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DATA VARIATION IN FRACTAL INTERPOLATION

LJUBISA M. KOCIC

ABSTRACT. A fractal interpolant of the proper interpolation
data is fully determined by the functional equation of Read-
Bejraktarevic type and a free vertical scaling vector v such
that |v]|] < 1. In this note, it is shown how insertion of the
data impacts the related Read-Bejraktarevic equation and the
interpolant. Some examples support the theory.

1. INTRODUCTION

The recent investigations of fractal functions (see [2, 3, 4]) reveal that
some properties of the classical interpolation methods are preserved by the
fractal interpolating methods. In this note, the problem of node and knot
insertion will be studied.

Let 9 < 21 < -+ < x,, be an interpolating mesh in R, and let B[z, 2]
denote all bounded real functions on [z, z,]. For i = 1,...,n, let the set of
homeomorphisms u; : [xg,z,] — R and the set of (Lip, Lip{<!))-mappings
v; : R? = R be given. Then the Read-Bajraktarevi¢ functional equation

(1) o(x) = v; (u; Hz), d(u; H(2))), =€ [wimr,m], i=1,...,n,

uniquely defines the function ¢ € B[zg,z,]. Consequently, its graph I', is
the fixed point of the operator W (-) = U;w;(+), where

(2) wz(x7y) = (ul(x),vz(x,y))

In general, its Hausdorff dimension satisfies the inequality 1 < Dy (T',) < 2.
Let an interpolating data set Y = {(x;,y;)}ly (n > 2) be given such that
Azx; = 241 —x; > 0, i =0,1,...,n — 1. If the homeomorphisms u; and v;
satisfy

(3)  wi(xo) = wi—1, ui(zn) = x5 vi(2o,Y0) = Yi—1, Vi(Tn,Yn) = Vi,

then ¢ interpolates the data set Y, i.e. p(z;) =v;, i=1,...,n.
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If C*[Y] = {f € Clzo,xn] | f(xi) =yi,i =1,...,n}, it is easy to show [5]
that the operator @ : B[xg, z,] — C*[Y], given by

(4) ©(f) = viu; (), fu; ()

for all 7, is contractive on C*[Y] w.r.t. the appropriate metric, and ¢ is a
fixed point of ®, namely ®(¢) = ¢. Since Dy (I',) in general is a fractional
number, ¢ is usually referred to as fractal interpolating function.

There are two problems arising in interpolation theory that are relevant
for applications:

1.1. Node insertion problem. Let us call the pair (x;,y;) an interpolation
node. The problem of node insertion refers to introducing a new node say,
(Z,9), xo < & < xp, such that the new interpolating data set will be Y =
Y U{(#,7)}, and to find the new Read-Bajraktarevi¢ operator ® and its fixed
point ¢. The problem generalizes to multiple node insertion, i.e. insertion
of many nodes at the same time. The reason for node insertion is increasing
the degrees of freedom of an interpolant.

1.2. Knot Insertion problem. It is usual to call knot an interpolating
abscissa point, x;. To insert a new knot means to add a knot Z, 2o <
& < xp, to interpolating abscissas {z1,...,zy}, such that § = ¢(&). In this
sense, knot insertion is a special case of a node insertion, the case when the
interpolant remains unchanged after getting a new node. The reason is the
same, to increase degrees of freedom, i.e.the dimensionality of interpolating
points, but now without changing the function ¢.

2. NODE INSERTION

It has already been mentioned that the pair w;(z,y) = (u;i(z),v;(z,y))
defines a contraction in the metric space (R?,d). Insertion of a node (%, 7))
updates the set of data Y to Y. Since each subinterval [€i—1,x;] is responsible
for one contraction, provided z; 1 < & < z;, two more subintervals arise:
[x;—1, 2] and [Z, z;], and therefore two new mappings say left and right ones,
w” and w?.

Lemma 2.1. Let the Read-Bajraktarevié functional equation (1) be given so
that (3) is satisfied. Then the introduction of the new node (Z,79), xi—1 <
T < x; will result in the new equation
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where
xj, j=1,...i—1,
T; =17, j =1,
Tj1, j=t+2,...,n+1,
and

wj, ji=1,...1—1,

L Jwr, g=1

Wi = w', j=14+1,

wj_9, J=1i+2,...,n+1,

where w* = (u*,v") and wf = (u?,v?) are defined by

uH(wo) = wio1, w(wa) = & v"(20,90) = yi1, V" (@n,yn) =9,
and
uf(z0) = &, u'(wn) = zi; ™ (20,90) = G, V" (®n,yn) = vi-
If wh arﬁd w® are (Lip, Lz’p(<1))—mappmgs, then the unique solution ¢ inter-
polates Y, i.e. p(&;) =1;, 1 =0,1,...,n+ 1.

There is an important case of u; and v; being affine functions, i.e.

(6) w; : (z,y) = (air + e, v+ diy + fi).
Then, if |d;| < 1,7 =1,...,n, and the coefficients a;, ¢;, e; and f; are given
by
o Az o Ay Yn—Y
(7) @i = ﬂcn—x; v G= xn—mi) o dzxn_$(())’

€ =i — QiTn, [i =Yi— iTp — diYn,
the solution of (1) is a fractal interpolating function [1].
Theorem 2.2. Let the mappings in (1) be given by (6), and let the node

(Z,9), zi—1 < T < x;, be inserted. Then the new Read-Bajraktarevié func-

tional equation will be given as in Lemma 2.1, and the coefficients of w™ and

w!t are given by

af = Mag, cF = pc; + (ud; — dF)(yn — o)/ (Tn — 20), €F =3 + A(e; — ),
f=fi+ mo(yi — 9) + (@oyn — Tayo)(df — di)]/(zn — m0),
al = (1= Nai, ¢ff = (1= p)e; + (1= p)d; — dfY)(yn — yo)/(xn — x0),
eff = Mz + (1 — Ney,
= fi 4 [20(@ — yie1) + @oyn — Tay0) (A — d;)]/(zn — T0),
where A = (& — x;-1)/(x; — 2i-1) and p = (§ — yi-1)/(Yi — Yi-1)-
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Proof. Applying (6) and Lemma 2.1 on the new set of nodes Y = Y U{(Z, )}
one gets
T — i T —Ti—1 T — Ti—
aiL: 11: i—1 &g ZlZ)\Gi,
Tp —To T — Ti—1 Tp — Lo

and similarly al* = (1 — A)a;. By setting D = (y,, — v0)/(2n — 20), one gets

LYY dFD = u¢—udiD+ud¢D—diLD = pc;+(pd;—d)D
Tn — X0 Tn — X0

A~

=TV gRp— -l TV (- diD+ (1 p)diD — D
Ty — X0 T, — To
= (1= pei + (1 = p)d; — df)D

The expressions for e/ and elt follow from

L _ 4 L R R
€, =T — Q; T, €, =Ty —a; T,
and from
L R
f —y—c:cn dyna f —yz_c Tn — dyna
the expressions for f& and f# can be derived. O

3. KNOT INSERTION

Let ¥ = {1,...,n}t*} be the finite tree of length k with n branches [5].
The elements of Y, i(k) = (i1, i2,...ik) are finite codes of length k. For the
set of n mappings {f;}{_g, let f) denote the composition f;, o fi, 0---o f;,.
Let Y = Y%(x;,5:)}o (n > 2) be the set of interpolating points, and
¢ € C*(Y). Then, it is easy to see that besides Y, ¢ also interpolates the
set of points

(8) YR = Ujpges wign (Y0 (B =1,2,...),
w; being given by (2). Note that
(9) Ty = lim Y*

Lemma 3.1. We have Y* L CY* fork=1,2,...,.

Proof. The mapping w; o wy_1) is of the type wjx). Now Yk = Us, (Y) =
U j=1,.n (Y) = Uj(UEk_lwi(k,I)(Y)) = ijj‘(kal), which implies that

i(k—1)€xy_4

Yk=1 is a subset of Y. O

Lemma 3.2. The iterated function systems {R?,{w;}?" ,} and
{R? {wiw) g‘:kl}, k > 2, have the same attractor, the set T'y,.
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Proof. Consider the operator Wy, = Uss, Wik)- Then W7 = U;w; and its
(k — 1) autocomposition is WF~1 = W. This means that

(10) WE(Y) = Wi(Y) = Y%,

From the theory of iterated systems, it is known that I' , = limy_. Wffl(Y),
which, in combination with (9) and (10), proves the assertion. O

Theorem 3.3. Let the knot (2,9) € Y but (2,4) € Y*. Let ¢ be the fractal
interpolating function given by (1) and (3) and let wygy = (uik), Vir))- Then
the same function is the solution of the Read-Bajraktarevi¢ equation
(11)

6(2) = ey (15} (2), Bk (2)) @ € [gey (o) gy ()], 1) €

Proof. Since u; and v; are contractions for all ¢ = 1,...,n, their autocom-
positions ;) and vy (k = 1,2,...) are contractions too. So, the opera-
tor @y, given by ®x(f) = vig) (u:(;)(), f(u:(é)())), is contractive on C*[Y'*]
with respect to some functional metric. By virtue of Lemma 3.1, Y+~ c Y*
which implies C*[Y*~1 ¢ C*[Y*], so ®, is also contractive on C*[Y*~1]. This
means that the fixed point of @y, say ¢y, interpolates YO =Y as well.

new
node

new knot

Figure 1. Insertion of a new node (left) and a new knot (right).

The following assertion can be proved by induction: The solution of the
Read-Bajraktarevi¢ functional equation @, (¢) = ¢ also satisfies the equation
®,11(¢) = ¢. For v = 1, the first equation becomes

(12)  é(x) = vi(u; (@), ¢(u; ' (2))), @ € [ui(zo), ui(zn)], i € X1,
and the second becomes
(13)

¢(x) = vij (uy; (), puy;' (2))) @ € [ug(x0), uij(zn)], (3,5) € Sa.
Let ¢ and f be the solutions of (12) and (13), respectively. From (13),

o) = viy (1 (15 (@), B (u (w7 (2)))),
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and from the obvious relation v;(u;(x),v;(z,y)) = vij(x,y), one gets

o(@) = vj (s (" (" (@)), vi (! (5 (@), 6w (w1 (),
which simplifies by the substitution = = u;(t) to

S (t)) = vj(t, vilug ' (8), ¢(u; (1))

It transforms to ¢(u;(t)) = v;(t,¢(t)), or having = variable back, ¢(x) =
vi(uj (), ¢(uj ' (2))), whence, regarding (12), ¢(z) = @(x), @ € [0, za).
But since ¢( ) f(z), z € [xg,x,] is also a solution of (13), it follows that
o(x) = f(x), x € [x9,x,). By a similar procedure, the case v = k is to
be handled. Namely, the solution of ®4(¢) = ¢, i.e. (11) is the solution of
®r1(¢) = ¢, which can be derived from (11) by replacing the indices i(k)
by l(k + 1) = l(k) Slpg1l = {(il, .. ,lk} X {ikJrl}.

So the solution of (11) ¢y, also satisfies (1), provided (3) is satisfied. Since
oy, interpolates Y, it is equivalent with the fractal interpolant ¢, defined by
(1). By Lemma 3.2, the graphs of the functions ¢ and ¢y are the same. [

4. CONCLUSION

This note presents some results of investigations of gaining more flexibility
to fractal interpolating functions, by inserting a new node or knot. In the
first case, the function changes to another one, with one extra node that
can be used in modelling purposes. In the other case, the function does
not change, which is even more suitable in modelling fractal functions. A
generalization is possible by repeating the insertion process many times.
Further investigations should also be focused on the node and knot deletion
processes.
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