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We explore gravitational wave signals arising from first-order phase transitions occurring
in a secluded hidden sector, allowing for the possibility that the hidden sector may have a
different temperature than the Standard Model sector. We present the sensitivity to such
scenarios for both current and future gravitational wave detectors in a model-independent
fashion. Since secluded hidden sectors are of particular interest for dark matter models
at the MeV scale or below, we pay special attention to the reach of pulsar timing arrays.
Cosmological constraints on light degrees of freedom restrict the number of sub-MeV particles
in a hidden sector, as well as the hidden sector temperature. Nevertheless, we find that
observable first-order phase transitions can occur. To illustrate our results, we consider two
minimal benchmark models: a model with two gauge singlet scalars and a model with a
spontaneously broken U(1) gauge symmetry in the hidden sector.
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I. INTRODUCTION

With the advent of gravitational wave (GW) astronomy, we can for the first time hope to sense
physics that happened before the era of Big Bang Nucleosynthesis (BBN). In fact, gravitational
wave observatories on the ground and in space, as well as pulsar timing arrays (PTAs), will be
sensitive to the reverberations of spacetime caused by violent first-order phase transitions (PTs)
in the very early Universe. Though produced almost 14 billion years ago, these perturbations can
still be detectable today, as a contribution to the stochastic gravitational wave background [1–4].
(For recent work on this topic, see Refs. [5–7] and references therein.) The gravitational wave
amplitude and frequency spectrum allow us to infer both the properties of the phase transition
that generated them and the history of the Universe since then.

It is this connection between stochastic gravitational waves and the particle physics respon-
sible for their emission that we focus on in this paper. In particular, we study scenarios in
which gravitational waves are emitted when a scalar field transitions from a local minimum of
its potential into the global minimum. We are especially interested in the case that the scalar is
part of a “hidden sector”, i.e. a group of particles that interact only very weakly with Standard
Model (SM) particles and are therefore extremely challenging to detect directly. In the extreme
case where the hidden sector is coupled only via gravity, gravitational waves may provide the
only way of studying such new physics scenarios.

In this paper, we expand on past studies of gravitational waves from hidden sector phase
transitions [8–17] in several ways:

(i) Light hidden sectors. We pay special attention to the possibility that the hidden sector
may contain interesting dynamics at sub-MeV temperatures. New particles in the mass
range . MeV are motivated for instance by the lack of direct detection signals of dark
matter. Moreover, gravitational wave signals from low-temperature phase transitions may
be easier to detect because the ratio of the gravitational wave energy to the total energy
density of the Universe (given by the parameter α that will be defined and discussed in
Section II B) can be larger. We will study the interplay between cosmological constraints
on sub-MeV particles (in particular the upper limit on the total relativistic energy density,
as measured by the parameter Neff) on the one hand, and the observability conditions for
stochastic gravitational waves on the other hand. This will, in particular, require us to
investigate in detail the sensitivity of PTAs, which are sensitive to gravitational waves
in the relevant frequency range ∼ 10−9–10−7Hz. A hidden sector phase transition will
only be observable if a sufficiently large amount of energy is converted into gravitational
waves. This sets a lower limit on the hidden sector energy density. We will present our
results as limits on the number of hidden sector degrees of freedom and on the hidden
sector temperature.

(ii) Unequal photon and hidden sector temperatures. In the past, it has usually been
assumed that the temperatures of the hidden and visible sectors are the same. This, of
course, need not be the case: because of their weak coupling, the two sectors may never
come into thermal contact. And even if they are heated to the same temperature after
inflation, their subsequent evolution may be different. In particular, whenever a heavy
particle species becomes non-relativistic and annihilates or decays into lighter species, the
corresponding entropy dump into the lighter species delays Hubble cooling. If the num-
bers of heavy particles are very different in the two sectors, this alone can already lead to
substantial temperature differences. For phase transitions at low (sub-MeV) temperatures
detectable in PTAs, a temperature difference of the hidden sector with respect to the SM
sector is even required, otherwise the additional light degrees of freedom would be incon-
sistent with cosmology. We will therefore investigate how such temperature differences
can affect gravitational wave signals, their detectability, and their interpretation.
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(iii) Toy models. We construct two explicit toy models that feature a hidden sector phase
transition at sub-MeV scales. We demonstrate that observable gravitational wave signals
are possible for narrow strips of parameter space even in light of stringent constraints on
additional light degrees of freedom. The first model involves a hidden sector consisting
of two scalar fields, the second one is a Higgsed dark photon model. Due to the afore-
mentioned restrictions on the number of light degrees of freedom in the hidden sector,
these toy models should cover a large fraction of the model space at sub-MeV energies.
We expect that almost any perturbative hidden sector that has been in thermal contact
with the SM sector not too far above the electroweak scale and that features an observ-
able first-order phase transition at sub-MeV temperatures should reduce to one of our toy
models, or simple variants thereof.

We begin in Section II with a careful discussion of stochastic gravitational wave spectra
from phase transitions in the early Universe. We then translate these spectra into sensitivity
curves for current and future gravitational wave detectors. This model-independent discussion
is complemented in Section III by the introduction of our two toy models, and by the discussion
of future gravitational wave constraints on these models. Our conclusions will be summarized
in Section IV.

II. GRAVITATIONAL WAVE SENSITIVITY

A. Hidden Sector Cosmology

We begin our discussion by reviewing important constraints on hidden sectors, paying special
attention to the possibility that the hidden and visible sectors have different temperatures. We
define the temperature ratio

ξh ≡ Th

Tγ
, (1)

where Th and Tγ are the hidden sector and visible sector (photon) temperatures, respectively. A
temperature ratio ξh 6= 1 could have been generated already during reheating after inflation, for
instance if inflatons decay preferentially into one of the two sectors, and the two sectors never
come into thermal contact. Another possible source of temperature differences is early decoupling
of two sectors that initially share the same temperature. Whenever a thermalized particle
species becomes non-relativistic in one sector, the entropy associated with it is transferred to
the remaining particle species, thereby heating that sector up. If one sector contains significantly
more heavy particles than the other, values of ξh very different from unity can be expected. In
what follows, we will be interested in the case ξh < 1, as we will see that some cosmological
constraints are relaxed if the hidden sector is colder than the photons.

This is in particular true for hidden sectors containing particles at the MeV scale or below.
(Heavier hidden sectors are essentially unconstrained.) As we will see, sub-MeV hidden sectors
are of particular interest for detection in PTAs. The main constraints on hidden particles with
masses . MeV arise from measurements of the relative abundance of light elements from Big
Bang Nucleosynthesis (BBN) [18, 19], as well as measurements of the Cosmic Microwave Back-
ground (CMB) power spectrum [20, 21]. A conflict with these measurements could arise for two
reasons: First, the annihilation of a hidden sector species during BBN or recombination might
heat up the photon or the neutrino bath, affecting the predicted light element abundances in a
detectable way. Second, light hidden sector particles (“dark radiation”) can directly affect the
expansion rate of the Universe because the latter is proportional to the total energy density,
which in turn is dominated by contributions from relativistic particles until just before recom-
bination. These contributions are parameterized by the effective number of neutrino species,
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defined as

Neff ≡
(

8

7

ρR − ργ
ργ

)(

11

4

)4/3

, (2)

where ρR and ργ are the energy densities of all relativistic species and of the photons, respectively.
In the SM, NSM

eff = 3.046 [22]. The most conservative 95% confidence level (CL) constraint on
Neff from 2018 Planck data is Neff = 3.00+0.57

−0.53 at recombination, while an analysis taking into
account data on CMB polarization and baryon acoustic oscillations (BAO) yields [21]

Neff = 2.99+0.34
−0.33 . (Planck TT,TE,EE+ lowE+ lensing+BAO) (3)

In view of the current tension between the high and low redshift measurements of the Hubble
parameter H0 (see [23] and references therein), this bound may be considered somewhat too
strong. Taking all measurements of H0 at face value, the bound is relaxed to

Neff = 3.27± 0.30 . (Planck TT,TE,EE+ lowE+ lensing+BAO+H0) (4)

Formation of light nuclei during BBN imposes the complementary 95% CL constraint [21]

Neff = 2.95+0.56
−0.52 , (5)

assuming Neff remains constant during BBN [24–27] (see for instance Ref. [28] for the impact of
relaxing this assumption).

It is convenient to express ρR in Eq. (2) in terms of hidden sector parameters, in particular
the temperature Th and the number of effective relativistic hidden sector degrees of freedom
(DOFs) gh. “Effective” here means that each bosonic degree of freedom contributes one unit to
gh, while each fermionic degree of freedom contributes 7

8 . This way, gh can be used directly in
the computation of the relativistic energy density. We can distinguish the following cases:

1. Hidden sector in thermal contact with the SM. A hidden sector that is in thermal
contact with the photons throughout the BBN (and e±-annihilation) epoch is disfavored
by both the BBN and CMB+H0 constraints on Neff: Eq. (4) shows that even a single real
scalar degree of freedom (gh = 1) would be inconsistent with the constraint at 95% CL.
We will therefore not consider this scenario in the following.

The BBN constraint on Neff is somewhat weaker for a hidden sector which is in thermal
contact with the photons only via the neutrinos at the temperature T ν-dec

γ ∼ MeV of
neutrino decoupling [29], i.e. which couples efficiently to neutrinos, but not directly to
photons. In this case, we find

Neff = NSM
eff

(

1 +
gh
gν

)

(6)

before the hidden sector particles become non-relativistic and annihilate or decay away
into neutrinos, and

Neff = NSM
eff

(

1 +
gh
gν

)4/3
(7)

afterwards [30]. In these expressions gν = 2 · Nν · 7
8 = 21

4 is the effective number of
SM neutrino degrees of freedom, and Nν = 3 is the number of SM neutrino generations.
Here gh is understood to mean the number of relativistic degrees of freedom in the hidden
sector at T ν-dec

γ . The CMB+H0 constraint on Neff given in Eq. (4) translates to the bound
gh . 0.90 (. 0.66) at 95% CL if the hidden sector becomes non-relativistic after (before)
recombination. In other words, no new light degree of freedom can remain in thermal
equilibrium with the SM neutrinos after T ν-dec

γ , even if we use the least stringent of the
three cosmology constraints under consideration.
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FIG. 1. Black dotted contours: the change in Neff as a function of the effective number of relativistic
degrees of freedom in the hidden sector (gh) and of the ratio between the hidden and visible sector
temperatures (ξh). The left-hand panel is for the case of a hidden sector that is never in thermal
equilibrium with SM particles (or has decoupled long before BBN). The right-hand panel is for the
“ν-quilibration” scenario, where the hidden sector (re-)couples with the neutrinos, after the latter have
decoupled from the photons. The horizontal axis in the right-hand panel gives ξinith , the hidden sector-
to-photon temperature ratio before both (re-)coupling and e±-annihilation. The orange shaded region
indicates the BBN constraint on ∆Neff from Eq. (5), while the blue shaded region and blue dashed
contour show the CMB constraints with and without the low-redshift measurements of H0, see Eqs. (3)
and (4). The horizontal dashed and dot-dashed lines indicate the number of degrees of freedom in the
two toy models discussed in Section III. These figures serve as an update to Refs. [31, 32] based on the
new Planck results [21].

2. Completely decoupled hidden sector. If the hidden sector starts out at early times
with a temperature different from the SM bath and never (re-)enters thermal equilibrium
with the visible sector, the additional contribution to Neff is

Neff = NSM
eff +

4

7

(

11

4

)4/3

gh ξ
4
h . (8)

where gh is now understood to be the effective number of relativistic hidden sector degrees
of freedom at hidden sector temperature Th = ξhTγ . The same expression holds if the
hidden sector was in equilibrium with the SM sector at early times, but later decoupled
while still relativistic.

In the left-hand panel of Fig. 1 we show the CMB and BBN constraints on the hidden
sector parameters ξh and gh based on Eq. (8). The orange and blue regions are excluded
at 2σ by the BBN and CMB+H0 constraints, respectively, while the CMB only bound is
shown as a dashed-blue line. Wee see that hidden sectors with more degrees of freedom
need to be colder to keep the total hidden sector energy density (and thus Neff) consistent
with the constraints. Even a hidden sector with only one additional degree of freedom
(gh = 1) is excluded unless the hidden sector temperature is smaller than 0.6 times the
SM temperature.

Note that for a completely decoupled hidden sector, an important additional constraint
may arise from the total matter density of the Universe. As hidden sector particles become
non-relativistic, care must be taken that their energy density gets converted into a form
of dark radiation in order not to overclose the Universe.

3. Hidden sector equilibrates with neutrinos (ν-quilibration). While the hidden
sector cannot be in thermal contact with the photon bath at temperatures around or below
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the BBN temperature TBBN, there is the possibility that it (re-)couples with neutrinos
after the latter have lost thermal contact with the photons [31, 32]. This scenario, which
we will dub “ν-quilibration”, corresponds to the following sequence of events:

BBN
high T low T

(

T
h-dec
γ

)

T
ν-dec
γ

T
e±-ann
γ

T
h-ann
γT

h-eq
γ

where T ν-dec
γ ∼ MeV is the photon temperature at neutrino decoupling, T h-eq

γ is the (pho-
ton) temperature at which the hidden sector comes into thermal contact with neutrinos,
and T h-ann

γ is the (photon) temperature at which the hidden sector becomes non-relativistic
and its entropy gets dumped back into the neutrino bath. If the hidden sector was ever in
thermal contact with the SM at very early times (long before BBN), we denote the temper-
ature at which it lost thermal contact by T h-dec

γ . Assuming that all hidden sector particles
are relativistic when the hidden sector comes into thermal equilibrium with the neutrinos,
and that equilibration is quasi-instantaneous, the temperature change experienced by the
equilibrating sectors is determined by conservation of energy density. If the temperature
ratio between the hidden sector and the photons is ξinith prior to BBN, e±-annihilation,
and hidden sector–neutrino (re-)coupling, the temperature ratio after (re-)coupling is

ξν+h = ξSMν

[

1 +
gh
gν

]− 1

4

[

1 +
gh
gν

(ξinith )4
]

1

4

,

(

after hidden sector
thermalization with ν’s

)

, (9)

where ξSMν is the temperature ratio between the neutrino and photon sectors in the Stan-
dard Model. Its value is approximately, but not exactly, (4/11)1/3. A small correction
factor (NSM

eff /Nν)
1/4 arises because of the effect of e± -annihilation on the neutrino tem-

perature. Equation (9) is valid assuming that e±-annihilation finishes before the hidden
sector equilibrates. The effective number of neutrino species is modified to

Neff = NSM
eff

[

1 +
gh
gν

(ξinith )4
]

,

(

after hidden sector
thermalization with ν’s

)

. (10)

This shows that Neff returns to NSM
eff in the limit ξinith → 0.

When the neutrino/hidden sector temperature drops further below T h-eq
γ , there are two

possibilities for the decoupling of the hidden sector from the neutrinos. The first possibility
is that interactions between the neutrinos and the hidden sector particles become too small
to maintain equilibrium, resulting in decoupling while the hidden sector is still relativistic.
As the hidden sector subsequently becomes non-relativistic, entropy cannot be transferred
to the neutrino bath, so the neutrino-to-photon temperature ratio stays at the value given
by Eq. (9). Neff at recombination, however, will have decreased compared to Eq. (10)
by a factor gν/(gν + gh), possibly violating CMB constraints. Even more problematic,
the frozen out non-relativistic hidden sector particles will contribute to the dark matter
density, most likely overclosing the Universe. Therefore, we will not consider this case any
further.

The second possibility is that the neutrino/hidden sector temperature drops below the
masses of the hidden sector particles while the two sectors are still in equilibrium. The
hidden sector particles will then annihilate back to neutrinos, thereby reheating the neu-
trino bath with respect to the photons. Beginning with Eqs. (9) and (10) and using
conservation of co-moving entropy yields

ξν = ξSMν

[

1 +
gh
gν

]
1

12

[

1 +
gh
gν

(ξinith )4
]

1

4

,

(

after hidden sector
annihilation into ν’s

)

, (11)
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for the neutrino-to-photon temperature ratio, and

Neff = NSM
eff

[

1 +
gh
gν

]
1

3

[

1 +
gh
gν

(ξinith )4
]

,

(

after hidden sector
annihilation into ν’s

)

, (12)

for the effective number of neutrino species after hidden sector decoupling. Unless hidden
sector particles have masses . eV, this is the value that will be measured in the CMB.

In the right-hand panel of Fig. 1 we show the excluded regions in the ξinith –gh plane for the
ν-quilibration scenario. We remind the reader that ξinith , plotted on the horizontal axis,
is the hidden sector-to-photon temperature ratio before both BBN and e±-annihilation.
As before, the orange and blue regions are excluded at 95% CL by BBN and CMB+H0

constraints, respectively, while the CMB-only constraint is given by the dashed blue line.
BBN constraints are based on Eq. (10), which corresponds to the assumption that hidden
sector particles become non-relativistic only after BBN, or, more precisely, after the initial
formation of the light elements (4He and D) at Tγ ∼ 0.1 MeV [33]. The CMB constraint
is derived from Eq. (12).

B. Temperature Dependence of the Gravitational Wave Parameters

We have concluded from Fig. 1 that hidden sectors with a large particle content at masses
. MeV may be cosmologically allowed, but only if their temperature is substantially lower
than the photon temperature (ξh < 1), and their coupling to photons is tiny. The second of
these requirements makes it extremely hard to probe such hidden sectors using conventional
cosmological, astrophysical, or laboratory methods. This is why we focus here on gravitational
waves: if the hidden sector undergoes a strongly first-order phase transition at some point in
cosmological history, the gravitational waves emitted in the process may be detectable today
as part of the stochastic gravitational wave background. The frequency dependence of the
gravitational wave spectrum furthermore contains information about the properties of the phase
transition and the subsequent expansion history of the Universe.

The spectra of gravitational waves sourced by cosmological first-order phase transitions de-
pend mainly on three parameters: the strength of the phase transition, α, its inverse time scale,
β, and the temperature T nuc at which the transition occurs (nucleation temperature) [5, 34–36].
In the following, we will define these parameters in terms of particle physics quantities. For
phase transitions occurring in a hidden sector, we will in particular discuss their dependence on
the temperature ratio ξh.

A first-order phase transition proceeds by the nucleation of bubbles of the new (true vacuum)
phase in the background plasma that is still in the old (false vacuum) phase. Thus, the transition
begins when the rate Γ at which such bubbles form within a Hubble volume exceeds the Hubble
time. The temperature at which this happens is the bubble nucleation temperature T nuc. The
bubble nucleation rate per unit volume is given by Γ(T ) = A(T )e−SE(T ) [37–39] where SE(T )
is the temperature dependent Euclidean action corresponding to the transition from the false
vacuum to the true one. For bubble nucleation at non-zero temperature the time component
of the 4-dimensional Euclidean action becomes T−1, i.e. SE(T ) ≡ S3(T )/T where S3(T ) is the
remaining 3-dimensional Euclidean action [39]. Assuming A(T ) ∼ T 4 and that the phase tran-
sition occurs during a radiation dominated epoch such that H2 = 8πGN

3 ρR (ρR is the radiation
energy density and GN is Newton’s constant), the nucleation criterion Γ ∼ H4 evaluates to

S3(T
nuc)

T nuc
∼ 146− 2 log

(

g⋆(T
nuc)

100

)

− 4 log

(

T nuc

100GeV

)

. (13)

Note that here we still assume that all sectors are in thermal equilibrium, and g⋆(T
nuc) is the
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total number of relativistic degrees of freedom.1

The available energy budget for gravitational wave emission is given by the latent heat ǫ, i.e.
the absolute change in the energy density, see Ref. [40] for additional details. The latent heat
release normalized to the total radiation density of the Universe, ρR, at the time of the phase
transition gives the strength of the phase transition, 2

α ≡ ǫ

ρR
=

1

ρR

(

−∆V + T nuc∂∆V

∂T

∣

∣

∣

∣

Tnuc

)

. (14)

Here, ∆V < 0 is the change in the potential between the false and the true vacua. Once again,
T nuc is understood to mean the temperature at the time of the phase transition of the sector in
which the phase transition occurs. For a phase transition occurring in the SM (hidden sector),
T nuc should thus be replaced by the photon (hidden sector) temperature T nuc

γ (T nuc
h ) at the time

of bubble nucleation.
It is intuitively clear that larger α implies larger gravitational wave amplitudes. If all particle

species abundant in the Universe share the same temperature, ρR is simply given by ρR =
π2[g⋆(T

nuc
γ )]4/30, where g⋆ is the total number of effective relativistic degrees of freedom. We

will instead be interested in a phase transition occurring in a hidden sector whose temperature
is different from the photon temperature, in which case the appropriate expression is instead

ρR =
π2

30
(g⋆,SM + ghξ

4
h)(T

nuc
γ )4

=
π2

30

(g⋆,SM
ξ4h

+ gh

)

(T nuc
h )4 ,

(15)

where g⋆,SM and gh are the numbers of relativistic degrees of freedom in the SM sector and the
hidden sector, respectively. As we have seen in Section IIA, CMB and BBN constraints on Neff

can only be satisfied if ξh ≪ 1. Then, for fixed T nuc
h , ρR scales approximately proportional to

ξ−4
h , and consequently

α ∝ ξ4h . (16)

In other words, a large temperature ratio between the visible and hidden sectors at the time of
the phase transition reduces the strength of the gravitational wave signal compared to the case
where both sectors have similar temperatures.

Gravitational wave signals from phase transitions also depend on the inverse time scale of
the phase transition, β: a fast transition means that many bubbles form simultaneously, so they
are still small when they collide. This results in gravitational wave signals that are weaker and
peak at higher frequencies than those from a slow transition. The inverse time scale is given by

β ≡ −dSE(t)

dt

∣

∣

∣

∣

tnuc
, (17)

where the right-hand side is to be evaluated at the time of bubble nucleation tnuc. It is con-
ventional to normalize β to the Hubble rate H at the time of bubble nucleation, which leads
to

β

H
= T nuc

h

dSE(T )

dT

∣

∣

∣

∣

Tnuc

h

. (18)

1 In our analysis, we will use Eq. (13) even for evaluating the nucleation criterion in scenarios with ξh 6= 1.
The resulting T nuc is then rescaled to account for the true value of ξh. By doing so, we neglect logarithmic
corrections to Eq. (13) arising from the difference between T nuc

h and T nuc
γ .

2 Strictly speaking, we should here distinguish between the temperature at which gravitational waves are emitted
(usually referred to as T∗) and T nuc. The two temperatures may be different if the latent heat released during
the phase transitions heats the plasma considerably compared to its initial temperature, as could be the case
for instance for a phase transition happening during a vacuum-dominated epoch [5, 41–52]. However, in the
following we will only consider phase transitions occurring during radiation domination, and we will therefore
set T∗ = T nuc in the rest of this paper.
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Note that, unlike β itself, β/H is independent of the temperature ratio ξh.
Besides T nuc

h , α, and β, gravitational wave spectra in principle depend also on the bubble wall
velocity, vw, i.e. the speed at which bubbles of the true phase expand. We assume an optimistic
value vw ∼ 1, which is well justified for strong phase transitions [53]. Note that the amplitude
of the gravitational wave power spectrum depends linearly on vw (see Section IIC for the full
dependence), therefore small deviations from vw ∼ 1 will not significantly affect our results.

The key result of the above discussion is that a strong gravitational wave signal and safety
from Neff constraints impose opposite conditions on hidden sector models: for compatibility
with Neff constraints, ξh < 1 is needed, while the scaling of α with ξ4h implies that strong
gravitational wave emission from a hidden sector phase transition is only possible if ξh is not
too small. In Section III below, we will see explicitly the impact of these conflicting conditions
on the parameter space of two toy models. In particular, we will see that for a hidden sector
that is completely decoupled from the SM, observable gravitational wave signals are possible for
only thin strips of parameter space. For a hidden sector that (re-)enters thermal equilibrium
with the neutrinos after the latter have decoupled, Eq. (9) shows that the value of ξh at the
phase transition (after hidden sector (re-)coupling) can be significantly larger than the initial
temperature ratio ξinith . In other words, even though the initial ξinith may be small enough to
avoid the BBN constraint on Neff, the ξh relevant during the phase transition may be large
enough to yield a strong gravitational wave signal. Of course, one still needs to worry about the
late-time neutrino-to-photon temperature ratio given by Eq. (11) possibly violating the CMB
constraint on Neff.

C. Gravitational Wave Spectrum from a Hidden Sector Phase Transition

In what follows we review the possible mechanisms that source gravitational waves during
a first-order phase transition. We closely follow Ref. [5], but we extend the results from that
paper for the case of a hidden sector temperature differing from the photon temperature. The
production of gravitational waves in a first-order phase transition can be separated into three
stages:

1. Collisions of the bubble walls. [54] This contribution depends only on the dynamics
of the scalar field (not on the background plasma) and is therefore often referred to as
the scalar field contribution. It is usually treated in the “envelope approximation”, which
assumes sizable interactions only at the intersection points of the bubble walls and a quick
dispersion after the bubble collisions.

2. Collision of sound waves in the plasma generated during bubble expansion [55]. Com-
pared to the contribution arising from bubble wall collisions, this effect lasts longer and
is therefore enhanced by a factor of β/H.3

3. Turbulence in the plasma after the collision of sounds waves, which can last for several
Hubble times [57]. This contribution is suppressed by a factor of εturb = 5 ∼ 10%
compared to the sound wave contribution, i.e. only a small part of the sound wave energy
budget is converted into turbulent motion [55]. We will optimistically assume εturb = 10%.

While a complete description of these contributions requires numerical simulations, it is for our
purposes useful to work with an analytic parameterization for the gravitational wave frequency

3 Note that it currently remains unclear whether the simulation of this contribution can be extrapolated to very
strong transitions with α > 0.1 [5, 55]. In addition, for phase transitions with β/H & 100 (corresponding
to a large number of smaller bubbles being nucleated), the timescale of the transition from sound waves to
turbulence is expected to be significantly shorter than a Hubble time. Subsequently, the period of time where
sound waves can source gravitational waves is cut short. However, current simulations are unable to make
precise predictions about the transition to turbulence in the regime β/H & 100. Therefore the exact efficiency
of converting sound waves to turbulence remains unknown [42, 56].
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Scalar field Ωφ Sound waves Ωsw Turbulence Ωturb

N 1 1.59× 10−1 2.01× 101

κ κφ κsw εturbκsw

p 2 2 3
2

q 2 1 1

∆ 0.11v3

w

0.42+v2
w

vw vw

fp
0.62β

1.8−0.1vw+v2
w

2β√
3vw

3.5β
2vw

s(f) 3.8(f/fp)
2.8

1+2.8(f/fp)3.8
(f/fp)

3
(

7
4+3(f/fp)2

)7/2 (f/fp)
3

(1+f/fp)11/3[1+8π(f/H)]

Reference [54] [55] [57]

TABLE I. Parameters of the gravitational wave spectra, using the phenomenological parameterization
from Eq. (19). In addition to the normalization factor N , the velocity factor ∆, the efficiency factor κ
(see discussion around Eqs. (25) and (26)), the exponents p and q, and the spectral shape function s(f),
we also list the resulting peak frequency fp. In the last three rows, vw denotes the bubble wall velocity
and β is the inverse time scale of the transition (see Eq. (18)). Note that N and fp listed here are the
amplitude and peak frequency at the time of the phase transition (hidden sector temperature T nuc

h ) and
need to be redshifted using Eq. (20) to obtain the corresponding values today.

spectra. A suitable functional form for the gravitational wave power spectrum at emission is
[54, 55, 57]

ΩGW(f) ≡ 1

ρc

dρGW(f)

d log f
≃ N ∆

(

κα

1 + α

)p(H

β

)q

s(f) , (19)

where ρc = 3H2/(8πGN ) is the critical energy density, with the Hubble rate in the radiation-
dominated era is given by H2 = 8πGN

3 ρR. ΩGW(f) depends on the normalization factor N ,
the velocity factor ∆, the efficiency factors κ, the exponents p and q, and the spectral shape
function s(f). These parameters are determined for the three contributions separately by fitting
to the results of numerical simulations. A summary of the resulting parameter values is given
in Table I.

After its emission, the stochastic gravitational wave background propagates freely, undis-
turbed until today. The expansion of the Universe redshifts both the energy density and fre-
quency such that the gravitational wave power spectrum today, Ω0

GW(f), as a function of today’s
frequency f is

Ω0
GW(f) = RΩGW

(a0
a
f
)

(20)

where

R ≡
(

a

a0

)4( H

H0

)2

=

(

gEQ⋆S

g⋆S

)4/3(T 0
γ

Tγ

)4( H

H0

)2

=

(

gEQ⋆S

g⋆S

)4/3 8πGN

3

g⋆π
2(T 0

γ )
4

30H2
0

≃ 2.473× 10−5h−2

(

gEQ⋆S

g⋆S

)4/3
(g⋆
2

)

. (21)

In the above expressions, a is the scale factor of the Universe at the time of the phase transition,
and a0 is the scale factor today. Similarly H and H0 (Tγ and T 0

γ ≃ 2.35× 10−13GeV [27, 58])
denote the Hubble rates (photon temperatures) at the time of the phase transition and
today, respectively. As usual, we denote Newton’s constant as GN , and we abbreviate
H0/(100 kmMpc−1s−1) as h. The quantities g⋆ (g⋆S) denote the effective numbers of de-
grees of freedom relevant for the computation of energy densities (entropy densities). Without
a superscript, they are meant to be evaluated at the time of the phase transition, while gEQ⋆S
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should be evaluated at the time of matter–radiation equality. (From matter–radiation equality
until today the number of degrees of freedom in the photon bath does not change.) These
quantities receive contributions from the SM sector (g⋆,SM, g⋆S,SM) and from the hidden sector
according to

g⋆ = g⋆,SM + ghξ
4
h , (22)

g⋆S = g⋆S,SM + ghξ
3
h , (23)

gEQ⋆S = 2 +
7

4
Nν(ξ

EQ
ν )3 + gh(ξ

EQ
h )3 . (24)

In the last expression, ξEQν and ξEQh refer to the neutrino-to-photon and hidden sector-to-photon

temperature ratios at matter–radiation equality, respectively. ξEQν may differ from its SM value
if some or all of the hidden sector energy density has been dumped into the neutrino sector,
as for instance in the ν-quilibration scenario introduced in Section IIA. The value of ξEQh is
model-dependent if the hidden sector is fully decoupled; in this case, it depends on the way
in which the energy density carried by massive (≫ eV) particles gets transferred to relativistic
species. In the subsequent sections and all figures we drop the superscript ‘0’, i.e. ΩGW(f) will
always refer to the observable spectrum today.

The efficiency factors κ of the three contributions to the gravitational wave spectrum are
functions of α, and they further depend on the coupling between the plasma and the bubble wall.
Stronger coupling means that energy is transferred more efficiently from the expanding bubble
wall into the plasma, increasing the gravitational wave energy radiated by sound waves and
turbulence, and decreasing the energy radiated in bubble collisions. κ is conveniently expressed
in terms of a critical phase transition strength α∞ that separates the runaway regime (α > α∞)
in which bubble walls are accelerated continuously, and the non-runaway regime (α < α∞) in
which they reach a terminal velocity. Note, however, that it was argued in Ref. [53] that gauge
bosons gaining mass in the phase transition prevent bubble walls from reaching the runaway
regime, even if α > α∞. Note also that bubble wall velocities vw ∼ 1 can and will still be reached
even in the non-runaway regime for sufficiently strong transitions [53]. For a phase transition in
a hidden sector, α∞ is given by [5, 40]

α∞ ≡ (T nuc
h )2

ρR(T nuc
γ )

[

∑

i=bosons

ni
∆m2

i

24
+

∑

i=fermions

ni
∆m2

i

48

]

, (25)

where the sums run over hidden sector bosons and fermions which gain mass during the phase
transition, ni is the physical number of degrees of freedom of the i-th hidden sector particle, and
∆mi > 0 is the change in its mass. In the non-runaway regime, the scalar field contribution to
the gravitational wave spectrum is negligible (κφ = 0) as the latent heat released in the phase
transition is efficiently converted into plasma motion. The efficiency factor for the sound wave
contribution is then given by [40]

κsw = κ(α) ≃ α

0.73 + 0.083
√
α+ α

(26)

in the case vw ∼ 1. In the runaway regime, a fraction α∞/α of the latent heat is converted
into plasma motion, and the remainder goes into further accelerating the bubble wall. Thus,
κsw = κ(α∞)α∞/α and κφ = 1 − α∞/α in the runaway regime. A fraction εturb of the bulk
motion energy is finally converted into turbulent motion, i.e. κturb = εturbκsw, where we take
εturb = 10%.

The numerical simulations from which these parameter values are obtained are based on the
assumption that the phase transition is happening in the SM sector, which, for the temperature
ranges under consideration, always contains at least one relativistic degree of freedom, ensuring a
speed of sound close to the speed of light. This is not necessarily the case for a decoupled hidden
sector, and our results will not apply to hidden sectors that have only massive, non-relativistic
degrees of freedom immediately after the phase transition.
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FIG. 2. Noise curves (left) and PLI sensitivity curves (right) for various gravitational wave observa-
tories. Dashed black lines in the left-hand plot indicate the expected magnitude of several important
backgrounds, in particular super-massive black hole binaries (SMBHB) [59, 60], and galactic [61, 62] as
well as extra-galactic [63, 64] compact binaries (CB). In determining the power-law integrated sensitivity
curves (as well as in the toy model analyses presented in Section III), we assume that the SMBHB back-
ground will eventually be resolvable, while the CB background will remain unresolved. In the right-hand
plot, we also show example spectra generated by a phase transition at T nuc = 10GeV and with α = 0.1,
β/H = 10 for both runaway and non-runaway bubbles. The parameter choices made for forthcoming
experiments are given in Appendix B, and the data underlying our noise curves and PLI sensitivity curves
can be found in the ancillary material.

D. Experimental Noise Curves and Power-Law Integrated Sensitivities

To investigate the detectability of the predicted gravitational wave signals from hidden sector
phase transitions, we follow a frequentist approach by calculating the corresponding signal-to-
noise ratio (SNR) ρ. A stochastic gravitational wave background is detectable if the signal-to-
noise is greater than a certain threshold value ρthr, which is either given by the experimental
collaborations or extracted from existing data as described in Appendix B.

The optimal-filter cross-correlated signal-to-noise is [6, 65]4

ρ2 = 2 tobs

fmax
∫

fmin

df

[

h2ΩGW(f)

h2Ωeff(f)

]2

, (27)

where tobs is the duration of the observation, (fmin, fmax) is the detector frequency band, and
h2Ωeff(f) is the effective noise energy density, i.e. the noise spectrum expressed in the same units
as the spectral gravitational wave energy density [65]. See Appendix B 1 for more details.

To make the comparison between the predicted signal and the noise even simpler, it has
become standard practice to quote so-called power-law integrated (PLI) sensitivity curves [65].
They are obtained by assuming the gravitational wave spectrum follows a power law with spectral
index b, i.e.

h2ΩGW(f) = h2Ωb

(

f

f̄

)b

, (28)

where h2Ωb is the gravitational wave energy density at the arbitrarily chosen reference frequency

4 For the case of a single-detector auto-correlated analysis, the factor 2 in Eq. (27) has to be dropped.
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f̄ . According to Eq. (27), such a power-law signal is detectable if

h2Ωb > h2Ωthr
b ≡ ρthr√

2tobs







fmax
∫

fmin

df

(

(

f/f̄
)b

h2Ωeff(f)

)2






− 1

2

. (29)

The PLI sensitivity curve is then obtained by determining h2Ωthr
b as a function of the spectral

index b, and quoting the envelope of the corresponding power-law spectra as the sensitivity limit
of the experiment. In other words, the PLI sensitivity curve is given by

h2ΩPLI(f) = max
b

[

h2Ωthr
b

(

f

f̄

)b]

. (30)

The region enclosed by the PLI sensitivity curve can be interpreted as the region accessible by
the experiment. Pictorially, a gravitational wave spectrum that reaches into this region has a
sufficiently large signal-to-noise ratio to be detected. Strictly speaking, this interpretation is only
true for spectra that follow a power-law in the frequency band of the detector. However, realistic
stochastic gravitational wave backgrounds are at least approximate broken power laws. This
means in particular that at the points where the predicted spectrum crosses the sensitivity limit,
it is usually well-described locally by a power-law, making the comparison to the PLI sensitivity
curve meaningful. Nevertheless we will use Eq. (27) directly to evaluate the detectability of
specific sets of model parameters.

The noise levels and PLI sensitivity curves for a number of gravitational wave observa-
tories are shown in Fig. 2. In particular, we consider the proposed ground-based Einstein
Telescope (ET) [66], the planned space-based LISA [67] interferometer as well as the proposed
successor experiments BBO [68] and (B-)DECIGO [69, 70]). Moreover, we include PTAs, in
particular the currently operating EPTA [71] and NANOGrav (NG) [60], as well as the future
SKA [72] telescope. The data underlying these curves are included in machine-readable form as
ancillary material.

E. Results

We now translate the noise curves from Fig. 2 (left) into anticipated constraints on the phase
transition parameters α, β, and T nuc

h (introduced in Section II B) and on the temperature ratio
ξh. In Fig. 3, we show the regions where ρ > ρthr as a function of T nuc

h = T nuc
γ and α (top),

T nuc
h = T nuc

γ and β/H (middle), and T nuc
h and ξh (bottom). The left-hand (right-hand) panel

corresponds to runaway (non-runaway) bubble walls. To show the ξh dependence for fixed values
of T nuc

h in the bottom panel, we do not fix α (which itself depends on ξh). Instead, we keep the
latent heat fixed by fixing the parameter αh defined as the value of α assuming ξh = 1.

The upper panels of Fig. 3 show that PTAs have optimal sensitivity to phase transitions
occurring at hidden sector temperatures between 1 keV and 1GeV for non-runaway bubbles,
with the lower reach increasing far below the keV scale for runaway bubbles. Ground-based and
space-based interferometers will cover the range from 10GeV to O(PeV), where again the lower
reach increases to the MeV scale for non-runaway bubble walls. As expected, the discovery
reach is best for large α and small β/H, corresponding to phase transitions that involve highly
energetic collisions of large bubbles. The middle right-hand panel of Fig. 3 reveals that the
high temperature boundary of the sensitivity curve shifts towards lower temperature scales for
increasing β/H. As a consequence, fast phase transitions (β/H ≫ 1) will be detectable by
pulsar timing only for T nuc

h . MeV. A mass spectrum at that scale and below can easily come
into conflict with cosmological constraints.

The characteristic kink in the low temperature boundary of the sensitivity curve for β/H
versus T nuc

h and non-runaway bubbles (middle right-hand panel of Fig. 3) arises due to the
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FIG. 3. Anticipated sensitivity to hidden sector phase transitions for various future gravitational wave
observatories. In the left-hand panels we assume runaway bubbles, while the right-hand panels show the
case of non-runaway bubbles. We show the sensitivities as a function of the hidden sector temperature at
which bubble nucleation occurs, T nuc

h , versus the transition strength α (top), the inverse time scale β/H
(middle), and the temperature ratio between the hidden and visible sector ξh (bottom). In all panels, we
have assumed gh ≪ g⋆,SM in calculating the redshifting of gravitational wave spectra. Note that in the
bottom panel, we fix αh (the value of α at ξh = 1) instead of α to explicitly show the ξh-dependence of α
for fixed values of T nuc

h . Note that the translation of αh to the physical α also relies upon the assumption
gh ≪ g⋆,SM. Fig. 4 shows the resulting sensitivity when this assumption is relaxed. The discontinuities
in the lower panel (best visible for SKA) originate from a step-function approximation to g⋆,SM.
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FIG. 4. Requirements for observable gravitational wave signals from a phase transition in a fully decoupled
hidden sector in terms of the nucleation temperature and the number of relativistic degrees of freedom
at BBN. Models within the purple shaded region saturate the BBN constraints on Neff (see Eq. (8)) and
yield a gravitational wave signal observable in SKA. The left-hand (right-hand) panel corresponds to
runaway (non-runaway) bubble walls. The gray shaded region indicates that the phase transition occurs
before the onset of BBN, alleviating any constraints on the maximal number of degrees of freedom.

shape of the gravitational wave spectrum. For non-runaway bubbles the spectrum comprises of
two contributions (sound wave and turbulence), compared to the single dominant piece for the
runaway scenario with α ≫ α∞. Starting with small β/H at the lower edge of the sensitivity
curve, the peak frequency for both contributions lies at frequencies below the lower frequency
threshold of the detector. However, due to the large amplitude (α = 0.1), there is nevertheless
sensitivity to the high-frequency tail of the turbulence contribution. Increasing β/H decreases
the amplitude and increases the peak frequency of both contributions. Thus, the spectral tail
of the turbulence contribution drops below the experimental sensitivity, but simultaneously, the
peak region of the spectrum (which is dominated by sound waves) moves into the sensitivity
region. The kink in the middle right-hand panel of Fig. 3 indicates where the sensitivity changes
from being dominated by turbulence to being dominated by sound waves. In contrast, the case
of runaway bubbles results in a spectrum dominated by the scalar field contribution, leading to
sensitivity curves that are roughly symmetric.

For values of β/H & 100 the amplitude of the gravitational wave spectrum arising from sound
waves caused by non-runaway bubbles may be overestimated. In this regime the sound wave
contributions are expected to last less than a Hubble time, quickly transitioning to turbulent
flows in the plasma. This will result in a decrease in amplitude of the gravitational waves
sourced from sound waves, but is argued to increase the contribution arising from turbulence
[42, 56]. Such an increase is expected to mitigate the overall reduction in the amplitude of the
gravitational wave spectrum. Given that this transition between the two regimes cannot yet
be accurately simulated, the exact decrease in magnitude remains unknown. Hence, we neglect
these dynamics in both Fig. 3 and the model dependent results in the following section.

Comparing the sensitivity to phase transitions with runaway bubbles (left column in Fig. 3)
with the sensitivity to non-runaway transitions (right column), we see that in the runaway case,
significantly larger regions of parameter space can be probed. The only exception arises for large
values of β/H. From Table I we observe that the scalar field contribution is suppressed by an
extra power of β/H compared to both the sound wave and turbulence contributions.

In the bottom row of Fig. 3, we observe that the sensitivity drops for ξh < 1, which is
due to the scaling of the transition strength parameter α ∝ ξ4h for fixed T nuc

h (see Eqs. (14)
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and (15)). For small ξh, the photon temperature T nuc
γ at the time of the phase transition is

much larger, hence the ξ4h suppression. We emphasize here that for a fixed value of the latent
heat (or equivalently for a fixed αh, the strength of the transition assuming ξh = 1) a strong
phase transition is more easily obtained at later times when the radiation energy density of the
universe is lower. This increase is then offset by the effects of the temperature ratio, with the
net result being an observable gravitational wave signal for large regions of α and β/H.

In Fig. 4 we show the maximum number of degrees of freedom that can be present in a hidden
sector whilst being consistent with Neff measurements at BBN and simultaneously producing an
observable gravitational wave signal in SKA. This figure is produced assuming the number of
degrees of freedom saturates the BBN constraint shown in the left-hand panel of Fig. 1, i.e. we
assume that the hidden sector is decoupled from the visible sector and remains so throughout
the thermal history. (In the ν-quilibration scenario, there would be an additional parameter
ξinith , making visualization difficult.) We see that in the runaway case, SKA may be sensitive to
hidden sectors with an O(1) number of relativistic degrees of freedom already after 5 years of
observation time. Discovery prospects are best for a phase transition at the beginning of BBN.
In the non-runaway scenario, at least 10 years of observation time are required to access models
with an O(1) number of relativistic degrees of freedom. For longer observation periods, the
reach will include models with significantly more degrees of freedom within certain temperature
ranges. The shape of the sensitivity curves in Fig. 4 can be understood by noting that, even for
arbitrarily large gh, the Neff constraint forces us to keep the total radiation energy density fixed.
This implies that a change in gh is accompanied by a compensating change in ξh. Since we
have chosen a fixed αh and β/H, this means that a larger number of degrees of freedom simply

implies that the phase transition happens earlier (T nuc
γ ∝ g

1/4
h ), that α decreases ∝ g

1/4
h (see

Eq. (14)), and that the peak frequency increases ∝ g
1/4
h (see Table I). Combining this behavior

with the shape of the SKA sensitivity curve from Fig. 2 leads to the sensitivity regions shown
in Fig. 4.

We emphasize again that we have here assumed that the stochastic SMBHB background will
eventually be resolvable. If this is not the case, the sensitivity regions of SKA shrink almost to
the size of the EPTA and NANOGrav regions.

III. MODELS

We now apply the model-independent results from Section II to two specific toy models,
which can serve as benchmarks for future studies. We focus on models that feature first-order
hidden sector phase transitions at scales . MeV and might thus be detectable by PTAs. In
addition we focus purely on the hidden sector field content and symmetries, setting potentially
allowed portal couplings to the SM exactly to zero. This is motivated by the requirement that
any portal coupling present must be sufficiently small5 to forbid thermal equilibrium between the
two sectors. A detailed discussion of concrete realizations yielding a temperature ratio between
the two sectors as well as the allowed coupling values that preserve it until the phase transition
is given in Ref. [73]. Finally, because of the strong Neff constraint, any ultraviolet-complete
model with non-trivial dynamics at the MeV scale should reduce to one of a small number of
effective low energy models.

A. Singlet Scalars

For our first toy model, we consider a hidden sector in which a real scalar singlet S acquires a
tree-level potential barrier between the two possible minima of its scalar potential. In the most

5 In the case of a scalar portal, forbidding thermal equilibrium through scattering all the way down to the MeV
scale requires λ . 10−11.
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FIG. 5. Qualitative behavior of the effective potential Veff(S, T ) ≃ Vtree(S) + VT (S, T ) in the singlet
scalar model without an auxiliary scalar field A (λSA = κSA = 0, left panel) and with the inclusion of
such a field (λSA, κSA > 0, right plot). Only in the latter case is a first-order phase transition realized.
For illustration purposes we have shifted the potentials such that Veff(0, T ) = 0.

minimalistic setup, such a barrier is generated by the cubic term ∝ κS3 in the potential. If this
coupling is non-zero, and if the mass term 1

2µ
2
SS

2 is positive, the tree-level potential at zero
temperature has one minimum at vS ≡ 〈S〉 = 0, and a second one away from the origin. The
effective potential at high temperatures, on the other hand, has only a single minimum. This
can be seen from both the left-hand panel of Fig. 5 and from the analytical form of the high-
temperature expansion (Eq. (A8) in Appendix A).6 The leading term in this effective potential
is Veff(S, T ) ≃ VT (S) ∝ m2

S(S)T
2, where m2

S(S) is the field-dependent mass parameter, i.e. the
second derivative of the tree-level potential with respect to S. From its explicit form given in
Eq. (A11), we see that VT (S) is approximately parabolic at high T , with a minimum shifted
away from the origin. Following the evolution of Veff(S, T ) to lower temperatures, we find that
this minimum evolves smoothly into the global minimum of the zero-temperature potential (see
left-hand panel of Fig. 5). This means that the field never finds itself in a false vacuum, and no
first-order phase transition occurs.

The situation is different if we introduce a second, auxiliary, real singlet scalar A. The
resulting scalar potential is given by

Vtree(S,A) =
µ2
S

2
S2 +

κ

3
S3 +

λS

4
S4 +

µ2
A

2
A2 +

λA

4
A4 + κSASA

2 +
λSA

2
S2A2 , (31)

where we have assumed that A is odd under a Z2 symmetry. We furthermore assume µ2
A, κSA ≥ 0

to avoid spontaneous breaking of the Z2 symmetry. The scalar quartic couplings λS , λA are
required to be positive to ensure stability of the potential. The quartic and trilinear portal terms,
1
2λSAS

2A2 and κSASA
2, contribute quadratically and linearly through the thermal potential

VT . These contributions shift the minimum in the S-field direction closer to the origin at
high temperatures. This enables S to first evolve into the false minimum at the origin as the
temperature drops, and eventually tunnel into the true minimum in a first-order phase transition
(as illustrated in the right panel of Fig. 5). In particular, an analysis of the tree-level potential
implies that such a transition occurs if

κ̄ ≡ − κ

λSv0S
∈
(

1 . . . 32
)

, (32)

where v0S ≡ vS(T = 0) is the vacuum expectation value (vev) of S at zero temperature. In the
following, we will treat v0S as an input parameter of the model and solve the extremal condition
∂SVtree(S, 0)|S=v0

S
= 0 to determine µS .

6 Here and in the following, we denote by S an arbitrary value of the field, while we reserve the notation vS (or,
equivalently, 〈S〉) for the value of the field at its global minimum.
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FIG. 6. The strength of the hidden sector phase transitions α (left panel) and its inverse time scale β/H
(right panel) for the singlet scalar model given by Eq. (31) at the scale T nuc

h ∼ v0S = 50 keV. Inside
the regions bounded by the black lines, the gravitational wave signals from the phase transition will be
detectable by SKA after the indicated periods of observation time. To satisfy the cosmology constraints
for v0S = 50 keV, we require the hidden sector to be colder than the visible sector by a factor of ξh = 0.66
at the time of the transition. This is the temperature ratio that arises naturally in our ν-quilibration
scenario (see Eqs. (9) and (12)), satisfying the CMB+H0 cosmology constraint given in Eq. (4).

Figure 6 shows the resulting gravitational wave parameters α and β/H in the κ̄–λSA plane
at v0S = 50 keV. To obtain these plots, we have simulated the phase transition using the
CosmoTransitions package [74–77], which we have extended to compute gravitational wave
parameters and to improve the stability and performance during parameter scans. The actual
gravitational wave spectra were then taken from the hydrodynamic simulations discussed and
referenced in Section IIC.7 Details on the computation of the effective potential that is used as
an input for CosmoTransitions are given in Appendix A. A first-order transition occurs only
in the shaded regions of parameter space. The parameters κ̄ and λSA are the most important
handles controlling the dynamics of the phase transition. As already mentioned, λSA (or a com-
bination of λSA and κSA in the case of a non-zero cubic) is required to trap the high-temperature
vacuum in a local minimum. This explains why increasing λSA opens up more parameter space
in which a first-order transition occurs. κ̄ on the other hand controls the size of the potential
barrier between the true and false vacua. The transition becomes slower and more energetic as
κ̄ is increased. Above a certain threshold, however, the nucleation criterion in Eq. (13) is never
met (i.e. the tunneling action never drops below the threshold value required for the transition
to begin). In this case, the field remains trapped in the false minimum with vS = 0. The upper
bound on κ̄ quoted above is κ̄ < 3

2 at tree level, however this upper bound is further reduced
when radiative and temperature-dependent corrections are included. Note also that the bubbles
of the phase transitions in the parameter region of interest are close to the boundary between
runaway and non-runaway regime, i.e. α ≃ α∞, as indicated by the dotted lines in Fig. 6.

In Fig. 7 we show the expected sensitivity of SKA to the gravitational wave signal from the
phase transition in the scalar singlet model. We vary κ̄ and v0S , while keeping all dimensionless
couplings fixed at O(1) values, as indicated in the plots. We choose the remaining dimensionful
parameters µA and κSA such that A is heavier than S while their zero-temperature masses are

7 As we are including both the sound wave and turbulence contributions to the gravitational wave spectrum, the
results here rely on bubble nucleation occurring in a plasma. However, in contrast to the SM plasma, before
and after the phase transition there are no completely massless degrees of freedom in the model. Nevertheless,
the hierarchy of the mass spectrum in relation to the nucleation temperature ensures that there remains at
least one relativistic degree of freedom and therefore a plasma in the broken phase of the hidden sector. The
time frame before these relativistic degrees of freedom become non-relativistic is sufficient for the sound wave
contributions to source gravitational waves as the scenarios considered here have large β/H values and negligible
supercooling. A similar picture holds for the dark photon model considered in the following section.
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FIG. 7. Impact of the temperature ratio ξh at the time of the hidden sector phase transition on
the sensitivity of SKA to the singlet scalar model from Eq. (31). The left panel shows the accessible
values of ξh as a function of κ̄ (defined in Eq. (32)), while the right panel shows them as a function
of the zero-temperature vev v0S . The gray region above the horizontal dashed lines indicates the values
of ξh excluded by the CMB, CMB+H0 and BBN constraints on Neff (see Eqs. (3) to (5)) for a fully
decoupled hidden sector. Note that the CMB constraints have been derived under the assumption that
the hidden sector energy density redshifts as radiation. In realistic scenarios, hidden sector particles will
eventually become non-relativistic before decaying or annihilating to radiation. This will tighten the
CMB constraints (i.e. shrink the white region) in a model-dependent manner. The narrow white band
delimited by dotted black lines corresponds to the range of ξh accessible in the ν-quilibration scenario,
in which the hidden sector equilibrates with the SM neutrinos after the latter have decoupled. Its width
is given by varying ξinith between zero and the maximum value allowed by the CMB+H0 constraint,
ξinith ≃ 0.61. The ν-quilibration scenario is only allowed by the less stringent CMB+H0 bound on Neff,
but not by the CMB-only constraint. Note that T nuc

h ≃ 0.3v0S for the parameter regions shown above.

both of order v0S . This is a requirement of the ν-equilibration scenario such that A doesn’t remain
as a stable thermal relic, while the lighter field S decays to SM neutrinos. A concrete incarnation
of this mechanism is discussed at the end of this subsection. We vary the temperature ratio ξh
between the visible and hidden sector at the time of the phase transition (vertical axis), indicating
which parameter regions are allowed by cosmological bounds on Neff (white areas). If the hidden
sector remains decoupled throughout the post-BBN evolution of the Universe, ξh . 0.50, . 0.59
or . 0.57 is required by the CMB, CMB+H0 and BBN constraint given in Eq. (3), Eq. (4) and
Eq. (5) respectively. If the hidden sector equilibrates with neutrinos before the phase transition,
then the temperature ratio during the phase transition is ξh ∼ 0.66. The boundaries of the
corresponding narrow white band are determined by varying the initial temperature ratio before
(re-)coupling between ξinith = 0 and the maximum possible value ξinith ≃ 0.61 from the CMB+H0

bound of Fig. 1.
In this context, let us comment on possible mechanisms to realize ν-quilibration. One pos-

sibility is to introduce a small Yukawa-like coupling between S and the light neutrinos [31, 32],
for instance via a right-handed neutrino, N , with an interaction term of the form λSNN . The
assumption of a type-I seesaw then yields a suppressed coupling of the desired form λmν

mN
Sνν,

where ν is a light neutrino field after electroweak symmetry breaking, and mν and mN are the
masses of the light and heavy neutrinos, respectively. While both S and the neutrinos are rel-
ativistic, the interaction rate between the hidden and visible sectors scales proportional to Tγ ,
i.e. it drops more slowly than the Hubble rate H ∼ T 2

γ /MPl (where MPl is the Planck mass).
Therefore, it will be initially smaller than H, but may become larger at late times, post-BBN.
Once the hidden sector particles become non-relativistic, their annihilation back to SM neutri-
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FIG. 8. The strength of the hidden sector phase transition, α, (left panel) and its inverse time scale β/H
(right panel) for the Higgsed dark photon model given by Eq. (33) at the scale T nuc

h ∼ v0S = 40 keV. Inside
the regions bounded by the black lines, the gravitational wave signals from the phase transition will be
detectable by SKA after the indicated periods of observation time. To satisfy the cosmology constraints
for v0S = 40 keV, we require the decoupled hidden sector to be colder than the visible sector by a factor
of ξh = 0.48 at the time of the transition. This value satisfies the BBN constraint given in Eq. (5).

nos can also efficiently proceed as the lightest hidden sector particle, S, now has a decay mode
to SM neutrinos.

B. Dark Photon

As a second toy model, we consider a scenario with an Abelian gauge symmetry U(1)′ in
the hidden sector. Gravitational wave signatures arising from U(1)′ gauge symmetries broken
at temperatures above the MeV-scale have been considered before as part of a hidden sector
[12, 78], or as a thermally coupled extension of the SM gauge symmetries [79]. Here, we focus
instead on phase transitions at temperatures below 1MeV. We introduce a complex scalar S,
which is a singlet under the SM gauge groups, but charged under U(1)′. The relevant terms in
the Lagrangian are

L ⊃ |DµS|2 + |DµH|2 − 1

4
F ′
µνF

′µν − ε

2
F ′
µνF

µν − V (S,H) , (33)

where F ′
µν and Fµν are the field strength tensors of U(1)′ and U(1)Y , respectively, and H is the

SM Higgs field. The covariant derivative acting on S is

DµS =
(

∂µ + igDA
′
µ

)

S , (34)

where gD is the coupling strength and A′
µ is the gauge boson of U(1)′. The most generic

renormalizable scalar potential invariant under the model’s symmetries is given by

Vtree(S,H) = −µ2
SS

†S − µ2H†H +
λS

2
(S†S)2 +

λ

2
(H†H)2 + λSH(S†S)(H†H) . (35)

We see that the hidden and visible sectors can communicate with each other through two portals:
the kinetic mixing term between U(1) gauge bosons, and the mixed quartic (“Higgs portal”)
coupling in the scalar potential. For our purposes, we will assume that the dark sector is
sequestered from the visible sector, i.e. we set ε = λSH = 0.
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FIG. 9. Impact of the temperature ratio ξh at the time of the hidden sector phase transition on the
sensitivity of SKA to the Higgsed dark photon model from Eq. (33). The left panel shows the accessible
values of ξh as a function of gD, while the right panel shows them as a function of the zero-temperature
vev v0S . The gray region above the horizontal dashed lines indicates the values of ξh excluded by the
CMB, CMB+H0 and BBN constraints on Neff (see Eqs. (3) to (5)) for a fully decoupled hidden sector.
The ν-quilibration scenario, in which the hidden sector (re-)couples with the neutrinos after the latter
have decoupled from the photons, has no allowed parameter space in this model. Note that T nuc

h ≃ 0.1v0S
for the parameter regions shown above.

Figure 8 shows our numerical results for the gravitational wave parameters α and β/H in the
gD–λS plane at v0S = 40 keV. Similar to κ̄ in the singlet scalar model, gD controls the size of the
potential barrier in this case. However, the barrier-inducing cubic term in the effective potential
is now a one-loop effect rather than tree level (see Appendix A for details). For increasing
values of gD, the transition becomes slower and more energetic, until gD becomes too large and
the scalar vev remains trapped at vS = 0. In the opposite limit of small gD, the transition
becomes weaker and faster before entering the regime of smooth crossover transitions without
gravitational wave emission. With increasing λS , the region in which a first-order transition
occurs deforms towards higher values of gD. This is because, for fixed v0S , the parameter µ2

S

which controls the depth of the potential in the broken minimum is proportional to λS . As
a consequence, a deeper tree-level minimum (larger λS) has to be paired with a larger barrier
(larger gD) in order to leave the dynamics of the transition qualitatively unchanged. The tree-
level masses of the scalar S and the dark photon A′ in the investigated parameter region are
. vS with S being lighter than A′ because of the parameter choice gD . 1, λS ≪ 1. Note that
due to the additional friction induced by the dark photon we assume non-runaway bubble walls
in the phase transition of this model [53].

As for the singlet scalar model, we have also computed the sensitivity of SKA to the parameter
space of the dark photon model as a function of the temperature ratio ξh. The results are shown
in Fig. 9. Due to the additional degrees of freedom in the dark photon model compared to the
singlet scalars model, the scenario in which the hidden sector equilibrates with the neutrinos
(ν-quilibration) is completely excluded by the CMB constraints on Neff (see Fig. 1). The white
region indicates the allowed temperature ratios for a hidden sector that remains decoupled,
corresponding to ξh . 0.42, . 0.49 and . 0.48 corresponding to the CMB, CMB+H0 and BBN
constraints given in Eq. (3), Eq. (4) and Eq. (5) respectively.
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C. Random Parameter Scans

Thus far we have shown only specific cuts through the parameter space of our toy models.
To better illustrate the full range of parameters that yields observable signals we plot in Fig. 10
the results of random parameter scans for both our toy models, overlaid with the sensitivities of
different future gravitational wave observatories. For the singlet scalar model, we have chosen the
parameter ranges as follows: log10(µA/v

0
S), log10(κSA/v

0
S), log10(λS), log10(λA) ∈ (−3, 0), λSA ∈

(0, 3), κ̄ ∈ (0.7, 1.5). Note that the quartic couplings λS and λA play only a negligible role for the
dynamics of the phase transition. For the dark photon model we scan over log10(λS) ∈ (−4,−1),
gD ∈ (0, 1). To produce the plots in Fig. 10, we have first determined the parameters αh (i.e.
the value of α assuming ξh = 1) and β/H for 4 000 random parameter points per model while
keeping the value of v0S fixed. Next, we have rescaled the resulting gravitational wave parameters
such that all random points have the same nucleation temperature T nuc

h (indicated in the plots).
This rescaling affects αh due to the temperature dependence of g⋆,SM, and β/H through the
temperature dependence of the nucleation condition. Finally, we have rescaled α according to
Eqs. (14) and (15) to the desired temperature ratio ξh while keeping T nuc

h fixed.
The resulting random points are displayed in Fig. 10 together with the experimental sensi-

tivities (shaded regions), i.e. the regions where the signal-to-noise ratio in a given gravitational
wave observatory exceeds the detection threshold. For the determination of these regions, the
temperature ratio ξh enters again as it alters the redshift of the signal amplitude and peak
frequency, see Eq. (20). Figure 10 reveals that the singlet scalar model features transitions
that tend to be weaker (smaller α) compared to the Higgsed dark photon model in most of the
considered parameter space. Typically, there exists a limit to how large the barrier between the
true and false vacuum can be without forcing the Universe into the true vacuum already at high
temperatures. This places a lower limit on the size of β/H. We also observe that the correlation
in the α–β/H plane is more pronounced for the dark photon model than for the singlet scalar
model. This is related to the fact that in the dark photon model, the dynamics of the phase
transition has a significant dependence on only two of the particle physics parameters (λS and
gD), while in the singlet scalars model, there is a dependence on five parameters. At a nucleation
temperature of T nuc

h = 50 keV, SKA will be sensitive to a significant portion of the parameter
space for both models, while EPTA and NANOGrav would only able to exclude a few extreme
points. At this scale, however, a temperature ratio ξh < 1 is required to ensure a consistent
cosmology. For ξh = 0.66 (upper-right panel in Fig. 10) the singlet scalar model is allowed in the
ν-quilibration scenario if the less stringent CMB+H0 constraint from Eq. (4) is applied. When
assuming a fully decoupled and even colder hidden sector, with ξh = 0.48 (lower-left panel), both
models are allowed by the CMB+H0 and BBN constraints. At T nuc

h = 200GeV (bottom-right
panel), the latent heat released in the phase transition, measured in units of to the total energy
density of the Universe, is much smaller than at T nuc

h = 50 keV. This results in values for α
that are more than an order of magnitude smaller for otherwise identical model parameters.
Therefore, at T nuc

h = 200GeV, only the far-future space-based interferometers DECIGO and
BBO would be sensitive to the Higgsed dark photon model, while LISA and B-DECIGO cover
only very small portions of its parameter spaces. Meanwhile, the transitions of the singlet scalar
model turn out to be mostly undetectable for T nuc

h = 200GeV.
Comparing the situation for a dark sector at the same temperature as the photons (ξh = 1,

upper-left of Fig. 10) with the situation for a cooler dark sector (ξh = 0.66 in the upper-right
panel and ξh = 0.48 in the lower-left panel), we see that the associated rescaling of α ∝ ξ4h moves
many parameter points outside the detectable window. Nevertheless, a non-negligible fraction
of points remains detectable for phase transitions at low T nuc

h .
We conclude that, in our toy models, a stochastic gravitational wave background from a

phase transition in the early Universe can be observed only if the nucleation temperature is low
(typically in the range keV–MeV for the large β/H exhibited) and the dark sector is significantly



23

100 101 102 103 104 105

10-3

10-2

10-1

100

100 101 102 103 104 105

10-3

10-2

10-1

100

100 101 102 103 104 105

10-3

10-2

10-1

100

100 101 102 103 104 105

10-3

10-2

10-1

100

FIG. 10. Ranges of gravitational wave parameters for the singlet scalar model (green points) and for the
Higgsed dark photon model (blue points) from a random parameter scan. For the singlet scalar model, we
have scanned the parameter region log10(µA/v

0
S), log10(κSA/v

0
S), log10(λS), log10(λA) ∈ (−3, 0), λSA ∈

(0, 3), κ̄ ∈ (0.7, 1.5). For the dark photon model, we have scanned over log10(λS) ∈ (−4,−1) and gD ∈
(0, 1). We compare to the expected sensitivities on various future gravitational wave observatories in the
non-runaway regime (α < α∞), which is justified (approximately justified) for the Higgsed dark photon
(singlet scalar model). The four panels correspond to different bubble nucleation temperatures, T nuc

h , and
to different temperature ratios between the dark and visible sectors, ξh, as indicated in the various panels.
The value ξh = 0.66 (ξh = 0.48) has been chosen such that a phase transition at T nuc

h = 50 keV satisfies
the BBN and CMB+H0 constraints for the singlet scalar model in the ν-quilibration scenario (Higgsed
dark photon model for a fully decoupled hidden sector). A black tick mark (✓) next to a model label
means that the model is cosmologically allowed for the respective value of ξh. A red cross (✗) indicates
the model violates Neff constraints.

colder than the visible sector (to avoid CMB and BBN constraints), or if we wait for far-future
observatories like DECIGO or BBO.
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IV. CONCLUSIONS

In summary, we have studied gravitational wave signals from first-order cosmological phase
transitions, in particular transitions occurring in a secluded hidden sector. We have paid special
attention to phase transitions at low (sub-MeV) temperatures. Secluded hidden sectors at such
low scales cannot be explored using traditional approaches such as collider searches or direct
dark matter searches. The main constraints instead arise from cosmological measurements of
the relativistic energy density, parameterized by Neff. Taking these constraints into account, we
have first restricted the number of hidden sector degrees of freedom as a function of the hidden
sector temperature, see Fig. 1.

As expected, hidden sectors with non-trivial dynamics below ∼ MeV are only allowed if they
are colder than the Standard Model sector by an O(1) factor. We have then investigated the
detectability of gravitational wave signals from such a light hidden sector, focusing in particular
on the sensitivity of pulsar timing arrays, which are the most relevant experiments for such
low-frequency signals. Noise curves and power law-integrated sensitivity curves for a range of
experiments are given in Fig. 2, and the data underlying this figure is attached as ancillary
material. We have found that detectable signals are only expected if the hidden sector is not too
much colder than the Standard Model sector, see for example the bottom row of Fig. 3. These
requirements on the hidden sector temperature allow us to bound the parameter range in which
observable gravitational wave signals can occur from both directions. The results of which are
shown in Fig. 4.

We have also considered phase transitions at higher temperatures, where hardly any cosmo-
logical constraints exist. However, at high temperatures, the gravitational wave energy density
is typically much smaller compared to the total energy density of the Universe, making the
transition strength parameter α small and the signal more challenging to detect.

We have finally corroborated the above statements by constructing two specific toy models
featuring phase transitions at sub-MeV temperatures: one with just an extended scalar sector,
and one with a Higgsed U(1)′ gauge symmetry in the hidden sector. Because of the above con-
straints on the number of hidden sector degrees of freedom and on their temperature, we expect
that many models with observable low-temperature phase transitions reduce to one of our toy
models, or a model very similar to them, at low energies. Thus, our toy models offer interesting
discovery opportunities for SKA in a range of gravitational wave frequencies inaccessible to any
other observatory.
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Appendix A: The Effective Potential

1. General Formalism

A central ingredient in our analysis of the cosmological evolution of the toy models from
Section III is the finite-temperature effective potential

Veff(S, Th) = Vtree(S) + VCW(S) + VT (S, Th) + Vdaisy(S, Th) , (A1)
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evaluated at one-loop in the perturbative expansion.8 Here, Vtree is the tree-level potential.
The one-loop contribution splits up into a ultraviolet-divergent zero-temperature (Coleman–
Weinberg) part, VCW, and a finite-temperature part, VT . We also include the resummed contri-
bution from ring diagrams, Vdaisy.

The renormalized Coleman–Weinberg part is given by [80–82]

VCW(S) =
∑

i

ηini

64π2
m4

i (S)

[

log

(

m2
i (S)

Λ2

)

− Ci

]

+ Vct(S) , (A2)

where i runs over all particle species with S-dependent mass, ni is the number of degrees of
freedom for each species, and ηi = +1 (−1) for bosons (fermions).9 For the renormalization
scale Λ, we choose the tree-level vev v0S ≡ vS(T = 0). Ultraviolet divergences are canceled by
counter-terms, while the remaining finite parts of the counter-terms are subsumed in Vct(S). The
constant Ci = 3/2 (5/6) for scalars and fermions (gauge bosons) is an artifact of dimensional
regularization. We write the finite part of the counter-terms as

Vct(S) =
δµ2

S

2
S2 +

δκ

3
S3 +

δλS

4
S4 (A3)

in the singlet scalar model from Section IIIA, and as

Vct(S) = −δµ2
S

2
S2 +

δλS

8
S4 (A4)

for the dark photon model from Section III B. We determine the counter-term couplings by
imposing the renormalization conditions

∂VCW(S)

∂S

∣

∣

∣

∣

S=v0
S

!
= 0 ,

∂2VCW(S)

∂S2

∣

∣

∣

∣

S=v0
S

!
= 0 ,

(A5)

which fix the zero-temperature vev and mass to their tree-level values. For the singlet scalar
model, we additionally want to fix the structure of the minima, which is approximately achieved
by requiring

VCW(0)− VCW(v0S)
!
= 0 . (A6)

The finite-temperature part of the one-loop potential evaluates to [81, 82, 84]

VT (S, Th) =
∑

i

ηiniT
4
h

2π2

∫ ∞

0
dxx2 log

[

1− ηi exp

(

−
√

x2 +m2
i (S)/T

2
h

)]

. (A7)

At high temperature, this expression can be expanded as [82]

VT (S, Th) ≃ T 4
h

∑

bosons

ni

[

1

24

m2
i (S)

T 2
h

− 1

12π

(

m2
i (S)

T 2
h

)3/2
]

− T 4
h

∑

fermions

ni

[

1

48

m2
i (S)

T 2
h

]

,

(A8)

8 Note that, in general, Veff depends on all scalar fields in the model. In our toy models however, we only care
about the dependence on S: in the singlet scalar model, the auxiliary scalar A never acquires a vev; in both
models, couplings between the hidden sector scalars and the SM Higgs field are assumed to be tiny.

9 Since we are working in Landau gauge, the sums in this section are meant to include both the Goldstone bosons
and the longitudinal gauge boson modes. Despite the Goldstone boson equivalence theorem this does not imply
double counting, as demonstrated in [83].
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where we have included only the leading field dependent pieces.
In addition to the one-loop contributions to Veff, we also consider the ring diagram (“daisy”)

contributions, which read [81, 83, 85]

Vdaisy(S, Th) = − Th

12π

∑

bosons

ni

[

(

m2(S) + Π(Th)
)3/2

i
−
(

m2(S)
)3/2

i

]

(A9)

after resumming an infinite series of infrared-divergent diagrams. Here, Π(Th) denotes the
temperature dependent Debye mass, which vanishes for transverse gauge boson modes [85]. In
the above formula, (m2(S) + Π(Th))i has to be interpreted as the i-th eigenvalue of the full
(tree-level + thermal) mass matrix [86]. Here we note that the cubic terms ∝ (m2(S))3/2 ∼ |S|3
exactly cancel between the high-temperature expansions of VT (S) and Vdaisy(S). Coupling one
or more gauge bosons to a scalar field is therefore a possibility to generate a loop-induced barrier,
rendering the phase transition first-order. This is based on the fact that the cancellation of cubic
terms occurs only for longitudinal polarizations, but not for the transverse polarizations. We
utilize this barrier formed by the transverse polarization to induce a first-order phase transition
in the Higgsed dark photon model of Section III B.

2. Model Details

In the following, we list the scalar-field dependent particle masses, thermal Debye masses, and
tree-level minimization conditions for the two toy models from Section III. These parameters
need to be plugged into the equations from Appendix A 1 to compute the effective potential
Veff(S, Th).

In the singlet scalar model, the tree-level minimization condition for the scalar potential is

µ2
S = −

[

κ+ λSv
0
S

]

v0S . (A10)

The field-dependent scalar masses of S and A are

m2
S(S,A) = µ2

S + 2κS + 3λSS
2 + λSAA

2 , (A11)

m2
A(S,A) = µ2

A + 3λAA
2 + 2κSAS + λSAS

2 , (A12)

and their Debye masses are

ΠS(Th) =

[

λS

4
+

λSA

12

]

T 2
h , (A13)

ΠA(Th) =

[

λA

4
+

λSA

12

]

T 2
h . (A14)

In the Higgsed dark photon model, the scalar potential is at its tree-level minimum when

µ2
S =

λS

2
(v0S)

2 . (A15)

The field-dependent masses of the two scalar degrees of freedom and of the dark photon are

m2
φS
(S) = −µ2

S +
3

2
λSS

2 , (A16)

m2
σS
(S) = −µ2

S +
1

2
λSS

2 , (A17)

m2
A′(S) = g2DS

2 . (A18)
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Note that, at the minimum of the potential (S = v0S), φS corresponds to the massive scalar
degree of freedom, while σS is the Goldstone mode, as can be easily seen from Eq. (A15). The
Debye masses are

ΠS(Th) =

[

λS

6
+

g2D
4

]

T 2
h , (A19)

ΠA′(Th) =
g2D
3
T 2
h . (A20)

Appendix B: Sensitivity Curves

In the following, we explain in detail how the experimental sensitivity curves discussed in
Section IID (see for instance Fig. 2) have been obtained.

1. Signal-to-Noise Ratio

Consider a system of N gravitational wave detectors with output

si(t) = hi(t) + ni(t) , i = 1, . . . , N , (B1)

where hi(t) is the strain induced by the gravitational wave signal we are looking for and ni(t) is
the noise in detector i. (Both quantities are assumed to be already convoluted with the detector
response function, see e.g. Ref. [65].) One can then define a (pair-wise) cross-correlated signal
observed over a long time interval tobs by

Sij ≡
tobs/2
∫

−tobs/2

dt

tobs/2
∫

−tobs/2

dt′ si(t) sj(t
′)Qij(t− t′) , (B2)

where Q(t) is a filter function. The filter function will be chosen such that it maximizes the
signal-to-noise ratio

ρij =
〈Sij〉

√

〈S2
ij〉 − 〈Sij〉2

, (B3)

where 〈·〉 denotes an ensemble average, realized either by integrating over different spatial regions
or by integrating over many observations, each of duration tobs. In the following, it is convenient
to work with the Fourier transforms of si(t), hi(t), ni(t), and Qij(t), which are defined as usual
by

Q̃ij(f) =

∫ ∞

0
dtQij(t) e

2πift , (B4)

s̃i(f) =

∫ ∞

0
dt si(t) e

2πift , (B5)

and similar expressions for h̃i(f) and ñi(f). Assuming that the gravitational wave background
and the noise are Gaussian and stationary, and that the noise levels in the individual detectors
are statistically independent, one can define the power spectral densities Sh(f) and Pni(f)
via [6, 65, 87]

〈h̃i(f)h̃∗j (f ′)〉 = 1

2
δ(f − f ′) Γij(f)Sh(f) (B6)
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and

〈ñi(f)ñ
∗
j (f

′)〉 = 1

2
δ(f − f ′) δij Pni(f) . (B7)

Here, Γij(f) is called the overlap reduction function. It encodes the sky-averaged and polarization-
averaged detector response to an incoming gravitational wave, taking into account the reduction
in sensitivity due to different locations and orientations of the two detectors i and j. Note
that, for the noise, we use a quantity Pni(f) defined directly in terms of the detector response,
whereas for the signal, it is more convenient to work with Sh(f), which has detector effects
(Γij(f)) factored out. Sh(f) is related to the fractional cosmological gravitational wave energy
density spectrum ΩGW(f) (see Section IIC) via

Sh(f) =
3H2

0

2π2

ΩGW(f)

f3
. (B8)

With these definitions, and with the optimally chosen

Q̃ij(f) ∝
Γij(f)Sh(f)

Pni(f)Pnj(f)
(B9)

(see for instance [6]), the signal-to-noise-ratio from Eq. (B3) can be rewritten as

ρ2 =
∑

i, j>i

ρ2ij = 2 tobs

(

3H2
0

2π2

)2
∑

j>i

fmax
∫

fmin

df
Γ2
ij(f)

[

ΩGW(f)
]2

f6 Pni(f)Pnj(f)
, (B10)

Here, fmin and fmax are the bounds of the frequency region to which the detectors are sensi-
tive. Frequencies outside this region do not contribute to the signal-to-noise ratio. It is finally
convenient to define the noise energy density spectrum of the detector network as

Ωeff(f) ≡
2π2f3

3H2
0

[

∑

j>i

Γ2
ij(f)

Pni(f)Pnj(f)

]−1/2

. (B11)

With this definition, we can bring the signal-to-noise ratio to its final form [6, 65]

ρ2 = 2 tobs

fmax
∫

fmin

df

[

h2ΩGW(f)

h2Ωeff(f)

]2

, (cross-correlated between several detectors) . (B12)

This is just Eq. (27).
Given the effective noise curve h2Ωeff(f) and the threshold value ρthr, we can now evaluate

whether a given stochastic gravitational wave background can be detected.10

2. Pulsar Timing Arrays

PTA limits on a stochastic gravitational wave background are usually quoted in terms of the
minimal detectable amplitude of the characteristic strain

hc(f) ≡
√

f Sh , (B13)

10 Note, however, that in obtaining Eq. (B12), the filter function Q̃ij(f) has been optimized for the expected
gravitational wave signal, requiring a priori knowledge of this signal. Thus, when dealing with real data, the
analysis would have to be repeated for each type of signal to be tested against. This is typically not feasible,
therefore, the sensitivity obtained in this way should be regarded as only an estimate.
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Experiment Np tobs δt σ ρthr Reference
EPTA 6 8− 18 years 10 days 0.1− 1.7 µs 1.19 [71, 88]
NANOGrav 34 4− 11 years 7− 30 days 0.1− 3.7 µs 0.697 [60]
SKA 1000 5, 10, 20 years 14 days 100 ns 4 [72, 89] (assumptions)

TABLE II. Number of pulsars Np, observation time tobs, observation interval δt, timing uncertainty σ
and signal-to-noise detection threshold ρthr for the PTAs considered in our study.

which we parameterize as a simple power-law, i.e.

hc(f) = Aa

(

f

f̄

)a

. (B14)

Here, Aa is the strain amplitude at an arbitrary reference frequency which we choose as f̄ =
1yr−1. The background in a PTA is typically assumed to be generated by unresolved supermas-
sive black hole binary (SMBHB) systems, in which case a = −2/3, or by cosmic strings with
a = −1 [6, 60, 71]. The corresponding gravitational wave power spectrum is related to the strain
by [65, 90]

ΩGW(f) =
2π2

3H2
0

f2h2c(f) ≡ Ωb

(

f

f̄

)b

, (B15)

with b = 2 + 2a (see also Eq. (28)).
We consider here current constraints from the observation of pulsars over a time span of

18 years by EPTA [71] and over 11 years from NANOGrav [60], as well as prospective limits
from SKA [72]. EPTA and NANOGrav present their results as limits on the gravitational
wave amplitude as a function of frequency for a spectrum with freely-varying spectral index
obtained using a Bayesian approach. We use these curves as an estimate for h2Ωeff and take
the signal-to-noise threshold ρthr equal to the signal-to-noise that saturates the limits on the
SMBHB background (a = −2/3). These limits are A−2/3 ≤ 1.45 × 10−15 for NANOGrav [60]
and h2ΩSMBHB(2.8 nHz) ≤ 1.1× 10−9 for EPTA [71], which leads to ρthr = 1.19 for EPTA with
tobs = 18 yrs and ρthr = 0.697 for NANOGrav with tobs = 11 yrs.

As a cross-check we have used these ρthr values in Eq. (B12) to compute the limits on the
gravitational wave amplitude at f = 1yr−1 as a function of the spectral slope. In Fig. 11, we
compare these limits to the bounds derived by the collaborations. We see that for spectral slopes
−2 ≤ b ≤ 2, our limits agree very well with the ones provided by the collaborations. For larger
b, the official EPTA limits are somewhat stronger than our estimates. (NANOGrav does not
show limits in this range.)

For the sensitivity of SKA, we work in the weak signal limit where the noise is the dominant
contribution to the detector output (this is particularly good assumption when timing a large
number of pulsars). In addition we assume that the timing-residual noise of each pulsar is white,
Gaussian and uncorrelated. The noise power spectral density can then be written as [65, 91]

Pn(f) = 2σ2 δt , (B16)

where δt is the inverse of the pulsar’s cadence (which specifies how frequently the pulsar’s
timing residual is measured) and σ is the residual root-mean-square (rms) error on each of these
measurements. We assume white noise, i.e. there is no frequency dependence in σ. For an array
of Np pulsars randomly distributed over the sky and with equal timing cadence and noise, the
effective noise power spectral density then becomes [91]

Seff(f) =

( Np
∑

i=1

Np
∑

j=i+1

Γ2
ij(f)

P 2
n(f)

)− 1

2

. (B17)



30

SNR

DE436

-2 -1 0 1 2
10-12

10-11

10-10

10-9

10-8

10-7

NANOGrav

SNR

timing noise only

full noise

-2 -1 0 1 2 3 4 5
10-12

10-11

10-10

10-9

10-8

10-7

10-6

EPTA

FIG. 11. 95% CL upper limit on the energy density of a stochastic gravitational wave background
with spectral slope b from NANOGrav (left) and EPTA (right). In both plots, the black solid line is our
estimate based on Eq. (B12) and the signal-to-noise ratio thresholds given in the text. In the NANOGrav
plot, the dashed blue and dotted orange lines are taken from Fig. 2 of Ref. [60]. The dashed blue line
corresponds to a specific set of ephemerides (DE436), while the dotted orange one is marginalized over
ephemeris uncertainties. The dashed green and dotted red line in the EPTA plot correspond to different
noise models, see Fig. 14 of Ref. [71].

(Note that, by considering the ratio Γ2
ij/P

2
n(f) here, we deconvolute the detector response, i.e.

Seff can be directly compared to the signal power spectral density Sh(f).) For our numerical
calculations, we approximate Γij(f) as [91]

Γij(f) =
1

12π2f2

1

4
√
3
, (B18)

which leads to

Seff(f) = 96
√
3π2f2 σ2δt

√

2

Np(Np − 1)
. (B19)

In analogy to Eqs. (B13) and (B15), Seff can be related to a characteristic strain h2eff ≡
fSeff(f) [90, 91], and thus to an effective energy density spectrum (normalized to the critical
density of the Universe),

Ωeff(f) =

√

2

Np(Np − 1)

64
√
3π4σ2δt

H2
0

f5 . (B20)

This quantity can then be used in Eq. (B12) to determine the signal-to-noise ratio. The integra-
tion limits in Eq. (B12) should be taken as fmin = 1/tobs and fmax = 1/δt [90]. Using Eqs. (B12)
and (B20), it is straightforward to rescale the noise and sensitivity curves in Fig. 2 to the actual
experimental parameters of SKA once these are known. Nevertheless, in Fig. 12 we show the
changes in sensitivity to the gravitational wave parameters when varying the number of pulsars
timed. Note that reducing the number of pulsars can affect the validity of the weak signal
approximation. Timing around 50 pulsars over an observation run of 20 years yields already
percent level deviations between the signal-to-noise defined using Eq. (B20), and the full result
(relaxing the assumption of a weak signal) in Eq. (19) of Ref. [92].

As a cross-check we have considered the hypothetical SKA campaign taken from Ref. [72],
which is based on Np = 50 pulsars timed once per week (δt = 7days) over a time span of
tobs = 10 yrs. The residual noise has been assumed to be σ = 100 ns, and the detection threshold
has been taken as ρthr = 4. Plugging these numbers into Eq. (B20) for the noise and Eq. (B15)
for the signal (with b = 2/3 for a stochastic gravitational wave signal due to SMBHBs), and
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FIG. 12. Anticipated sensitivity to hidden sector phase transitions with the SKA telescope, assuming
alternate values for the number of timed pulsars Np. In the left-hand panels we assume runaway bubbles,
while the right-hand panels show the case of non-runaway bubbles. We show the sensitivities as a
function of the hidden sector temperature at which bubble nucleation occurs, T nuc

h , versus the transition
strength α (top), the inverse time scale β/H (middle), and the temperature ratio between the hidden
and visible sector ξh (bottom). In all panels, we have assumed gh ≪ g⋆,SM in calculating the redshifting
of gravitational wave spectra. Note that in the bottom panel, we fix αh (the value of α at ξh = 1) instead
of α to explicitly show the ξh-dependence of α for fixed values of T nuc

h . Note that the translation of αh

to the physical α also relies upon the assumption gh ≪ g⋆,SM. The discontinuities originate from the
step-function approximation for g⋆,SM.
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using the result in Eq. (B12) for the signal-to-noise ratio, we find that the minimal detectable
energy density for a SMBHB signal is h2ΩSMBHB(f̄) = 2× 10−12 at a frequency of f̄ = 1yr−1.
Converted into a characteristic strain this gives A−2/3 = 5.7× 10−17, which agrees with the
estimate A−2/3 ∼ 10−17–10−16 from Ref. [72]. (Note that in the analyses presented in the main
part of the paper, we consider a more optimistic SKA configuration, as given in Table II based
upon the feasibility study of Ref. [89].)

3. Space-Based Interferometers

In this work we consider the projected sensitivities for the LISA experiment [67], which is
planned to be launched in 2034 [6], as well as the proposed successor experiments BBO [68],
B-DECIGO [66], and DECIGO [69].

While DECIGO and BBO will consist of networks of gravitational wave detectors, LISA and
B-DECIGO are single-detector observatories. Hence, the cross-correlation analysis that has led
to Eq. (B12) is not directly applicable to LISA and B-DECIGO. Instead, we need to use the
auto-correlated signal-to-noise

ρ2 = tobs

fmax
∫

fmin

df

[

h2ΩGW(f)

h2Ωeff(f)

]2

, (single detector) . (B21)

This expression differs from Eq. (B12) by just a factor of two and is thus equal to the squared
cross-correlated signal-to-noise for a pair of detectors divided by two, since we only use one
detector.

For LISA we assume a mission duration of tobs = 4yrs [67] and an signal-to-noise detection
threshold of ρthr = 10 [5]. We use the noise strain power spectral density quoted in Ref. [62] to
be

SLISA
eff (f) =

10

3L2

(

POMS(f) + 2

[

1 + cos2
(

f

f∗

)]

Pacc(f)

(2πf)4

)[

1 +
6

10

(

f

f∗

)2]

+ Sc(f) , (B22)

where L = 2.5 × 109m is LISA’s interferometer arm length and f∗ = c/(2πL) is called the
transfer frequency where c is the speed of light. The instrument noise is composed of the optical
metrology noise

POMS(f) = (1.5× 10−11m)2
[

1 +

(

2mHz

f

)4]

Hz−1 (B23)

and the test mass acceleration noise

Pacc(f) = (3× 10−15msec−2)2
[

1 +

(

0.4mHz

f

)2][

1 +

(

f

8mHz

)4]

Hz−1 . (B24)

The confusion noise from unresolved galactic binaries after 4 years is

Sc(f) = 9× 10−45 f−7/3 exp

[

−
(

f

Hz

)0.138

− 221

(

f

Hz

)

sin

[

521

(

f

Hz

)]

]

×
{

1 + tanh

[

1680

(

0.0013 −
(

f

Hz

))]}

Hz−1 . (B25)

For B-DECIGO (the scaled-down predecessor of DECIGO, with a planned launch in the late
2020’s [70]), the effective noise strain power spectral density is [93]
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Experiment Frequency range ρthr h2Ωeff Comment
LISA 10−5 − 1Hz [67] 10 [5] [62] Eq. (B21) for SNR
B-DECIGO 10−2 − 102 Hz [93] 8 [93] [93] ×5 for sky-average and Eq. (B21) for SNR
DECIGO 10−3 − 102 Hz [94] 10 [94] ×5 for sky-average
BBO 10−3 − 102 Hz [64] 10 [64] ×5 for sky-average
ET 1− 104 Hz [66] 5 [66] [66] Eq. (B21) for SNR

TABLE III. Parameters and assumptions made for future space-based and ground-based interferometers.
We assume tobs = 4yrs for all space-based experiments, as proposed for LISA [67] and B-DECIGO [93],
and tobs = 5yrs for ET [66].

SB-DECIGO
eff (f) = 2.020× 10−45

[

1 + 1.584× 10−2

(

f

Hz

)−4

+ 1.584 × 10−3

(

f

Hz

)2]

Hz−1 . (B26)

(Note that we include an additional factor 5 compared to Ref. [93] to account for sky-averaging.)
The frequency range for B-DECIGO is fmin = 0.01Hz, fmax = 100Hz, the detection threshold
is ρthr = 8, and the assumed observation time is 4 years.

The noise curves for the far-future projects BBO [68] and DECIGO [70] can be parameterized
as [64, 94]

SBBO
eff (f) = 5×min

[

Sinst
n (f)

exp (−κT dN/df)
, Sinst

n (f) + Sgal
n (f)F(f)

]

+ Sex-gal
n (f) , (B27)

where κ = 4.5, and dN/df = 2 × (f/Hz)−11/3Hz−1 is the spectral number density of galactic
white dwarf binaries. The non-sky-averaged instrumental noise curves are

Sinst, DECIGO
n (f) = 5.3× 10−48 ×

(

[

1 +

(

f

fp

)2]

+ 2.3× 10−7

(

f

fp

)−4 1

1 + (f/fp)2

+ 2.6 × 10−8

(

f

fp

)−4
)

Hz−1 (B28)

with fp = 7.36Hz for DECIGO, and

Sinst,BBO
n (f) =

[

1.8× 10−49

(

f

Hz

)2

+ 2.9× 10−49 + 9.2× 10−52

(

f

Hz

)−4
]

Hz−1 (B29)

for BBO. The confusion noise from galactic (Sgal
n ) and extra-galactic (Sex-gal

n ) white dwarf bina-
ries is given by

Sgal
n = 2.1× 10−45

(

f

Hz

)−7/3

Hz−1 , (B30)

Sex-gal
n = 4.2× 10−47

(

f

Hz

)−7/3

Hz−1 . (B31)

As for LISA, we use an observation time of tobs = 4yrs and a detection threshold of ρthr = 10.
The frequency range covered by DECIGO and BBO will be from 0.1Hz to 10Hz. Our parameter
choices for future gravitational wave interferometers are also summarized in Table III.
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4. Earth-Based Interferometers

Due to seismic noise the sensitivity of current ground-based gravitational wave observatories
is not sufficient to constrain stochastic backgrounds generated by cosmological phase transi-
tions. However, the next-generation of detectors is going to provide a significant improvement
in sensitivity.

We hence include sensitivity projections for the third-generation observatory ET [64, 94].
We employ the ET-D noise projections [95], assuming an observation period of 5 years and
considering a stochastic background as detectable if it produces an signal-to-noise of 5 in a
single ET detector [66].
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