t he m agnitude of energy dependence 

becom es larger, so does t he m ax im um ach ievab le echo pulse am pli tude

pure ex ponent ial decay l ine is shown for com par ison and one sees that  decay 

for large t im es is only approx im ately ex ponent ial. If  t he two pu lses have

unequal st rengths, t he decay curve for energy dependent  cyclot ron f requency

develops per iod ic local m in im a and th is m ay be a way to d if ferentiate

between two ef fects.

Another im por tant ef fect m ay also cont r ibute t o decay of  the echo 

pulses: As a resu lt  o f  their  relat ively sm all  t herm al velocit ies, a par t icle
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can m ove along a m agnet ic f ield  l ine and  change i t s cyclot ron f requency

sl igh t ly. The resu lt ing  change in  phase, since i t  is d if ferent for t he

par t icles with  d if ferent  speeds, wi l l  lead  to  a decay

which becom es a very st rong ef fect af ter a cer tain t im e.

Now I'd l ike t o t u rn t o t he t h ree- pu lse case t o see why i t  is pos-

sib le, desp ite m any m any col l isions between t he second and t h ird pulses, 

for t he system  t o st i l l rem em ber t he t im e in terval between t he f i rst two  

pulses τ . The cent ral idea here is t hat t hese are essent ial ly elast ic 

col l isions, since t he elect rons col l ide with heavy par t icles, Figure 10  

shows t he ef fect of t he t h ree- pu lse sequence on an ensem ble of par t icles. 

The f i rst pulse im par ts t he sam e velocit y t o all (f i rst d iagram ) and t hey 

d isperse because of t he d if ferent cyclot ron f requencies (second d iagram ). 

The second pulse t ranslates t he circle (th ird d iagram ). Dur ing t he long  

t im e in terval between t he second and t h ird pulses, each par t icle ex per i -  

ences m any col l isions, d ist r ibu t ing par t icles with t he sam e speed  over  a 

spher ical  shel l . Pr ior t o t he t h ird pulse, par t icles with d if ferent  

energ ies are d ist r ibu ted over d if ferent spher ical shel ls ABC . . . accord -  

ing t o t heir energy, i .e., accord ing t o t he phase t hey had at t he t im e of  

t he second pulse. The t h ird pulse t ranslates each spher ical shel l , and  

t hey d isperse as before. Thus we have par t icles d ist r ibu ted in shel ls, 

onion- l ike in character , with par t icles in t he sam e shel l having ex per i-  

enced t he sam e phase change , m odule 2π , between t he f i rst  and second  

pulse. Dur ing t he nex t in terval τ , t he par t icles on a g iven shel l t u rn  

t h rough t he sam e ang le as t hey d id in t he f i rst in terval τ  and  we
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ach ieve the situat ion in  the lower  lef t . Now each of  these spheres has

i t s center on the dashed  circle and  the current  would  again  ex act ly cancel

were i t  not  for  non l inear  ef fects. Energy- dependent  co l l isions wil l

select ively rem ove par t icles f rom  var ious reg ions of shel l A and t hereby

change i t s center of  charge . An energy- dependent cyclot ron f requency wil l  

sh if t i t s center clockwise, etc. In either case no cancel lat ion is 

spoi led and an echo response resu lt s. The last f igure shows t he si tuat ion  

at t he t im e of t he second echo, which also ar ises f rom  nonlinear ef fects. 

One as yet  very puzz l ing feature is t he long decay t im e observed in t he 

t h ree- pu lse case.

When the elect ron densit y is higher , ear l ier in t he decay, t he echo  

ef fect appears t o occur at t he upper hybr id f requency2 . ω 2 =  ω 2p +  ω 2c and 

col lect ive ef fects are probab ly im por tant . A m ajor ex tension of t hese ideas 

wil l be requ ired .

So m uch for t he phenom ena ord inar i ly regarded as echoes. In t rying 

t o understand Hi l l and Kap lan 's ex per im ent , several false star t s were m ade 

which actual ly led t o new pred ict ions. First t here is t he sing le pu lse case 

of J. Hirschf ield 3. He observed , as Figure 11 i l lust rates, t hat in  a very 

hom ogeneous f ield a sing le app lied puIse m ight produce a t rain of  responses. 

Consider p lasm a elect rons which all have t he sam e speed  perpend icu lar  to 

t he m agnet ic f ield B with random  phases, and no velocit y along B. A 

sing le, very weak pulse t ranslates each velocit y vector an am ount sm all  com -  

pared with Vo . Som e par t icles have t heir energy very sl igh t ly increased , 

som e very sl igh t ly decreased , and som e not at all . If  t he gyro f requency is 

energy dependent t here is a d if ferent ial ro tat ion, shown by t he ar rows, wh ich 

causes t he par t icles t o bunch at θ = - π / 2 , d isperse and bunch at θ  =  π / 2 ,
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etc. The ex pression for t he resu lt ing current is g iven on t he sl ide and  

J2 is p lot ted. Note especial ly t hat near ly t he fu l l p lasm a current Ne vo

is eventual ly ach ieved , but one m ust wait longer , t he sm aller t he st im u-  

Iat ing pulse is . Af ter integrat ing over a Max wel l  d ist r ibu t ion of perpen-  

d icu lar velocit ies, t he ef fect survives, although reduced in am pli tude and  

with but a sing le m ax im um in current .

Probabl y t he m ono- energet ic in i t ial state f i rst considered by

Hi rschf ield cou ld be produced by t he app licat ion of a pulse i t self . How -

ever , t he in terval between t he responses produced by t he second app lied

pulse would depend on t he am pli tude of t he second app lied pulse, not  t he t im e

in tervaI between t he two app lied pulses1 . Wilhelm  Kegel, also t rying t o

understand t he echo ex per im ent , found yet another ef fect . Suppose t hat  t he

m agnet ic f ield is very uniform , t he cyclot ron f requency is energy dependent ,

and t he elect rons have a t herm al d ist r ibu t ion of velocit ies. Af ter t he f i rst

pulse (refer t o Figure 12), t he par t icles d isperse because of t he energy-

dependent cyclot ron f requency, t ogether with t he t herm al energy spread . A

second pulse produces t he t h ick r ing shown i n (c). The in terest ing resu lt

is t hat fo l lowing t he decay of t he instantaneous response t o t he second

app lied pulse a ser ies of responses resu lt s. I haven 't been ab le t o see how

t o ex p lain t h is clear ly with d iagram s yet .

Figure 13 , f rom  Kegel 's work4 , shows that  these responses are not

separated by t he in terval τ but by τ ∕ 2: In  t h is com putat ion t he two  

pulses have equal st rength . For two unequal pulses, t he responses are 

separated by an in terval

and t here is a second , weaker  t rain whose in terval is
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Kegel has also shown t hat  when the energy dependent  cyclot ron f requency

i s invo lved , a suf f icient ly st rong inhom ogeneit y in  the m agnet ic f ield 

wil l dest roy h is ef fect . Sim ilar ly, he has shown t hat  su f f icient ly h igh 

t herm al speeds (tem perature) wil l dest roy t he ord inary echo in  a non-  

uniform  m agnet ic f ield .

He has also shown t hat for t h ree pulses, without col l isions, a

m ult ip l ici t y of reponses occur  at  t im es

t =  nτ + m T , all  in tegral m ,n for  wh ich t  >  0  

(t m easured f rom t h ird  pu lse)

Final ly, I wou ld  l ike to  d iscuss echo phenom ena in  a  m ore general  

contex t . We saw that  two level quantum  m echanical system s obeyed equat ions  

sim ilar t o "classical" sp in equat ion, so by analogy, echoes cou ld be ob tained

in ensem bles of such system s. It  is character ist ic of two- level system s 

t hat an app lied per turbat ion which resonates with the natural f requency 

of t he system  alternately increases and  decreases i ts energy and  the  

nonlinear i t y requ ired  for  the echo is im m ed iately evident .

Such is not t he case for an ensem ble of classical (or  quantum ) 

harm onic osci l lat ions such as gyrat ing  charged  part icles, for  these the 

energy is increased indef in i tely (or  unt i l  m ore sub t le non l inear  ef fects 

enter ) by a resonan t dr iving force. This is a basical ly d if ferent  t ype of   

system .

Now our t reatm ent of echo phenom ena is to  be carr ied  over , qual i t a-

t ively at least and quant i tat ively perhaps, to  osci l lator  system s in
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general. Figure 14  i l lust rates m y poin t . I em ploy coord inates p  and

Ωq, the m om entum  and  f requency t im es coord inate, respect ively. In  the

p, Ωq phase p lane, orb it s are circles and  by in t roducing  a rotat ing  coor-

d inate system  p ' Ωq ' wh ich rotates with  f requency of  the d r iving  force, 

t he ro tat ing  com ponent  is constant  and  the other  has a neg l ig ib le ef fect .

Observab le quant i t ies m ight  be < p>  or  < q>  for ex am ple. In shor t , all  

our previous ideas can be carr ied over t o a general osci l lator system .

Basical ly we requ ire for echo phenom ena in a system :

a) An ensem ble of osci l lators with a narrow d ist r ibu t ion of  

natural f requencies, which in teract with ex ternal forces

b) Suf f icient ly long relax at ion t im es t o perm it observat ion

c) One of a var iety of nonlinear ef fects t o "spoi l cancel lat ion"

1 . energy- dependent dr iving force

2 . energy- dependent natural f requency - -  anharm onic osci l lators

3 . energy- dependent relax at ion phenom ena

4 . others?

It  is in terest ing t o note t hat t hese cond it ions are essent ial ly t he sam e as 

requ ired for use in m asers and lasers.

You can see t hat Hil l and Kap lan 's d iscovery has indeed st im ulated  

a considerab le in terest , som e new and potent ial ly usefu l resu lt s, 

par t icu lar ly in m easur ing col l ision rates at low energ ies <  1 elect ron vo lt . 

Where i t wil l lead rem ains t o be seen, but i t  wil l provide m any new prob-  

lem s t o consider and, I t h ink , ult im ately a var iety of new ex per im ental 

t echn iques.

In closing I would l ike t o acknowledge very f ru i t fu l d iscussions 

with W. K. Kegel, R. M. Hil l , D . E. Kapl an and J. L. Hirschf ield .
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