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D-EQUIVALENCE AND K-EQUIVALENCE

YUJIRO KAWAMATA

Abstract

Let X and Y be smooth projective varieties over C. They are called D-
equivalent if their derived categories of bounded complexes of coherent
sheaves are equivalent as triangulated categories, and K -equivalent if they
are birationally equivalent and the pull-backs of their canonical divisors to a
common resolution coincide. We expect that the two equivalences coincide
for birationally equivalent varieties. We shall provide a partial answer to
the above problem in this paper.

1. Introduction

Let X be a smooth projective variety. We denote by D(X) =
D’(Coh(X)) the derived category of bounded complexes of coherent
sheaves on X (in §6, we shall consider a generalization where X has
singularities). It is known that D(X) has a structure of a triangulated
category.

Definition 1.1. Let X and Y be smooth projective varieties. They
are called D-equivalent if their derived categories D(X) and D(Y) of
bounded complexes of coherent sheaves are equivalent as triangulated
categories, i.e., there exists an equivalence of categories ® : D(X) —
D(Y') which commutes with the translations and sends any distinguished
triangle to a distinguished triangle. They are called K-equivalent if
they are birationally equivalent and if there exists a smooth projec-
tive variety Z with birational morphisms f : Z - X and g : Z — Y
such that the pull-backs of the canonical divisors are linearly equivalent:
J"Kx ~ g*Ky.
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148 Y. KAWAMATA

We shall consider the following conjecture which predicts that the
D and K-equivalences coincide for birationally equivalent varieties.

Conjecture 1.2. Let X and Y be birationally equivalent smooth
projective varieties. Then the following are equivalent.
(1) There exists an equivalence of triangulated categories D(X) =
D(Y).

(2) There exists a smooth projective variety Z and birational mor-
phisms f:Z — X and g: Z — Y such that f*Kx ~ g*Ky.

The category of coherent sheaves Coh(X) reflects the biregular ge-
ometry of X, but we expect that the derived category D(X) captures
more essential properties such as its birational geometry.

A derived category is a purely algebraic object. But one can some-
times recover the geometry from it:

Theorem 1.3 ([2]). Let X be a smooth projective variety. Assume
that Kx or —Kx 1s ample.

(1) Let Y be another smooth projective variety. Assume that there
exists an equivalence of categories ® : D(X) — D(Y) which
commutes with the translations. Then there is an isomorphism
p: X —Y.

(2) The group of isomorphism classes of exact autoequivalences of
D(X) is isomorphic to the semi-direct product of Aut(X) and
Pic(X) & Z.

We shall prove a generalization of Bondal-Orlov’s theorem in this
paper:

Theorem 1.4 (= Theorem 2.3). Let X and Y be smooth pro-
jective varieties. Assume that the bounded derived categories of coher-

~

ent sheaves on them are equivalent as triangulated categories: D(X) =
D(Y). Then the following hold:

(0) dim X =dimY. Let n be the common dimension.
(1) If Kx (resp. —Kx) is nef, then Ky (resp. —Ky) is also nef, and

an equality on the numerical Kodaira dimension v(X) = v(Ky)
(resp. v(X,—Kx) =v(Y,—Ky)) holds.
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(2) If K(X) = n, i.e., X is of general type, or if K(X,—Kx) = n,
then X and Y are birationally equivalent. Moreover, there exist
birational morphisms f : Z — X and g : Z — 'Y from a smooth
projective variety Z such that f*Kx ~ ¢g*Ky .

We also consider the following conjecture:

Conjecture 1.5. For a given smooth projective variety X, there ex-
st only finitely many smooth projective varieties Y up to isomorphisms
such that D(Y') is equivalent to D(X) as a triangulated category.

We shall give an affirmative answer for surfaces in §3 by extending
a result of Bridgeland and Maciocia [7]:

Theorem 1.6 (= Theorems 3.1 and 3.2). Let X be a smooth pro-
jective surface. Then there exist at most finitely many smooth projective
surfaces Y up to isomorphism such that the derived categories D(X) and
D(Y) are equivalent as triangulated categories. Moreover, if X contains
a (—1)-curve but is not isomorphic to a relatively minimal elliptic ra-
tional surface, then any such Y is isomorphic to X.

The above conjecture can be regarded as a generalization of the
conjecture which predicts that there exist only finitely many minimal
models up to isomorphisms in a fixed birational equivalence class ([11]).
Note that we do not assume the minimality of X in Conjecture 1.5.

We consider the reverse direction from K-equivalence to D-equi-
valence in the latter half of the paper. We collect some facts from
minimal model theory in §4, and we calculate some examples in arbitrary
dimension in §5. In the case of dimension 3, we have a complete answer
even for the case of singular varieties:

Theorem 1.7 (= Theorems 4.6 and 6.5). Let X and Y be normal
projective varieties of dimension 3 having only Q-factorial terminal sin-
gularities, and let X and Y be their canonical covering stacks. Assume
that X andY are K-equivalent. Then the bounded derived categories of
coherent orbifold sheaves D(X') and D(Y) are equivalent as triangulated
categories.
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2. From D-equivalence to K-equivalence

We need the concept of Fourier-Mukai transformation:

Definition 2.1. Let X and Y be smooth projective varieties, and
let p1: X XY — X and ps : X XY — Y be projections. For an object
e € D(X xY), we define an integral functor ®_ : D(X) — D(Y') by

Sy (a) = p2(pia) ®e)

for a € D(X), where pj and ® are the right derived functors and pa.
is the left derived functor. An integral functor is said to be a Fourier-
Mukai transformation if it is an equivalence.

The following theorem by Orlov is fundamental for the proof of The-
orem 2.3.

Theorem 2.2 ([19]). Let ® : D(X) — D(Y) be a functor of
bounded derived categories of coherent sheaves which commutes with the
translations and sends any distinguished triangle to a distinguished tri-
angle. Assume that ® is fully faithful and has a right adjoint. Then
there exists an object e € D(X X Y) such that ® is isomorphic to the
integral functor ®%_ .. Moreover, e is uniquely determined up to iso-
morphism.

The following theorem guarantees that the D-equivalence implies
the K-equivalence at least for general type varieties.

Theorem 2.3. Let X and Y be smooth projective varieties. As-
sume that the bounded derived categories of coherent sheaves on them
are equivalent as triangulated categories: D(X) = D(Y). Then the
following hold:

(0) dim X =dimY. Let n be the common dimension.

(1) If Kx (resp. —Kx) is nef, then Ky (resp. —Ky) is also nef, and
an equality on the numerical Kodaira dimension v(X) = v(Y)
(resp. v(X,—Kx) =v(Y,—Ky)) holds.

(2) If k(X) = n, i.e., X is of general type, or if K(X,—Kx) = n,
then X and Y are birationally equivalent. Moreover, there exist
birational morphisms f: Z — X and g : Z — Y from a smooth
projective variety Z such that f*Kx ~ ¢g* Ky .
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Proof. By Theorem 2.2, there exists an object e € D(X x Y) such
that ®%_y : D(X) — D(Y) is an equivalence. Let

eV = RHomop, , (e, Oxxy),

the the derived dual object. By the Grothendieck duality, the right and

V ok s
left adjoint functors of ® = ®5_ ;- are given by @;_@fgwx [dim X] and
(I)e\/@p;wy[dimY]

Y—-X .

Since ® is an equivalence, the right and left adjoint functors of ® =
&% _y are isomorphic. By Theorem 2.2 again, we have an isomorphism
of objects

eV ® piwy[dim X] = ¢¥ @ pjwy [dim Y].

It follows immediately that dim X = dimY’.
Let H'(e") be the cohomology sheaves, I' the union of the supports
of the Hi(eV) for all 4, T' = U; Z; the decomposition to irreducible

components, and let v; : Z; — Z; be the normalizations. We take a
Z; and assume that it is an irreducible component of the support of
Hi(eV). By taking the determinant of both sides of the isomorphism

vi(H'(e") ® piwx) = v (H' (") ® pwy)
we obtain

*, ok QMG A, ok x OMy
Vjple = I/ijwY

where mj is the rank of v H'(e").

(1) Since @5 _, is an equivalence, the projections pi|r : I' — X and
po|lr : T' — Y are surjective. Let Z; be an irreducible component of T
which dominates Y. If Kx is nef, then miv{pi Kx ~ miv]p;Ky is also
nef, hence so is Ky. We have also v(X) > v(Z;, vipsKy) = v(Y), thus
v(X) =v(Y). The case where —Kx is nef is proved similarly.

(2) If K(X) = n, then there exist an ample Q-divisor A and an
effective Q-divisor B on X such that Kx ~g A+ B by Kodaira’s lemma.
Let Z; be an irreducible component of I' which dominates X. Then the
projection pa|z, : Z1 — Y is quasi-finite on Zl\pl_l(Supp(B)). Indeed, if
there exists a curve C' which is contained in Z1Np; Y(y) for apoint y € Y
but not entirely in p; *(Supp(B)), then we have (p5Ky - C) = 0 while
(piKx-C) > (pfA-C) > 0, a contradiction. Since dim X = dimY = n,
it follows that dim Z7; = n and Z; also dominates Y.
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We claim that the set T'N py'(x) consisits of 1 point for a gen-
eral point x € X. Indeed, the previous argument showed already that
rn pl_l(a;) is a finite set. If it is not connected, then the natural map
Homp(x)(Os, Or) — Hompy)(®(Oy), (O,)) is not surjective, a con-
tradiction. Therefore, Z; is a graph of a birational map. If we take Z
to be any resolution of Z7, then the conclusion holds.

The case where k(X, —Kx) = n is proved similarly. q.e.d.

Remark 2.4.

(0) The differential geometric picture of the above proof is that the
kernel object e of the Fourier-Mukai transformation cannot spread itself
if the Ricci curvature is non-vanishing.

(1) In the case where Kx or —Kx is ample, we can also reprove
Theorem 1.3 (2) by a similar argument as above.

Indeed, if we take B = 0, then Z; becomes a graph of an isomor-
phism, say h. Now e can be considered as a complex of sheaves on X
so that we have ®(0,) = h(e ®0, Oy) for any = € X, where the tensor
product is taken in D(X). Since

Hom?”

for any p < 0, it follows that there exists an integer iy such that e[ig] is
a sheaf. Since

Hompx)(®(O0:), ®(0,)) =C

elio] is invertible.
We note that we did not assume in Theorem 1.3 that & sends any
distinguished triangle to a distinguished triangle.

(2) We can extend Theorem 1.3 (2) to the case where X admits
quotient singularities if Kx generates the local class group at any point
as in [12]. Namely, let X be the smooth stack which lies naturally above
X and let D(X) = DP(Coh(&X)) be the derived category of bounded
complexes of coherent sheaves on X (see §6). Then Auteq(D(X)) is
isomorphic to the semi-direct product of Aut(X) and Pic(X') & Z. The
proof is the same as in [2].

On the other hand, if Kx does not generate the local class group,
then the group of autoequivalences is much larger. For example, if Y is a
smooth projective minimal surface of general type and X is its canonical
model, then D(X) is equivalent to D(Y). If C' is an exceptional curve
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of the resolution Y — X, then O¢(—1) is a 2-spherical object in D(Y)
and generates an autoequivalence of infinite order ([21], see also §4).

(3) If v(X) = v(Y) = 0 in Theorem 2.3 (1), then Kx ~ 0 if and
only if Ky ~ 0 because ® commutes with the Serre functors. More
generally, it is known that the orders of the canonical divisors coincide
([7] Lemma 2.1).

3. Fourier-Mukai partners of surfaces

We have a complete picture of D and K-equivalences for surfaces.
We start with the case of minimal surfaces:

Theorem 3.1 ([7]). Let X be a smooth projective surface. Assume
that there is no (—1)-curve on X. Then there exist at most finitely many
smooth projective surfaces Y such that the derived categories D(X) and
D(Y) are equivalent as triangulated categories.

We note that there are Fourier-Mukai partners which are not bira-
tionally equivalent in the case of abelian or K3 or elliptic surfaces ([16],
[17], [19], [20], [7], [10]). It is rather surprising that the existence of a
(—1)-curve reduces the symmetry drastically:

Theorem 3.2. Let X be a smooth projective surface. Assume that
there exists a (—1)-curve on X. Then there exist at most finitely many
smooth projective surfaces Y such that the derived categories D(X) and
D(Y) are equivalent as triangulated categories. Moreover, if X is not
isomorphic to a relatively minimal elliptic rational surface, then any
such 'Y is isomorphic to X.

Proof. We use the notation of the proof of Theorem 2.3. Let C be a
(—1)-curve and T'c = p; 1 (C)NT. Since —Kx|c is ample, the projection
p2lr, 1 T'c — Y is a finite morphism. We have two possibilities that
dimI'c =1 or 2.

Assume first that dimI'c = 1. We take an irreducible component Z;
of T which dominates X, and let Z; ¢ = p; {(C)NZy and O’ = pa(Z1 ).
We know that dim Z; ¢ = dim C” = 1. It follows that dim Z; = 2 and
the projection pi|z, : Z1 — X is generically finite, hence a birational
morphism as in the proof of Theorem 2.3.

If Z; dominates Y, then the other projection pa|z, : Z1 — Y is also
birational, and X and Y are K-equivalent through Z;. Hence X and Y
are isomorphic (cf. Lemma 4.2).
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Otherwise, we have pa(Z;) = C’. There exists an open dense subset
U C X such that p; induces an isomorphism p; ' (U)NT = p; H(U)NZ; —
U. Take two distinct points x1,x2 € U which correspond to the same
point y € C’', ie., y = pg(pfl(:ztl) NnT) = pg(pfl(z:g) NT). Then both
®(0,,) and (O,,) are supported at y, hence Hom%(y) (P(O0y,),2(0,,))
= 0 for some p, a contradiction.

Assume next that dimI'c = 2. Then ps|r, : 'c — Y is dominant.
Since (Kx - C') < 0, we deduce that —Ky is nef and v(Y,—Ky) = 1.
Hence —Kx is also nef and v(X,—Kx) = 1 by Theorem 2.3. By the
classification of surfaces, such a surface is isomorphic to either a minimal
elliptic ruled surface or a rational surface with Euler number 12. Since
X has a (—1)-curve, X is a rational surface. By [7] Proposition 2.3, Y’
is also a rational surface.

We have the possibilities that dimI" = 2 or 3. If dim ' = 2, then we
obtain our result as before. If dimI' = 3, then X and Y are dominated
by families of curves whose intersection numbers with the canonical
divisors vanish. Thus X and Y are relatively minimal rational elliptic
surfaces. By [7] Proposition 4.4, we obtain our result. Here we note
that the proof there works also for relatively minimal elliptic surfaces
of negative Kodaira dimension. q.e.d.

We can extend some of the above argument to higher dimensional
case:

Proposition 3.3. Let X and Y be smooth projective varieties. As-
sume that k(X) > 0 but Kx is not nef, and that there is an extremal
contraction morphism ¢ : X — W which contracts a prime divisor D
to a point. Assume that the derived categories D(X) and D(Y') are
equivalent as triangulated categories. Then X and Y are birational and
K -equivalent.

Proof. We use the notation of the proof of Theorem 2.3. The proof
is similar to that of Theorem 3.2.

Let Tp =p; {(D)NT. If dimT'p = n — 1 for n = dim X, then there
exists an irreducible component Z; of I' of dimension n which dominates
X. Then it follows that X and Y are birational and K-equivalent as in
the proof of Theorem 3.2.

Assume that dimI'p > n. Since —Kx|p is ample, the projection
p2|lr, : I'p — Y is a finite morphism. Hence dimI'p = n, and —Ky is
nef with v(Y, —Ky) = n — 1, a contradiction to x(X). q.e.d.

Remark 3.4. We cannot expect similar statements for other types
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of contractions. For example, let A be an abelian surface, A its dual,
and S a smooth projective surface which contains a (—1)-curve. Let
X =AxSandY = A x S. Then X has a divisorial contraction,
D(X)= D(Y), but X and Y are not birational in general.

4. Flops and minimal models

We consider normal varieties which are not necessarily smooth in
this section.

Definition 4.1. Let X and Y be normal quasiprojective varieties
whose canonical divisors are Q-Cartier divisors. A birational map « :
X --» Y is said to be crepant if there exists a smooth quasiprojective
variety Z with birational projective morphisms f: Z — X and g: Z —
Y such that ao f =g and f*Kx ~q g"Ky.

Lemma 4.2. Let o : X --+ Y be a crepant birational map be-
tween quasiprojective varieties with only terminal singularities. Then
is an isomorphism in codimension 1; i.e., there exist closed subvarieties
E C X and F CY of codimension at least 2 such that o induces an
isomorphism X \ E =Y \ F.

Proof. Since X has only terminal singularities, a prime divisor D on
Z is mapped by f to a subvariety of codimension at least 2 on X if and
only if it appears in the relative canonical divisor Kz, x = Kz — f*Kx
as an irreducible component. Since a similar statement holds for g, our
assertion follows from the equality K7, x = Kz/y. q.e.d.

Definition 4.3. A projective variety X with only canonical singu-
larities is called minimal if Kx is nef.

The minimality of a variety is characterized by the minimality of its
canonical divisor:

Lemma 4.4. Let X and Y be normal projective varieties whose
canonical divisors are Q-Cartier divisors. Assume that X and Y are
birationally equivalent, X has only canonical singularities and that K x
is nef. Then the inequality Kx < Ky holds in the following sense: Let
Z any smooth projective variety with projective birational morphisms
f:Z— X and g: Z — Y. Then there exists a positive integer m such
that m(g* Ky — f*Kx) is linearly equivalent to an effective divisor. In
particular, any birational map between minimal varieties is crepant.

155
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Proof. We write f*Kx+ A = ¢g*Ky + B, where A and B are effective
divisors without common irreducible components. Since X has only
canonical singularities, we may assume that codim g(Supp(B)) > 2.

Assuming that B # 0, we shall derive a contradiction. Let H and
M be very ample divisors on Y and Z, respectively, and let n = dim Y
and d = dim g(Supp(B)). We consider a generic surface section

S=g¢g"HiN---Ng"HyNMN---NM,_q_2

for H; € |H| and M; € |M|. By the Hodge index theorem, we have
(g* HY-M"=1=2.B2) < 0, while (¢* H* M"~4=2.B.(f*Kx+A—g*Ky)) >
0 because Ky is nef and (¢* H¢-g* Ky - M"~972. B) = 0, a contradiction.

q.e.d.

We consider a special kind of crepant birational maps called flops:

Definition 4.5. Let X and Y be quasiprojective varieties with only
canonical singularities, and D a Q-Cartier divisor on X. A birational
map « : X --+ Y is said to be a D-flop, or simply a flop, if there exist
a normal quasiprojective variety W and crepant birational projective
morphisms ¢ : X — W and ¢ : Y — W which satisfy the following
conditions:

(1) p=voa.
(2) ¢ and % are isomorphisms in codimension 1.

(3) D is ¢-ample, and for any Q-Cartier divisor A on X, there exist
a Q-Cartier divisor Ag on W and a rational number r such that
A ~g ¢*Ag +1D.

(4) Let D’ be the strict transform of D on Y. Then —D’ is ¢-ample,
and for any Q-Cartier divisor B on Y, there exist a Q-Cartier
divisor By on W and a rational number 7’ such that B ~g ¢*By+
r'D'.

We can define flops of complex analytic spaces instead of quasipro-
jective varieties in a similar way. In this case, X and Y are complex
analytic spaces which are relatively projective over a complex analytic
space W.

Any crepant birational map between projective varieties with only
Q-factorial terminal singularities is expected to be decomposed into a
sequence of flops:
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Theorem 4.6. Let o : X --» Y be a crepant birational map be-
tween projective varieties of dimension 3 with only Q-factorial terminal
singularities. Then « is decomposed into a sequence of flops.

Proof. We may assume that the subvariety F of Lemma 4.2 is purely
1-dimensional. We may also assume that any irreducible component of
FE is the image of a curve on Z which is mapped to a point on Y. Since
« is crepant, we have Kx|g ~g 0. Let H be an ample Cartier divisor on
Y such that H — Ky is still ample, and let H' be its strict transform on
X. By construction, any curve C such that (H'-C) < 0 is contained in
E. We run the minimal model program with respect to K x+eH’, where
€ is a small positive number, for only those extremal rays on which H’
is nonpositive. Then the associated extremal curves are contained in F,
so we obtain an H’'-flop. We denote the result after the flop again by
the same letters such as X, F and H'. After a finite flops, we have no
more extremal rays on which H’ is nonpositive. Then H' becomes nef
and big. Since H' is ample outside F, H' — Kx is also nef and big, By
the base point free theorem, we obtain a birational morphism X — Y,
which should be an isomorphism. q.e.d.

5. From K-equivalence to D-equivalence

The following is a special case of the implication from (2) to (1) in
Conjecture 1.2:

Conjecture 5.1. Let X and Y be smooth projective varieties and
a: X > W «Y aflop. Then there exists an equivalence of triangulated
categories ® : D(X) — D(Y).

The examples in this section suggest that the integral functor ®5 _
for the structure sheaf e = Ox,, v of the subscheme X XY C X xY
might work.

We consider the following two examples of flops in this section:

Example 5.2.

(1) A standard flop. Let X be a smooth projective variety of di-
mension 2m + 1 for some positive integer m, and F a subvariety of X.
Assume that E = P™, and Ng,x = Opm(—1)""1. Let f : Z — X
be the blowing-up with center E. Then the exceptional divisor G is
isomorphic to P™ x P™ and can be blown-down to another direction,
so that we obtain a birational morphism g : Z — Y and a subvariety
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F = g(G) = P™. There is a projective variety W with contraction mor-
phisms ¢ : X — W and ¢ : Y — W whose exceptional loci are E and
F, respectively, and such that wy = ¢(E) = ¢(F) is the only singular
point of W. Then e =go f~! =4l o¢is a flop.

(2) Mukai’s flop. Let Wy be a generic hypersurface section of W in
(1) through the singular point wg. Let Xo = ¢~ 1(Wp), Yo = ¢~ (Wp),
$o = blx,, and Yo = Yly,. Then Xy and Yy are smooth, and ag =
Yo' o ¢ is a flop. The inverse image Zy = f~1(Xo) = ¢~ '(Yo) is
reducible with 2 irreducible components G and Zy, where Zj is smooth.
The restrictions fo = f|z, and go = g|z, are again birational morphisms,
and ag = goo fy'. We set Gy = G N Zy. Then fo(Gy) = E and
90(Go) = F.

We need the following concepts:

Definition 5.3. A set Q of objects of D(X) is said to a spanning
class if the following hold for any a € D(X).

(1) HomP(a,w) =0 for all p € Z and all w €  implies that a = 0
(2) HomP(w,a) =0 for all p € Z and all w € €2 implies that a = 0.
For example, the set of point sheaves {Op} for a smooth projective

variety is a spanning class ([3] Example 2.2).

Definition 5.4. A Serre functor Sx : D(X) — D(X) is an autoe-
quivalence of triangulated categories which induces bifunctorial isomor-
phisms

Hompx)(a,b) — Hompx)(b, Sx(a))*

for a,b € D(X).

If a Serre functor exists, then it is unique up to isomorphisms. If
X is smooth and projective, then Sx(a) = a ® wx[dim X]| is a Serre
functor.

In order to prove that a functor ® : D(X) — D(Y) to be fully faith-
ful, it is sufficient to check it for the spanning class ([3] Theorem 2.3):

® : Hom” (w1, ws) = Hom? (®(w1), P(w2))

for all p € Z and all wy,ws € Q. Moreover, by [5] Theorem 2.3, provided
that ® = ®5 _, is fully faithful, it is an equivalence if and only if it
commutes with the Serre functor. Theorefore, in order to prove our
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conjecture, we may consider locally over an analytic neighborhood of
a point of W and replace the given flop by any other flop which is
analytically isomorphic to the original one. If ® is proved to be fully
faithful, then it is automatically an equivalence in our case.

Proposition 5.5 ([1]). In Ezample 5.2 (1), Z is isomorphic to the
fiber product X xXw Y which is a closed subscheme of X x Y, and the
functor

guf* = @7y D(X) — D(Y)

s an equivalence of triangulated categories.

Proof. We may replace X, Y and Z by the total space of the vector
bundles Ng/x, Np/y and Ng,z, respectively. We denote by Ox(k),
Oy (1) and Ogz(k,l) the pull-backs of Og(k), Op(l) and Og(k,l), re-
spectively. The set of objects

{Ox(~k) € D(X)|k =0,1,...,m}

spans D(X). Since Kz x ~ mG, we have

*

Ox(—k) —1— O2(=k,0) = O£(0,k)(kG) —~— Oy (k).
We have

Hom”(Ox (—k1),Ox(—k1)) = Hom?(Oy (k1), Oy (k1)) =0
for p # 0 and k1, ko = 0,1,...,m by the vanishing theorem, and

®%7 .y : Hom(Ox (—k1), Ox (—k1)) = Hom(Oy (k1), Oy (k1))

because X and Y are isomorphic in codimension 1. Therefore, q’?{iy
is an equivalence by the remarks preceding to the proposition. q.e.d.

Lemma 5.6 ([8]). Let nx : X — S and my : Y — S be smooth
projective morphisms from smooth quasiprojective varieties to a smooth
quasiprojective curve. Let so € S be a point, and let Xy = TF)_(I(S())
and Yy = 77)_(1(50) be fibers. Let ix, : Xo — X, iy, : Yo — Y and
ixxgy : X XgY — X XY be the embeddings. Let e € D(X xgY) be
an object, and let eg = e ® Ox,xv, and € = ixxy«(e). Then there is
an isomorphism of functors from D(Xo) to D(Y):

. eo ~ e/ .
Lypx © q)X0—>Y0 = Q% Ly 0 ixg«-
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Proof. Let ix,xv, : Xo X Yo — X xgY be the embedding. Let
p1 i X XgY — X, pp: X XgY =Y, pro: Xogx¥Yy — Xo and
p2,0 : Xo X Yo — Yy be projections. For a € D(Xj), we have

Byox © PR Ly, (@) = dyup2,04(P] 0(a) ® €0) = P2sixoxyy=(P1o(a) @ eo)
= p2ulixoxvp=P1,0(a) ® €) = pax(plixg«(a) @ e)
~J 6,

=Pxy©° Z'Xo*(@)

q.e.d.

Corollary 5.7. In Example 5.2 (2), the functor

OZO
Pyt D(Xo) — D(Yo)

is an equivalence of triangulated categories.

Proof. Since Z = X xw Y is a subscheme of X xg Y, we have the
following isomorphisms:

Oz (mG) O
' Zy Zg ~ 502z(mG)z07 . ~
ixo: Py Y xy Pxomyy = Pylxy T PxZyiXox = lxgx-

For any a € D(Xy), let b € D(Xg) be the cone of the natural morphism

(920 (mG) OZO
a— (I)Y0—>X0 Xo—Y) (a)

Then ix,.(b) = 0, hence b = 0. q.e.d.

The following concept is useful for constructing autoequivalences of
derived categories.

Definition 5.8 ([21]). An object s € D(X) is called n-spherical if

i
(S’S)E{C ifp=0,n

0  otherwise.

Hom%(x)

The twisting functors Ts, T, : D(X) — D(X) are defined such that the

following triangles are distinguished:

RHomx(s,a) ® s — a — Ts(a) — RHomx (s,a) ® s[1]
T!(a) — a — RHom¢(RHomx (a, s), s) — Ti(a)[1]

where RHomyx denotes the derived global Hom. If s is n-spherical for
n = dim X, then Ty and 77 are equivalences and T o T = Id D(X)-
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Example 5.9.

(1) O in Example 5.2 (1) is a (2m + 1)-sherical object. Indeed,
since Ng/x = Op(—1)""", we have

53375]29X0((9E,(9E) =~ \(Op(-1)™).

Hence

C ifp=0,2m+1

Hom?, . (Op, Op) =
mD(X)( 5, Or) {0 otherwise.

(2) Op in Example 5.2 (2) is not a 2m-sherical object. Indeed, since
Ng/x, = Q}E, we have

5$t%xo (OE, OE) = Q%
Hence

C ifp=0,2,...,2m

0 otherwise.

HompD(XO)(OE’ OE) = {

There is some relationship between the flops and the twistings.

Example 5.10. If m = 1 in Example 5.2 (1), then there are iso-
morphisms

BY7 x 0 DRy (Ox (k) = T, 1y (Ox (k)

for k=0, 1.

Indeed, we have

Oz
Ox —— 0Oy — Ox

Ox(~1) =2 0y (1) 225 7(-1)
where Zg is the ideal sheaf of F in X. On the other hand,
RHomx (Ox,0p(—1)) =0, RHomx(Ox(-1),0g(-1))=C
hence

T(IQE(,l)(OX> = OX, T(/QE(,l)(OX(_l)) = IE(_l)'
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Example 5.11. In Example 5.2 (2), there are isomorphisms

9] Oz _ ~
(I)XOZO_>YO o ((I)Xgiyo) I(OYo(k)) = TOF(_l)(OYO (k))

for k=0,1,...,m.
Indeed, since

Hom%(yo)(OF(—l)a Oy, (k))
= Hompi(Ovo k), Or(—1)[2m — p))
0 ifk=0,....,m—1

=40 ifk=mandp#m
C ifk=mandp=m.

we have
Top(-1)(Oyy (k) = Oy, (k)
for k=0,1,...,m—1, and
Op(=1)[=m] = Oy, (m) = To,(-1)(Oyy(m)) = Op(=1)[=m + 1]

is a distinguished triangle, where the first arrow is nontrivial.
On the other hand, we have an exact sequence

0—-0x —-0x —-0x,—0

where the first arrow is the multiplication by an equation of Wy C W.
Hence

OZO ~
(I)X0—>Y0 (OXO(_k)) = OYO (k)
for k=0,1,...,m. If k=0,1,...,m — 1, then we also have
13 .
OXO(_k) — OZO(_k70) = OZ0(07k)(kGO) s, OY()(k)

because Ky, /y, = (m — 1)Go.
For k£ = m, we have an exact sequence

0— Oz,(0,m)((m —1)Go) — Oz, (0,m)(mGp) — wg,(0,m) — 0.

Since go«(wg,) = wr[—m + 1] =2 Op(—m — 1)[-m + 1], we obtain a
distinguished triangle

Op(=1)[=m] = Oy,(m) = goxf5 (Oxo(=m)) = Op(=1)[=m +1].
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We claim that the first arrow is nontrivial as an element of
Homp(yy) (Op(—1)[=m], Oy, (m)) = C.
Indeed, if not, then we would have

Hom py;) (Op(=1)[=m], Oy, (m))
%Homb(yo)(go*fo (OXO( ))’OYO( ))

but

Hompy,) (9045 (Ox, (—m)), Oy, (m))

= Hompz,) (/5 (Ox,(=m)), 9Oy, (m))

= HomD( 0)(O02,(0,m)(mGo), Oz (0,m)((m — 1)Go))
~ H'(Zy, 0z,(—Go)) =0

a contradiction. Therefore, we have the desired isomorphisms.

Proposition 5.12. In Ezample 5.2 (2), if m > 2, then the functor

«_ g0
goxfo = on—>Y0 D(Xo) — D(Yo)

is not an equivalence.

Proof. Let us write ® = (I)X0—>Yo and a = Ox,(—m). We consider a
spectral sequence

EY! = (D Ext? (H'(®(a)), H*"(®(a))) = Homby ¥ (B(a), ®(a))
€L

given by the last line of [24] 4.6.10. We have

OYO (m) ifg=0
Op(-1) ifg=m-—-1
0 otherwise

1%

H1(®(a))
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and

Ext?(Oy, (m), Oy, (m)) = Eti(OXo(_m)7 OXO(_m)) =0forp#0
{C ifp=m

0  otherwise

Ext?(Oy,(m), Op(-1))

1%

Ext?(Or(—1), Oy, (m))

1%

0  otherwise

{C ifp=m

ExtP(Op(—1),0p(-1))

1

{(C ifp=0,2,...,2m

0  otherwise.
Then the terms Eg’o forp=2,...,2m—2 survive, hence Hom%(xo)(a, a)
and Hom%(yo)(q)(a), ®(a)) are not isomorphic for these p. q.e.d.

Remark 5.13. After this paper was written, Jan Wierzba informed
us that Corollary 5.7 and Proposition 5.12 were already proved by
Namikawa [18], though the proofs are different. Combining with a re-
sult in [9] or [26] (see also [14]), we obtain the implication from (2) to
(1) in Conjecture 1.2 in the case of symplectic projective manifolds of
dimension 4.

6. Flops of terminal 3-folds

We shall deal with singular verieties in this section.

The smoothness of the given varieties is an important assumption
for the study of derived categories. For example, any coherent sheaf on
a smooth projective variety has a finite locally free resolution, hence the
Serre functor exists.

We can compare our situation with the deformation theory of maps
from curves to varieties. The latter is not applicable to singular varieties
because the smoothness assumption is essential for a good obstruction
theory. However it provides deep results such as the theory of rationally
connected varieties.

We can still deal with singular varieties as if they are smooth in
some cases:

(1) If X is a variety with only quotient singularities, then we consider
a smooth stack X above X as a natural substitute (cf. [12]).
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(2) If X has only hypersurface singularities, then we embed X into a
smooth variety by deformations (cf. [8]).

(3) If X is a normal crossing variety, then we replace X by its smooth
hypercovering (cf. [15]).

We consider a mixture of (1) and (2) in this section.

Definition 6.1. Let X be a normal quasiprojective variety such
that the canonical divisor Kx is a Q-Cartier divisor. Each point z € X
has an open neighborhood U, such that m,Kx is a principal Cartier
divisor on U, for a minimum positive integer m,. The canonical covering
7y« Up — U, is a finite morphism of degree m, from a normal variety
which is etale in codimension 1 and such that K g, isa Cartier divisor.
The canonical coverings are etale locally uniquely determined, thus we
can define the canonical covering stack X as the stack above X given
by the collection of canonical coverings 7, : U, — U,.

We denote by D(X) = D?(Coh(X)) the derived category of bounded
complexes of coherent orbifold sheaves on X' (cf. [12]).
The following was suggested by Burt Totaro.

Proposition 6.2. Let X be a normal projective variety such that
the canonical divisor Kx is a Q-Cartier divisor. Then there exists an
embedding

¢: X = Play,... ay)

to a weighted projective space such that the stack structure on X induced
from the natural smooth stack structure of P(aq,...,an) coincides with
the one defined by the canonical coverings.

Proof. Let H be an ample Cartier divisor such that Kx + H is
still ample as a Q-Cartier divisor. The ring R = @:°_, HY(X,m(Kx +
H)) is a finitely generated algebra over C. Let z1,...,2y5 be a set of
homogeneous generators of R of degree aq,...,ax. Then we obtain an
embedding of X to a weighted projective space

<;5:X—>IF’(a1,...,aN).

Since Kx + H is ample, g.c.d.(a1,...,an) = 1.
We claim that

g.cd.(ay,...,dj,...,an) =1
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for any i = 1,..., N, i.e., the sequence of integers (ai,...,ay) is well-
formed. Indeed, suppose that (ag,...,any) = ¢ # 1. Let m be a suffi-
ciently large integer which is not divisible by ¢, and consider an exact
sequence

0—O0x((m—a)(Kx+H)) - Ox(m(Kx +H)) = Fpn — 0

given by the multiplication by x, where F,, is a sheaf on X; = div(zy).
By assumption, we have HO(X, (m — a1)(Kx + H)) = HY(X,m(Kx +
H)), while H(X1, F,) # 0 and HY(X, (m—a1)(Kx +H)) = 0 for large
m, a contradiction.

Let us fix a point p € X. Then there exists a homogeneous coodi-
nate, say z1, such that z1(p) # 0. We have a commutative diagram

® Uy, —S P(ay,...,an)

U
o e

U —— Uy

where U is a small open neighborhood of p, Uy, is the open subset of
P(ai,...,an) defined by 71 # 0, 7y : U — U is a canonical covering,
and m; : Uy, — U, is the natural covering from an affine space with
coordinates

—as/ay —an /a1
Toxq / yee s TNTY n/ar
Note that both 7y and 7 are etale in codimension 1.

Since z1(p) # 0, we may choose a branch of x}/ “! on sufficiently

small U. Then ¢ can be lifted to a morphism 5 U — U, which we can
check to be etale. Therefore, the two stack structures coincide. q.e.d.

Remark 6.3.

(1) By the proposition, any coherent orbifold sheaf on the canonical
covering stack X has a surjection from a locally free orbifold sheaf on X.
But the Serre functor for the category D(X) does not exist in general.

(2) Totaro ([22]) proved the following resolution theorem: on a
smooth orbifold whose coarse moduli space is a separated scheme, any
coherent orbifold sheaf has a finite resolution by locally free orbifold
sheaves.

We still have a good spanning class for terminal 3-folds:



D-EQUIVALENCE AND K-EQUIVALENCE 167

Lemma 6.4. Let X be a normal projective variety of dimension 3
with only terminal singularities, m, the index of Kx at x € X, and X
the canonical covering stack of X. Then the set {Oy(iKx)|z € X,0 <
i < mg} is a spanning class of D(X).

Proof (cf. [3] Example 2.2 and [8] Lemma 3.4). Let a be a nonzero
object of D(X). Take a point xg in the support of a, and let gy be the
maximal value of ¢ such that H%(a),, # 0. Then there exists an integer
ip such that Hom(H%(a), O, (i0Kx)) # 0. Then

HOmBlgg{)(a, Oxo (ioKX)) 75 0.

If the support of a is not contained in the singular locus of X, then
we take the above point zy from the smooth locus of X. By the Serre
duality, we have Hom" "% (0, ,a) # 0, where n = dim X. Other-
wise, let ¢; be the minimal value of ¢ such that H%(a),, # 0. Since
X has only isolated singularities, there exists an integer ¢; such that

Hom(Oy, (i1 Kx), H% (a)) # 0. Hence Hom%(x)(OxO (i1Kx),a) # 0. |
q.e.d.

Theorem 6.5. Let X and Y be normal quasiprojective varieties of
dimension 3 with only Q-factorial terminal singularities,

¢ Y

X W Y

a flop, and X and ) the canonical covering stacks above X and Y,
respectively. Then the bounded derived categories of coherent orbifold
sheaves D(X) and D(Y) are equivalent as triangulated categories.

Proof. The assertion is already proved in the case where Kx is a
Cartier divisor by Bridgeland [4] and Chen [8] (see also [23]). Indeed, it
is proved that the structure sheaf Oz of the fiber product Z7 = X xyw Y
is quasi-isomorphic to a finite complex of sheaves on X x Y flat over X
so that the integral functor @?(i v : D(X) — D(Y) is defined and is an
equivalence ([8] Lemma 2.1 and Proposition 4.2).

We shall give a new simpler proof, which is based on [23] §4.1, that
o= Cbgiy : D(X) — D(Y) is an equivalence in the case where K is a
Cartier divisor. We may assume that W is a hypersurface singularity of
multiplicity 2. Thus W has an involution o such that W/(o) is smooth.
We may take Y = X and ¢ = g o ¢.

First we prove that ®(Ox) = Oy. Indeed, for any closed point
y € Y, the scheme theoretic fiber g~!(y) is isomorphic to the fiber
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Y (y)). We have HO(Of—l(w(y))) = C, hence the natural homomor-
phism Oy — R%g.0 is an isomorphism.

Any subscheme of Z which is mapped by g to an infinitesimal sub-
scheme 7 of Y supported at y is isomorphic to a subscheme of the
product C' x ¢ for a subscheme C of X which is mapped by ¢ to an
infinitesimal subscheme @ of W supported at ¢(y). Since R'¢,.Ox = 0,
it follows that R! 9:0z = 0.

Let C; (j = 1,...,t) be the exceptional curves of ¢, and L; (i =
1,...,t) invertible sheaves on X such that (L; - Cj) = d;;. Then L; are
generated by global sections for all i. We note that quﬁ*Lf may not
necessarily vanish.

According to [23] §4.1, we construct locally free sheaves M; and N;
on X by the following exact sequences:

0—0% - M —L —0
0—-N;, — 0% —Li—0

for some integers r;, s; such that we have the vanishing higher direct im-
age sheaves R'¢,M* = 0 and R'¢.N; = 0. By [23] Proposition 4.1.2, if
we take r; and s; to be the minimal possible integers under the vanishing
conditions, then we have

where we note that o.L; = L;. By construction, M; and V] are gener-
ated by global sections.

It follows that R'g,f*N; = 0 from R'¢,N; = 0 as before. We
consider an exact sequence

0 — guf*Ni — O — guf*Li — 0.

Since there is a non-natural injection g, f*L; — ¢g.Oz, the sheaf g, f*L;
is torsion free. Hence g, f*N; is a reflexive sheaf. Since ¥.g.f*N; =
O« N; = p. M;, we conclude that ®(NV;) = M;.

The set of sheaves @ = {Ox,Ny,...,N;} is a spanning class of
D(X). wis locally free, w* is generated by global sections and R!¢,w =
0 for any w € ). Hence

HompD(X)(wl, C(JQ) =0
for p > 0 and w1, ws € (). Similarly we have

Hom?

D) (@(wr), B(wz)) = 0.
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Since X and Y are isomorphic in codimension 1, we have
Homy (w1, w2) = Homy (®(wy ), ®(w2)).

Therefore, we have proved that ® is an equivalence in the case where
Kx is a Cartier divisor.

Now we consider the general case. Let VW be the canonical covering
stack of W. Let w € W be a point, W,, its small neighborhood on which
mqw Ky is a principal Cartier divisor, and m,, : W,, — W,, a canonical
covering. Then m,,Kx and m,, Ky are also principal Cartier divisors
on X, = ¢ (W) and Y, = @ZJ‘l(W%), respectively, and we have
corresponding canonical coverings wx : X, — X, and 7y : Y, — Y.
Thus there are morphisms of stacks ¢ : X — W and ¢ : Y — W. Let

Z=Xxw)

be the fiber product as a stack. Then it is a stack above Z = X xw Y
where local coverings are given by

Zw = Xop X Yoy — Zp = Xy X, Yoo
Let f: Z - X and g : Z — ) be the induced morphisms.
We claim that the functor

g-f" : D(X) — D(Y)

is defined and is an equivalence. Indeed, over an open subset W,,, we
know already that the integral functor
0. ~ ~

: D(Xy) — D(Yy)

o v _
Xw—Yw

is an equivalence. Let X, = X|x, = [(Xu/Gl, Yo = Vv, = [Yu/Gl,
Zy = Zlz, = [Zuw/Gl, fu = flz, and g» = g|z,. The Galois group
G = Z/my, acts equivariantly so that we have D(Xw)¢ = D(X,) and
D(Y,,)% = D(X,) (cf. [7]). Hence we have a well-defined equivalence

Gusfy : D(Xy) — D(Vw).

By Lemma 6.4, we conclude the proof. q.e.d.

169
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Remark 6.6. We note that the equivalence ® = g.f* : D(X) —
D(Y) does not induce an equivalence D(X) — D(Y') of usual derived
categories for singular varieties. Indeed, we can construct a similar
example as in [12] Example 5.1. There is a skyscraper sheaf a € D(X)
supported over a non-Gorenstein singular point of X such that 7x.(a) =
0 in D(X), but its image ®(a) € D()) has a 1-dimensional support so
that my.(®(a)) # 0 in D(Y).
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