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The Hodge-de Rham theorem [3] for oriented, compact, Riemannian
manifolds says that the classical cohomology groups with real coefficients
can be calculated from a knowledge of the linearly independent harmonic
differential forms on the manifold. Specifically, let S#°?(M) denote the
space of harmonic p-forms on the compact, oriented Riemannian manifold
M, and let H?(M, R) denote the p-th Cech cohomology group with real
coefficients. Let H}(M, B) be the de Rham cohomology space; i.e., the
quotient vector space,

WM, R) = {Ker d: 47 — A»*}/{Im d: 47~ — A7} .

THEOREM (Hodge-de Rham).
(a) The dimension of S#*(M) is finite, and,
(b) H*(M, R) = 2#°(M) = H)(M, R).

On our compact M, it is easy to show that a harmonic form is in the
kernels of both the differential operator d and the codifferential operator
0, simultaneously. Therefore,

227 (M) = (Ker d: A7 — A7} (1 {Ker 8: A7 — A7~}

and, since we know that any manifold map @: M -— N onto another compact,
oriented, Riemannian manifold, N, commutes with d on the p-forms of
N (p*dy = du9*), it is natural to ask which manifold maps will commute
with the codifferential. The hope is that we may find a way to transfer
information about S#?(N) over to S#Z?(M) via *, and, thereby, relate
their cohomology groups.

We report here the complete classification of all C? manifold mappings
@: M— N between compact, connected, oriented, Riemannian manifolds
which satisfy

( 1 ) ¢*5N = 5M¢’*

on all of the p-forms of N for a fizxed p = 1. In the case of 1-forms,
we find equation (1) to be solved by a rather general class of mappings—
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smooth, Riemannian submersions with minimal fibres. For p = 2, only a
restricted class of mappings—the totally geodesic Riemannian submersions—
will solve (1).

The hopes for a new relation between the cohomology groups of M
and N are partially realized. Specifically, we find the following inequality
on the first Betti numbers of the two manifolds:

(2) b(N) = b(M) .

For p = 2, it has been known for some time that b,(N) < b,(M) for totally
geodesic fibre bundle mappings. The main result, then, for » = 2, is the
total classification of the d-commuting manifold maps.

In [4], Lichnerowicz reported several theorems on Riemannian locally
trivial fibre spaces with minimal fibres. In particular, he found additional
conditions which forced these mappings to commute with the codifferential,
8, on the p-forms of N for all degrees, simultaneously. Our results do
not agree with those of Lichnerowicz, for » = 2. For p»p = 1, they are
independent of his results.

The Betti number inequality (2) has been announced previously [8].

1. Differential operators on tensor-valued forms. We follow the
general outlines of Eells and Sampson [1] and Lichnerowicz [5]. The base
space will always be a compact, connected, oriented, smooth, real Rieman-
nian manifold of dimension m. If A?(M)— M is the bundle of scalar
p-forms of M and E~— M is an arbitrary Riemannian vector bundle over
M with group G and fibre dimension %, then the smooth sections of the
tensor bundle A?(M) K E-— M are called vector-valued p-forms on M with
values in E.

If we replace the vector bundle E in the above construction by a
mixed tensor bundle determined by E, say

E = (®:. B*) @ (X" E)

| l

M M
we call the smooth sections of the bundle
A*(M) Q Ef
M

the tensor-valued p-forms of type (r, s) on M with values in E7. The set
of such tensor-valued p-forms is denoted A? . (M, E). We abbreviate the
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notation in the case of vector-valued forms to A?(M, E).
In a similar fashion, using the bundle T?(M)— M of covariant p-
tensors over M in place of the bundle A?(M)-— M, we create the smooth

sections of
T*(M)R E;

J

M

which are called the tensor-valued covariant p-tensors of type (r,s) on M
with values im E;. We denote the vector space of such p-tensors by
Tr(M, E), and, as before, when s is 0 and » is 1, we denote the space
of wector-valued covariont p-tensors with values in E by T?(M, E).
Obviously, A2 (M, E) is a vector subspace of T?2.(M, E).

Let U be a coordinate neighborhood in a locally finite open covering
of M. Locally, in U, a covariant p-tensor ¥ of type (r, s) may be expressed
as a tensor field of type (r, s) with covariant p-tensors as coeflicients:

Ty = {¥iriinh = Wi e,
with a,, b, =1, ..., n and k; =1, ---, m.

At this point, we adopt the convention that the indices {a, b, ¢, ¢} run
from 1 to =», while the indices {7, 7, k, I} vary from 1 to m.

Let {g*} denote the inverse of the Riemannian structure matrix on
the neighborhood U, and let {k,} be the Riemannian structure matrix on
the fibres of E over U. We shall study extensively the vector space
T?«(M, E), and, therefore, we introduce a local scalar product there to

facilitate calculations.
For w,ne TP(M, E) and ze U, define

1 ... i ipi
<0)9 77>a: = __?Twhl'bz:(x)v?i?;(x)g l:,l(x) e g pjp(x)h’albl(x) et h“rbr(x) .
Since, in this report, all manifolds are compact and oriented, it is
meaningful to define the global scalar product of the two tensor-valued

covariant p-tensors of type (7, 0) to be
@n=| @mn.

By means of the connections on E and on M, we now construct a
connection by which we can differentiate our tensor-valued p-tensors.
Suppose on the coordinate neighborhood U on M, the vector bundle F—
M, has a locally defined connection form w = m, = {n;}. Then 7, is a
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matrix of differential 1-forms in the local coordinate neighborhood U, and
 satisfies the overlap transformation condition:

Ty = &f&ime + &d{Eh

with &€ G, the structural group of the Riemannian vector bundle E.
The curvature of the connection 7 is defined to be

Q=dn+n AT,
so that, locally in U,
28 =d(x3) + 7 A 75,
with
¢ = wf dat .
Let 7 be the usual torsion-free covariant differentiation operator for

the Riemannian connection defined on the manifold M. If ac A?(M, E),
we define

fa=la+rRa on U.
That is,
Cay =r@)+n:@a on U.

Clearly, Fa e T**(M, E), and / transforms correctly on the overlap of
coordinate neighborhoods.

Suppose that ae A? (M, E) is a tensor-valued p-form of type (r, 0).
On the coordinate neighborhood U, we set,

(V"a)bl"'br = V(a{bl"'br) + i T R b1 be—10bg i1t tby
=1

Then Fea is a tensor-valued covariant (p + 1)-tensor of type (, 0). 7 may
also be extended to tensor-valued forms of type (r, s) or to tensor-valued
tensors of type (r, s), but, as we shall not need it, we leave it for the
reader.

Let e A*(M, E). The exterior derivative of the vector-valued p-form
« is locally defined in U to be

da = Alt (a)
=da+rTA\a,

where d is the ordinary exterior differentiation of scalar p-forms on the
base manifold M. Thus, locally in U,

(day = d(a?) + 2 A ac .
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Clearly, d: A*(M, E) — A**(M, E).
PROPOSITION 1.1. In general, dd = 0. In fact, for ac A?(M, E),
dida= QN a .
Proor.

W
Q

=dda+ 7 A Q)
= —nTAda+rTANda+{dr+TAT)ACQ
=02ANa.

Corresponding to the formal adjoint, §, of the exterior differentiation
operator d, on M, we define the codifferential of a vector-valued p-form.
Suppose, locally in U, that the b-th component of the form a e A?(M, E)
is expressed as

a = (a...; )dxt A\ «or A dair .
Then,
(5“)22---4',, = —gjkﬁj(a}ijz---i,,) .
It is clear that d: A*(M, E)— A*™(M, E).
PROPOSITION 1.2. For every ac A*(M, E) and Bec A**(M, E),
(Ja; /8) = (C(, 518) .

Proor. [5].

We define the generalized Laplacian operator on vector-valued p-forms
to be

d= —(ds + 3d) .
It is straightforward that J is linear and preserves the degree of vector-
valued forms. In the same manner as with regular p-forms, a vector-
valued p-form « e A?(M, E) which satisfies da = 0 is said to be karmonic.
It can be shown, in the standard manner using the global scalar product
on the compact manifold, M, that da = 0 if and only if both da = 0 and
oa = 0.

For tensor-valued p-forms of type (r,0), we define the differential,
codifferential, and Laplacian as before. Specifically, if ae A? (M, E), we
have, locally in U,

(Ja)’h""% — d(abl"'br) + i whe A b1 Po—ibotr by ,
6=1

and
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(Sa)’)lbr — _gzkﬁk(able ) ,

igrip ihgeeip

and
d= —(ds + 5d) .
Then,
d: A2(M, E) — Ar(M, E) ,
0: A2(M, E) — A2N(M, E) ,
and

4: Az (M, E) — Ar (M, E)

are all linear operators on tensor-valued p-forms. As before, 6 is the
formal adjoint of d with respect to the global scalar product.

We now wish to apply this construction to the situation at hand. Let
@: M— N be a C* manifold map between two compact, oriented, smooth
Riemannian manifolds of dimension m and =, respectively. The tangent
bundle of N is T(N)— N and we form, in the standard manner, the pull-
back bundle o*T(N)— M. Let U be a coordinate neighborhood of M
with the corresponding local basis {dz*} for the smooth 1-forms there.
We denote the Riemannian structure tensor of M locally by {g.;}. Letting
{dy°} be a local basis in ®(U)S N, compatible with the {dz’}, we may
locally express the Riemannian tensor on N, in @(U), as

ds’ = hudy* @ dy* .
In general, a superior bar will refer to tensors, functions, etc., associated
to the target manifold, N. Thus, / will denote the Riemannian covariant

differentiation operator on tensor fields of N, and {I"¢} will denote the
corresponding Christoffel symbols. Then, locally in U,

71y = (o o){ 22}

ax,-

and

(3) = (Biop){ 222221
axi axj

We infer from equation (3), that dd = 0, for this particular connection
which we have constructed, when and only when the Riemannian connec-
tion of N is flat.

The differential @, ,: T.(M)— T,.,(N) induces, in an obvious way, a
vector-valued 1-form with values in @ *(T(N)) which we denote by @,.
Since we shall be particularly concerned with a study of @,, we abbreviate
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the notation for A'(M,  'T(N)) to A(M, ) for convenience. Locally in
U, we have the explicit expression for @, as

(@) = {22 Jaa .

1

ProrosiTION 1.3.
(a) Locally, in U,

M v a a@ {a¢ } _a{ag)b a¢c}
Po) = r: g {22~ 09"
(1) Updis = 5o T TG, "\ o, ou,

ss H e i O } % i'{a¢u} i'_a{390b 3900}
5 =_,{___ — g { 9P o gy fOP” 09" |,
(1) (02.) g ox,0u; g ox;, + ol ox; 0x;
(b) de, = 0.
PrROOF. Asgsertion (a)(i) follows from the definitions, and (a) (i) is
immediate from

(5¢*)a = _gﬁﬁi(@*)? .
Since d = Alt 7, we see that

. Fpt . ; o0p® 0P, i
dp,)* = d d1+11-{ }d dai — { }d dai .
(@P2) 0x,0%; AN 0%, A ox, 0x; A

But every term on the right is symmetric in ¢ and 5. Therefore, dp, = 0.

The fundamental form, B(@), of the mapping ¢: M — N is the vector-
valued 2-tensor V@, [7]. The justification for this name is the fact that,
when @ is an isometric immersion, F®, is exactly the second fundamental
form of the immersion. Based on this fact, the mapping @: M — N is
said to be totally geodesic if B(®) = 0, and to be a harmonic mapping if
dp, = 0. It is easy to see that part (b) of Proposition 1.3 implies that
@ is a harmonic mapping if and only if ép, = 0. Since § = —Trace/,
totally geodesic must imply harmonicity.

To each mapping @: M— N we associate a canonical tensor-valued

p-form of type (p, 0) given by
AN?Poe=Pu AP A\ +++ A Py 5 (p-times) .
Thus, locally, in a coordinate neighborhood U,

L

ayeeeay
(/\ ¢*)7‘l ‘L ax axip

Since we shall study several important properties of A? ®,, we shorten
the notation of AZ (M, p'T(N)) to AXM, @) in the remainder. The basic
local expressions for the covariant differential, /¥ A? @, € T2 (M, ¢), and
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for the codifferential, § A? @, € A27(M, @), of A? p, are contained in:
ProroSITION 1.4. Let U be a coordinate meighborhood of M. Then,

oo op™ af,D“P}
’ )= {2
(a) k((/\ QD*) p) axk ax~1 axip
r ox,, 0; oz,
dp° } - I {39)“1 p® aq)%}
_ e . cen .
{ axk Z_“ b axil a(v,;r axip
- 0[O a2 9pr
b) (AP 108 = - gik { tee }
(0) (N Py g ox, L ox; O, axizz
. agpal a¢a2 a¢ap }
_ gkl"l { P
L Wy oz, oz,
a¢>“l opz . Op* na }
o En CIAA
g Z ki axj axm awl axip
op° =, {a¢b a¢a2 ago'l!’}
ik F 1 ..
T 0%, 0%; 0%y, aw”p
a@ 66,27“1 a¢a2 aqu ag)ap}
g | Lo :
g 0%, % axi a93"62 axi? axi”

© d(A?Ps)=0.

Proor. (a) and (b) are direct calculations from the definitions. As-
sertion (¢) follows from the same symmetry argument used in the proof
of Proposition 1.3.

Proposition 1.4 (¢) implies that A? @, is a harmonic tensor-valued p-
form if and onmly if §(A?®,)= 0. When » =1, we saw that totally
geodesic mappings were necessarily harmonic mappings. However, any
minimal non-totally geodesic immersion is a harmonic mapping without
having a zero fundamental form. The same cannot be said for the
situation with A?@,; for, as we shall see later, A? @, is harmonic as a
tensor-valued p-form for p =2 if and only if @ is a totally geodesic
mapping. '

We wish now to introduce the mixed trace form of P, with @, itself.
Let @: M — N continue to be a C* mapping and define @ € A M, @) locally
in a coordinate neighborhood U, by

1 = —g™M(P )PPy -

2. Riemannian submersions. In our descriptions of the various prop-
erties of Riemannian submersions, we observe the notations of O’Neill [6]
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and Vilms [7]. A mapping ¢: M— N is a Riemannian submersion if:

(a) @ has maximal rank, and

(b) ., restricted to {Ker @,}*, is a linear isometry.

The submanifolds, @ '(y), ¥ € N, are called the fibres of ®. Since we
have assumed M to be compact, and since it is well-known that the fibres
of @ are closed, regularly imbedded submanifolds of M, they, too, are
compact. Thus, @ is a compact, locally trivial, Riemannian fibre space.
Those vectors which are in Ker @, are called vertical, while those orthogonal
to the fibres are called horizontal. In this manner, @ induces an orthogonal
decomposition of the tangent bundle of M, which we denote: T(M) =
V& H. The orthogonal projection maps are written 7°: T(M) — V and
& T(M)— H. The fact that the vertical distribution is integrable is a
consequence of the fact that the fibres are closed submanifolds. In general,
H is not integrable.

Important examples of Riemannian submersions (without necessarily
requiring M to be compact) are: S** — P,(C); S***— P (Q); M x N— N;
the tangent bundle of N; the orthonormal frame bundle of N; Riemannian
covering maps; the Hopf mappings, S™— S* and S*— S% and reductive
homogeneous coset spaces, G — G/H.

O’Neill [6] defined two tensors, T and A, which essentially characterize
Riemannian submersions. The second fundamental form of the fibres
induces a skew-symmetric tensor T on the vector fields of M via

for E, Fe =v(M), the Lie algebra of vector fields on M. In addition,
O’Neill construected the dual tensor A via

A, too, is a skew-symmetric tensor, and both A and T reverse the distribu-
tions, V and H.

The main interpretation of the tensor T results from its origins. That
is, for V and W, vertical vector fields, the horizontal vector T, W is
identical with the values of the second fundamental form of the fibre
submanifolds acting on the vectors fields V and W, which are tangent to
the fibres. The dual tensor, A, has an interpretation on H x H as the
horizontal integrability tensor, since a routine calculation shows that when
X and Y are horizontal vector fields, then

ALY = %W[X, Y].

Recall, from the previous section, that the fundamental form, B(®),
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of a mapping @: M— N is the symmetric, vector-valued 2-tensor, Fo..
When @: M— N is a Riemannian submersion, S(®) has a particularly
straightforward interpretation.

LeEmMA 2.1 [7]. Let o: M— N be a Riemannian submersion. Then,
for E, Fe 2(M),

(a') B(@) |11><H = 0.

(b) (P« x)"BPWTE, 7F) = —T, (7"E).

(©) (P« |a)"BPNWTE, SEF) = —Asp(7°E).

ProposITION 2.2.

@) B(®)|yxr =0 if and only if the fibres of @ are totally geodesic.

(b) B(®) vz =0 tf and only if the horizontal distribution is inte-
grable.

(¢) TrB(®) = ép, = 0 if and only if the fibres of @ are minimal.

COROLLARY. A Riemannian submersion is a totally geodesic mapping
if and only if the fibres are totally geodesic and the horizontal distribu-
tion 1s integrable.

We now recall a basic theorem of Hermann which Vilms used to
characterize totally geodesic Riemannian submersions. In the next three
theorems, we assume that the manifold M is complete and connected.

THEOREM 2.3 (Hermann). Let @: M—N be a Riemannian submersion.
If the fibres of @ are totally geodesic, then @ is a fibre bundle with
connection and with structure group, the Lie group of isometries of a
JSibre.

Proor. [2].

THEOREM 2.4 (Vilms). A totally geodesic Riemannian submersion,
which is mot a covering map, is ¢ fibre bundle with Aat connection.

Proor. [T7].

THEOREM 2.5 (Vilms). If M is stmply connected and @: M— N is a
totally geodesic Riemannian submersion, then M is a Riemannian product
manifold and @ is a product projection mapping.

Proor. [7].

Now that we have a characterization of totally geodesic Riemannian
submersions, we seek such a global characterization for those Riemannian
submersions which have minimal fibres. According to Proposition 2.2 (c),
the fibres of a Riemannian submersion @: M — N are minimal if and only
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if 6px = 0. But in the remarks following Proposition 1.3, we saw that
09, = 0 if and only if @ is a harmonic mapping. Therefore,

THEOREM 2.6. Let @: M— N be a Riemannian submersion. Then
the fibres are minimal if and only if ® is @ harmonic mapping.

We remark that Theorem 2.6 was proven in [1] from local consider-
ations.

3. d-commuting maps. We now have the machinery to classify those
maps which solve the equation

$*oy = Oyp*a

on all p-forms a of N. Before proving the main theorem however, we
collect a few minor properties of such é-commuting maps.

ProposiTION 3.1.

(a) If ¢: M— N is a constant mapping, then o,o*a = ¢*6ya for all
aecA*(N) and for all p=1,2, ..., dim N.

(b) If ¢: M— N, commutes with 6 on p-forms for a fixed p and
Wi M— N, is constant, then the map & M — N, X N, via &) = (8(x), ¥v(x))
commutes with 0 on p-forms.

(¢) If ¢: M— N, commutes with 0 on p-forms and : N,— N, com-
mutes with 6 on p-forms, then +o¢: M — N, commutes with 4.

ProOF. (b) and (c) are immediate. For (a), simply note that both
sides of the equation are zero.

We are able to give a global characterization of C? manifold maps
which commute with the codifferential operator on p-forms in terms of
tensor-valued differential forms. For this discussion, we fix the integer p,

1 = p < min {m, n}.

THEOREM 3.2. Let ¢: M— N be a surjective C* manifold mapping,
then ¢*oy0 = dyp*a for all acA® (N) if and only if ¢ is a Riemannian
submersion and

S(Ap $x) = 0.

Proor. Let a be an arbitrary p-form on N and ¢ as in the statement

of the theorem. Let xe M. We take sufficiently small coordinate charts

U about x# and V about ¢(x) letting {dy", ---, dy"} be local coordinates
about ¢(x) compatible with the local coordinates {dz!, .-, da™} about =x.

Locally, in V, we may express a as:



146 B. WATSON

a = _l-bal---nz dys A+ A dy®e
p! ?
and ¢*a locally in U as:
pra = {( ayiay ¢) LA E;:; }dxn A oo Adatr,
11 ip

We locally calculate the p — 1 forms dy¢*a and g*é .

) G = o 2

= —or{ T °¢}{ .

B R E v o i

T o9) {aqsal op 8¢ap}

ow, oz,  ou,
o 2 2,

Now, in V,
Oxugay = — BT (Baaga;)

— __hac a(b“‘lz"'a) ac e
= —h {T} + 1T (Buny..wa)

+ hau Z {Paac(baaz---au_lea,+1~--a.p)} .

Hence, in U,

(5) (5"350) 0, = =2 5) | a(bga;.c...,) I «;i“z - gi%}
+ (B 0 $)(buay-rma, © DS ¢}{ gz _ gi«:p}

P —_—
(0o 3Bty 2 Moo 9)
. {M . 3¢_}}}
o, o, ’
Since the form « is completely arbitrary, we may compare like expres-
sions in the equation

(4)= (5) Proy = 3M¢*a
which contain the term 0(b,s,...q,)/0¥.-
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This action yields

e o - - 2o £ )

%2

forallga=1,.-.,mand all ¢=1, ..., n.
Now ¢ is surjective, so some 0¢°/0x;, = 0. Hence,

Y
(6) heod =g 0%, 0%;
forall ¢q,c=1, ..., n.

For the surjective map ¢: M — N, (6) is exactly the defining equation
for a Riemannian submersion.

Comparison of like expressions which contain the term (baaz...%oqi) in
equations (4) and (5) yields:

(7)) (ogilaogf 22" ... 207}

o, 0%,
+ (ko ¢){Z {{Fizc °¢}{ Zﬁ — ‘a‘fg_}}}
AL )
oyl )

ro G e, S S

12

Substitution of equation (6) into (7) then gives:
O(A? :)izipr = 0

gty
for all @q,a;,=1,---,n and all 4, =1, ---, m.

When Theorem 3.2 is specialized to the » = 1 case, we find the stronger
result:

THEOREM 3.3. A C*® manifold mapping ¢: M — N commutes with the
codifferential & on the 1-forms of N if and only if @ is a locally trivial
Riemannian fibre space with minimal fibres.

PrROOF. Theorem 3.2 implies that ® can only be a Riemannian sub-
mersion with 6(A'®,) = 0. As remarked earlier, ¢, = 0 is equivalent to

dp, = 0; i.e., @ is a harmonic Riemannian submersion. Now Theorem 2.6
applies.

For the p = 2 cases, the possibilities for a manifold mapping ¢: M — N
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commuting with the codifferential, 6, are severely limited. We begin our
analysis with several technical lemmas.

LEMMA 3.4.
(a) é(/\ZQD*) = 520* A Px + @
(b) O(A? @) = {0Px A Ps + (D — 1)@} A (AP py) for p = 3.
PROOF. A routine calculation.
LEMMA 8.5. Let o: M— N be a Riemannian submersion. Then the
tensor @ is 0 if and only if ® is a totally geodesic mapping.
PrOOF. We calculate the squared norm of @ in A)M, ®).
|2 = (2, ?)
. . -~ - b a e
= S g]kg”g”hachbe(yk@*)g(Vsq)*): 6@ q)
M 3xj 397,

= [, 9070 0..7 237,21

= |, 0P 2.
= |[Fo.|P in AXM, ) .
Thus, ||@|| = ||/®. || and the lemma follows.

LEMMA 8.6. Let k be a positive imteger and @: M — N be a Rieman-
nian submersion. Then the vector-valued 1-form of type (2,0) given by

kO + 6. N Ps
18 identically zero if and only if @ is a totally geodesic mapping.
Proor. It suffices to show that
1024« [[* = (@, 3P A Ps) -
For then,
1D + 0Px A Pull> = K| Q| 4+ 2k || 5@, | + || 024 A Px |,

and the nullity of || @ || implies that of the other two norms on the right
hand side. We proceed

. . b - ) - e
(@, 39, A Py) = j G, 22 (70 2070 (P 1) 22
M 396,— ax,

= SM g“gjkgrsgjthao(ﬁkq’*)g(ﬁr@*)g
= | 120Gy

= [| 0P |I* .
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THEOREM 3.7. For any p = 2, @: M — N commutes with 0 on the p-
forms of N if and only if ¢ is a totally geodesic Riemannian submersion.

Proor. First notice that because @ has maximal rank, A? @, is never
zero. The theorem then follows immediately from Theorem 3.2, and from
Lemmas 3.4, 3.5 and 3.6.

COROLLARY 1. The only C* mappings ¢: M — N commuting with 0
on the p-forms of N for p = 2, are the fibre bundle maps with flat con-
nection.

ProOOF. See Theorem 2.4.

COROLLARY 2. Suppose that ¢: M— N commutes with 0 on the p-
forms of N for p =2 with M, simply connected. Then M is a Riemannian
product manifold and ¢ is a Riemannian product projection mapping.

ProoF. See Theorem 2.5.

COROLLARY 8. If @: M— N commutes with 0 on the p-forms of N
Jor p = 2, then it also commutes with 0 on the 1-forms of N.

Proor. Totally geodesic implies harmonic.

Since any C? harmonic mapping is smooth (C*), by virtue of being
the local solution to an elliptic equation [1], we obtain a general smooth-
ness theorem for d-commuting maps.

THEOREM 3.8. If ¢@: M — N is any C* manifold map commuting with
the codifferential 0 on the p-forms of N for any fixed p = 1, then @ is C~.

4. Examples. As we have seen, when M is simply connected, the
only C* manifold mappings commuting with the codifferential, 4, on the
p-forms of N for p = 2 are the product projection mappings. However,
the p = 1 case is much richer. In fact, the following three mappings
commute with 6 on 1-forms, but do not commute on higher degree forms.

(a) o: 8™ — P,(C); the classical fibre bundle map over complex
projective m-space.

(b) @:S8"-— S* the classical Hopf mapping.

(¢) @: G — G/H; the canonical fibre bundle map with G, a compact
Lie group; H, a closed subgroup of G; and G/H, an oriented homogeneous
coset space.

We now examine other non-projection d-commuting mappings.

THEOREM 4.1. If dim M = dim N, then the C* manifold mappings
which commute with the codifferential on forms of any degree are exactly
the Riemannian covering mappings.
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PrROOF. Riemannian covering mappings, being local isometries, are
obviously totally geodesic Riemannian submersions. Corollary 3 to Theorem
3.5 then applies. Conversely, it is easy to see that the only locally trivial
Riemannian fibre spaces with dim M = dim N are the Riemannian covering
maps. For a proof of this fact, see [9].

THEOREM 4.2. Ifdim M = dim N + 1, then a C* manifold map ¢: M—
N commuting with the codifferential on the l-forms of N is a smooth
Riemannian fibre bundle mapping with Lie structural group, G = I(F,),
the Lie group of isometries of a fibre.

PROOF. In this case, the dimension of the fibre submanifolds is 1,
where the concepts of minimal and totally geodesic coincide. Therefore,
@ is a locally trivial Riemannian fibre space with totally geodesic fibres.
The theorem of Hermann (Theorem 2.3) then gives the statement of this
theorem. Smoothness follows from Theorem 3.8.

Previously, the author [9] characterized all C® manifold maps which
commute with the Laplacian, 4, on 0-forms (functions) using much the
same methods as in this report. The Laplacian commuters were shown
to be exactly the smooth harmonic Riemannian submersions; that is, those
Riemannian submersions with minimal fibres. From what we have shown
in Section 3, then, if @: M — N commutes with § on 1l-forms, it must
commute with 4 on 0-forms, and conversely. A simple calculation also
shows that if @: M — N commutes with 6 on p-forms, for p = 2, then @
commutes with the Laplacian 4 on p-forms for all p. It is not known
what relation exists between manifold maps which commute with the
Laplacian on 1-forms and the d-commuting mappings.

It is well-known [6] that Riemannian submersions are sectional curvature
increasing on horizontal tangent planes. That is, suppose that X and Y
are horizontal vector fields on M determined by the Riemannian submersion
@: M— N, and that X, and Y, are the corresponding @-related vector
fields on N. Then the Riemannian sectional curvatures of the two manifolds

satisfy:
{(IZX*Y*) opl = Kyy ©
In particular, we conclude:

THEOREM 4.3. _Suppose that M and N are spaces of constant sectional
curvature K and K, respectively. In order that a 6-commuting map
@: M — N exist for any form degree, p =1, it is necessary that

K>K.
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In addition, we know that totally geodesic Riemannian submersions
are sectional curvature preserving on horizontal 2-planes. This property
is therefore a necessary condition for the existence of a d-commuting
mapping on forms of degree greater than 1.

Utilizing results of [1] on the non-existence of harmonic mappings,
we may also rule out certain manifold pairs (M, N) from our search for
é-commuting mappings on 1-forms.

THEOREM 4.4.

(a) Suppose that the Ricci tensor of the manifold M is everywhere
positive semi-definite and that there exists at least one point xe€ M such
that [R.{(x)] is positive definite. Moreover, suppose that the Riemannian
curvature of N is non-positive. Then there can mot be any C* maps
@: M — N which commute with 6 on 1-forms.

(b) Suppose M has positive semi-definite Ricci tensor and that the
dimension of N is greater than 1. Then ¢f N has everywhere megative
Riemannian curvature, there can be no C* manifold maps commuting with
o on forms of any degree.

5. Cohomology. In[9], werelated the manifold maps @: M— N which
commute with the Laplacian operator on the p-forms of N with the p-th
Betti numbers of the two manifolds, M and N. As we remarked after
Theorem 4.2, if a C* manifold map commutes with é on 1-forms, it does
not necessarily commute with 4 on 1-forms. However, a similar Betti
number result obtains. We remark that the following theorem is trivial
when p = 2, because of the total geodesic mapping properties, but we
choose to include this case to preserve the generality of the proof.

THEOREM 5.1. Flix the positive integer p. Suppose that there exists
a C? mapping ¢: M— N which commutes with the codifferential, 0, on
the p-forms of N. Then,

b, (N) = b,(M) .

PROOF. As usual, let 5#°?(N) denote the real vector space of harmonic
p-forms on N. Take aec 2#?(N). When N is compact, it is well-known
that « is harmonic if and only if both da = 0 and éa = 0. Since the pull-
back map ®* commutes with the d operator for any map ¢: M — N and
for any form degree p, we conclude that d,p*a = 0. Since @* commutes
with the codifferential d, d,2*a = 0, and @*«a is 2 harmonic p-form on M.
The linearity of @* implies
(8) dim {p*2#°?(N)} < dim {2£*(M)} .

Since @: M— N is a Riemannian submersion, the induced mapping
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@*: 7?(N) — 2#°?(M) is a linear isometry, and, therefore, has a trivial
kernel. We see, then, that

(9) dim {p* 57 ?(N)} = dim {&#?(N)} .
Combining equations (8) and (9) with Hodge’s theorem yields
b,(N) = dim {S7?(N)} < dim {£?(M)} = b, (M) .

COROLLARY 1. Let @: M— N be a locally trivial C?* Riemamnnian
Jibre space mapping with both M and N compact, connected, oriented
Riemannian manifolds and with the fibres of @ minimally immersed in
M. Then,

b(N) = b(M) .

COROLLARY 2. Let 7: P— M be a compact principal fibre bundle over
M, a compact, oriented manifold with compact Lie structural group, G.
Then,

b(M) = b(P) .

Proor. The fibres of 7, being totally geodesic [6], are minimal.

Particular cases of Corollary 2 include the bundle of orthonormal
frames over M, compact covering spaces, and homogeneous coset spaces
G/H arising from a compact Lie group G.
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