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ABSTRACT

This article analyzes the Darcy Forchheimer 2D thin film fluid of nanoliquid. Flow of nanoliquid is made due to a flat unsteady
stretchable sheet. In nanoliquids, nanomaterial is in form of CNTs (carbon nanotubes). Also, in present analysis, single walled
carbon nanotubes (SWCNTSs) are accounted as nanoparticles. The classical liquid ‘water’ is treated as based liquid. The flow in
permeable region is characterized by Darcy-Forchheimer relation. Heat transport phenomena are studied from convective point
of view. The transformation of partial differential set of equations into strong ordinary differential frame is formed through appro-
priate variables. Homotopy Analysis Method (HAM) scheme is executed for solving the simplified set of equations. In addition, a
numerical analysis (ND-Solve) is utilized for the convergence of the applied technique. The influence of some flow model quanti-
ties like Py (Prandtl number), A (unsteadiness factor), k (porous medium factor), F (Darcy-porous medium factor) on liquid velocity
and thermal field are scrutinized and studied through sketches. Certain physical factors like f”(0) (friction factor coefficient) and
-0’(0) (rate of heat transport) are first derived and then presented through tables.

© 2019 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http: //creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/1.5083972

I. INTRODUCTION

In recent time, the transformation of heat developing
nano-fluids is among the hot field of analysis due to their
encouraging heat transfer characteristics while equated with
classical heat transfer liquids like kerosene oil, gasoline oil,
water, ethylene glycol and many other."? Nanoliquids are
considered as the finest coolants in numerous engineering
industries in heat exchange equipment such as transporta-
tion, biomedical, micro-electronics cooling systems, optical,
solid state illumination and manufacturing etc.> Nanoliquids
have greater rates of heat transport, high viscosity, superior
thermal conductivities and extra stability than other liquids.

Nanofluids retain a superior dispersal wetting, and scattering
properties on a solid medium. Nanofluids have extraordinary
optical features and owing to such features, nanoliquids are
used in mechanism of solar collectors. The accessible studies
on heat transport of nanofluids are mostly impressive on the
development of useful coolants. These coolants can be oper-
ated in a widespread heat variety with the enriched thermal
conductivities and dropped viscosity. Gireesha et al.*¢ inves-
tigated the convective flow of kerosene-alumina, Maxwell and
Jeffrey nanoliquid through exponential space. Also, Gireesha
et al.> deliberated the impact of heat exchange in the move-
ment of nanoliquid on an upright plate. Sufficient of inves-
tigational and theoretic research®® related to the issue of
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nanoliquids flow has been conferred in research after the
effort by Choi and Eastman.’°

In 1992 Iijima'" originated carbon nanotubes (CNTs). Car-
bon nanotubes consist of coiled graphene sheets like a tube
configuration of diameter range from 0.7nm to 50 nm. Car-
bon nanotubes can be subdivided into two main categories,
i.e. single-Walled (SWCNTs) and multi-walled (MWCNTS) car-
bon nanotubes. Furthermore, CNTs (Carbon nanotubes) are
predicted inventive matter of 21! century due to their
remarkable significance in the field of nanotechnology, hard
water, conductive plastics, air refinement scheme, mechani-
cal compound materials, superfluous strong filaments, sensors
devices, displays of flat-panel, storage of gas, bio-sensors and
many more. Also due to carbon chains in carbon nanotubes
do not have any risk to environment. So, it is very impor-
tant to analyze various properties of CNTs (carbon nanotubes)
on the fluid movement and heat transport of liquids. Xue'?
examined the model of thermal conductivities for CNT base
mixtures. Ding et al.’® analyzed some thermal characteris-
tics of CNTs based nanoliquids. Also Imtiaz et al.'* presented
several features of CNTs based nanoliquid flow a stretch-
ing surface. Hayat et al.’> investigated the features of CNTs
in an extending flow problem of Darcy-Forchheimer, melt-
ing heat and chemical reaction. Mahanthesh et al.’® discussed
the MHD nanoliquid flow containing CNTs nanoparticles with
Marangoni convection and thermal radiation impact. Nasir
et al.” studied the three dimension MHD flow of SWCNTs
nanoliquid through stretching sheet.

The significance of finite liquid films can be perceived
in a different fields starting from environment to engineer-
ing like films of tear in humans eye, the usage of membrane in
bio-physics, coating streams and many other industrial trends.
The universal existence and useful applications of finite liquid
film in nature forced scholars and engineers to study appliance
present in such flow of thin film. The utility in the study of
lubrication concept, Reynolds'® presented the dynamics and
significance thin film flow model. Oron et al.'® discussed a
joined scientific philosophy for the thin liquid films and dis-
cussed a comprehensive analysis on the result stability. Thiele
et al.?% discussed the study the thin liquid flow on an inclined
porous surface. Siddiqui et al.?’ examined the flow veloc-
ity and surface tension of Sisko finite liquid film through a
flat plate. Prashant et al.?? scrutinized formulation of MHD
thin liquid film flow and heat transport through an unsteady
extending plate. Similarly, Khan et al.?* inspected the flow of
second grade thin liquid film through a stretchable plate with
MHD and thermal radiation impact. Furthermore, recently
some relevant and prominent comprehensive survey may be
found in Refs. 24-29.

So, in numerous manufacturing system, the liquid flows
through an extending surface having remarkable usages, for
instance, the warm rolling, melt spinning, extrusion, the wire
drawing, production of crystal fiber, plastic and rubber sheets
manufacturing etc. Crane®° formulated the 2D flow over a
extending sheet. Also, Wang®' continued to improve the con-
cept of Crane work to 3D problems. Gireesha et al.3%33 delib-
erated the effect of nanoparticles on the flow of nanoliquid
through stretching sheet. Also, few more detail suitable new
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studies about stretching surfaces have been described in the
Refs. 34-36.

The liquid flow through a porous surface agrees numer-
ous usages in field of mechanical technology such as the pro-
gressions geothermal supplies of water, misappropriation of
scattering matter underground, improvement of oil produc-
tion, combustors of coal, and growth of warmness pipeline
and many more. The improved structure of usual (traditional)
Darcy theory is non-Darcian porous surface which includes
the characteristics of boundary and inertia.

Forchheimer3? presented an additional relation in
momentum which investigates all the characteristics. Muskat>#
called this additional expression Forchheimer relation. But
Cheng et al.3? explored early study on Darcian free convec-
tive flow through a uniform upright surface. Later, Merkin40
suggested a suitable similarity alteration for Darcian free con-
vection, but the generalized form of Merkin work was explored
by Nakayama et al.*’ Seddeek“? examined various proper-
ties of Darcy-Forchheimer flow. Further some detail latest
exploration on Darcy-Forchheimer stream can be attempt by
various scholars in Refs. 43-48.

Inspired by the exceeding investigation, in present work,
we examined the Darcy Forchheimer two dimensional thin
liquid flow of nanoliquid over a stretchable flat sheet. In
present analysis single walled carbon nanotubes (SWCNTs)
is accounted as nano-materials and water is used as a
based liquid. The non-linear system of differential equations
is achieved by means of employing appropriate parameter.
Technique of HAM“?-55 is method for the solutions. The con-
tribution of various model factors comprising velocity, ther-
mal field is discussed and displayed. The secondary factors of
flow, Skin-friction coefficient and heat transfer rate are also
investigated graphically.

Il. FORMULATION

In this exploration, it is presumed that Darcy Forchheimer
2D single walled carbon nanotubes nano-fluids film is flowing
over a flat stretchable sheet. In this work the classical liquid
water is treated as based liquid. Furthermore, the upper free
surface of the liquid film, which is in interaction with a pas-
sive gas, is supposed flat and the influence of surface tension
is negligible. The nanoliquid is supposed to be incompressible
and the flow is laminar. Also assumed the based liquid (water)
and SWCNTs nanoparticles are in thermal equilibrium. The
physical problem of thin film flow related concept and coordi-
nates is shown in Figure 1. We consider the surface of sheet at
(y = 0) stretched then the velocity field at the surface of sheet
ig36

b

Uw = T—at” @

Finally, the thermal profile on the sheet is calculated as in the
following form3=®

bx? _3
Ts = T() - Ty(z—vf)(l - (lt) 2, (2)

Where « and b are positive factors. (T, To) the reference
and slit temperature, v; kinematic viscosity of based fluid.
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FIG. 1. The schematic diagram of the physical flow model.

In current analysis, we supposed that the gravitational impact
is trivial while the liquid film is constant and stable. Conse-
quently, according to concept of>¢ the model expressions are
expressed as follow:

on v
(%) (5)-o @
ol Lo\ foi oM\ vy 2
o i) ol 5) o) - - @
T (2] oo L) = 22 ©)
at 1 ox ay) =Y\ ey |

Here (ﬁ,ﬁ) signify the x and y- directions components of
velocity. Also v, (Kinematic viscosity), 8, (Coefficient of
thermal expansion), p,; (Density), a*,; (Thermal diffusivity)
5 (Viscosity), (Cp),s (specific heat capacitance) of nanofluid
respectively while ambient temperature is denoted by T.

A. Various model for water and CNTs
The above-mentioned factors are defined by Xue'? as:

H _ P ]
2 (- )2, if=1—¢+¢[& :
ﬂf Pf pfA

(pms] (vCr)
B) | (pCp) ¢
Knf _

1-¢+2¢( s )In(KS+Kf)
Knf Ks = Kf 2k5
Kf 1_¢+2¢ Kf n KS+K)C
Ks = Kf 2Kf
(6)

Here ¢ denotes the nanoparticles fraction to the base fluid.

(oB) 5
(oB);

=1-¢+¢

=1-¢+¢[
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TABLE I. Some numerical the thermo physical properties of SWCNTs and water.

Physical Properties cpkgl/kTY  p(kRg/m®)  R(W/mk)
Base fluid Water 4197 997 0.613
Nanofluids ~ SWCNT 425 2600 6600

B. Subjected boundary constraints

Therefore, the boundary constraints related to the above-
mentioned model problem is define®® as:

y=0—- u=Uy, v=0, T="Ts,
ou T oT ()
=h)» — =0, — =0, V= —.

Here h(t) represent the liquid film thickness.

C. Transformation factors

According to Schlichting and Gortler,*° the boundary film

width &(x) is proportional to (xvf /Uw)%, and hence the factor
can be represented as:

[Uu b\
=y Ezy((l—at)v)' ®)

According to the above mentioned explanation, we let U(x) =
Uy, and define &, 7 and y(x, y) as follows with new variables.5°

v =B s, ©)
T=To-To(l-at) ? [%]o(n), (10)
0=\t 3) w
it= = () ) 12)
5=-2 [\ | 13)

So, the stream function y(x, y) and g8 > 0 is the dimensionless
form of liquid film thickness of fluid and define as

B = (hb/vy)(1 - at) *°. (14)

Introducing these variables in to the momentum and energy
equations

25
AZO gy ) - (P - 2 27+ )
(e

£
Pf
1

The subscript f and nf signifies the assets of base liquid and - [F(f’(n))z - f'(ﬂ)k] =0 (15)
nanoparticles. Table I exhibits the numerical values of base (1 ¢+ Ps ¢)
fluids and nanoparticles. Pf
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b+ Ks s T
1-oe20( 2l %)
e Kf KS+K}c
¢ 2¢(Ks—'<f)m( 2k5 ) " , ,
0" ()~ 2f ()0) + £ (1)
o (°Co), s
(pcp)f
~ 5 [n0'(r) + 30(1)] = 0. (16)

Where the necessary boundary constraints takes the form
Atp=0-f(0)=0, f(0)=1 6(0)=1,

Aty =1 f(l) = /51 o(l) =0 )

¢ .
Here P, = £ l;ff L (Prandtl number), 2 = ¢ (unsteadiness param-

Cpx

eter), k = %(l—at) (porous medium parameter), F = v

(Darcy-porous medium parameter).
For the briefness, we write equations (15) and (16) as

7 Al - (7 - AL8F7 + 1) - AR - RF) =0, (18)

A3 ” ’ ’ % ’ _

Where Aq, Ay, A3 and A4 are constants and are defined as:
Ar=(1-9)° A= (1 —¢+ ’ﬁqs),
pf

B s KstKp
o[, (1 )
¢ ¢( ‘Kf) ( 2K ) Plf

(20)

D. Final form of elementary features

For the present problem the physical quantities Cy (skin
friction coefficient) and Nu (Nusselt number) are define as:
T QX
=——, Nu= ——m. (21)
py(Un)’ ky(Tr ~To)

But the heat flux and skin friction at the surface are define in
the following form

ou aT
Tw = Mnf| — =-k [—] 22
v nf[ay]y—() o g 6}’ y=0 ( )
By inserting equation (22) into (21), we get the final non-
dimensional form of C; and Nu as:

Ill. SOLUTION BY HAM

HAM scheme is one of the substitute techniques and
commonly applied to obtain the solution of nonlinear sys-
tem of differential equations without linearization and dis-
cretization. First we calculate the primary estimates for the
equations (18)-(19) as:

fotn) = —2n% +n®+360% - 261°, Oo(n) =1-n.  (24)

The linear operators are selected as:

2
L= 21 Ly(0) = g—,; (25)

L
o3’
The primary solution of the form:

L(ky + kam + k31°) = 0, L (kg + k57) = 0 (26)

5
Here }; «j, where j =1, 2, 3, 4, 5 are arbitrary constants.
j=1

Zero order deform to the following form with boundary
conditions is

O TR ) R %) M)

(1-x)Lo [5(77,)() - 00(77)] = xhoNog [f (. x), 5(77,)()], (28)

F2,x) -
=0, =1 6(mx) =1,
0 dn x=0
=0 (29)
_A by 0
2 | O
x=1 el

The considerable nonlinear operators Nf, Ng are intended as
Ny 0] = 107005 0520~ A1 AT, 0

AT 7000 = Ay 35 0= 720,
(30)

wn(13.%) = 2§,

[ (7:%), F (23 x) ] :X)007; X)

A4Pr

(n
A~

+ £ (3008 (13 ) - ( 1% 0y0n; X)+36(; X))

(31

When yx shifted from 0 to 1, then evaluating with the given
boundary constraints

—9)2p ' £1;0) = £ r), 6r; 0) = 6(r), (32)
CjRe™05 = (1=¢) 7J"0)  \pe-05 = 439 (0) 23)
B B ) 1
Where Re = g—}” (local Reynolds number). mln) = ifnlon x )x o On(7) = =01, )X—O. (33)
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At x =1, we get:
£02) = foln) + " fmlin),  67) = 60(7) + > 6m().  (34)
m=1 m=1

Now differentiate 0™ order expression, the deformation equa-
tions it" order with boundary conditions reduced as

Li{ (1) = Emfrma(n)} = RRE, (),

(35)
Lo{0n(7) — £mOm1(17)} = hoRiy(n).

fi=0,fi=16,=1 at =0,
o 36
fizg,ai':o at =1 39

m-1 m-1
RE00) = Fi 43 fooy o= Aol = AF) Y
j=0 j=0

m-1 21 7 m-1 m-1
~Ak Y fog = Aidegl 5 > fr= D fu )
j 0 0

j=0
(37)
A3 m-1 m-1
RP(17) = marlﬂ-1 -2 Zﬂn—l—jek + Z O
j=0 j=0
21 m-1 m-1
|5 2 Ona+3 Z Ot |- (39)
j=0 j=0
Where
1, m>1 (39)
=0, m<1’

IV. GRAPHS AND DISCUSSION

The results of Equations (18)-(19) through boundary con-
straint (17) are established by employing HAM scheme. Figure 1
show the physical sketch of the flow phenomena. Figure 2

10

o8

06
s
=

04 HAM

02

Numerical
0.0
o.{). P— .0.1. - .0.2. - .o-.a. i .o.‘. - =

FIG. 2. Numerical comparison for velocity.
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FIG. 3. f'(17) (velocity profile) for four different values of A (unsteadiness factor) for
SWCNT-water.

presents the comparison of HAM and numerical scheme (ND-
Solve) results for SWCNTs and a tremendous settlement is
established between both sachems. Furthermore, impacts of
various model factors like P, (Prandtl number), 2 (unsteadiness
factor), k (porous medium factor), F (Darcy-porous medium
factor) on f"(i7) (velocity profile), 6(i7) (temperature profile), Cy
(coefficients of skin friction) and Nu (Nusselt number) ver-
sus SWCNTs-water nanoparticles are explained through Fig-
ures 3-8. The fixed values of these assorted factors utilized in
Figures are (1=0.3,¢ = 0.1, F= 0.2, M = 0.5, Pr = 6.5). Figure 3
reports the variation in f’(r7) by means of A (unsteady param-
eter) of SWCNTs-water thin nano-liquid. It is worth stating
here that A4 = 0 designate the steady case and A # O declare
the unsteady condition. From the graphical inspection f(z) is
prominent the enhancing function of A. Therefore, intensifi-
cation in the magnitude of A yield to decline the width of the
film, suddenly, the inner velocity of finite film improves the
outward velocity of liquid. This causes an improvement in 1
upsurges the stretchable velocity. Generally, the velocity of
thin film in steady case is quicker than the velocity unsteady

'I—-‘._“ E
oF .-'-Lh
-1t ]
s -2
T
-3L|— F=0.1 - e,
-- F=02 TS,
-= F=03 '.‘.\:-."'
Pt g
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1 A L 1 i 1 1
0 1 2 3 < 5

FIG. 4. (1) (velocity profile) for four different values of F (Darcy porous medium
factor) for SWCNT-water.
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FIG. 5. f'(r7) (velocity profile) for four different values of k (Porous medium factor)

for SWCNT-water.
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for SWCNT-water.

state. Figure 4 address the variations F viva f'(n7). Here, it is
noted that F is the decaying function of f’(7) for SWCNTs-
water nanoparticles. In fact, a raise in F produce resilience
in thin liquid film which yield to decline f’(r7). Physically, by
increasing the magnitude of F, the inside thin film nanofluid
velocity is declined, however there is no impact of F on
nanofilm film thickness. In state of permeable openings with
greater openings dimension, and porous surface expended
through liquid-solid interface, which upsurges the viscous
interference. Therefore, an improvement in F produce a well
flow opposition, so velocity of fluid is declined. Figure 5 high-
lights the f’(r) variation for k (porous medium factor) for thin
film SWCNTs-water nanoliquid. Obviously, from the sketch,
we noted that when the magnitude of k rises then the veloc-
ity f'(n) profile is also incremented. Physically, by enhancing
the magnitude of k, a fall in the spongy region permeability is
produced. Consequently, minor opening is available for thin
nanofluid to move and hence, we observe that thin nanolig-
uid velocity is declined. Figure 6 portrays the impression of
¢ (volume fraction of nanoparticles) on f'(r7) (Velocity pro-
files) for thin film water based nanofluid with SWCNTs. It is
perceived that for SWCNTs-water nanoparticles, as the mag-
nitude of ¢ enhances, the f’(7) of the thin nano-fluid improve.
Physically, the basic fact is that by injecting greater quantities
of nanoparticles ¢ in case of thin nano-liquid; improves the
heat transport and cohesive forces between the liquid par-
ticles and these particles become fragile to stop the quicker
fluid movement. Therefore, the heat transport in tinny sort of
particles is faster than the dense ingredients. Figure 7 is shown
to investigate the communication between the A (porosity fac-
tor) and the 6(r) of thin film SWCNTs nanoliquid. The 6(r)
profile and the thermal film thickness enhance as the mag-
nitude of A upsurges. It is perceived form the sketch that in
the existence of permeable media generates an enhancement
in the opposition against the thin nanofluid movement which
ultimately leads to a stronger () profile. Figure 8 displays
the significance of the Pr (Prandtl number) on the 6(x) profile
thin film SWCNTs nanoparticle. Enhancements in Pr rapidly
fall 6(r7) as well as decline the thermal boundary film thickness
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TABLE II. ks (Thermal conductivity) of SWCNTs with different values of ¢.

Volume Fraction ¢ kys for SWCNTSs
0 0.243

0.1 0.271

0.2 0.300

0.3 0.335

0.4 0.367

TABLE Ill. Comparing the HAM and Numerical results of velocity using SWCNTs
nanoliquid.

n HAM Solution Numerical solution Error

0.0 1.00 1.00 0.00000
0.1 0.802776 0.801295 1.4x103
0.2 0.615071 0.612715 2.3x103
0.3 0.434626 0.431988 2.6x1073
04 0.259548 0.257175 2.3x1073
0.5 0.088273 0.086636 1.6x1073

of nanofluid. Due to increase the magnitude of Pr, the viscos-
ity of SWCNTs water based nanofluid also increases as a result
in lessening in 6(n) profile produced.

In Table II different values of kys (Thermal conductiv-
ity) are calculated of SWCNTs using numerous magnitude of
¢. In Table III the HAM and numerical (ND-Solve scheme)
results are compared for velocity of SWCNTs nanofluid and a
tremendous settlement is established between both sachems.
Table 1V exhibits the mathematical values of HAM solutions
for {”(0) and @'(0) up to 10" order estimation using several
value of physical factors for SWCNTSs nanoliquid. Clearly, from
Table IV perceived that HAM technique is a rapidly conver-
gent. Table V displays the influence of some physical quantities

TABLE IV. The convergence table of HAM for SWCNTs up to 10" order of
approximations for ”/(0) and ®’(0).

NO. Of iteration 17(0) @'(0)
2 2.03928 0.116475
4 2.05164 0.125325
6 2.05241 0.125934
8 2.05246 0.125986
9 2.05247 0.125994
10 2.05247 0.125994

TABLE V. Reveals the Numerical values for —f”(0)and —®’(0) for SWCNTs.

¢ z F —f"(0) —0'(0)
0.1 0.3 0.4 2.0557 0.128473
0.2 2.03731 0.125752
0.3 2.20581 2.20581
0.1 0.3 2.0557 0.128473
0.4 2.0448 0.12712
0.5 2.05239 0.128493
0.3 0.4 2.0557 0.128473
0.5 2.0502 0.126082
0.6 2.06311 0.126411
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(¢, F, 2) on —f”(0) and —#’(0) for SWCNTs. Through Table V, it
is noted that an enhancement in (¢, F) leads to improve —f”(0)
while (1) show the opposite behavior. Similarly, in same table
the rising values of (¢, 1) leads to enhance -6’(0) while (F)
presents reverse behavior.

V. CONCLUSIONS

In present work, the HAM technique is employed to
get the solution of Darcy Forchheimer two dimensional thin
liquid stream of SWCNT-water nanoliquid and associated
heat transport problem over a unsteady stretching plate. The
accuracy of HAM technique is tested with the numerical
scheme mathematically and graphically. The judgment spec-
ifies that HAM technique has an excellent compatibility with
the numerical facts. Afterwards, the confirming models, the
effect of various physical factors like ¢, 4, k, F, Pr on the
temperature and velocity significance have been examined in
details. Present analysis attempts to the following remakes.

e The larger values of k and F yield reduction in thin
liquid f'(z).

¢ It is perceived that the components of f'() and 6(r)

are directly related to A. An increment in f’(r) and 6(r7)

is seem with the intensification in A.

An intensification in ¢ leads to improve f'(z).

There is a reduction in 6(z) for high value of Pr.

—f”(0) via ¢, F enhances, but A shows opposite behavior.

Nu (heat exchange rate) via ¢, 4 augments, while F

displays reverse trend.

e An excellent agreement is found for the convergence
of HAM and numerical method.
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