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Darboux covariant Lax pairs and infinite conservation laws
of the (2+1)-dimensional breaking soliton equation
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In this paper, the binary Bell polynomials are applied to succinctly construct bilinear
formulism, bilinear Bicklund transformations, Lax pairs, and Darboux covariant
Lax pairs for the (2+1)-dimensional breaking soliton equation. An extra auxiliary
variable is introduced to get the bilinear formulism. The infinitely local conservation
laws of the equation are found by virtue of its Lax equation and a generalized Miura
transformation. All conserved densities and fluxes are given with explicit recursion
formulas. © 2011 American Institute of Physics. [doi:10.1063/1.3545804]

I. INTRODUCTION

As well-known, investigation of integrability for a nonlinear equation can be regarded as a pretest
and the first step of its exact solvability. There are many significant properties, such as Lax pairs,
infinite conservation laws, infinite symmetries, Hamiltonian structure, Painlevé test, and bilinear
Bicklund transformation that can characterize integrability of nonlinear equations. Such work may
pave a way for explicitly constructing their exact solutions in the future. Yet, the construction
of bilinear Bécklund transformation by using Hirota method is not as one would wish. It relies
on a particular skill in using appropriate exchange formulas which are connected with the linear
representation of the system.'™ However, in recent years Lambert and co-workers have proposed
a procedure to obtain parameter families of bilinear Bécklund transformation for soliton equations
in a lucid and systematic way based on the use of Bell polynomials.’~” The Bell polynomials are
found to play an important role in the characterization of bilinearizable equations. As a consequence,
bilinear Bicklund transformation with single field can be linearized into corresponding Lax pairs.
Their method provides a short way to bilinear Bicklund transformation and Lax pairs of nonlinear
equations, which establishes a deep relation between integrability of a nonlinear equation and the
Bell polynomials.

In this paper, we extend the binary Bell polynomial approach to construct bilinear formulism,
bilinear Bicklund transformations, Lax pairs, and Darboux covariant Lax pairs of the following
(24+1)-dimensional breaking soliton equation

Uxr + Uyyyy — AxUyy — 2Urctty =0, (1.1)
which was first presented by Calogero and Degasperis.®® The similar equation
Uyt + Uyxyy +dlyttyy + A uy, =0 (1.2)

was studied by Bogoyavlenskii, where overlapping solutions were generated.'® ! Equations (1.1) and
(1.2) are typical so-called breaking soliton equations to describe the (2+1)-dimensional interaction
of a Riemann wave propagating along the y axis with a long wave along the x axis. In recent
years, a large number of papers have been focusing on Painlevé property, dromion-like structures,
and various exact solutions of these two equations.'>® But their integrability, to the best of our
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knowledge, have not been studied in detail except to previous little work, as seen, e.g., in Refs. 8—10
and 27-30. In addition, the study on conservation laws of (241)-dimensional equations has been
still less in contrast with the (14-1)-dimensional case. The existence of infinitely local conservation
laws can be considered as one of the many remarkable properties that deemed to characterize soliton
equations. The more conservation laws one finds the closer one gets to the complete solution. A
conservation law of a higher dimensional system is, by definition, an equation in divergence form

divF = 9x,F; + - - - + 3XmFm = 0, (1.3)

where vector function F(x, u, uy, ...) = (Fy, ..., Fy) dependingonx = (Xq, ..., Xm), ¥ = u(X) and
its derivations. The vector function F is called conserved flux since Eq. (1.3) implies that a net flow
of F through any (m — 1)-dimensional closed surface 2 in the m-dimensional space 9€2 is zero
according to the Gauss formula, namely

fF~ndx=/diVFdS=0.

Q Q2

Physically a conservation law means that the rate of change of Fjinside any spatial domain must
equal the (F5, - - -, F,,) through the surface of the domain.

Here we shall employ binary Bell polynomials to systematically construct bilinear representa-
tion, Bicklund transformation, Lax pair, and Darboux covariant Lax pair of Eq. (1.1). The infinitely
local conservation laws of the equation will be constructed through its Lax equation and a general-
ized Miura transformation. In Sec. II, we briefly present necessary notations on multidimensional
binary Bell polynomials. These results will then be applied to construct the bilinear representation,
Biécklund transformation, Lax pair, Darboux covariant Lax pair, and infinite conservation laws to
Eq. (1.1) in Secs. III- VI, respectively.

Il. MULTIDIMENSIONAL BINARY BELL POLYNOMIALS

The main tool used in this paper is a class of generalized multidimensional binary Bell polyno-
mials. To make our presentation easy to understand and self-contained, we first fix some necessary
notations on the Bell polynomials, for details refer, for instance, to Lambert and Gilson’s work.>~”

Let us start with original standard Bell polynomials.

Definition 1: Assume that r > 0 denote a constant integer; n > 0 denote an arbitrary integer;
and x, ¢ denote independent variables; then the polynomials about variables x and ¢

&,(x, 1) = exp(—tx")d! exp(tx") 2.1

is called classical Bell polynomials or Hermite-Bell polynomials, which was originally introduced
by Bell.*°

For r = 2, the Bell polynomials &,(x, t) is exactly Hermite polynomials. The first few lowest
order Bell Polynomials are

Eox,0) =1, &(x,0)=rix""" &, 1) = r2x” 7 +r(r — Dix" 72,
8, 1) =’ 3 43720 — DX 3 (e — D — 2x" 3.
In general,

n

i b ' .
Sn(x,l‘)znlztj);: Z(_l)l<;>(7(]n_l)>’
j=a ’ =0

wherea =n — [n(r — 1)/r] and b = [(rh — n)/r] denote the greatest integer in their brackets.
Next, we consider general generalization of the Bell polynomials (2.1).
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Definition 2: Let n, > 0, k =1, -- -, £ denote arbitrary integers, f = f(x1, -+, x¢) be a C*
multivariable function, then

Ynlxl,m,ngxz(f) = eXp(_f)a;l,l et 8;: eXp(f) (22)

are polynomials in the partial derivatives of f with respect to xy, - - -, x,, which we call multidimen-
sional Bell polynomials (generalized Bell polynomials or Y -polynomials).

For the special case f = f(x, t), the associated two-dimensional Bell polynomials defined by
(2.2) read

Yx(f) = fXa Y2x(f) = f2x + fxz’ Y3x(f) = f3x + 3fxf2x + fx37
Yei(f) = fou + fofis Youu(F) = foxa + focfo + 2 fcafe+ f2 S

For the special case ny = n, n, =0, f = f(x,t) = tx” with the constant integer r > 0, then
the multidimensional Bell polynomials (2.2) exactly reduces the classical Bell polynomials (2.1)

Yux(f) = exp(—1x")d; exp(rx”) = &,(x, 1).

This implies that the multidimensional Bell polynomials (2.2) is a generalization of the classical
Bell polynomials (2.1).

Definition 3: Based on the use of above Bell polynomials (2.2), the multidimensional binary
Bell polynomials ( )-polynomials) can be defined as follows:

y)’ﬂ)ﬁ,'",l’l@){{(v’ UJ) = Ynlxl,---,n{xz(f) |

Frieporen=

Upixp, - Fexes r+---+re is Odd,
Wryxy,erexes F1 A+ 4 T¢ 1S even,

which is a multivariable polynomials with respect to all partial derivatives vy, y, ... r,x, (1 + -+ +
r¢ odd) and wy x, .. px, (r1 + -+ 10 even),ry =0, , 0, k=0,---, L.

The binary Bell polynomials also inherits the easily recognizable partial structure of the Bell
polynomials. The first few lowest order binary Bell Polynomials are

V() = vy, Vo, w) = way + 02, Yoy (v, w) = wyy + 0,0,

Ve (v, w) = v3c + 30w + 03, (2.3)

Theorem 1: (Ref. 5) The link between binary Bell polynomials Yy, ... n,x,(V, W) and the

standard Hirota bilinear equation D! - -- D{'F - G can be given by an identity
Vixromey@ =D F/G,w =In FG) = (FG)’lD;’]1 -« DU'F -G, 2.4)
in whichny +ny + - -- +ng > 1, and operators Dy, - - -, Dy, are classical Hirota’s bilinear oper-
ators defined by
Dyl - DUF -G = (3, — )" -+ (3x, — )" F(x1, - -+, x))G(X], -+, X ajmey o= -

In the particular case when F = G, the formula (2.4) becomes
F72D! - D¥G -G = Yyxonx, (0,4 =2In G)
: 0, ny+---+n, 1is odd,

2.5)

Poixyonex(@)y AL+ 1y is even,

in which the P-polynomials can be characterized by an equally recognizable even part partitional
structure

P2(q) = qaxs Pii(@) = @uts Pax(q) = qax + 305, Pox(q) = gox + 15G2xqax + 15¢5,, . . ..
(2.6)
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The formulae (2.6) and (2.5) will prove particularly useful in connecting nonlinear equations with
their corresponding bilinear equations. This means that once a nonlinear equation is expressible as
a linear combination of P-polynomials, then it can be transformed into a linear equation.

Theorem 2: (Ref. 5) The binary Bell polynomials Yy x,....n,x,(v, w) can be separated into
P-polynomials and Y -polynomials

(FG)™'D}' - DYF - G = Yz, om0, Wy—n FG,w = In FG

= Vuixt,nexy (U, V 4+ @, )o=in F/G.g=21n G 2.7)
ny ng £
n;
SID IID 3T 3) | [ () F v —r)
ni+---+ny=even r;=0 re=0i=1 !

The key property of the multidimensional Bell polynomials
Yn1x1 ,~~~,ngx//(v)|U=ln 'g// = wnwﬂ s, e Xy /Ip! (2'8)

implies that the binary Bell polynomials Y, x, ... n,x,(V, W) can still be linearized by means of the
Hopf-Cole transformation v = Invr, that is, v = F/G. The formulae (2.7) and (2.8) will then
provide the shortest way to the associated Lax system of nonlinear equations.

lll. BILINEAR REPRESENTATION

In this section, we will see that an extra auxiliary variable is asked to get bilinear representation
of Eq. (1.1), which is more difficult than Eq. (1 .2).2% In order to detect the existence of linearizable
representation of Eq. (1.1), we introduce a potential field g by setting

U = cqy (3.1

with ¢ being free constant to be the appropriate choice such that Eq. (1.1) connect with P-
polynomials. Substituting transformation (3.1) into Eq. (1.1), we can write the resulting equation in
the form

2 1
Grx,t + §q4x$y - 2C(q2xq2x,y + CIxyq.%x) + §q4x,y - 2Cq2xq2x,y =0, (3.2)

where we will see that such decomposition is necessary to get bilinear form of Eq. (1.1). Further
integrating Eq. (3.2) with respect to x yields

2 1
E@) = qur + 5@y + 34200) + gag‘ay(% +34¢5,) =0, (3.3)

if we set ¢ = —1 according to the formula (2.4).
In order to write Eq. (3.3) in local bilinear form, we should eliminate effect of the integration
8!, To this end, we introduce an auxiliary variable z and impose a subsidiary constraint condition

Gax + 345, + g =0, (3.4)
on account of which, Eq. (3.3) becomes
2 1
qx.t + 3(613)” + 3QZXQXy) - §Qyz =0. (35)

Now according to the formula (2.4), Egs. (3.3) and (3.4) are then cast into a pair of equations in the
form of P-polynomials

2 1
Pac(q) + Pre(q) = 0, Pes(q) + 3P y(q) = 3 Py2(q) = 0. (3.6)

Finally, according to the property (2.3), under the change of dependent variable

q=2InG <= u=cqg,=-2(InG),,
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Eq. (3.6) produces the bilinear representation of the breaking soliton equation (1.1) as follows:
2 1

(D*+ D,D,)G -G =0, (D, D, + gDyDi — gDyDZ)G -G =0. (3.7)
This equation is easy to be solved for multisoliton solutions by using Hirota’s bilinear method. For
example, the regular one-soliton-like solution reads
hkx + 31y + 1k%t

2 9

where k and [ are two constants. The multisoliton solution are omitted here since exactly solving
Eq. (1.1) is not our main purpose in this paper.

u = ktan

IV. BACKLUND TRANSFORMATION AND LAX PAIR

Next, we search for the bilinear Bécklund transformation and Lax pair of the breaking soliton
equation (1.1). Let

qg=2InG, ¢ =2InF
be two different solutions of Eq. (3.3), respectively. On introducing two new variables
w=(q+¢9)/2=In(FG), v=(¢' —q)/2=In(F/G), (4.1)
we associate the two-field condition
E(@)—E(@=Ew+v)— Ew—v)
= 20y + 2030y + AW Uy y + 4wy Vor + 405 (WarVar y + War V) (4.2)
=20;[Vi(v) + Vaor (v, w)] + R(v, w) =0
with
R(v, w) = =20, [(war + v)vy] + 4wa vy — 4w vy + 40, (Warvar y + way y2y).

This two-field condition can be regarded as the natural ansatz for a bilinear Bicklund transformation
and may produce the required transformation under appropriate additional constraints.

In order to decouple the two-field condition (4.2) into a pair of constraints, we impose such a
constraint which enable us to express R(v, w) as the form of x-derivative of }-polynomials. The
simplest possible choice of such constraint may be

Vor(v, w) = wyy + v} = A4, (4.3)
on account of which, directly computing the R(v, w), we find that
R(v, w) = 2Avyy + 4wo Uy — 4Wox Uy — 4v§vxy = 6AUyy, “4.4)

where we have used the relations wy, y = =2V, vy, and wy, = A — vf.
Then, combining the relations (4.2)—(4.4), we deduce a coupled system of )-polynomials

y2x(v’ w) —A= 07
axyt(v) + ax[yZX,y(Us w) + 3)\43}};(1))] =0, (45)

where we prefer the second equation in the conserved form without integration with respect to x,
which is useful to construct conservation laws later. By application of the identity (2.4), the system
(4.5) immediately leads to the bilinear Bicklund transformation

(D> -~ W)F -G =0,
(D, + DyD? + 30Dy — W)F - G =0,

where we have integrated the second equation in the system (4.5) with respect to x, and . = u(t) is
an arbitrary function.
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By transformation v = In v, it follows from the formulae (2.7) and (2.8) that
Yi(v) = %/Vf, yy(v) = l/fy/lﬂ, Mo (v, w) = qox + 1/f2x/1/f,
y2x,y(v’ w) = zq,ryl//x/w + q2x1ﬁy/w + ¢2x,y/wa

on account of which, the system (4.5) is then linearized into a system with double parameters A
and ©

Ly = (07 + q2)¥ = Ay, (4.6)

Vi + Loy = [0 + 0,07 + 24y 0x + (qac + 303, 1y = p, 4.7)
or equivalently,
Ly = (3] + @) = M,
Ui+ Loy = (0 4 240y 0y + 440y + Ay — qe )Y = 1,

where we have used Eq. (4.6) to get the second equation, and allow the y and ¢ dependence of A.
It is easy to check that, for the following equations:

Liy =2y, ¥ +toy =, A= f(A) = —4A4,, (4.8)
their integrability condition
0=1Ly,— f(L)—[L1, L2]
= —(A +400y) + Goxr + Gax,y + 4G22,y + @34y, (4.9)

exactly gives the breaking soliton equation (1.1) by replacing —g, by u and using the nonisospectral
condition

442y = 0. (4.10)

Starting from the Lax pair (4.8), the Darboux transformation and soliton-like solutions of the
breaking soliton equation (1.1) can be established, here we omit them without consideration.

V. DARBOUX COVARIANT LAX PAIR

In this section, based on the assumption that the parameter A is independent of variables x, y,
and 7, we present a kind of Darboux covariant Lax pair whose form is invariant under a certain gauge
transformation. Let us go back to the breaking soliton equation (1.1) and the associated Lax pair
(4.6)—(4.7). Suppose that ¢ is a solution eigenvalue equation (4.6). It is well-known that the gauge
transformation

T=¢d¢p ' =08, —0, 0 =0,In¢ (5.1
map the operator L;(g) — A onto a similar operator
T(Li(@) = MT™" = Li@) — A,
which satisfies the covariance condition
L1(§)=L\(§ =q + Ag) with Ag =2In¢.

But it can be verified that similar property does not hold for the evolution equation (4.7).

Next step is to find another third order operator L; o, (g) with appropriate coefficients, such that
0r + Ly cov(g) be mapped, by gauge transformation (5.1), onto a similar operator iz,cov(zj) which
satisfies the covariance condition

ZZ,COV(@) = LZ,COV(C? =q+ AQ)'
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Suppose that ¢ is a solution of the following Lax pair
Li¢p =2d, ¢+ Locod =0, Locoy = 43,37 + b1 +b2dy + bs, (5.2)

where by, b, and b3 are functions to be determined. It suffices that we require the transformation T
map the operator d; + Lj oy Onto the similar one

T@ + Loco)T ™" =8 + Locovs Locov = 43,07 + 18y + brd, + bs, (5.3)
where by, by, and b5 satisfy the covariant condition

by =bj(q)+ Ab; =bj(q + Ag), j=1,2,3. 54

It follows from (5.2) and (5.3) that

Abl 25] _bl =4Uy, Abz 252_b2 ZSva (55)
Abs = 53 — by =0Ab; + SO‘xy + by, (5.6)

and o satisfies
O; —+ 40’2,(,y + Elax + EZUy + 0Ab3 + b3,x = 0. (57)

According to the relation (5.4), it remains to determine by, b,, and b3 in the form of polynomial
expressions in terms of derivatives of ¢

bj = F](Q1 qx’ qu quv q2xa 512ys q2x,y, "')s j = 15213
such that
AF; =Fij(g+ Aq,qx + Aqy,qy + Aqy, -+ ) — Fi(q, gx, qy, -+ ) = Ab; (5.8)

with Agiy 1y = 2(nq)kx 1y, k,1 =1,2,---, and the Ab; being determined by the relations (5.5)-
(5.7).
Expanding the left hand of Eq. (5.8), we obtain

Aby = AF, = Fl,qu + Fl,qX Agy + Fl,q}.Aqy + Fl,q”Aqu 4+ ... = 40'y = 2Aqu,

which implies that we can determine b, up to a arbitrary constant c;, namely,

by =F (qu) = quy +cr. (5.9
Proceeding in the same way, we deduce the function b, as follows
by = F2(q2x) = 4qo: + 2 (5.10)

with ¢, being arbitrary constant.

We see from the relation (5.6) that Ab; contain the term b , = g2, ,, Which should be eliminated
such that Abs admits the form (5.8). By means of the eigenvalue equation in (5.2), we can find the
following relation

Gox,y = —0yxy — 200,. (5.11)
Substituting (5.9) and (5.11) into (5.6) yields
Aby =400, + 80,y + 22,y = 60y, = 3Aq0, .
It is can verified that the third condition
AF; = F34Aq + F34, Aqx + F3 4, Aqy -+ = Abs
can be satisfied, if one chooses
bz = F3(qax,y) = 3q2x,y + C3, (5.12)

in which cj is arbitrary constant.
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Setting c; = ¢, =0, ¢3 = —p in (5.9), (5.10), and (5.12), it follows from (5.2) that we find the
following Darboux covariant evolution equation

¢+ Ly =0, Laycov = 48y8§ + ZQXyax + 442, 8}' + 3q2x,y — M,

which is in agreement with Eq. (5.7). Moreover, the relation between the operator Lj oy and the
operator L, is given by

L coy = Ly +30,(Ly — A).

Under nonisospectral condition A, + 4AA, = 0, the integrability condition of the Darboux covariant
Lax pair (5.2) precisely give rise to Eq. (1.1) in Lax representation

[at + L2,00V1 Ll] = _(uxt + Usyx,y — 4uxux,y - 2”2)(”)')-

In a similar way step by step, we can obtain higher operators, which are Darboux covariant with
respect to L, so as to produce higher order members of the breaking soliton hierarchy.

VI. INFINITE CONSERVATION LAWS

In this section, we derive the infinitely local conservation laws for breaking soliton equation
(1.1) through the Lax equation (4.9) and a generalized Miura transformation.

Let us first see the role of the nonisospectral parameter A = A(y, ¢) in the Lax equation. In fact,
the nonisospectral condition (4.10) is a conservation law

A+ (233, =0, 6.1)
which implies that for any domain €2 with the boundary 9<2 in space R?, the following equation hold
0 4k ark+t
—/xkdxdy =—— | —=—ds,
ot k+1 90 8y
Q

where k is an arbitrary national number. If the function A decreases rapidly enough as |x|, |y| — oo,
then Eq. (6.1) has infinite conserved quantities

Ey = / Adxdy.
R2
Thus, for the Lax equation

Ll,l = [Lla LZ],

A = A(y, t) is not the eigenvalues of the operator L, but the integrals E; of powers which are
preserved. This property is also easyily seen from Egs. (4.8) and (4.9). Though the Lax pair (4.8)
is explicitly related with nonisospectral parameter A, but the right of Eq. (4.9) implies that the Lax
equation (4.9) is independent of the parameter A. The above analysis inspires us to construct local
conservation laws of breaking soliton equation by virtue of the Lax equation (4.9), not the Lax
pair (4.8).

We introduce a new potential function

qox =0+ ene + &7, (6.2)
where ¢ is a constant parameter. Substituting (6.2) into the Lax equation (4.9) leads to
0="Li,— f(L) = [L1, Lol = (1 + &3, + 26°n)[n, — 401 + 20"y — 2(qc — )y + N0y,

which implies that u = —g, given by (6.2) is a solution of breaking soliton equation (1.1) if
satisfies the following equation

me— 4+ &2nPny — 2(qy — n)ynx + Mox,y = 0. (6.3)
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However, it follows from (6.2) that
[(ge — emy]e = ( + &)y,
on account of which, Eq. (6.3) is then written in a divergent-type form
M+ [20(70 = gy L + (122 = 1°)y = 0. 6.4)
To proceed, inserting the expansion

n= I qeqy- )", (6.5)
n=0

into Eq. (6.2) and equating the coefficients for power of &, we obtain the recursion relations for I,

Io=qox = —uy, 1) =—1Ipx = uyy,
n—2

In = —dp—-1,x — Z IkIn727ka n= 37 4’ e (66)
k=0

Again substituting (6.5) into (6.4) and comparing the power of ¢ provides us infinite consequence
of conservation laws

L4+ Foyx+Guy=0,n=12... 6.7)

In Eq. (6.7), the conversed densities I, s are given by formula (6.4), while the first fluxes Fs are
given by recursion formulas explicitly

Fo=—2u,uy, F\=2usuy~+ 2y,

n—1
Fo=2uyly +2Y Ilyy gy, =23, (6.8)
k=0
and the second fluxes G/ s are
Go = —us, —u?, Gy = uay + 2y,
Gn = Ipxx — Zlkln—k,ya n= 17 2, (69)
k=0

We present recursion formulas (6.6), (6.8), and (6.9) for generating an infinite sequence of local
conservation laws (6.7), the first few conserved densities and associated fluxes are explicitly given.
The first equation of conservation law Eq. (6.7) is exactly the breaking soliton equation (1.1). In
conclusion, the breaking soliton equation (1.1) is completely integrable in the sense that it admits
bilinear Backlund transformation, Lax pair, and infinitely local conservation laws.

ACKNOWLEDGMENTS

We would like to express our special thanks to the referee for his valuable suggestions. The work
was supported by grants from the Research Grants Council through contracts HKU 7038/07P, HKU
7118/07E, and HUK 7120/08E; the National Science Foundation of China (NSFC) (No. 10971031);
and Shanghai Shuguang Tracking Project (No. 08GGO1).

IR. Hirota and J. Satsuma, Prog. Theor. Phys. 57, 797 (1977).

2R. Hirota, Direct Methods in Soliton Theory (Springer-Verlag, Berlin, 2004).

3X.B. Hu and Z. N. Zhu, J. Math. Phys. 39, 4766 (1998).

4X. B. Hu and J. X. Zhao, Inverse Probl. 21, 1461 (2005).

5C. Gilson, F. Lambert, J. Nimmo, and R. Willox, Proc. R. Soc. London, Ser. A 452, 223 (1996).
OF. Lambert, 1. Loris, and J. Springael, Inverse Probl. 17, 1067 (2001).

7F. Lambert and J. Springael, Acta Appl. Math. 102, 147 (2008).

8 F. Calogero and A. Degasperis, Nuovo Cimento B 32, 201 (1976).


http://dx.doi.org/10.1143/PTP.57.797
http://dx.doi.org/10.1063/1.532535
http://dx.doi.org/10.1088/0266-5611/21/4/016
http://dx.doi.org/10.1098/rspa.1996.0013
http://dx.doi.org/10.1088/0266-5611/17/4/333
http://dx.doi.org/10.1007/s10440-008-9209-3
http://dx.doi.org/10.1007/BF02727634

023504-10 E. Fan and K. W. Chow J. Math. Phys. 52, 023504 (2011)

F. Calogero and A. Degasperis, Nuovo Cimento B 39, 1 (1977).

100, I. Bogoyavlenskii, Russ. Math. Surveys 45, 1 (1990).

11 R. Radha and M. Lakshmanan, Phys. Lett. A 197, 7 (1995).

125 Y. Lou and H. Y. Ruan, J. Phys. A 34, 305 (2001).

BT Alagesana, Y. Chunga, and K. Nakkeeran, Chaos, Solitons Fractals 26, 1203 (2005).

14J. F. Zhang and J. P. Meng, Phys. Lett. A 321, 173 (2004).

151 F Zhang, J. P. Meng, C. L. Zheng, and W. H. Huang, Chaos, Solitons Fractals 20, 523 (2004).

167, Xie and H. Q. Zhang, Commun. Theor. Phys. 43, 401 (2005).

17 A. M. Wazwaz, Phys. Scr. 81, 035005 (2010).

I8 Tascan and A. Bekir, Appl. Math. Comput. 215, 3134 (2009).

197, Alagesan, Y. Chung, and K. Nakkeeran, Chaos, Solitons Fractals 26, 1203 (2005).

20X. G. Geng and C. W. Cao, Chaos, Solitons Fractals 22, 683 (2004).

21H. H. Hao, D. J. Zhang, J. B. Zhang, and Y. Q. Yao, Commun. Theor. Phys. 53, 430 (2010).

22D. S. Wang and H. B. Li, Appl. Math. Comput. 188, 762 (2007).

23W. H. Huang, Y. L. Liu, and J. F. Zhang, Commun. Theor. Phys. 49, 268 (2008).

2E. G. Fan and Y. C. Hon, Phys. Rev. E 78, 036607 (2008).

ZW. X. Ma, R. G. Zhou, and L. Gao, Mod. Phys. Lett. A 21, 1677 (2009).

26L. X. Chen and J. X. Zhang, Appl. Math. Comput. 198, 184 (2008).

2TM. S. Velan and M. Lakshmanan, J. Nonlinear Math. Phys. 5, 190 (1998).

28Y. Li, Theor. Math. Phys. 99, 441 (1994).

2Y. Li, in Proceeding of the XXI International Conference on Differential Geometric Methods in Theoretical Physics,
Tianjin, China, 1992.

30E. T. Bell, Ann. Math. 35, 258 (1934).


http://dx.doi.org/10.1007/BF02738174
http://dx.doi.org/10.1070/RM1990v045n04ABEH002377
http://dx.doi.org/10.1016/0375-9601(94)00926-G
http://dx.doi.org/10.1088/0305-4470/34/2/307
http://dx.doi.org/10.1016/j.chaos.2004.08.007
http://dx.doi.org/10.1016/j.physleta.2003.12.014
http://dx.doi.org/10.1016/S0960-0779(03)00411-9
http://dx.doi.org/10.1088/0253-6102/43/3/005
http://dx.doi.org/10.1088/0031-8949/81/03/035005
http://dx.doi.org/10.1016/j.amc.2009.09.027
http://dx.doi.org/10.1016/j.chaos.2004.08.007
http://dx.doi.org/10.1016/j.chaos.2004.02.025
http://dx.doi.org/10.1088/0253-6102/53/3/05
http://dx.doi.org/10.1016/j.amc.2006.10.026
http://dx.doi.org/10.1088/0253-6102/49/2/03
http://dx.doi.org/10.1103/PhysRevE.78.036607
http://dx.doi.org/10.1142/S0217732309030096
http://dx.doi.org/10.1016/j.amc.2007.08.071
http://dx.doi.org/10.2991/jnmp.1998.5.2.10
http://dx.doi.org/10.1007/BF01018798
http://dx.doi.org/10.2307/1968431

