
Cleveland State University Cleveland State University 

EngagedScholarship@CSU EngagedScholarship@CSU 

Physics Faculty Publications Physics Department 

4-1-2010 

Debye Series for Light Scattering by a Spheroid Debye Series for Light Scattering by a Spheroid 

Feng Xu 

James A. Lock 
Cleveland State University, j.lock@csuohio.edu 

Cameron Tropea 

Follow this and additional works at: https://engagedscholarship.csuohio.edu/sciphysics_facpub 

 Part of the Physics Commons 

How does access to this work benefit you? Let us know! How does access to this work benefit you? Let us know! 

Publisher's Statement 
This paper was published in Journal of the Optical Society of America A: Optics Image Science 

and Vision and is made available as an electronic reprint with the permission of OSA. The paper 

can be found at the following URL on the OSA website: http://www.opticsinfobase.org/josaa/

abstract.cfm?URI=josaa-27-4-671. Systematic or multiple reproduction or distribution to 

multiple locations via electronic or other means is prohibited and is subject to penalties under 

law. 

Original Citation Original Citation 

Xu, Feng, James A. Lock, and Cameron Tropea. "Debye Series for Light Scattering by a Spheroid." Journal 

of the Optical Society of America A: Optics Image Science and Vision 27 (2010): 671-686. 

Repository Citation 
Xu, Feng; Lock, James A.; and Tropea, Cameron, "Debye Series for Light Scattering by a Spheroid" (2010). Physics 
Faculty Publications. 9. 
https://engagedscholarship.csuohio.edu/sciphysics_facpub/9 

This Article is brought to you for free and open access by the Physics Department at EngagedScholarship@CSU. It 
has been accepted for inclusion in Physics Faculty Publications by an authorized administrator of 
EngagedScholarship@CSU. For more information, please contact library.es@csuohio.edu. 

https://engagedscholarship.csuohio.edu/
https://engagedscholarship.csuohio.edu/sciphysics_facpub
https://engagedscholarship.csuohio.edu/sciphysics
https://engagedscholarship.csuohio.edu/sciphysics_facpub?utm_source=engagedscholarship.csuohio.edu%2Fsciphysics_facpub%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://network.bepress.com/hgg/discipline/193?utm_source=engagedscholarship.csuohio.edu%2Fsciphysics_facpub%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
http://library.csuohio.edu/engaged/
http://www.opticsinfobase.org/josaa/abstract.cfm?URI=josaa-27-4-671
http://www.opticsinfobase.org/josaa/abstract.cfm?URI=josaa-27-4-671
https://engagedscholarship.csuohio.edu/sciphysics_facpub/9?utm_source=engagedscholarship.csuohio.edu%2Fsciphysics_facpub%2F9&utm_medium=PDF&utm_campaign=PDFCoverPages
mailto:library.es@csuohio.edu


Debye series for light scattering by a spheroid
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The Debye series is developed for electromagnetic scattering by a spheroid in order to decompose the far-zone
fields into various physical processes. The geometrical rainbow angle and supernumerary spacing parameter
are determined from the Debye intensity by fitting the results to an Airy function and comparing them to their
assumed values in ray optics and Airy theory, respectively. Eccentricity-related scattering phenomena includ-
ing the rainbow’s angular shift, the disappearance of the rainbow, and the rainbow-enhanced glory are quan-
titatively demonstrated and analyzed. © 2010 Optical Society of America

OCIS codes: 080.2710, 290.4020.

1. INTRODUCTION
The Lorenz–Mie theory (LMT) proposed a century ago by
Mie [1] provides a rigorous way to describe the scattering
of a linearly polarized plane wave by a homogeneous
sphere. It forms the basis of a number of techniques for
optical particle characterization in various fields [2–5].
However, most particles found in nature or produced in
industrial processes are nonspherical. In addition, the
plane-wave assumption is not appropriate for laser beams
of width approaching or less than the particle size. For
scientific design and optimization of elastic-scattering-
based optical instruments, it is therefore necessary to ad-
vance the knowledge about the interaction between a
shaped laser beam and a nonspherical particle and to bet-
ter understand the scattered fields. As one type of regu-
larly shaped particle, the spheroid has the practical value
of approximating many slightly deformed particles to first
order, e.g., cells stretched by two counterpropagating la-
ser beams in the initial and intermediary periods [6] and
droplets subjected to aerodynamic drag and shear forces
[7,8], or under the action of inertial forces and falling at
low Reynolds number [9], or freely oscillating in the fun-
damental mode in a gaseous medium [10].

Significant differences of scattering by a spheroid from
that by a sphere have been experimentally observed and
theoretically predicted. One important example is the far-
zone rainbow. When observed in the plane perpendicular
to the beam polarization direction, the rainbow shifts
back and forth as a function of the angle between the
beam direction and the spheroid major axis. This effect
was calculated by Möbius to first order in the eccentricity
e (with e2=1− �a /b�2 for a prolate spheroid and e2

= �a /b�2−1 for an oblate one, where a and b are the semi-
major and semi-minor axis lengths, respectively) [11]. For
large eccentricity, ray-tracing methods have to be used to
determine the geometrical optics (GO) rainbow angle
[12,13]. Alternatively, by filtering the Fourier trans-
formed intensity calculated by the full Mie theory, the
rainbow maximum as a function of a /b can be obtained

[14]. However, the error in the filtered intensities for a
certain order rainbow has to be evaluated. This can be
achieved if the Debye series is extended to the spheroid.
The second example showing the difference of scattering
by a spheroid from that by a sphere is either the absence
of the rainbow as the spheroid axis ratio increases into a
particular interval, causing the lack of deflection of exit-
ing rays for the Descartes rainbow, or the presence of a
rainbow-enhanced glory as the rainbow appears in the
backward or forward direction. In addition, when an ob-
late droplet is illuminated by a horizontally incident laser
beam, the slight eccentricity causes a bending of the rain-
bow in the horizontal rainbow region. Increasing the ec-
centricity leads to a coalescence of the rays leaving the
droplet in the same direction above and below its equato-
rial plane, creating the cusped diffraction catastrophe, a
hyperbolic umbilic diffraction catastrophe, or a symbolic
umbilic diffraction catastrophe for increasing a /b [15–17].
All these eccentricity-related phenomena are demon-
strated and analyzed in the present and companion pa-
pers [18] by use of Debye series developed in the context
of electromagnetic scattering.

Before proceeding to these phenomena, a brief review
of the theoretical development of spheroid scattering by
use of the variable separation method is helpful. Asano
and Yamamoto’s extension of LMT from a sphere to a
spheroid provides a rigorous way to describe plane-wave
scattering by a homogeneous spheroid [19]. Their work
was later developed into the generalized Lorenz–Mie
theory (GLMT) for shaped laser beam incidence [20–22].
However, neither LMT nor GLMT sheds light on the
physical mechanisms responsible for the scattering. In
contrast, the Debye series allows a detailed view of the
scattering by following the propagation of each partial
wave inside the particle. The cooperation of a number of
partial waves produces the scattering at various orders,
and each order p has a particular physical meaning. The
scattering of order p corresponds, in the sense of GO, to
the transmitted rays experiencing �p−1� internal reflec-
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tions. By use of the Debye series, the information level of
each oscillation in the Mie scattering curve concerning
one of the particle’s properties can be judged so that an
instrument can be designed in an optimal manner.
Through a spherical wave expansion, the Debye series
was developed to match LMT and GLMT for a homoge-
neous sphere [23–25]. Through a plane-wave expansion,
the Debye series was developed to match LMT and GLMT
for a homogeneous cylinder with a circular cross section
[26,27]. As a further extension, the Debye series for a
multilayered sphere and multilayered cylinder was de-
rived in [28,29], respectively. The present paper contrib-
utes to the development of the Debye series for a homoge-
neous spheroid.

2. THEORY

Consider a monochromatic, arbitrarily oriented, and
shaped beam incident on a spheroid of semi-major axis
length a and semi-minor axis length b. The beam has a
well-defined description of the electromagnetic fields in
its own Cartesian coordinates OB–XYZ with the positive
Z axis indicating the propagation direction of the beam
and the X axis indicating the polarization direction of the
electric field. The time-dependent part of the field is e−i�t.
Let the x axis of a second particle-centered coordinate sys-
tem lie in the plane formed by the axisymmetric axis of
the spheroid OPz and the beam propagation direction
OPZ�, which is a translation of the OBZ axis to the par-
ticle coordinates OP–xyz with the known coordinates of
the beam center OB�x0 ,y0 ,z0�. Two beam angles are used
to relate the two coordinate systems. One is the incident
angle �i indicating the beam propagation direction in par-
ticle coordinates, and the other is the polarization angle
�i indicating the polarization direction of the electric field
relative to the OP–xz plane. Figures 1(a) and 1(b) give the
examples of oblique incidence of a Gaussian beam on a
prolate and oblate spheroid, respectively. With the aid of
��i ,�i� and �x0 ,y0 ,z0�, the spheroidal beam shape coeffi-
cients (or more briefly, spheroidal BSCs), Gn

m,TE and
Gn

m,TM, can be evaluated in the spheroidal coordinates
�� ,� ,�� and multiplied by spheroidal wave functions as
the incident field expansion [30].

The variable separation method gives the solution to
the scalar wave equation in prolate spheroidal coordi-
nates in the following form:

�mn = R�m�n�c;��S�m�n�c;��exp�im��, �1�

where c is defined by the multiplication of the wave num-
ber k and the semifocal length of the spheroid f= �a2

−b2�1/2, namely, c=kf, and Rmn and Smn are the spheroi-
dal radial and angular functions, respectively. The vector
wave functions in spheroidal coordinates are generated
through the vector operation:

Mmn = � � �r�mn�, �2�

Nmn =
1

k
� � Mmn. �3�

We use the spheroidal radial functions of the third kind

Rmn
�3� and of the fourth kind Rmn

�4� to denote an outgoing and

incoming traveling wave, respectively. Accordingly, the
vector spheroidal wave functions of the third type

�Mmn
�3� ,Nmn

�3� � and fourth type �Mmn
�4� ,Nmn

�4� � are generated, re-
spectively.

A. External Incidence at the Particle Surface
Consider a nonmagnetic prolate spheroid of complex re-
fractive index M1 (region 1) embedded in a nonmagnetic
and nonabsorbing medium of refractive index M2 (region
2). The incident fields (denoted by the superscript “i”) of a
single spheroidal partial wave with the transverse elec-
tric (TE) polarization (the electric field vibrates perpen-
dicular to the incidence plane OP–xz) are given by

Fig. 1. Geometry for a spheroid illuminated by a Gaussian
beam. The beam has its electric field polarized along the X axis
at its waist in its own coordinates OB–XYZ, with 	 and 
 being
the angular and azimuthal components in the associated spheri-
cal coordinates while � and � are the spherical coordinate system
angles for the particle coordinates OP–xyz. The x axis lies in the
plane formed by the OPz axis and the OPZ� axis, which is a trans-
lation of the beam axis OBZ to the particle coordinates. The inci-
dence angle �i is formed by the positive OPZ� axis and the posi-
tive OPZ axis. Letting the OPX� axis be the translation of the
OBX axis in OP–xyz, the polarization angle �i measures the vi-
bration direction of the electric field E with respect to the OP–xz

plane (a clockwise rotation of �i about the OPZ� axis makes the
OPX� axis lie in the OP–xz plane). (a) Oblique incidence of the
beam on a prolate spheroid. (b) Oblique incidence of the beam on
an oblate spheroid.
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Emn0,p=0
�i�,TE = Gn0

m,TE
Mmn0

�4� �c2;�,�,��, �4�

Hmn0,p=0
�i�,TE = −

ik2

��2

�Gn0

m,TE
Nmn0

�4� �c2;�,�,���, �5�

where n0 is the partial wave number, m is the azimuthal
mode number, Gn0

m,TE is the TE partial wave amplitude, c2

is the size parameter of the spheroid �c2=k2f�, and the or-
der p=0 is assigned to the first interaction of the incident
beam with the spheroid surface. Similarly, the incident
fields of the single partial wave of the same order and
mode but with the transverse magnetic (TM) polarization
(the magnetic field vibrates perpendicular to the OP–xz

plane) are described by

Emn0,p=0
�i�,TM = Gn0

m,TM
Nmn0

�4� �c2;�,�,��, �6�

Hmn0,p=0
�i�,TM = −

ik2

��2

�Gn0

m,TM
Mmn0

�4� �c2;�,�,���. �7�

Designating Rn1,n0

m,22 and Tn1,n0

m,21 as the portions reflected
back into region 2 and transmitted into the spheroid, re-
spectively, when the partial wave of unit amplitude en-
counters the spheroid surface �=�0, the entire reflected �r�
and transmitted �t� electric fields of a single partial wave
with the amplitude Gn0

m,TE can be described as the series
sum over n1:

Ep=0
�r� = �

n1=�m�,n1�0

�

��Rn1,n0

m,22,TE/TEGn0

m,TE�Mmn1

�3� �c2;�,�,��

+ �Rn1,n0

m,22,TM/TEGn0

m,TE�Nmn1

�3� �c2;�,�,���, �8�

Ep=0
�t� = �

n1=�m�,n1�0

�

��Tn1,n0

m,21,TE/TEGn0

m,TE�Mmn1

�4� �c1;�,�,��

+ �Tn1,n0

m,21,TM/TEGn0

m,TE�Nmn1

�4� �c1;�,�,���, �9�

respectively, where c1=k1f. The superscript TE /TE indi-
cates a TE wave generated from an incident TE wave, and
the superscript TM /TE indicates a TM field generated
from an incident TE wave. Together with the TE wave
generated from the TM incident wave, a cross-
polarization effect is induced at the order p=0. Inter-
changing Mmn with Nmn in Eqs. (8) and (9) and multiply-
ing by a prefactor �−iki /��i� gives the magnetic field, with
i being 1 or 2 indicating the interior or exterior of the par-
ticle. Note that the incident fields in region 2 are radially
incoming. One can get the explicit expressions for Rn1,n0

m,22

and Tn1,n0

m,21 for electromagnetic scattering by a sphere,
coated sphere, and cylinder and scalar wave scattering by
spheroid. But for electromagnetic wave scattering by a
spheroid, the Rn1,n0

m,22 and Tn1,n0

m,21 coefficients can only be nu-
merically determined by solving large systems of coupled
algebraic equations established from the boundary condi-
tions describing the continuity of the tangential compo-
nents of the electric and magnetic fields across the spher-
oid surface.

Summing the contribution over all incident TE and TM
partial waves, the full reflected electric field for the order
p=0 becomes

Ep=0
�r� = �

m=−�

�

�
n1=�m�,n1�0

�

�WTE
�r� �0�Mmn1

�3� �c2;�,�,��

+ WTM
�r� �0�Nmn1

�3� �c2;�,�,���, �10�

where

WTE
�r� �0� = �

n0=�m�,n0�0

�

�Rn1,n0

m,22,TE/TEGn0

m,TE + Rn1,n0

m,22,TE/TMGn0

m,TM�,

�11�

WTM
�r� �0� = �

n0=�m�,n0�0

�

�Rn1,n0

m,22,TM/TEGn0

m,TE + Rn1,n0

m,22,TM/TMGn0

m,TM�.

�12�

And the full transmitted electric field for the order p=0
becomes

Ep=0
�t� = �

m=−�

�

�
n1=�m�,n1�0

�

�WTE
�t� �0�Mmn1

�4� �c1;�,�,��

+ WTM
�t� �0�Nmn1

�4� �c1;�,�,���, �13�

where

WTE
�t� �0� = �

n0=�m�,n0�0

�

�Tn1,n0

m,21,TE/TEGn0

m,TE + Tn1,n0

m,21,TE/TMGn0

m,TM�,

�14�

WTM
�t� �0� = �

n0=�m�,n0�0

�

�Tn1,n0

m,21,TM/TEGn0

m,TE + Tn1,n0

m,21,TM/TMGn0

m,TM�.

�15�

B. Internal Incidence at the Particle Surface
When the wave is transmitted from the interior of the
particle to the exterior, the vector wave functions of the

third kind �Mmn
�3� ,Nmn

�3� � are used to denote the incident and
transmitted fields, while vector wave functions of the

fourth kind �Mmn
�4� ,Nmn

�4� � are used to denote the reflected
fields. Accordingly, the full incident electric field for the
interaction at the particle surface for the second time
�p=1� becomes
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Ep=1
�i� = �

m=−�

�

�
n1=�m�,n1�0

� �� �
n0=�m�,n0�0

�

�Tn1,n0

m,21,TE/TEGn0

m,TE + Tn1,n0

m,21,TE/TMGn0

m,TM�	Mmn1

�3� �c1;�,�,�� + � �
n0=�m�,n0�0

�

�Tn1,n0

m,21,TM/TEGn0

m,TE

+ Tn1,n0

m,21,TM/TMGn0

m,TM�	Nmn1

�3� �c1;�,�,��
 , �16�

Taking into account the amplitudes of all incident TE and TM partial waves, the full reflected and transmitted electric
fields of the order p=1 are

Ep=1
�r� = �

m=−�

�

�
n2=�m�,n2�0

� �� �
n1=�m�,n1�0

�

�
n0=�m�,n0�0

�

�Rn2,n1

m,11,TE/TE�Tn1,n0

m,21,TE/TEGn0

m,TE + Tn1,n0

m,21,TE/TMGn0

m,TM� + Rn2,n1

m,11,TE/TM�Tn1,n0

m,21,TM/TEGn0

m,TE

+ Tn1,n0

m,21,TM/TMGn0

m,TM��
Mmn2

�4� �c1;�,�,�� +� �
n1=�m�,n1�0

�

�
n0=�m�,n0�0

�

�Rn2,n1

m,11,TM/TE�Tn1,n0

m,21,TE/TEGn0

m,TE + Tn1,n0

m,21,TE/TMGn0

m,TM�

+ Rn2,n1

m,11,TM/TM�Tn1,n0

m,21,TM/TEGn0

m,TE + Tn1,n0

m,21,TM/TMGn0

m,TM��
Nmn2

�4� �c1;�,�,��� , �17�

Ep=1
�t� = �

m=−�

�

�
n2=�m�,n2�0

� �� �
n1=�m�,n1�0

�

�
n0=�m�,n0�0

�

�Tn2,n1

m,12,TE/TE�Tn1,n0

m,21,TE/TEGn0

m,TE + Tn1,n0

m,21,TE/TMGn0

m,TM� + Tn2,n1

m,12,TE/TM�Tn1,n0

m,21,TM/TEGn0

m,TE

+ Tn1,n0

m,21,TM/TMGn0

m,TM��
Mmn2

�3� �c2;�,�,�� +� �
n1=�m�,n1�0

�

�
n0=�m�,n0�0

�

�Tn2,n1

m,12,TM/TE�Tn1,n0

m,21,TE/TEGn0

m,TE + Tn1,n0

m,21,TE/TMGn0

m,TM�

+ Tn2,n1

m,12,TM/TM�Tn1,n0

m,21,TM/TEGn0

m,TE + Tn1,n0

m,21,TM/TMGn0

m,TM��
Nmn2

�3� �c2;�,�,��� , �18�

respectively, where the reflected and transmitted portions
of the single partial wave of unit amplitude are desig-
nated as Rn2,n1

m,11 and Tn2,n1

m,12 respectively.
Differing from order p=0, the incident fields at the p

=1 interface are radially outgoing in region 1. But similar
to order p=0, one cannot get the explicit expression for
Rn2,n1

m,11 and Tn2,n1

m,12 for electromagnetic wave scattering by a
spheroid. Therefore again these coefficients are numeri-
cally determined through boundary conditions, matching
and solving sets of coupled algebraic equations.

Without loss of generality, the full incident electric field
for an arbitrary order p �p1� can be described in the fol-
lowing way:

Ep
�i� = �

m=−�

�

�
np=�m�,np�0

�

�WTE
�i� �p�Mmnp

�3� �c1;�,�,��

+ WTM
�i� �p�Nmnp

�3� �c1;�,�,���, �19�

where WTE
�i� and WTM

�i� are given by

WTE
�i� �p� = �

np−1=�m�,np−1�0

�

. . . �
n0=�m�,n0�0

�

Vp�1�, �20�

WTM
�i� �p� = �

np−1=�m�,np−1�0

�

. . . �
n0=�m�,n0�0

�

Vp�2�. �21�

Here the two-element column vector Vp can be obtained
via the following matrix operation:

Vp =�Fnp,np−1

m,TE/TE Fnp,np−1

m,TE/TM

Fnp,np−1

m,TM/TE Fnp,np−1

m,TM/TM	 . . .�Fn1,n0

m,TE/TE Fn1,n0

m,TE/TM

Fn1,n0

m,TM/TE Fn1,n0

m,TM/TM	
��Gn0

m,TE

Gn0

m,TM	 , �22�

where F=T21 for ni with i=1 and F=R11 for ni with i2.
Similarly, the full reflected electric field can be de-

scribed by

Ep
�r� = �

m=−�

�

�
np+1=�m�,np+1�0

�

�WTE
�r� �p�Mmnp+1

�4� �c1;�,�,��

+ WTM
�r� �p�Nmnp+1

�4� �c1;�,�,���, �23�

where

WTE
�r� �p� = WTE

�i� �p + 1�, �24�

WTM
�r� �p� = WTM

�i� �p + 1�. �25�

The transmitted electric field can be described by

Ep
�t� = �

m=−�

�

�
np+1=�m�,np+1�0

�

�WTE
�t� �p�Mmnp+1

�3� �c2;�,�,��

+ WTM
�t� �p�Nmnp+1

�3� �c2;�,�,���, �26�

where
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WTE
�t� �p� = WTE

�i� �p + 1�, �27�

WTM
�t� �p� = WTM

�i� �p + 1�, �28�
but with the factor F=T21 for ni with i=1, F=R11 for ni

with 2� i�p, and F=T12 for ni with i=p+1 in the column
vector Vp+1. In each order of scattering the TM/TE cross-
polarization part contains the term Fnp+1,np

m,TM/TE in Vp+1�2�,
and the TE/TM cross-polarization part contains the term
Fnp+1,np

m,TE/TM in Vp+1�1�.
Note that Subsections 2.A and 2.B focus on the contri-

bution of a single partial wave to a certain order of scat-
tering by tracing its successive interactions with the
spheroid surface. A superposition of all partial waves re-
sults in the total field of that order. This approach pro-
vides a detailed view of the behavior of the single partial
wave as it successively interacts with the spheroid–
medium interface. In contrast, an overall view of a scat-
tering order can be achieved by including all incident par-
tial waves from the beginning order p=0:

Ep=0
�i� = �

m=−�

�

�
n0=�m�,n0�0

�

�Gn0

m,TE
Mmn0

�4� �c2;�,�,��

+ Gn0

m,TM
Nmn0

�4� �c2;�,�,���. �29�

Then �WTE
�r� �0� ,WTM

�r� �0�� and �WTE
�t� �0� ,WTM

�t� �0�� are directly
obtained by solving the boundary equations. Similarly,

�WTE
�r� �p� ,WTM

�r� �p�� and �WTE
�t� �p� ,WTM

�t� �p�� for p1 are ob-
tained successively by solving the boundary equations
with the known coefficients from the order �p−1� describ-
ing the incident fields for the order p.

C. Debye Series for a Spheroid
To deal with the full Mie problem for a spheroid, we ex-
pand the incident electric field and the internal electric
field (denoted by the superscript “in”), using the spheroi-
dal radial function of the first kind:

E
�i� = �

m=−�

�

�
n=�m�,n�0

�

�Gn
m,TE

Mmn
�1� �c2;�,�,��

+ Gn
m,TM

Nmn
�1� �c2;�,�,���, �30�

E
�in� = �

m=−�

�

�
n=�m�,n�0

�

�Dn
m

Mmn
�1� �c1;�,�,��

+ Cn
m

Nmn
�1� �c1;�,�,���. �31�

we expand the scattered electric field (denoted by the su-
perscript s) using the spheroidal radial function of the
third kind:

E
�s� = − �

m=−�

�

�
n=�m�,n�0

�

�Bn
m

Mmn
�3� �c2;�,�,��

+ An
m

Nmn
�3� �c2;�,�,���. �32�

Applying the boundary condition as described in Sub-
section 2.A for the Debye series evaluation, a large system
of coupled algebraic equations is obtained and can be
solved numerically for the partial wave scattering ampli-
tudes �An

m ,Bn
m� and the interior amplitudes �Cn

m ,Dn
m� [22].

Referring to the proof in Appendix A, the Debye series
and GLMT coefficients for the scattered fields can be re-
lated by

An
m =

1

2
�Gn

m,TM − WTM
�r� �0� − �

p=1

�

WTM
�t� �p�	 , �33�

Bn
m =

1

2
�Gn

m,TE − WTE
�r� �0� − �

p=1

�

WTE
�t� �p�	 , �34�

where the first term describes the diffraction of the inci-
dent wave around the spheroid after being summed over
m and n, the second term represents the fields externally
reflected from the spheroid surface, and the individual
components of the series correspond to the contribution
by the partial waves experiencing �p−1� internal reflec-
tions.

The Debye series of the interior amplitudes is related to
�Cn

m ,Dn
m� by

Cn
m = WTM

�t� �0� + �
p=1

�

WTM
�r� �p�, �35�

Dn
m = WTE

�t� �0� + �
p=1

�

WTE
�r� �p�. �36�

D. Degeneration to the Case of a Sphere
As the spheroid axis ratio a /b tends to unity, the spheroi-
dal coordinate system reduces to the spherical coordinate
system, and Eq. (1) becomes

�mn = zn�r�P�m�n���exp�im��, �37�

where zn is a spherical Bessel function and Pmn is an as-
sociated Legendre function.

As the spheroid becomes a sphere, all the R and T ma-
trices (with elements Rnp,np−1

m and Tnp,np−1

m ) that were non-
diagonal in the partial wave number for a spheroid now
become diagonal for a sphere. As a function of zn, the De-
bye series becomes independent of the azimuthal mode
and equal to its counterpart in Mie–Debye scattering [31].
The spheroidal BSCs degenerate to the spherical BSCs
with the time dependence e−i�t, namely, Gn

m,TM

→ccwgn
m,TM and Gn

m,TE
→ccwign

m,TE. Moreover, no cross po-
larization is induced, since Fnp,np−1

m,TE/TM=Fnp,np−1

m,TM/TE=0. Thus
Eqs. (20) and (21) for the incident fields become

WTE
�i� �p� = ccwign

m,TETn
21,TE�Rn

11,TE�p−1, �38�

WTM
�i� �p� = ccwgn

m,TMTn
21,TM�Rn

11,TM�p−1, �39�

Eqs. (24) and (25) for the reflected fields become

WTE
�r� �p� = ccwign

m,TETn
21,TE�Rn

11,TE�p, �40�

WTM
�r� �p� = ccwgn

m,TMTn
21,TM�Rn

11,TM�p, �41�

and Eqs. (27) and (28) for transmitted fields become

WTE
�t� �p� = ccwign

m,TETn
21,TE�Rn

11,TE�p−1Tn
12,TE, �42�
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WTM
�t� �p� = ccwgn

m,TMTn
21,TM�Rn

11,TM�p−1Tn
12,TM, �43�

where the partial wave amplitude of an incident plane-
wave ccw is

ccw = in+1
2n + 1

n�n + 1�
. �44�

Accordingly, Eqs. (33) and (34) become

An
m =

1

2
ccwgn

m,TM�1 − Rn
22,TM − �

p=1

�

�Tn
21,TM�

��Rn
11,TM�p−1Tn

12,TM	 , �45�

Bn
m =

1

2
iccwgn

m,TE�1 − Rn
22,TE − �

p=1

�

�Tn
21,TE�

��Rn
11,TE�p−1Tn

12,TE	 . �46�

Similarly, Eqs. (35) and (36) become

Cn
m = ccwgn

m,TM�
p=1

�

�Tn
21,TM��Rn

11,TM�p−1, �47�

Dn
m = iccwgn

m,TE�
p=1

�

�Tn
21,TE��Rn

11,TE�p−1. �48�

Since An
m=ccwgn

m,TMan, Bn
m=ccwign

m,TEbn, Cn
m=ccwgn

m,TMcn,
and Dn

m=ccwign
m,TEdn (an–dn are the field coefficients in

the Mie theory), the special case of the Debye series for a
sphere [32] is recovered when the common factors are re-
moved from Eqs. (45)–(48).

Though in Section 2 we present the Debye series for-
malism only for a prolate spheroid, all the equations and
expressions pertaining to prolate spheroidal coordinates
can be converted to their counterparts in an oblate system
by replacing the size parameter c2 by −ic2 (c1 by −ic1) and
the spheroidal radial coordinate � by i�.

3. NUMERICAL RESULTS

First, the sum of spheroid Debye series is compared with
the total spheroid amplitude for a number of spheroid
sizes with c2 less than 80 using a MATLAB code with
double-precision arithmetic �64 bits�. Namely, Eqs. (33)
and (34) were validated numerically. The precision is
found up to four digits after the decimal point. Moreover,
it was verified that as a /b→1 the Debye series for a
sphere is reproduced. Following these checks, the Debye
series was employed to explore light scattering by a sphe-
roidal water droplet for various orders, with emphasis on
the rainbow observed with TE wave scattering. The inci-
dent wave is assumed to be planar and has its electric
field vibrating perpendicular to the incidence plane
OP–xz. The refractive index of the droplet relative to the
medium is M=M1 /M2=1.334+1.2�10−9i at the wave-
length �=0.5145 �m [33]. Note that in the context of
GLMT and Debye series for the spheroid, the intensity is

described in the spheroid coordinates �� ,� ,�� where �
=cos��� for the far-zone case. However, for convenience of
rainbow analysis, the scattering is measured with respect
to the beam propagation direction in the spherical coordi-
nates �R ,	 ,
� associated with the beam coordinates
OB–XYZ. Thus, a conversion relation I�	 ,
=0° �=I��
−�i ,�=0° � is used for the intensity plot in the OP–xz

plane. In addition, for all numerical results in the present
paper the scattering is calculated on an angular grid of
��=0.2°.

A. Rainbow for End-On Wave Incidence
In the full Mie intensity, the visibility of the rainbow is
reduced as the particle size decreases to a few microme-
ters. However, in the context of the Debye series, a clear
view of separate order rainbows is still available in this
case. Before demonstrating the spheroid scattering,
sphere scattering is first discussed for the purposes of (i)
testing the procedures developed for spheroid rainbow
analysis and (ii) checking two basic assumptions made for
the sphere rainbow analysis by Airy theory.

1. Sphere
We decompose the Mie scattering for a spherical water
droplet of radius a=5.0 �m into the first five orders of
scattering (p from 0 to 4) and illustrate the results in Fig.
2(a). To overcome the divergence when the infinite series
over partial waves is calculated for the individual pro-
cesses of diffraction and external reflection, their contri-
butions are summed for the order p=0. For comparison,
Fig. 2(b) gives the GO decomposition of scattering by the
same sphere, where the Fraunhofer diffracted field is su-
perimposed on the p=0 order GO intensity in the forward
angular range 0° �	�20°. In GO, the stationary deflec-
tion of the emergent rays with respect to the incidence
angle marks the position of the Descartes rainbow 	D,
where the two-ray-zero-ray transition causes the discon-
tinuity of the intensity curve and the intensity infinity
due to the infinitely dense emergent rays. In wave theory
the intensity in the vicinity of the primary rainbow peak
is assumed to be proportional to the square of the Airy
function Ai�−u� [34]:

I�	� � Ai2�− �2/3�	 − 	D
p �/�hD

p �1/3�, �49�

where � is the sphere’s size parameter ��=k1a�. The two
parameters 	D and hD in Eq. (49) are widely assumed in
the Airy rainbow description to have the following values.
The scattering angle corresponding to Ai(0) is the Des-
cartes rainbow 	D which can be analytically determined
for a sphere by GO [35]:

	D
p = �p − 1�� + 2	D

i − 2p	D
t , �50�

where

cos�	D
i � = ��Mr

2 − 1�/�p2 − 1��1/2, �51�
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sin�	D
t � =

sin�	D
i �

Mr

, �52�

where the subscript r of M indicates the real part of the
relative refractive index of the particle and 	D

i and 	D
t are

the incidence and refraction angles for the Descartes ray,
respectively. The supernumerary spacing parameter hD

describes the cubic wave front exiting the spheroid in the
vicinity of the Descartes ray and is evaluated in Airy
theory [36] by

hD =
��p2 − 1�2�p2 − Mr

2�1/2�

�p2�Mr
2 − 1�3/2�

. �53�

To check the accuracy of these assumptions, we assume
that the Airy function description of the rainbow in the
form of Eq. (49) is still valid. However, a variable geo-
metrical rainbow angle 	b and a variable supernumerary
spacing parameter hb are introduced and determined in
the following way: since the GO rainbow appears at u=0

with Ai�−u�=0.35503 while the first maximum occurs at
u=1.01879 with Ai�−u�=0.53566, the ratio of the inten-
sity at the GO rainbow angle to the intensity maximum is
0.4393. Applying the intensity ratio law, 	b can be deter-
mined from the rainbow maximum in the Debye graph.
Thus, for the spherical droplet of radius 5.0 �m (or size
parameter �=61.06) 	b is determined as 137.628° from
the Debye intensity curve for p=2, which is a deviation of
0.439° from 	D=138.067°. Similarly, 	b for the rainbow of
the second order �p=3� is determined as 113.230°, which
is a deviation of 15.617° from 	D=128.847°. Alternatively,
both 	b and hb can be obtained through fitting the Debye
scattering pattern to an Airy function as in Eq. (49). By
use of the Simplex algorithm [37], the best fit to the main
rainbow peak of the p=2 Debye intensity curve is
achieved by using 	b=137.533° �hb=4.691�, which is a de-
viation of 0.533° from 	D. From the Debye intensity curve
of p=3, 	b is determined as 134.644° �hb=35.481�, which
is a deviation of 5.796°. These calculations show that for a
small particle size the true intensity distribution around
the rainbow is distorted from the classical Airy curve pa-
rameterized by 	D and hD. These distortions take the
form of a shifting of the entire Airy function away from
the Descartes angle, and the shape is stretched or com-
pressed so that hb’s value is different from hD’s.

There are three possible reasons causing the GO rain-
bow angle and supernumerary spacing parameter to de-
viate from their assumed values for the particle size of a
few micrometers. First, Airy theory in the form of Eq. (49)
assumes a constant amplitude of the electric field in the
virtual cubic wave front. However, to perform the Airy in-
tegral in a strict sense, the phase in the sphere exit plane
has to be multiplied by the amplitude that has the
Fresnel coefficients expressed in the Debye series form
T21�R11�p−1T12. The Fresnel coefficients differ slightly at
the angles of incidence of the two supernumerary rays.
This effect yields the electric field E=Ai+ ilpAi� /x1/3 in the
vicinity of rainbow angles where lp=2=0.473 and lp=3

=1.189 for M=1.334 and a=5.0 �m [38]. The mixture of
Ai and Ai� causes error in the GO rainbow estimation
from Eq. (49) when the size parameter � is small. As � be-
comes extremely large (say, ��5000 [35]), the contribu-
tion of Ai� becomes smaller with respect to Ai and
�	D ,hD� used for Eq. (49) become more accurate. Second,
in the physical sense the Airy integral is an integral over
a continuous range of impact parameters from negative
infinity to infinity, whereas the Mie amplitude is a sum-
mation over a finite number of discrete partial waves.
Sufficient approximation accuracy also requires the par-
ticle size to be large so that the partial wave sum ap-
proaches integration over a continuous range of impact
parameters. The third possible reason for the deviation
involves the surface waves improperly handled in Airy
theory.

To determine the main reason for the deviation, the Ai�
correction is included into the Airy function fitting the De-
bye intensity. The reconstructed intensity graph from the
numerically determined parameter set �	b ,hb� indicates
that the addition of the Ai� correction raises the intensity
minima closer to the Debye graph. However, it helps little
in reducing the deviation �	b−	D�, since the intensities
around the minimum play a limited role when the Sim-

Fig. 2. (a) Mie scattering in the �=0° plane and its Debye series
decomposition into the first five orders �p=0–4�. The incident
plane wave has the wavelength �=0.5145 �m, and its electric
field is polarized in the y direction. The spherical water droplet
has a radius rs=5.0 �m and relative refractive index M=1.334
+1.2e−9i. (b) GO decomposition of scattering by the same
sphere.
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plex algorithm evaluates the fitting error. Therefore the
constant amplitude assumption of the electric field causes
little influence on the 	b determination for TE wave scat-
tering by the two methods. We then ascribe the deviation
of the Airy approximation to the Mie intensity by the in-
tegral of impact parameters from negative infinity to in-
finity. This approximation loses accuracy for small par-
ticle size, since there are fewer partial waves to add up in
the Mie theory and they are insufficient to be well ap-
proximated by the infinite impact range assumption in
Airy theory. Moreover, the propagation of surface waves
created by the edge-impacting rays with nearly grazing-
incidence angle is not strictly accounted for in Airy theory.
Its contribution for an extremely large particle size is neg-
ligible compared with the contribution of real rays. How-
ever, for small particle sizes of a few micrometers, the in-
fluence of edge-impacting rays is no longer insignificant.
They coherently superimpose on the contribution of the
real rays and distort the intensity distribution around the
rainbow. In Fig. 2(a) the surface wave effect can be ob-
served in four places of the p=2 order intensity curve.
Surface waves are formed after the 90° grazing impact
parameter ray at both the top and bottom of the sphere.
These surface waves are counterpropagating. This gives
rise to (i) constructive interference of the two counter-
propagating surface waves near 0°. (ii) Between 10° and
90° the intensity is surface wave dominated. (iii) At about
105° is the interference between the complex ray of the
rainbow and one of the surface waves. (iv) The oscillations
of the Airy function are continued past 165.768° by the
surface wave from the bottom of the sphere. But these os-
cillations are distorted by interference with surface waves
from the top of the sphere (making this essentially a
three-ray region). This interference can be seen in the
doubling of the second to last relative maximum before
180° and the shoulder on the third to last relative maxi-
mum. This interference with the surface waves from the
top of the sphere is probably a big contribution to the dif-
ference between the Debye intensity and the Ai function.
As the particle size parameter � increases, the surface
waves exponentially die off at a faster rate; so their inter-
ference in the rainbow supernumerary region is greatly
decreased, and the distortion they produce is similarly de-
creased.

To demonstrate the particle size effect on the 	b calcu-
lation and give a quantitative error analysis for the as-
sumptions that are implicitly used in Airy theory, Fig. 3
gives the deviation of the fitted GO rainbow from the ray-
tracing results for sphere radii increasing from

5 to 400 �m. The results for both p=2 and p=3 orders

show the approach of �	b ,hb� toward �	D ,hD� at large

particle size. Plotted in the inset of Fig. 3 is the deviation

of supernumerary spacing parameter hb from hD. For the
order p=3, hb exhibits a much slower approach toward
hD=27.76 than it does toward hD=4.87 for p=2, which
agrees with the observation that the deviation �	b−	D�
for p=3 is more pronounced than that for p=2 at the
same particle size. This is because as p increases, the
angle of incidence of the rainbow ray increases, and fewer
partial waves sample the cubic phase region; so the Debye
scattering amplitude less resembles an Airy function.

2. Spheroid
In this section, the intensity ratio law and Airy function
fitting are applied to the p=2 intensity of a spheroid to de-
termine the rainbow angle 	b. Its dependence on the
spheroid eccentricity and size is evaluated. For compari-
son, the value of the GO rainbow 	D assumed in Airy
theory is calculated by tracing a dense cluster of parallel
incident rays and determining the minimum scattering
angle. We parameterize the spheroid size by its volume
equivalent sphere radius rs (hereafter called “spheroid ra-
dius”) equal to 5.0 �m. Assume that a plane wave is po-
larized in the y direction and incident on the spheroid
along its rotationally symmetric axis (namely, end-on in-
cidence). The TE polarized scattered wave is measured in
the OP–xz plane ��=0° �, which is perpendicular to the
polarization direction of the incident wave. Keeping the
volume of the droplet constant but deforming it stepwise
into a spheroid of axis ratios 1.05, 1.15, 1.40, and 1.50, the
resultant Mie scattering intensity and its Debye series
decomposition into the first five orders (p=0 to 4) are il-
lustrated in Figs. 4(a), 5(a), 6(a), and 7(a), respectively.
The GO decomposition of scattering at these orders is il-

Fig. 3. Deviation of the GO rainbow angle and supernumerary
spacing parameter (determined by Airy function fitting) from the
results of ray tracing versus the radius of a spherical water drop-
let of relative refractive index M=1.334+1.2e−9i. (a) p=2; (b) p

=3.
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lustrated in Figs. 4(b), 5(b), 6(b), and 7(b). Comparison of
the location of the rainbow intensity maximum predicted
by Debye series for the order p=2 in Fig. 2(a) [or by GO in
Fig. 2(b)] to those in Fig. 4(a) [Fig. 4(b)] and Fig. 5(a) [Fig.
5(b)] indicates a shift of the rainbow toward backscatter-
ing, which means a smaller impact parameter b (b mea-
sures the distance of the incident ray from the rotation-
ally symmetric axis of the spheroid) producing the
rainbow. Accordingly, the angular range for two-ray inter-
ference decreases, and fewer supernumeraries are ob-
served at the order p=2 as the axis ratio increases. A
more straightforward linear relation between the shift of
the GO rainbow �	b−	D,sphere�, and axis ratio 1.0�a /b
�1.15 is predicted in Fig. 8 by use of both the 0.4393 law
and Airy fitting of the primary bow [with the size param-
eter �=k1�a+b� /2 for Eq. (49)]. Both methods predict the
shift of the rainbow toward backscattering as the sphere
is deformed into a prolate spheroid and in the opposite di-
rection for an oblate spheroid. Compared with the ray-
tracing results plotted in the same figure, the angular

shift of rainbow predicted by Airy function fitting for the
spheroid radius as small as 5.0 �m has the average de-
viation 0.64° for prolate spheroid and 0.18° for oblate
spheroid. An increase of the spheroid radius to 15 �m re-
duces the deviation to 0.22° for a prolate spheroid and
0.07° for an oblate spheroid (Fig. 9), which is consistent
with calculations for a sphere. The improved agreement
between 	b and 	D as well as that between hb and hD is
more clearly demonstrated by Fig. 10 for the end-on inci-
dence ��i=0° � of the plane-wave on a spheroid of axis ra-
tio a /b=1.05 and radius as large as 25 �m (calculations
are not performed for the spheroid radii larger than
25 �m to avoid the numerical instabilities that occur in
solving large sets of equations for the Debye series). In-
terestingly, Fig. 8 shows better agreement of 	b and 	D

for an oblate spheroid. This is because the supernumerary
spacing parameter for an oblate spheroid is smaller than
that for a prolate spheroid, and, therefore, more partial
waves sample the cubic phase region, so that the Airy in-
tegral has higher accuracy. This argument is supported
by the observation that, for the spheroid radius 5.0 �m
the p=2 Debye intensity curve of an oblate spheroid is
smoother than that of the prolate spheroid and more

Fig. 4. (a) Mie scattering in the �=0° plane and its Debye series
decomposition into the first five orders �p=0–4�. The incident
plane wave has wavelength �=0.5145 �m, and its electric field is
polarized in the y direction. The water droplet deforms from a
sphere of radius a=5.0 �m into a prolate spheroid of axis ratio
a /b=1.05. (b): GO decomposition of scattering by the same
spheroid.

Fig. 5. (a) Same as Fig. 4(a), but the water droplet is deformed
to the spheroid of axis ratio a /b=1.15. (b) GO decomposition of
the scattering by the same spheroid.
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closely resembles the Airy function shape. In addition,
Fig. 8 and 9 also show the decreased accuracy of the
Möbius correction [11] for large axis ratio (note that the
incidence angle of the plane wave in the Möbius formula
is reversed in sign from the incidence angle �i defined for
the prolate spheroid in the present paper and is equal to
−�� /2−�i� for the oblate spheroid). The Taylor-series ex-
pansion of the rainbow angle obtained by ray tracing [12]
shows that the Möbius prediction of the rainbow angle is
only a first-order approximation. Such an approximation
loses accuracy as the eccentricity of the spheroid
increases.

As the axis ratio of the spheroid increases to a /b
=1.40, the p=2 order rainbow approaches the back-
scattering direction �	D=179.785° � and merges into the
backward glory. The rainbow-enhanced glory causes an
anomalously bright intensity distribution with imax

=104.548=3.53e4 at �=180°, as observed in Figs. 6(a) and
6(b). Note that the rainbow-enhanced glory can also occur
for a sphere when its refractive index is such that the
rainbow shifts to the backward or forward direction [39].

For a particular axis ratio interval, the p=2 rays propa-
gate through the spheroid without possessing a station-

ary deflection point leading to a rainbow. The GO analysis
shows the axis ratio where the no primary-order rainbow
condition begins is �a /b�1= �Mr /2�Mr−1��1/2. For this case,
the paraxial rays hit the shadowed surface of the spheroid
on the horizontal axis and retroreflect. Tracing the rays
impacting the top hemispheroid with increasing impact
parameter, the exit points decrease, have a relative mini-
mum, and then increase. The axis ratio where the no
primary-order rainbow condition ends is �a /b�2= ��2Mr

−1� / �2Mr−2��1/2. For this case, the paraxial rays pass
through the focal point of the shadowed surface on their
way both to and from the shadow surface. The exit points
of the rays increase, have a relative maximum, and then
decrease. But in the axis ratio interval �a /b�1� �a /b�
� �a /b�2, the scattering angle is a monotonically decreas-
ing function of the impact parameter of the incident rays.
This mechanism has been previously demonstrated by
ray tracing [13]. For the prolate water droplet of relative
refractive index M=1.334, the absence of the Descartes
ray is predicted by GO for the axis ratio 1.4132�a /b
�1.5802. Figure 7 gives an example for the absence of the
primary rainbow for the axis ratio a /b=1.50. Without the
participation of the rainbow, the peak value of the glory at

Fig. 6. Same as Fig. 4(a), but the water droplet is deformed into
a spheroid of axis ratio a /b=1.40. (b) GO decomposition of scat-
tering by the same spheroid.

Fig. 7. Same as Fig. 4(a), but the water droplet is deformed into
a spheroid of axis ratio a /b=1.50. (b) GO decomposition of scat-
tering by the same spheroid.
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the angle �=180° in Fig. 7(a) �imax=104.088=1.22e4� de-
creases to 1/3 of the peak intensity in Fig. 6(a) �imax

=104.548=3.53e4�. Though the Descartes ray also disap-
pears for p=3, an extremely narrow intensity distribution
in the near-forward direction is observed in the Debye in-
tensity curve of Fig. 7(a). This is due to the forward focus-
ing of the emergent rays after two internal reflections,
which is verified by computer ray tracing. As an exception
to the general agreement between the angular rainbow lo-
cation predicted by Debye series and GO, the GO rainbow
at 122.9° for p=4 [see Fig. 7(b)] is not observed at the
same scattering angle in the Debye curve. Instead, the p

=4 order rainbow maximum shifts far forward to the
angle 35°. The computer ray tracing shows a much
higher sensitivity of the p=4 order GO rainbow on the ec-
centricity than that of the lower-order rainbows. It shifts

from 	D=90° to 	D=180° as a /b slightly increases from
1.4935 to 1.5092. In wave theory, however, at the spheroid
radius of 5.0 �m the dramatic response of the p=4 order
rainbow location to a slight eccentricity variation is likely
obscured by surface waves that have a stronger contribu-
tion to the scattering around the rainbow than the real
rays and extend the scattering to more forward angles.

B. Rainbow for Oblique Wave Incidence
Unlike the invariant location of the rainbow for a sphere
with respect to the propagation direction of the incident
plane wave, the rainbow for a spheroid changes its angu-
lar location, since the spheroid is a body of lower symme-
try. In this subsection a wave theory analysis is made for
prolate spheroids of radius rs=8.0 �m and axis ratios
1.01, 1.03, and 1.06. We vary the propagation direction of
the plane wave from end-on incidence ��i=0° � to side-on
incidence ��i=90° � with the step of incidence angle ��i

=10°, but keeping the polarization of the electric field
along the y axis ��i=90° � so that the scattering in the
OP–xy plane ��=0° � is dominated by the TE wave (the
contribution to the �=0° scattering plane by the rays with
incidence planes ��0° is assumed to be negligible). Com-
parison of the GO rainbows determined by the 0.4393 law
and Airy fitting to the ray-tracing determined rainbow for
a spheroid is illustrated in Figs. 11(a)–11(c). A general
sinusoidal-shaped curve of the rainbow deviation from its
average value 	b,ave versus the incidence angle �i is pre-
dicted by all methods. The Airy-fitting determined rain-
bow 	b for a /b=1.01, 1.03, 1.06 differs from the ray-
tracing result by 0.29°, 0.28°, and 0.24°, respectively.
Again, it is observed in Fig. 11 that the deviation of
Möbius-predicted rainbow from the ray-tracing result in-
creases as the eccentricity increases.

In the cubic shape approximation of the wavefront of
the rays leaving the elliptical cross section of the spheroid
around the rainbow ray, the supernumerary spacing pa-
rameter describes the angular spacing of the maxima and
minima of the rainbow structure. Although an analytical

Fig. 8. Shift of the primary GO rainbow angle versus the axis
ratio of prolate and oblate spheroids for 1.0�a /b�1.15. The in-
cident plane wave has wavelength �=0.5145 �m, and its electric
field is polarized in the y direction. The water droplet has the
spheroid radius rs=5.0 �m and relative refractive index M

=1.334+1.2e−9i. The GO rainbow angle is determined by the
ray-tracing method, the 0.4393 intensity-ratio law, and the Airy
function fitting by the Simplex algorithm for p=2 order Debye
scattering in the �=0° plane.

Fig. 9. Same as in Fig. 8, but the spheroid radius is 15.0 �m.

Fig. 10. Deviation of the primary GO rainbow angle and super-
numerary spacing parameter (determined by Airy function fit-
ting) from the ray-tracing results for the spheroid radius increas-
ing from 5.0 to 25.0 �m. The spheroid has the axis ratio a /b
=1.05 and is illuminated by an end-on incident plane-wave ��i

=0° �. Both 	D and hD are obtained for the spheroid by tracing a
dense cluster of parallel incident rays.
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expression for hD is difficult to obtain, a numerical solu-
tion is available via calculating the optical path length of
the incident rays from the entrance plane to the exit
plane, multiplying it by the wave number to get the phase
of the rays around the rainbow ray, and determining hD

as the coefficient multiplying the cubic term in series ex-
pansion of the phase [34]. As compared in Fig. 12, both
Airy fitting and ray tracing yield an approximately
sinusoidal-shaped curve of h. By using a Fourier expan-
sion for h, the discrepancy between hb and hD is found to
be caused mainly by the constant term, which is indepen-
dent of the incidence angle but is dependent on the spher-
oid axis ratio and spheroid size.

4. CONCLUSION

Spheroid scattering can be analyzed by the Debye series
developed in the present paper. As an example, the depen-
dence of rainbow scattering on the spheroid eccentricity is
studied. Two Airy-function-based methods including the
intensity-ratio law and Airy fitting are used to derive the
first-order GO rainbow angle and supernumerary spacing
parameter from the p=2 order Debye scattering. The im-
plicit assumption of the standard Airy correction that the
Descartes rainbow location and the supernumerary spac-
ing parameter are given by ray-tracing and Airy theory,
respectively, are tested and the particle size effect is ana-
lyzed. Numerical calculations support the following pre-
dictions of GO:

1. For end-on plane-wave incidence the rainbow has a
linear shift toward larger scattering angles as the sphere
deforms into the prolate spheroid with axis ratio less than
1.15. The direction of the shift reverses if the deformation
is into an oblate spheroid.

2. For end-on plane-wave incidence, the rainbow disap-
pears when the spheroid eccentricity is in the interval
�Mr /2�Mr−1��1/2�a /b� ��2Mr−1� / �2Mr−2��1/2 owing to
the lack of stationary deflection of the emergent rays.

3. A rainbow-enhanced glory is produced at the axis ra-
tios for which the rainbow ray leaves the particle in the
backward or forward direction.

Fig. 11. Deviation of the primary GO rainbow angle 	b from its
average value 	b,ave versus the incidence angle of the plane wave
on a prolate spheroid of relative refractive index M=1.334
+1.2e−9i, the spheroid radius rs=8.0 �m, and axis ratio is (a)
1.01, (b) 1.03, and (c) 1.06. The droplet is illuminated by a plane-
wave of wavelength �=0.5145 �m with incidence angle ranging
from 0° to 90° and the electric field polarized in the y direction.
The rainbow in the scattering plane �=0° is calculated by the
ray-tracing method, the 0.4393 intensity-ratio law, Airy function
fitting by the Simplex algorithm, and the Möbius formula.

Fig. 12. The primary supernumerary spacing parameter deter-
mined by Airy function fitting. The incident wave and the par-
ticle are the same as in Fig. 11.
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4. The rainbow and supernumerary spacing parameter
show sinusoidal shapes with respect to the incidence
angle of the incoming wave for a spheroid of small
eccentricity.

We also show that, owing to the contribution of more
partial waves as the particle size increases, the values of
GO rainbow angle and the supernumerary spacing pa-
rameter assumed in Airy theory become more accurate in
describing the rainbow scattering.

However, it is noteworthy that in all our demonstration
calculations for oblique wave incidence on a spheroid of
axis ratio a /b�1.06, we assume rainbow scattering to be
dominated by the TE polarization in the scattering plane
of �=0°. However, for a larger axis ratio the TE rainbow
might interfere with the rays leaving the droplet in the
same direction but with the incidence planes other than
the �=0° plane [40]. The interference might bias the TE
wave signals and cause cross polarization of the scattered
light. Analysis of the rainbow in this case needs further
study, as done for horizontal rainbow scattering of a
side-on incident beam by an oblate droplet [18].

APPENDIX A

For scattering of an incident beam by a spheroid, the deri-
vation of the Debye series decomposition of the scattering
amplitudes differs from that for scattering by a sphere or
a circular cylinder because all the scattering amplitudes
involved are now matrices rather than scalars. In order to
illustrate our method, we first outline the derivation of
the Debye series for scattering of scalar waves by a spher-
oid. We then describe the additional ingredients required
for the derivation for scattering of electromagnetic waves.

When the scalar wave equation is separated in spheroi-
dal coordinates and a wave with wave number k is decom-
posed in terms of an infinite series of partial waves n and
azimuthal modes m, the wave amplitude � takes the form

���,�,�� = �
m=−�

�

�
n=�m�,n�0

�

Xn
mR�m�n

�j� �c;��S�m�n�c;��exp�im��,

�A1�

where the spheroidal coordinates are �� ,� ,��, the radial

spheroidal function is Rmn
�j� with j=1,2,3,4, the angular

spheroidal function is Smm, c is related to the spheroidal
coordinate system focal length f by c=kf, and Xn

m are con-
stants. The derivation of the Debye series decomposition
of the partial wave amplitudes for scattering of scalar
waves by a spheroid consists of five steps.

Step 1. Consider a radially incoming wave with partial
wave coefficients �1/2�Gn

m in an exterior medium (medium
2) of refractive index M2, which is incident on the surface
of a spheroid of size parameter �0 and refractive index M1

(medium 1). The interaction of the incident wave with the
spheroid surface creates both a radially outgoing reflected
wave in the external medium with partial wave ampli-
tudes Rn

m,22 and a radially incoming transmitted wave
with amplitudes Tn

m,21. The incident, reflected, and inte-
rior waves are

�inc =
1

2 �
m=−�

�

�
n=�m�,n�0

�

Gn
mR�m�n

�4� �c2;��S�m�n�c2;��exp�im��,

�A2�

�ref = �
m=−�

�

�
n=�m�,n�0

�

Rn
m,22R�m�n

�3� �c2;��S�m�n�c2;��exp�im��,

�A3�

�trans = �
m=−�

�

�
n=�m�,n�0

�

Tn
m,21R�m�n

�4� �c1;��S�m�n�c1;��exp�im��,

�A4�

where c1=k1f and c2=M2c1 /M1=k2f. Continuity of both
the wave and its normal derivative at �=�0 permits the
evaluation of Rn

m,22 and Tn
m,21 in terms of Gn

m. The results
take the form

Rn
m,22 =

1

2 �
n1=�m�,n1�0

�

Rn,n1

m,22Gn1

m , �A5�

Tn
m,21 =

1

2 �
n1=�m�,n1�0

�

Tn,n1

m,21Gn1

m . �A6�

The incoming partial wave �m ,n1� produces a reflected
and transmitted contribution for all other partial waves
�m ,n�. For scattering of a plane wave by a sphere or cir-
cular cylinder, this partial wave coupling did not occur.
The incident partial wave �m ,n1� in those cases coupled
only to the �m ,n1� interior and scattered partial waves. In
general, off-diagonal partial wave coupling occurs when
the scattering particle has lower symmetry that of a
sphere or circular cylinder. Thus the transmitted and re-
flected amplitudes of Eqs. (A5) and (A6) are matrices in
the indices n and n1 and reduce to diagonal matrices in
the sphere limit.

Step 2. Consider now a radially outgoing wave with
partial wave coefficients �1/2�Jn

m inside the spheroid and
incident on its surface. The interaction of the incident
wave with the spheroid surface creates both a radially in-
coming reflected wave inside the spheroid with partial
wave amplitudes Rn

m,11 and a radially outgoing transmit-
ted wave in the exterior medium with amplitudes Tn

m,12.
The incident, reflected, and interior waves are

�inc =
1

2 �
m=−�

�

�
n=�m�,n�0

�

Jn
mR�m�n

�3� �c1;��S�m�n�c1;��exp�im��,

�A7�

�ref = �
m=−�

�

�
n=�m�,n�0

�

Rn
m,11R�m�n

�4� �c1;��S�m�n�c1;��exp�im��,

�A8�

Xu et al. Vol. 27, No. 4 /April 2010 /J. Opt. Soc. Am. A 683



�trans = �
m=−�

�

�
n=�m�,n�0

�

Tn
m,12R�m�n

�3� �c2;��S�m�n�c2;��exp�im��.

�A9�

Continuity of both the wave and its normal derivative at
�=�0 again permits the evaluation of Rn

m,11 and Tn
m,12 in

terms of Jn
m. The results again are of the form

Rn
m,11 =

1

2 �
n1=�m�,n1�0

�

Rn,n1

m,11Jn1

m , �A10�

Tn
m,12 =

1

2 �
n1=�m�,n1�0

�

Tn,n1

m,12Jn1

m , �A11�

again illustrating partial wave coupling between the inci-
dent partial wave n1 and the reflected and transmitted
partial waves n.

Step 3. Now consider the full Mie scattering problem of
an incident plane wave or focused beam incident on the
spheroid. In this case the incident, scattered, and interior
waves take the form

�inc = �
m=−�

�

�
n=�m�,n�0

�

Gn
mR�m�n

�1� �c2;��S�m�n�c2;��exp�im��,

�A12�

�sca = − �
m=−�

�

�
n=�m�,n�0

�

Bn
mR�m�n

�3� �c2;��S�m�n�c2;��exp�im��,

�A13�

�int = �
m=−�

�

�
n=�m�,n�0

�

Dn
mR�m�n

�1� �c1;��S�m�n�c1;��exp�im��,

�A14�

where Bn
m are the partial wave scattering amplitudes and

Dn
m are the partial wave interior amplitudes. Again these

amplitudes are of the form

Bn
m = �

n1=�m�,n1�0

�

Bn,n1

m Gn1

m , �A15�

Dn
m = �

n1=�m�,n1�0

�

Dn,n1

m Gn1

m . �A16�

Step 4. In order to evaluate Dn,n1

m in terms of the partial
wave reflection and transmission amplitudes, the interior
field of Eq. (A4) is added to the total interior field of Eqs.
(A7) and (A8). The result is then cast in the form of a

standing wave Rmn
�1� �c1 ;�� in accordance with Eq. (A14).

This is possible only when

Dn
m = �

n1=�m�,n1�0

�

Tn,n1

m,21Gn1

m + Rn,n1

m,11Jn1

m , �A17�

Jn
m = �

n1=�m�,n1�0

�

�
n2=�m�,n2�0

�

�I

− Rm,11�n,n1

−1 Tn1,n2

m,21 Gn2

m , �A18�

where I is the identity matrix. The interior partial wave
amplitudes are then

Dn,n1

m = �
n2=�m�,n2�0

�

�I − Rm,11�n,n2

−1 Tn2,n1

m,21 . �A19�

The interior Debye series is given by Eq. (A19) by using
the identity

�I − Rm,11�n,n2

−1 = �n,n2
+ Rn,n2

m,11 + �
n3=�m�,n3�0

�

Rn,n3

m,11Rn3,n2

m,11

+ �
n4=�m�,n4�0

�

�
n3=�m�,n3�0

�

Rn,n4

m,11Rn4,n3

m,11 Rn3,n2

m,11

+ . . . . �A20�

Step 5. In order to evaluate Bn,n1

m in terms of the partial
wave reflection and transmission amplitudes, one now
adds the total exterior field of Eqs. (A2) and (A3) to the
exterior field of Eq. (A9) and demands that the result
is the combination of a standing wave of the form

R�m�n
�1� �c2 ;�� plus an outgoing wave of the form R�m�n

�3� �c2 ;��
in accordance with Eqs. (A12) and (A13). This gives

Bn
m =

1

2 �
n1=�m�,n1�0

�

��n,n1
Gn1

m − Rn,n1

m,22Gn1

m − Tn,n1

m,12Jn1

m �.

�A21�

Substituting Eq. (A17) into Eq. (A21), one obtains

Bn,n1

m =
1

2��n,n1
− Rn,n1

m,22 − �
n2=�m�,n2�0

�

�
n3=�m�,n3�0

�

Tn,n2

m,12�I

− Rm,11�n2,n3

−1 Tn3,n1

m,21	 . �A22�

Equations (A20) and (A22) are the Debye series decompo-
sition of the spheroid partial wave scattering amplitudes
for incident scalar waves.

The derivation of the Debye series for scattering of an
electromagnetic wave by a spheroid is obtained by using
the same general method, with the following additions. As
described in Section 2, the wave amplitude � of Eq. (A1) is
replaced by the electric and magnetic fields of the inci-
dent, transmitted, reflected, interior, and scattered
waves. Each of these fields also has a TE component and
a TM component with its own TE and TM partial wave
coefficient. The TM and TE partial wave scattering ampli-
tudes are An

m and Bn
m, and the TM and TE partial wave

interior amplitudes are Cn
m and Dn

m. As was the case for
scattering of a plane wave with diagonal incidence by a
circular cylinder, at each interaction of an incident partial
wave with the spheroid surface both polarization-
preserving waves (i.e., TE to TE and TM to TM) and
cross-polarized waves (i.e., TE to TM and TM to TE) are
created. We call these four polarization-channel ampli-
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tudes TE/TE, TM/TM, TM/TE and TE/TM, respectively.
Thus in steps 1 and 2 of the derivation for scalar waves,
Eqs. (A5) and (A6), for example, are replaced by

Rn
m,22,TE =

1

2 �
n1=�m�,n1�0

�

�Rn,n1

m,22,TE/TEGn1

m,TE

+ Rn,n1

m,22,TE/TMGn1

m,TM�, �A23�

Rn
m,22,TM =

1

2 �
n1=�m�,n1�0

�

�Rn,n1

m,22,TM/TEGn1

m,TE

+ Rn,n1

m,22,TM/TMGn1

m,TM�, �A24�

Tn
m,21,TE =

1

2 �
n1=�m�,n1�0

�

�Tn,n1

m,21,TE/TEGn1

m,TE

+ Tn,n1

m,21,TE/TMGn1

m,TM�, �A25�

Tn
m,21,TM =

1

2 �
n1=�m�,n1�0

�

�Tn,n1

m,21,TM/TEGn1

m,TE

+ Tn,n1

m,21,TM/TMGn1

m,TM�. �A26�

Similarly, the partial wave interior amplitudes are

Cn
m = �

n1=�m�,n1�0

�

�Rn,n1

m,11,TM/TEJn1

m,TE + Rn,n1

m,11,TM/TMJn1

m,TM

+ Tn,n1

m,21,TM/TEGn1

m,TE + Tn,n1

m,21,TM/TMGn1

m,TM�, �A27�

Dn
m = �

n1=�m�,n1�0

�

�Rn,n1

m,11,TE/TMJn1

m,TM + Rn,n1

m,11,TE/TEJn1

m,TE

+ Tn,n1

m,21,TE/TMGn1

m,TM + Tn,n1

m,21,TE/TEGn1

m,TE�, �A28�

and the partial wave scattering amplitudes are

An
m =

1

2
Gn

m,TM −
1

2 �
n1=�m�,n1�0

�

�Rn,n1

m,22,TM/TEGn1

m,TE

+ Rn,n1

m,22,TM/TMGn1

m,TM + Tn,n1

m,12,TM/TEJn1

m,TE

+ Tn,n1

m,12,TM/TMJn1

m,TM�, �A29�

Bn
m =

1

2
Gn

m,TE −
1

2 �
n1=�m�,n1�0

�

�Rn,n1

m,22,TE/TMGn1

m,TM

+ Rn,n1

m,22,TE/TEGn1

m,TE + Tn,n1

m,12,TE/TMJn1

m,TM

+ Tn,n1

m,12,TE/TEJn1

m,TE�. �A30�

The reflection, transmission, interior, and scattering am-
plitudes are not only matrices in the indices n1 and n, but
also in the polarization states TE and TM as well.

Once Eqs. (A23), (A25), and (A26) and the expressions
analogous to Eqs. (A10) and (A11) that depend on Jn1

m,TE

and Jn1

m,TM are substituted into the equations for the inte-
rior electric and magnetic fields, the result is a type-1 ra-
dial standing wave only if the incident amplitudes Jn1

m,TE

and Jn1

m,TM are related to the incident amplitudes Gn1

m,TE

and Gn1

m,TM by the sets of simultaneous equations

Jn2

m,TE = �
n=�m�,n�0

�

�
n1=�m�,n1�0

�

��I

− Rm,11,TE/TE�n2,n
−1 Rn,n1

m,11,TE/TMJn1

m,TM + �I

− Rm,11,TE/TE�n2,n
−1 Tn,n1

m,21,TE/TMGn1

m,TM + �I

− Rm,11,TE/TE�n2,n
−1 Tn,n1

m,21,TE/TEGn1

m,TE�, �A31�

Jn2

m,TM = �
n=�m�,n�0

�

�
n1=�m�,n1�0

�

��I

− Rm,11,TM/TM�n2,n
−1 Rn,n1

m,11,TM/TEJn1

m,TE + �I

− Rm,11,TM/TM�n2,n
−1 Tn,n1

m,21,TM/TEGn1

m,TE + �I

− Rm,11,TM/TM�n2,n
−1 Tn,n1

m,21,TM/TMGn1

m,TM�. �A32�

Iterating these expressions for Jn2

m,TE and Jn2

m,TM and sub-
stituting the results into the interior fields of Eqs. (A27)
and (A28) then gives the interior Debye series, and sub-
stituting them into the exterior fields of Eqs. (A29) and
(A30) gives the Debye series for the partial wave scatter-
ing amplitudes. The results of this procedure iterated to
any given number of interactions of the incident waves
with the surface of the spheroid are given in Section 2.
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