D-homothetic transformations for a
generalization of contact metric manifolds®

Beniamino Cappelletti Montano Luigia Di Terlizzi

Abstract

Curvature properties of some generalizations of contact metric manifolds
are studied, with special attention to (x, u)-nullity conditions in the framework
of S-manifolds.

1 Basic definitions

An extensive research about contact geometry is done in recent years. In the present
paper we are concerned with a certain generalization of contact metric manifolds in
the context of f-manifolds. We recall the precise definitions. Let M be a (2n + s)—
dimensional manifold. We say that M is equipped with an f-structure with a
parallelizable kernel, more briefly f.pk—structure, if there are given on M an f-—
structure ¢, s global vector fields &;,...,& and 1-forms 7y, ...,ns on M satisfying
the following conditions

P(&) =0, niop=0, ¢ ==1d+> n;®&, m(&) =0 (1.1)

j=1

foralli,j € {1,...,s}; we denote by D the bundle Im (y), and we set £ := &+ - -+&,,
7 :=m + - +ns. The structure (¢, &;,n;) on M is said to be normal if and only if
N, =0, where N,, is the (2, 1)-tensor on M given by N, := [¢, 0] + 235, dn; ® &;.
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On a manifold equipped with an f.pk—structure there always exists a compatible
Riemannian metric ¢ in the sense that for each X,Y € I'(T'M)

9(X,Y) = g(p(X), (V) + Z_: 1 (X)n; (Y). (1.2)

However such a metric on M is not unique: we fix one of them; then the structure
obtained is called a metric f.pk-structure. Let F' be the Sasaki form of ¢ defined
by F(X,Y) := g(X,¢Y) for X,Y € I'(T'M). It may be observed that D is the
orthogonal complement of the bundle ker (¢) = (&1,...,&).

The metric f.pk-manifold (M, ¢,&;,n;,g) is said to be an almost S—-manifold if
and only if dnp; = --- = dns = F. Almost S-manifolds which are normal are called
S-manifolds.

The study of f-manifolds was started by D.E. Blair, S.I. Goldberg, K. Yano,
J. Vanzura, cf. [1, 11, 14]. Almost S—structures were studied, without being pre-
cisely named, by J.L. Cabrerizo, L.M. Ferndndez and M. Fernandez, cf. [4]. Then
K. Duggal, A.M. Pastore and S. lanus, cf. [10], also studied such manifolds and gave
them the name ”almost S—manifolds”. S-manifolds were introduced by D.E. Blair
(cf. [1]), who proved that the space of a principal toroidal bundle over a Kéahler
manifold is an S-manifold. S-structures are a natural generalization of Sasakian
structures, but unlike Sasakian manifolds, no S-structure can be realized on a sim-
ply connected, compact manifold (cf. [6]). In [8] there is an example of an even
dimensional principal toroidal bundle over a Kahler manifold which does not carry
any Sasakian structure. On the other hand, there is constructed an S-structure
on the even dimensional manifold U(2). It is well known that U(2) does not ad-
mit a Kahler structure. We conclude that there exist manifolds such that the best
structure we can hope to obtain on them is an S-structure.

On an almost S—manifold (M, ¢, &;,n;, g) there are defined the (1,1)-tensor fields
hi == (1/2)L¢p for i = 1,...,s, cf. [4, (2.5)]. We use extensively the properties
of these tensor fields in the present paper. In particular these operators are self
adjoint, traceless, anticommute with ¢ and for each i,j € {1,...,s}

hi§; =0, mioh; =0, (1.3)
cf. [4]. Moreover the following identities hold, cf. [10],

where V is the Levi Civita connection of g, X € I'(T'M) and 4,5 € {1,...,s}. We
shall sometimes use the following curvature identity related to V

Rex& — p(Repx&) = 2((hioh))X +¢*X) (1.5)

which can be immediately obtained combining the first equation on [4, pag. 158]
and (1.4).

In 1995 D. Blair, T. Koufogiogos and B.J. Papantoniou, cf. [2], studied contact
metric manifolds such that the characteristic vector field belongs to the (k, u)-—nullity
distribution. We generalize this concept for almost S—manifolds as follows.
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Definition 1.1. Let M be an almost S-manifold, &, real constants. We say
that M verifies the (k, p)-nullity condition if and only if for each i € {1,...,s},
X,Y € I'(TM) the following identity holds

Rxy& = (MX)@?Y = (V)X ) + p @YX = (X)hY).  (1.6)

Lemma 1.1. Let M be an almost S-manifold verifying the (k, p)-nullity condition.
Then we have

(). hijohj=hjoh,, foreachi,je{l,..., s}
(i). x <1
(iii). if kK < 1 then, for each i € {1,...,s}, h; has eigenvalues 0, /1 — K.

Proof. From (1.6) it follows that for each X € I'(T'M), 4,5 € {1,...,s} R¢x& —
©Re ox& = 260X, Using (1.5) we obtain

(hioh))X = (k — 1)¢p*X = (hjo hy)X (1.7)

and then (i) is verified. Next, from (1.7) we get
hi = (k= 1)¢* (1.8)
X =(1-k)X, X eTI(D). (1.9)

Then, using (1.3), (1.9) we obtain that the eigenvalues of h? are 0 and 1 — &.
Moreover, since h; is symmetric, ||h;X|*> = (1 — k)| X|>. Hence x < 1. Finally,
let ¢ be a real eigenvalue of h; and X be an eigenvector corresponding to t. Then
2| X|)> = ||h:X]]* = (1 — k)| X||* and t = ++/1 — k. Taking (1.3) into account we
get (iii). ]

Proposition 1.1. Let M be an almost S-manifold verifying the (k, p)-nullity con-
dition. Then
hi == h. (1.10)

Proof. If kK = 1 then from (1.8) and the symmetry of each h; we have hy = --- =
hs =0. Let now k < 1. Wefixx € M and i € {1,...,s}. Since h; is symmetric then
we have D, = (Dy), ® (D-),, where (D, ), is the eigenspace of h; corresponding to
the eigenvalue A = /1 — k and (D_), is the eigenspace of h; corresponding to the
eigenvalue —\. If X € D, then we can write X = X, + X_, where X, € (D,),,
X_ € (D-)., so that l; X = AN X, — X_). Wefix j €{1,...,s}, j #i. Then from
(1.7) we get h;X = hj(X, + X_) = hj(1hiXy — 1hiX_) = 2(h; o hi)(X, — X_) =
AMXy — X_) = h;X. Taking (1.3) into account we obtain (1.10). [

Remark 1.1. Throughout all this paper whenever (1.6) holds we put h := hy =
-+« = hg. Then (1.6) becomes

Rxy& =k (ﬁ(X)SOQY - W(Y)<P2X) +p @Y )X —n(X)hY). (1.11)

Furthermore, using (1.11), the symmetry properties of the curvature tensor and the
symmetry of ¢? and h, we get

RexY =k (n(Y)9*X — g(X, 9*Y)E) + p (9(X, hY)E=(Y)RX) . (1.12)
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Remark 1.2. Let M be an almost S-manifold verifying the (&, )-nullity condition,
with k # 1. We denote by D, and D_ the n-dimensional distributions of the
eigenspaces of A = /1 —k and —A\, respectively. We have that D, and D_ are
mutually orthogonal. Moreover, since ¢ anticommutes with h, we have (D, ) = D_
and ¢(D_) = D,. In other words, D, is a Legendrian distribution and D_ is the
conjugate Legendrian distribution of D, (cf. [5]).

Proposition 1.2. Let M be an almost S-manifold verifying the (k, p)-nullity con-
dition. Then M is an S-manifold if and only if k = 1.

Proof. We observed in the proof of Proposition 1.1 that if Kk = 1 then h = 0. It
follows that (1.6) reduces to Ryy& = N(X)@?Y — (Y )¢?X. From [4, Proposition
3.4 and Theorem 4.3] we get the claim. ]

Remark 1.3. Let M be an almost S-manifold verifying the (x, u)-nullity condition.
If there exists ¢ € {1,...,s} such that & is a Killing vector field then from [4,
Theorem 2.6] we have h = h; = 0. From (1.9) we get x = 1 and using Proposition
1.2 we have that M is an S-manifold.

The notion of D-homothetic transformation for contact metric manifolds has
been deeply studied (cf. for example [13]). Now we generalize this concept for a
metric f.pk-manifold (in particular for an almost S-manifold).

Definition 1.2. Let (¢,&,7;,9) be an f.pk-structure on a manifold M?*"* and a
be a real positive constant. By a D-homothetic transformation of constant a we
mean a change of the structure tensors in the following way:

. N ~ 1 . 5
P=¢ Mi=am &=-& g=ag+ala—1)> n;®n; (1.13)

=1
for each i € {1,...,s}.

It is straightforward to prove that if (@,&;,7;,9), i,5 € {1,...,s}, is a struc-
ture on the manifold M obtained by a D-homothetic transformation from the f.pk-
structure (¢, &;,n;,9), then (aﬁ,éi,ﬁj,g) is an (almost) S-structure if and only if
(p,&i,mj, 9) is an (almost) S-structure.

Lemma 1.2. Let M*"**be a manifold and ($,&,7;, ), i, € {1,...,s}, be an
almost  S-structure on M obtained from the almost S-structure (p,&;,m;,9) by a
D-homothetic transformation. Then for each i € {1,...,s}, X, Y € I'(T'M) the
following identities hold

ah; = h; (1.14)
aVx& = Vx&+ (1 —a)pX (1.15)
n(VxY) = X(n(Y)) = g(Y,0X + oh; X) (1.16)
aVxY = aVxY +(1-a)(3 glehX, V)G (1.17)

=1
+a (7(Y)pX + 7(X)gY))

where V and ¥V denote the Levi Civita connections of § and g, respectively, and
hi = lL~ @

27
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Proof. Identity (1.14) is an immediate consequence of the definitions of h;, hs. By
an easy direct computation, from (1.4), using (1.14), we get (1.15). Since n;(X) =
9(X,&;), for each i € {1,...,s}, X € I'(T'M), using (1.14) we have (1.16). Next,
applying the Koszul formulas, cf. [12, pag.160], for V.Vanddy =---=dn,=F
we get

s

20(VxY, Z) = 2a9(VxY, Z) + a(a — 1) Z[Qg (X, pZ)n:(Y)

=1

+29(Y, 0 Z)mi(X) + g (X (m:(Y)) + Y (X)) + m([X, Y1) &, Z) |.

.

Here we substitute the expression of § in (1.13) and then using (1.16) and dn =
-+ =dns = F we obtain
. s 1
VY = VY + (1 - a) 3 |m(Y)eX +m(X)eY — o (X (n:(Y))
i=1

+Y (X)) 4 mi([X, YD) &+ (X (V) + 9(0X, V) + g(0hi X, Y)) &)

Taking (1.14) into account we get (1.17). ]

Remark 1.4. Under the same hypotheses of Proposition 1.2, from (1.14) and [4,
Theorem 2.6] it follows that &; is a Killing vector field if and only if ¢; is a Killing
vector field, i € {1,...,s}.

Proposition 1.3. Let M*"t*be a manifold and (p,&,7;,9), i,5 € {1,...,s}, be
an almost S-structure on M obtained from the almost S-structure (v,&,1;,9)
by a D-homothetic transformation of constant a. Then for each 1 € {1,...,s},
X,Y € (T M) the following identity holds

S

> (9(mY, hiX) — g(mX, hY))& (1.18)

=1

+(1 = a)[p(X)(hY = @*Y) = (V) (hiX — ¢*X)
+HVx@)Y = (Vy@)X] + (1= a)’ (n(X)¢’Y —7(Y)¢’X).

L 1—a
aRxy& = Rxyv&+

Proof. Using (1.15), (1.17), (1.2), (1.4), (1.3) and the symmetry of each h; we can
straightforwardly obtain (1.18). (]

2 Properties of the curvature

Let (M*"*5 o, &, n;,9), 1,J € {1,..., s}, be an almost S-manifold. We consider the
(1,1)-tensor fields defined by

lij(X) = Rxe,&;
for each i,7 € {1,...,s}, X € I'(T'M) and put ; = l;;.



282 B. Cappelletti Montano — L. Di Terlizzi

Lemma 2.1. For each i, j, k € {1,...,s} the following identities hold

polijop—1y; = 2(hjoh;+¢? (2.1)
ngoly = 0 (2.2)

(&) = 0 (23)

Vehy = o—polyy—pohjoh;+wo(h;—h) (2.4)

Vehi = p—pol;—poh, (2.5)

Proof. Identity (2.1) is a rewriting of [9, (3.4)]; (2.2) and (2.3) are an immediate
consequence of (2.1). Next from (1.4) and 1,0 (V¢ hy) = 0 we get (¢ —pol;j—pohjo

hi)(X) = =* ((Ve,hj) X) = (9 0 by — @ o hy) (X) = (Ve 1) (X) + @ ((hy — ha) (X))
for each X 6 [(TM), from which it follows (2.4). Finally, identity (2.5) is (2.4)
when i = j. ]

Remark 2.1. In the case when ¢; is Killing for each i € {1, ..., s}, from [4, Theorem
2.6] we get that (2.4) reduces to ¢ o l;; = . Then from (2.2) we have [;; = —¢? so
that all the [;;’s coincide.

Remark 2.2. Let M be an almost S-manifold verifying the (k, )-nullity condition.
Then for each i,j € {1,...,s} we have

It follows that all the [;;’s coincide. We put [ = [;;

Lemma 2.2. Let M be an almost S-manifold verifying the (k, u)-nullity condition.
Then for each X, Y € I'(TM), i € {1,...,s}, the following identities hold

Veh = phogp (2.7)
lop—pol = 2uhoy (2.8)
lop+pol = 2k (2.9)

Q& = 2nk €. (2.10)

Proof. From (2.5), using (2.6), we obtain (2.7). Identities (2.8) and (2.9) follow
directly from (2.6) using h o ¢ = —p o h. For the proof of (2.10) we fix z € M and
{E1, ..., Eyis} alocal p-basis around = with Eo,y1 = &1,..., Eapys = &. Then
using (1 12) and trace (h) = 0 we get Q& = 32" Re,p, Ea = Y00 £9(0*Ea, Eo)€ =

K2 Sanl = 2nkE. [

Remark 2.3. Let M be an almost S-manifold. Then from [7, (2.2)] using
(Viux )Y, Z) = —g((Vp,xp)Y, Z), for each X,Y,Z € T'(TM), we get

1
(Vixp)Y = 3 (PReoxY — Re,oxpY — pRex0Y — RexY)  (2.11)
—9(p*X — X, Y)E+ (V) (9*X — hi X).
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Lemma 2.3. Let M be an almost S-manifold verifying the (k, u)-nullity condition.
Then the following identities hold

(Vx@)V = g(Y,hX — ¢’ X)€ = n(Y)(hX — ¢*X) (2.12)
(Vxh)Y = (Vyh)X = (1=5) (20(X,9Y)E+0(X)pY —7(Y)pX)
+(1 = p) (N(X)phY — (Y )phX). (2.13)

Proof. From (2.11) we obtain (Vix¢)Y = K (g(X, P )E — ﬁ(Y)goQX) — g(*X —
hX,Y)é+7(Y)(p? X —hX). Here we replace X with hX and by a direct computation,
taking (1.4), (1.8) into account, we get (2.12). From (2.12), since h and ¢? are self-
adjoint, we have (Vx(poh))Y = (Vy(poh))X = ¢((Vxh)Y = (Vyh)X). It follows
that for each Z € I'(T'M)

9(Rxv&, Z) = g(9(X,hZ = @*2)6,Y) — g(n(X)(hZ - *2),Y)
+9(e((Vyh)X = (Vxh)Y), Z), (2.14)

where we use (2.1) of [7] and (2.12). From (2.14) and the symmetry of h and ¢?
it follows that o((Vyh)X — (Vxh)Y) = Rxyv& — (V) (hX — @*X) + (X)) (hY —
©?Y). Then, applying ¢ to both the sides of the last identity, using (1.11) and
n((Vyh)X = (Vxh)Y) =2(k = )g(X,9Y), L € {1,..., 5}, we get (2.13). .

Theorem 2.1. Let Z = (M*'*5, ¢, &, n;, g) be an almost S-manifold and (¢, &, N, )
be an almost S-structure on M obtained by a D-homothetic transformation of con-
stant a. If Z wverifies the (k,p)-nullity condition for certain real constants (k, )
then (M, @, éi,ﬁj,g) verifies the (R, fi)-nullity condition, where

. kt+ad—-1 _  u+2(a-1)
f=———y— =",
a a
Proof. From (1.14) and Proposition 1.1 it follows that s, = --- = h,. Then, using
(1.18) and (2.12), by a direct calculation we get the claim. (]

Remark 2.4. In [7] there are studied almost S-manifolds such that Rxy& = 0
for all XY € I'(T'M), i € {1,...,s}. This is the case when (1.6) is verified for
k = p = 0. If we consider a > 0 and a D-homothetic transformation of constant
a on such a manifold, then from Theorem 2. 1 We obtam an almost S-manifold
verifying the (%, fi)-nullity condition where & = . This result can
be applied for the examples of flat S-manifolds of dimension 2 + s, § > 2 given in

[9] so that we easily obtain examples of S-manifolds of dimension 2+ s verifying the
(k, p)-nullity condition with (x, p) # (0,0) and (k, 1) # (1,0).

Lemma 2.4. Let M be an almost S-manifold verifying the (k, u)-nullity condition.

Then
X, Y el'(Dy) =VyxY € I'(Dy) (2.15)
X,Yel(D.) =VyxY € I'(D.) (2.16)
X el(Dy), el(D.) =VxY € T'(D_@ker(p)) (2.17)
Xel(D.), Yel'(Dy) = VxY € TI'(Dy®ker(p)) (2.18)
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Proof. From (2.13) we get g((Vxh)pZ — (Vyzh)X,Y) = 0, for each X,Y,Z €
['(Dy). On the other hand, since h is symmetric, from Remark 1.2 we have
Then g(¢Z,VxY) = —g(Vx(¢Z),Y) =0, that is VxY is normal to D_. Moreover
from (1.4) and Remark 1.2 it follows that, for each i € {1,...,s}, g(VxY,§&) =
—g(Y,Vx¢&) = 0. Then we have (2.15). The proof of (2.16) is analogous. If
X € I'(Dy), Y € I'(D-) then from (2.15) and Remark 1.2 we get that, for each
Z e (Dy), g(VxY,Z) = —g(Y,VxZ) = 0 and then we have (2.17). Analogously
we prove (2.18). ]

Remark 2.5. It follows from (2.15)-(2.16) that D, define two orthogonal totally
geodesic Legendrian foliations F on M.

Example 2.1. Let g be a (2n + s)-dimensional Lie algebra and let { X7, ..., X,, Y1,
Y &y &) be a basis of g. The Lie bracket is defined as follows:

[Xo, Xp] =0 forany o, € {1,...,n},
Yo, Y3 =0 for any a # 2, [Ys, Y] =2Y; for any B # 2
[Xh}/l] = 25 - 2X2; [Xlayﬁ] =0 fOI' any 6 Z 2;
(X, Yi] = Onk (22 — 2X2) for any h,k >3, [Xy, Y| =2Xp for any § # 2,
[Xo, Yo = 26, [X, Y] = [Xy,Ya] = 0 for any k > 3,
6,61 =0, [& Xg])=0and [§,Ys =2Xs forany fe€{1l,...,n},

for all 4,5 € {1,...,s}, where £ = & + ... +&,. Let G be the Lie group whose Lie
algebra is g. On G one can define an almost S-structure by defining ¢ (X,) = Y,
oYy = —Xo, &) =--=p(&) =0, foral o € {1,...,n}, considering
the left invariant Riemannian metric g such that {Xy,..., X,,,Y1,... Y, &, ..., &}
is an orthonormal frame and, finally, defining each 1-form n; as the dual 1-form of
the vector field &; with respect to the metric g. Taking into account the previous
relations, we have, for all h,k € {3,... ,n} and ¢,j € {1,...,s},

Vx,Yo=0, Vx Y, =0, Vx¢§ = —-2Y],
Vx,Y1=0, VY, =0, Vx§ = —2Y;,
VxY1=0, Vx Yo =0, Vx Y, =20&, Vx. & =—2Y;,
Vv Y1 =2Ys, Vy & =0,

VY1 =0, Vy,Yo =0, Vy§ =0,

Vy Y1 =0, Vy Yo ==-2Y,, Vy. Y, =20Y2, Vy & =0,
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from which we get

R(X1X5)& = R(X X)) & =0,
R(X1Y1)& = R(X1Y2) &G = R(X1Y3) & =0,
R(X5Xp) & = R(XoY1) & = R(XoY2) & = R(XoYR) & =0,
R(X3Xp) & = R(XeY1) & = R(XiY2) & = R(XpY3) & =0,
R(M1Ys) & = R(Y1Yy) & = R(YaYy) & = R(YaYy) & =0,
R(X1§) &G =4X1, R(X3,§) &G =4Xs, R(Xi§)) & = 4Kk,
R(1§)) & = —4Y1, R(Y2§)) & = —4Y2, R (Vi) & = —4Y5,
R(&¢&;) & = 0.

Moreover, for the tensor fields hq,...,hs we find that, for each i € {1,...,s},
hi (Xa) = Xa, hi (Ya) = =Y, for all @ € {1,...,n}, and we conclude that G is
an almost S-manifold verifying the (x, u)-nullity condition with k = 0 and p = 4.
In this case, Dy = (Xq,...,X,), D_ = (Y},...,Y,) and A = 1. Note that each
& is a foliate vector field with respect to the Legendrian foliation F, defined by
D, so that F, is strongly flat (cf. [5]). Further note that a family of almost S-

manifolds satisfying the (k (a), o (a))-nullity condition for any a > 0 is obtained
from (G, ¢,&;,1;, g) by performing D-homothetic transformations of constant a.

Lemma 2.5. Let M be an almost S-manifold verifying the (k, u)-nullity condition.
Then for each X,Y € I'(T M) we have

(Vxh)Y = ((1—r)g(X,Y)+g(X, hgY))E (2.19)
+N(Y)h(pX + phX) — pi(X)phY
Proof. We fix x € M and a local p-basis {ey, ..., e,, pe1,...,pen, &1, ..., &} around

x such that {eq,...,e,} isalocal basisof D;. If X € I'(D,), Y € I'(D_) from (1.3),
(2.17) and Remark 1.2 we have in z

(Vxh)Y = =AVxY + A > g(VxY, peq)pea = A1+ N)g(X, 9Y)E. (2.20)
a=1
Moreover, from (1.3) and (2.18) we have h(VyX) = AY."_, 9(Vy X, e,)eq. Then
from (1.4) we have

(Vyh)X = X1 - N)g(X,pY)<E. (2.21)

Let X,Y € I'(T'M). We can write X = X, +X_+>7  n(X)§, Y=Y, +Y_+
S mi(Y)E, because of the decomposition TM = D, @ D_ @ ker (). On the other
hand we have A (g(X,,0Y ) —g(X_,0Y,)) = g(hX,oY) and N (g(X,,pY ) +
g(X_,9Y,)) = g(hX, heY). Then, from (2.7), (2.20), (2.21), (1.3) and (1.4) we get
(Vxh)Y = 5(X)pheY + 0(Y)h(eX + ohX) + N (g(X4, pY2) + g(X_, 0Y4)) € +
)x(g(XJr, Y ) —g(X_, ¢Y+))§. From the symmetry of h and (1.9) it follows (2.19).
]

Remark 2.6. Let M be an almost S-manifold verifying the (k, u)-nullity condition.
Then using (2.12), (2.19) and (1.8) we get, for all X,Y € I'(T'M)

(Vxph)Y = [g(X,hY) — (1 - r)g(X,*Y)| € (2.22)
+i(Y) [hX — (1= m)X | + pii(X)hY.



286 B. Cappelletti Montano — L. Di Terlizzi

Lemma 2.6. Let M be an almost S-manifold verifying the (k, u)-nullity condition.
Then for each X, Y, Z € I'(D) we have

RxyhZ —hRxyZ = s|k(g(Y,02)phX — g(X,0Z)phY + g(Z,ohY )pX
—q(Z, gth)ng) —2ug(X, ng)aphZ] (2.23)
Proof. Let X,Y,Z € I'(T'M). Then by a direct computation we get
(VxVyh)Z = (1= r)[(9(VxY,02) + (Y. (Vx9) D) = 1(Z)((Vxe)Y
w(vXY))} (1= R)g(V.02Z) + g(Y, hpZ)| V€ + [g(VxY, hipZ)
Y, (Vxhe)2)|€+ g(Z, VxE)[hpY — (1= k)Y | +0(Z) [(Vxheo)Y
+h<p vxy} u(1(VxY) + 9(Y, Vx€))ohZ — (Y )(Vxph) Z]

where we use (2.19), (1.8) and the antisymmetry of Vxp. Hence, using the Ricci
identity nyhZ — thyZ = (vayh)z — (VyVXh)Z — (V[}Qy]h)z, (219), the
symmetry of Vx(ho¢) and (1.4), we obtain

RyyhZ = hRxyZ = p[i(Y)(Vxph) Z = 1(X)(Vyeh) Z = 259(X, oY )phZ|
+[g(¥ hoZ) + (1 = w)g(V,02)|Vx€ = [9(X, hoZ) + (1 = £)g(X, pZ)| VyE
+9(Z, VxE)[heY — (1 - k)Y | — g(Z, VyE) [hpX — (1 — k)X |

+ [ = mg((Vve)X — (Vx@)Y. Z) + g((Vxhe)Y — (Vyhe)X, Z) €
+0(2)[(Vxhe)Y — (Vyh)X = (1 - 5)((Vxp)Y — (Vy@)X)].

(2.24)
If we take X,Y, Z € I'(D) then from (2.24), using identities (2.22), (2.12) and (1.4),
we get (2.23) . [

Lemma 2.7. Let M be an almost S-manifold verifying the (k, u)-nullity condition.
Then for each X,Y,Z € I'(T'M) we have

Rxy9Z — oRxy Z = [s(1(Y)g(Z, 0X) = i(X)g(Z, Y ))
+ u(0(Y)g(Z, ohX) — 0(X)g(Z, ohY))|€
+5[9(Z, X + phX)(hY — ©°Y) — g(Z, oY + ohY)(hX — ¢*X)
—g(Z,hY — @*Y)(oX + ohX) + g(Z,hX — ¢’ X)(¢Y + phY)]
— 1(Z2)[s(7(Y )X — 7(X)pY) + p(7(Y)phX — 7(X)phY)].
Proof. We proceed fixing a point x € M and local vector fields X, Y, Z such that

VX, VY and VZ vanish at z. Applying several times (2.12) and using (1.4) and
the symmetry of V2, we get in

Vx((Vy@)Z) = Vy((Vx9)Z) = [g(Vxh)Y — (Vyh)X, Z)
(V)g(Z, X + ohX) = (X)g(Z, oY + phY)|¢
+5|9(Z,0X + ohX)(hY = *Y) = g(Z,Y + ohY)(hX — ©*X)
— g(Z,hY — @Y )(pX + phX) + g(Z,hX — ¢*X)(pY + ohY)]
—(Z2)[(Vxh)Y = (Vyh)X +7(Y) (X + ohX) = 7(X) (Y + @hY))].
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From the last identity, using RxypZ — pRxyZ = Vx(Vyp)Z — Vy(Vxp)Z and
(2.13), we get the claimed identity. (]

Remark 2.7. In particular, from Lemma 2.7 it follows that for an S-manifold
(M, ¢, &,n;,g) the following formula holds, for all X,Y,Z € I' (T'M),

BxypZ —pRxyZ =1(Y) g(Z,9X) =1(X) g (Z,¢Y)
+5(9(Z,0Y) 9’ X = 9(2,0X)*Y + ¢ (2,8°Y ) X — g (2,6°X) ¢V
—T(Z) @ (V)X —7(X)¢Y).

Theorem 2.2. Let M be an almost S-manifold verifying the (k, p)-nullity condition
with & < 1. Then for each X, Yy, Z, €I(Dy), X_, Y_, Z_ €T(D_), we have

Rx v Z, = s(k— u)( (pZ1, X_)pY_ — g(¢Z+,Y—)s0X—) (2.25

)
Rx,v,Zy = s(20+X) —pu)(9(Z0. YD) Xy — g(Z, X)YL)  (2.26)
Ry, Z- = s(—w)(9(pZ_, X )oYy — g(pZ_, Y )pXy)  (2.27)
Rx.y Z. = s(ng(wX+, )eY_ + pg(o Xy, Yo)pZ_) (2.28)
Rx,y. Zi = s(—rg(eY_, Z)oX 1 — pglpY_, X, )pZ.) (2.29)
Ry y Z. = s(20=X) —p)(g(Y-, Z)X_ —g(X_,Z)Y")  (230)

Proof. Let {eq,... e, 061, ..., pen, fl, ..., &} be alocal p-basis such that {e;,...,e,}
is a basis of D,. From Lemma 2.6 we get

ARz, x_€eq —hRz x_€q = QSA[K(Q(X—, pea)pZy + 9(Zy, <P€a)80X—)

—ug(Zs, @X—)soea]- (2.31

Taking the symmetry of h into account we have g(ARz, x eq — hRz, x_eq, Y-

= 2)\g(Rz,x_eq,Y_) and then, from (2.31) and Remark 1.2, g(Rz, x_eq,Y")
(fﬁg(X_,goea) (9Z4,Y) = ng(Z4, X )g(spea, Y-)). It follows that

9(Rx_y-Zs,ea) = s(k—p)(9(X-, ea)g(Zs,Yo) (2:32)

—g(Y_, pea)g(pZy, X))

where we use g(Rx_ vy Zi,eq) = —g(Rz,v_€a, X_) + g(Rz, x_eq,Y_). From (2.16)
and Remark 1.2 we have g(Rx_y_Z., pe,) = 0; moreover (1.11) yelds g(Rx_y_Z1,&;)
=0. Then Rx_y Z, = >}, 9(Rx_y_Z,eg)ep. Using (2.32) we get (2.25). Iden-
tity (2.26) follows from (2.15), (1.11) Lemma 2.7, (1.2), (2.25) and (1 + \)?* + k =
2(1+ X). The other identities follow in a similar way and then are omitted. [

[N

Theorem 2.3. Let M be an almost S-manifold verifying the (k, p)-nullity condition
with k < 1. Then the sectional curvature K of M is determined by

k+M if XED
K(X.&) = s+ pg(hX,X)= { kaZ Z; . 2 . (2.33)
s(2014 ) = ) if X,Y €D,
K(X,Y) = $s(2(1=A) —n) if X,Y eD- (2.34)

—s(n+ ) (g(X.9Y))" if XeD,YeD.
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where X, Y are orthonormal and in the first two cases of (2.34) n has to be strictly
greater then 1.

Proof. 1dentities (2.33) follow directly from (1.11), while identities (2.34) are a con-
sequence of (2.26), (2.30) and (2.28) respectively. (]

Corollary 2.1. Let M be an almost S-manifold verifying the (k, p)-nullity condition
with k < 1. Then the Ricci operator verifies the following identities

Q= s[(Q(l —n)+ ,Lm)goz + (Q(n —1)+ ,u)h} +2nk N ® &, (2.35)
Qo<p—<poQ:2s(2(n—1)+u)hocp. (2.36)
Proof. Let{ey, ... ,en, 0e1,...,0e,,&1, ..., &} bealocal p-basis such that {eq, ..., es}

is a basis of Dy and let X = X, + X_ € D, & D_. From (2.26), (2.28) and (1.11)
we get

QX, = s[(Q(l +A) — ,u) m—1DX, —(k+p) Xy + X + ,uhXJr}. (2.37)
On the other hand from (2.29) and (2.30) we obtain
QX_ =s|—(r+mX_+ (20 = \) = p)(n = DX_ + £X_+phX_)|.  (2.38)

Taking (2.37), (2.38) and (2.10) into account we obtain (2.35). Finally, identity
(2.36) easily follows from (2.35). ]

Corollary 2.2. Let M be an almost S-manifold verifying the (k, p)-nullity condi-
tion. Then the scalar curvature S of (M, g) is constant and verifies the identity

S =2ns(2(n—1) = pn + k). (2.39)

Proof. Let {ey,...,en, 0€1,...,06en,&1,...,&} be alocal g-basis such that {e, ..., es}
is a basis of Dy. Then from (2.26), (2.28) and (1.11) we have

9(Qepes) = s(21+ ) =) (n— 1)+ s(—k — 1) + (s + M)
= s[n=1D201+N) —p)+ O\ —1ul. (2.40)

Furthermore from (2.29), (2.30) and (1.11) we get
9(Qpeg,pes) = s[(n—1)(200=X) = p) = (1 +Npl; (2.41)

then (2.40), (2.41) and (2.10) yeld (2.39). [
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