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D e c a y  o f  i s o t r o p i c  t u r b u l e n c e  i n  t h e  i n i t i a l  p e r i o d

By  G. K. B a t c h e l o r , T r i n i t y  C o llege ,  U n i v e r s i t y  o f  C am b r id g e  

a n d  A . A . T o w n s e n d , E m m a n u e l  C o llege ,  U n i v e r s i t y  o f  C am b r id g e

{C om m u n ic a te d  b y  S i r  G eo ffre y  T a y l o r ,  F .R .S .— R ec e iv e d  4 D ecem b e r  1947)

In  a  p rev io u s p ap er th e  a u th o rs d escrib ed  d irect m ea su rem en ts o f  all th e  term s in  th e  e q u a tio n  

for th e  ra te  o f  ch a n g e o f  m ea n  sq uare v o r t ic ity  in  iso trop ic  tu rb u len ce . T h e p resen t p ap er is 

co n cern ed  w ith  d ev e lo p m en ts  arisin g from  th e  ear lier w ork  an d  w ith  th e  ex p er im en ta l  

ver if ica tio n  o f  so m e recen t th eo re tica l in v estig a tio n s . T h e resu lts  o f  m ea su rem en ts o f  th e  

tu rb u len t in te n s ity  u '  an d  o f  A are p resen ted ; th e se  e s ta b lish  th a t  u '~2 an d  A2 are ea ch  p ro 

p o rtio n a l to  th e  t im e  o f  d eca y  p ro v id ed  th a t  th e  t im e  is n o t to o  large. W ith in  th is  in it ia l  

period  o f  th e  d eca y , th e  d ou b le  an d  tr ip le  v e lo c ity  co rre la tio n  fu n ctio n s  are fou n d  to  m a in ta in  

th eir  form , i.e . to  be se lf-p reserv in g , for sm a ll v a lu es  o f  th e  d ista n c e  r  b etw een  th e  tw o  p o in ts  

a t  w h ich  th e  co rre la tio n s are ta k en . F or larger sep aration s th e  d ou b le  v e lo c ity  corre la tion  

fu n ctio n  ch an ges its  form  s lig h t ly  du ring  d eca y  an d  d irect m ea su rem en ts o f  A an d  o f  th e  

in tegra l sca le  L  sh ow  th a t  X jL  in creases du ring  th e  d eca y . T h eoretica l p red ic tion s a b o u t  

theP sh ap e o f  th e  co rre la tio n  fu n ctio n , for lim ited  ran ges o f  r, a t  h ig h  a n d  a t  lo w  R ey n o ld s  

n um bers are com p ared  w ith  m easu rem en ts.

T h eory  h as sh ow n  th a t  th e  a b o v e  d eca y  la w  ca n n o t p ers is t in d e fin ite ly , an d  th e  p resen t  

ex p er im en ts  confirm  th a t  th e  d eca y  la w  ch an ges in  th e  ex p e c te d  d irectio n  w h en  th e  tim e  is  

large. A  d iv is io n  o f  th e  life -h isto ry  o f  th e  tu rb u len ce in to  in it ia l, tra n sitio n  an d  fina l period s  

is su g g ested ; w ith in  th e  in itia l p eriod , a  c lassif ica tion  b ased  on  th e  R ey n b ld s n u m b er is a lso  

p o ssib le . S om e sp ecu la tio n s  on  th e  in terp re ta tio n  o f  th e  in itia l p er io d  are p resen ted .
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540 G. K . B a tch e lo r  an d  A . A . T ow n sen d

1 . I n t r o d u c t i o n

In  a p rev ious paper (B atch elo r  & T ow n sen d  1947— referred to  hereafter  as I) th e  

au th ors h a v e  a n a ly zed  m easu rem en ts o f  th e  ra te  o f  change o f  m ean  sq uare v o r t ic ity  

in  iso trop ic  tu rb u len ce. I t  h as b een  sh ow n  th eo re tica lly  th a t  tw o  sep arate  p h y sica l  

processes  con tr ib u te  to  th e  ch an ge in  th e  v o r tic ity . T h e first process is  an  average  

ex ten sio n  o f  th e  v o r te x  lines d u e to  th e  random  d iffu siv e  m o tio n , g iv in g  a p o s it iv e  

con tr ib u tio n  to  do)'2jd t ,  w here a /2 is  th e  m ean  sq uare o f  a n y  v o r tic ity  

w h ich  is  d irec tly  re la ted  to  th e  sk ew n ess o f  th e  p ro b a b ility  d is tr ib u tio n  o f  th e  rate  

o f  ex ten sio n  o f  flu id  e lem en ts  a lign ed  in  a n y  d irectio n . T h e secon d  process is  a  d is 

s ip a tio n  o f  th e  v o r tic ity  d u e to  th e  effect o f  v isc o s ity , an d  th e  co n tr ib u tio n  to  

da)'2ld t  d ep en d s on  th e  fo u rth  d er iv a tiv e  a t  th e  origin  o f  th e  d ou b le  v e lo c ity  correla

tio n  fu n ctio n . B o th  o f  th ese  co n tr ib u tio n s an d  th e  v a lu e  o f  it s e lf  w ere

m easured  a t  d ifferent sta g es  in  th e  d eca y  o f  th e  tu rb u len ce. T h e agreem en t m ad e it  

clear th a t  i t  is  perm issib le  to  a p p ly  th e  th eo ry  o f  iso tro p ic  tu rb u len ce  to  th e  m o tio n  

b eh in d  a grid  in  a  un iform  stream  an d  th a t  th e  m easu rem en ts d escrib ed  w ere  

essen tia lly  correct.

T h e p lan  o f  m easu rin g a ll term s in  an eq u a tio n  d erived  from  th e  p ro p erty  o f  

iso tro p y  w as also a d o p ted  for th e  en ergy  b a lan ce . T h is  eq u a tio n  co n ta in s  o n ly  th e  

m ean  en ergy  per u n it  m ass, §  u '2,and th e  d iss ip a tio n  le n g th  p

to  th e  in d ep en d en t v a riab le  t  rep resen tin g  tim e . u '~ 2 an d  A2 w ere fou n d  to  in crease  

lin early  w ith  t, so  th a t  th e  R ey n o ld s  n u m ber I?A =  A/y, w as a p p ro x im a te ly  co n 

s ta n t  for th e  range o f  grid  R ey n o ld s  nu m bers and d eca y  t im es  u sed  in  th e  ex p e r i

m en ts . O nce aga in  th e  m easu rem en ts w ere fou n d  to  sa t is fy  th e  eq u a tio n .

A n o th er  resu lt w h ich  em erged  from  th e  ex p er im en ts  w as th a t  th ere is  som e m ea 

sure o f  se lf-p reservation  o f  sh ap e o f  th e  fu n ctio n s f ( r )  an d  k (r )  w h ich  d escr ib e th e  

d ou b le  an d  tr ip le  v e lo c ity  correlations. /  an d  w ere fou n d  to  be fu n ctio n s  o f  th e  

v ariab le  r/A a lon e, n o t d ep en d in g  d irectly  on  t ,  so  far as term s up  to  th e  fou rth  an d  

th ird  degree resp ec tiv e ly  in  th eir  ex p a n sio n s in  pow ers o f  r  are concerned. T h is  

p ro p erty  o f  se lf-p reservation  o f  th e  correlation  fu n ctio n s is  in t im a te ly  re la ted  to  

th e  law  o f  en ergy  d eca y . O ne o f  us has th erefore m ad e a fu ll th eo retica l a n a ly s is  

(B a tch elo r  1948— to  be referred to  as I I )  o f  th e  con seq u en ces o f  v a r io u s k in d s o f  

se lf-p reservation  h y p o th e ses  under d ifferent R ey n o ld s  n u m b er co n d itio n s, an d  it  

h as b een  fou n d  p ossib le  to  m ak e a n u m ber o f  p red ic tion s.

T h e p resen t p ap er  is  in  a d irect seq u en ce w ith  th e  w ork  o f  I  a n d  I I .  I t s  first a im  

is  to  d eterm in e th e  v a lid ity  o f  th e  en ergy  d eca y  lawr rep orted  in  I  o v er  as w id e a range  

o f  grid  R ey n o ld s  nu m bers an d  d eca y  tim es  as th e  w in d  tu n n e l in  th e  C aven d ish  

L a b o ra to ry  perm its. T h e secon d  aim  is  to  ex a m in e  th e  d ou b le  v e lo c ity  correlation  

a t  d ifferent d eca y  tim es  in  order to  see  th e  e x te n t  o f  th e  p ro p erty  o f  se lf-p reservation  

o f  sh ape. F in a lly , as m a n y  o f  th e  th eo retica l d ed u ctio n s o f  I I  as co m e w ith in  th e  

scop e o f  th e  m easu rem en ts w ill be p u t  to  th e  te s t .

T h e m easu rem en ts o f  th e  variou s s ta tis t ic a l q u a n titie s  a sso c ia ted  w ith  th e  tu r 

b u len ce h a v e  b een  m ad e w h o lly  w ith  a h o t-w ire  a n em o m eter  an d  w h erever p ossib le ,

 D
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541

d irect m ea su rem en ts  o b ta in ed  b y  a su ita b le  e lec tr ica l a n a ly s is  o f  th e  w ire o u tp u t  

h a v e  b een  preferred . In  th is  w a y  d irec t m ea su rem en ts  o f  u ' ,  A, k% A3 a n d /o v A4 as

d escr ib ed  in  I ,  a n d  o f  | f d r ,  g (r )  an d  k (r )  h a v e  b een  m ad e. D e ta ils  o f  th e  m eth o d s  

Jo

are d escr ib ed  fu lly  in  a  sep a ra te  p ap er  b y  on e  o f  u s (T o w n sen d  1947). T h e  w in d  

tu n n e l u sed  in  th e  ex p er im en ts  is  s itu a te d  in  th e  C aven d ish  L a b o ra to ry , C am brid ge, 

a n d  h as b een  d escr ib ed  in  I . A s is  cu sto m a ry , th e  t im e  o f  d e c a y  in  th e  id ea lized  

p rob lem  o f  h o m o g en eo u s iso tro p ic  tu rb u len ce  w ill b e  id en tified  w ith  th e  t im e  x / U  

w h ich  h as e la p sed  s in ce  a n y  p o in t  d is ta n ce  x  from  th e  tu rb u len ce-p ro d u c in g  grid  

an d  m o v in g  w ith  th e  m ea n  stream  w as a t  th e  grid .

D e c a y  o f  i s o tr o p ic  tu rb u len c e  i n  th e  i n i t i a l  p e r io d

2 . N o t a t i o n  t o  b e  u s e d

u '2 =  m ea n  sq u are f lu c tu a tio n  p f a n y  v e lo c ity  co m p o n en t.

(o' 2 = 5w'2/A2 =  m ea n  sq uare f lu c tu a tio n  o f  a n y  v o r t ic ity  co m p o n en t.  

x  =  d is ta n ce  from  th e  grid .

M  =  p eriod ic  sp a cin g  o f  th e  tu rb u len ce-p ro d u cin g  grid . 

d  =  d ia m eter  o f  th e  rod s co m p ris in g  th e  grid .

U  — v e lo c ity  o f  th e  un iform  stream  r e la tiv e  to  th e  grid .

Rm  =  J JM jv :  R e y n o ld s  n u m b er a sso c ia ted  w ith  th e  grid .

f ( r ) ,  g ( r ) ,  k ( r ) :  d o u b le  an d  tr ip le  v e lo c ity  correla tio n  coeffic ien ts in  th e  sen se  u sed

in  I  an d  first d efin ed  b y  v . K&rm&n & H o w a rth  (1938).

A"2
( m  = _ 1 / W

\ d r 2)  r=0 2 \0 r 2/ r=o ’

\]f =  r/A.

R x =  u fA/v: R ey n o ld s  n u m b er o f  th e  tu rb u len ce .
P  00

2 g d r :  in tegra l sca le  o f  th e  tu rb u len ce .
Jo

—t
: sk ew n ess (w ith  sig n  reversed ) o f  th e  p ro b a 

b ility  d is tr ib u tio n  o f  th e  ra te  o f  e x te n s io n  in  a n y  d irectio n .

I =  m a x im u m  v a lu e  o f  r  for w h ich  se lf-p reserv a tio n  o f  / ,  g  an d  k  occu rs during  

th e  in it ia l period .

CD — drag coeffic ien t o f  grid .

3. T h e  s i g n i f i c a n c e  o f  t h e  ‘ i n i t i a l  p e r i o d  o f  d e c a y ’

A s a resu lt o f  th e  ex p er im en ts  d escrib ed  in  I  an d  th e  th eo re tica l a n a ly s is  in  I I ,  

i t  has b ecom e clear th a t  th ere are tw o  d istin ct-p h a ses  in  th e  life -h is to ry  o f  iso trop ic  

tu rb u len ce p rod uced  b y  a grid, w ith  a tra n sitio n a l p h a se  co n n ectin g  th em . T h e  

p h ase w h ich  m a y  be term ed  th e  i n i t i a l  p e r i o d  o f  d e c a y  is  ch aracterized  b y  th e  

e x isten ce  o f  th e  en ergy  d eca y  law

u '~ 2c c t ,  A2 =  1(M. ( 3 - 1 )

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0

2
2
 



542 G. K . B a tch e lo r  an d  A . A . T ow n sen d

T h e m easu rem en ts reported  in  I  w ere m ad e b eh in d  severa l grids ( =  1-27, 2*54

an d  5-08 cm .) over ran ges w hich  la y  w ith in  th e  lim its  x / M  =  20 to  x / M  =  130 and  

th e  tu rb u len ce w as in  ev er y  case e v id e n tly  w ith in  th e  in itia l period o f  d ecay . T he  

range x / M  <  20 is o f  course ex c lu d ed  from  th e  sy ste m  o f  c lassificatio n  sin ce th e  

tu rb u len ce ta k es  a lit t le  tim e  to  b ecom e uniform  (in th e  la tera l d irection ) and  

iso trop ic . I t  rem ains to  be seen  w h eth er it  is p ossib le to  define an  in itia l period  o f  

d eca y  b y  th e  la w s (3-1) for all va lu es  o f  th e  grid  R ey n o ld s num ber. T h e ex p erim en ts  

o f  I  co vered  th e  range R M — 5-5 x 103 to  4-4 x 104 an d  exp erim en ts to  be descr ib ed  

herein  confirm  th e  v a lid ity  o f  th e  law s (3-1) in  th e  in itia l period  o f  d eca y  for va lu es  

o f  Rm  a t  lea st d ow n  to  600.

N o w  in  I I  it  w as sh ow n  th eo retica lly  th a t  th e  o n ly  p ossib le  reg im e a t v ery  large  

tim es o f  d eca y  is on e in  w h ich  th e  correlation  fu n ctio n s are co m p lete ly  self-p reserv in g  

an d  th e  la w  o f  en ergy  d eca y  is  W,_ 2(X ^  A2 =  (3 .2)

T h e d ou b le  v e lo c ity  correlation  fu n ctio n  has th e  form

f ( r )  =  e~r2/2A2 (3-3)

an d  th e  effect o f  th e  tr ip le  correlation  is  neg lig ib le . T h e au th ors propose th a t  th is  

p h ase  be term ed  th e  f in a l  p e r i o d  o f  d e c a y .  T here w ill also  be a t r a n s i t i o n a l  p e r i o d  

o f  d e c a y  w hen  th e  m ech an ics o f  th e  tu rb u len t m o tio n  is  ch an gin g  in  ty p e . A s y e t  

th ere is no d efin ite  in form atio n  a b o u t th e  m ag n itu d es o f  th e  d eca y  tim es defin in g  

th e  e x te n t  o f  th e  d ifferent ph ases, b u t th e  ex p er im en ts  d escr ib ed  b elo w  an d  oth ers  

p rev io u sly  rep orted  fix  u pper lim its  to  th e  in it ia l period  for a few  v a lu es  o f  R M .

I t  is  p ossib le  to  m ak e, for th e  in itia l p er iod  o f  th is  fu n d a m en ta l d iv is io n  o f  th e  life-  

h isto ry  o f  th e  tu rb u len ce in to  th ree p h ases, an  eq u a lly  fu n d a m en ta l cla ssifica tio n  

d ep en d in g  on  th e  m a g n itu d e  o f  th e  R ey n o ld s  num ber. T h e b asis  for th e  cla ssifica tio n  

lies  in  th e  re la tiv e  e ffects  on  th e  tu rb u len ce o f  th e  in ertia  an d  v isco u s term s o f  th e  

N a v ier-S to k es  eq u a tio n s an d  a co n v en ien t a n a ly tic a l criterion  can  be o b ta in ed  

from  th e  eq u a tio n  for d eca y  o f  m ean  square v o r tic ity . I t  w as seen  in  I  th a t  th is  

eq u a tio n  can  be w ritten  as

3 V5<fo/2 a /a /o v A4 

14 d t

S '3 J 
- ( O 3  —  -

2
(3-4)

U sin g  th e  d eca y  law  (3-1) ap p rop riate to  th e  in it ia l period, th e  le ft sid e b ecom es  

an<  ̂ eq u a tio n  red uces to

30 1 * /o VA4\

/3 ( - 7 R>
(3-5)

T h e first term  on  th e  r igh t s id e is d erived  from  th e  in ertia  term s o f  th e  N a v ier-  

S to k es eq u a tio n s an d  rep resents th e  creatio n  o f  m ean  square v o r tic ity  due to  th e  

d iffu siv e  in crease  in  le n g th  o f  v o r te x  lines. T h e secon d  term  on  th e  r igh t sid e repre

sen ts  th e  d estru ctio n  o f  v o r t ic ity  d u e to  v isc o s ity . T h u s, th e  ratio  o f  th e  v isco u s  to  

th e  in ertia  e ffect is 0

s  R>
1 +

60 J_  

7 ~sl
(3-6)
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D e c a y  o f  i s o tr o p ic  tu rbu len c e  i n  th e  i n i t i a l  p e r io d

T h e ex p er im en ts  o f  I  e sta b lish ed  for th e  in it ia l p eriod  o f  d e c a y  an d

543

0*5 x 104 <  Rm  < 4-5 x 104

th a t  th e  sk ew n ess  fa c to r  s  is  a p p r o x im a te ly  an  a b so lu te  c o n s ta n t  w ith  a  v a lu e  c lo se  

to  0-39. H e n c e  th e  fa c to r  w h ich  g o v ern s th e  r e la tiv e  im p o rta n ce  o f  th e  v isco u s  a n d  

in er tia  e ffects  on  th e  ra te  o f  ch a n g e  o f  m ea n  sq uare v o r t ic ity  is

22

1 + i V  (3*7)

T h e n u m b er R x c learly  p la y s  a fu n d a m en ta l ro le  in  th e  th e o r y  o f  iso tro p

b u len ce  an d  th e  a u th o rs  p rop ose to  ca ll i t  th e  R e y n o ld s  n u m b er o f  th e  tu rb u len ce . 

S in ce  R x is  c o n sta n t d u rin g  th e  in it ia l p eriod  o f  th e  d eca y , th e  v a lu e  o f  R A is  a  c o n 

v e n ie n t  an d  s ig n ifica n t in d ex  to  th e  ty p e  o f  tu rb u len ce  occurr in g  th ro u g h o u t th a t  

p eriod . T h ree ro u g h ly  sep arate  reg im es d ep en d in g  on  th e  m a g n itu d e  o f  R x can  b e  

d istin g u ish ed . T h e  reg im e o f  large R e y n o ld s  n u m b ers o f  tu rb u len ce  is  su ch  th a t  

2 2 /R x <^l  an d  th e  co n tr ib u tio n s  to  d(i)'2jd t  from  th e  v is

a p p ro x im a te ly  eq u a l an d  op p o site . A t  in term e d ia te  R e y n o ld s  n u m b ers th e  fa c to r  

2 2 / R x is  o f  order u n ity  an d  th e  ra tio  o f  th e  tw o  co n tr ib u tio n s  to  d o / 2/d t  is  s ig n ific a n tly  

d ifferent from  u n ity . F in a lly , a t  sm all R e y n o ld s  n u m bers o f  tu rb u len ce , 22 /i?A>  1, 

an d  th e  effect o f  th e  tr ip le  co rrela tio n s on  d(o'2jd t  is  n eg lig ib le  com p ared  w ith  th e  

v isco u s  d iss ip a tio n .

E a ch  o f  th ese  th ree  reg im es has its  ow n  b o d y  o f  th eo ry . T h e e x is te n c e  o f  large  

R ey n o ld s  n u m b ers o f  tu rb u len ce  is  b asic  to  th e  th eo ry  o f  lo c a lly  iso tro p ic  tu rb u len ce ,  

first p u t forw ard  b y  K o lm o g o ro ff (1941) an d  d ev e lo p e d  m ore rec en tly  b y  on e  o f  us  

(B a tch e lo r  1947). T here is  n o  n eed  to  d escr ib e here th e  resu lts  o f  th is  th e o r y  e x c e p t  

to  rem ark th a t  it  p red ic ts  th a t  th e  sk ew n ess fa c to r  s  is  an  a b so lu te  co n sta n t, an d  th e  

ex p er im en ta l ev id e n c e  (see I) for th is  resu lt in  th e  range o f  in term e d ia te  R e y n o ld s  

n u m b ers th u s  sh ow s th a t  th ere  is  som e overla p p in g  o f  th e  R e y n o ld s  n u m ber  

ca tegories. T h ere are o th er  resu lts  o f  th e  th eo ry , e.g . co n cern in g  th e  form  o f  th e  

fu n ctio n  f ( r ) ,  w h ich  do n o t  appear to  be tru e  a t  in term e d ia te  R e y n o ld s  n u m bers. 

T h ere is  as y e t  in su ffic ien t ev id en ce  to  be certa in  th a t  th e  en ergy  d eca y  law  (3-1), 

w h ich  h as b een  ta k en  to  define th e  in itia l period  o f  d eca y , co n tin u es to  h o ld  as R x 

b ecom es large  (th e  m easu rem en ts d escrib ed  b elo w  confirm  i t  as far as i?A =  60), 

nor is  th is  d eca y  law  n ecessa ry  to  th e  th eo ry  o f  lo ca lly  iso tro p ic  tu rb u len ce, so  th a t  

th is  p art o f  th e  c la ssif ica tio n  is p rov is io n al.

N o  un qu alified  d ed u ctio n s a b o u t th e  tu rb u len ce a t  in term ed ia te  R ey n o ld s  n u m bers  

h a v e  b een  m ad e, b u t  a few  resu lts  h a v e  b een  o b ta in ed  in  I I  on  th e  a ssu m p tio n  o f  

lim ited  se lf-p reservation  o f  th e  correlation  fu n ctio n s, i.e. th a t  /  an d  k  are fu n ctio n s  

o f  r/A on ly , p rov id ed  0 ^  r  <  l, w here l  is  an  u n sp ec ified  le n g th  w h ich  is  n o t to o  large. 

T here w ere fou n d  to  be tw o  p ossib le  w a y s  o f  proceed in g  from  th is  a ssu m p tio n .  

A ccord in g  to  th e  first m eth o d  o f  so lu tio n  th e  la w  o f  en erg y  d eca y  is  g iv e n  b y  (3-1), 

w hereas th e  secon d  m eth o d  g iv e s  a d ifferent d eca y  la w  w h ich  a sy m p to te s  to  (3-1)
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544 G. K . B a tch e lo r  an d  A . A . T ow n sen d

a t  t in creases. S in ce  th ere is  n o  m ean s o f  p red ic tin g  th e  ra te  o f  ap p ro ach  to  (3*1), 

m easu rem en t o f  th e  en erg y  d eca y  law  is  n o t su fficien t to  ch oose b etw een  th e  tw o  

so lu tio n s. H o w ev er  th e y  m ak e d ifferent p red ic tion s a b o u t th e  correlation  fu n ctio n s  

a n d  th e  ev id en ce  p resen ted  b elo w  is  su ffic ien t to  sh ow  th a t  on e so lu tio n  is correct. 

W h en  R x is  sm all, i t  h as b een  fou n d  p ossib le  (see I I )  to  p red ic t th e  form  o f  th e

fu n c t io n /(r )  for as large a  range o f  r  as f ( r )  is  self-p reserv in g  du ring  d eca y .

T h e exp er im en ts  rep orted  in  I  an d  th o se  to  be d escr ib ed  b elo w  are con cerned  

la rgely  w ith  th e  in itia l period  o f  d eca y  an d  w ith  in term ed ia te  R ey n o ld s  num bers  

o f  tu rb u len ce. F o r  th ree v a lu es  o f  R Mth e  m easu rem en

a d eca y  range w h ich  is  su ffic ien tly  large to  ex te n d  b ey o n d  th e  in it ia l period  an d  in to  

th e  tra n sitio n a l period. S om e resu lts  h a v e  b een  o b ta in ed  under th e  co n d itio n s o f  

large a n d  sm all R ey n o ld s  n u m bers o f  tu rb u len ce an d  th ese  sh o w  q u ite  good  a gree

m en t w ith  th e  ap p rop ria te  th eo retica l d ed u ctio n s.

4. R e s u m e  o f  t h e o r e t i c a l  r e s u l t s  t o  b e  e x a m i n e d

T h e d ed u ctio n s w h ich  w ill be co m p ared  w ith  exp er im en t are s e t  o u t  in  th e  fo l

lo w in g  ta b le . R eferen ce  sh ou ld  b e m ad e to  th e  p ap ers q u o ted  for o th er  d ed u ctio n s,  

from  th e  sam e h y p o th eses , w h ich  do n o t  lie  w ith in  th e  scop e  o f  th e  ex p er im en ts.

c o n d it i6 n s  h y p o th e s is

in i t i a l  p e r i o d  o f  d e c a y  

2 2
—  I K o lm o g o r o ff’s

A s im ila r ity

h y p o th e se s

d e d u c tio n s

22

R -  =  0 (1 )  "A
f i r )  = f ( r / X ) ,  

k (r )  =  k(r/A), 

fo r  0 < r < Z

/ ( r ) = / ( r / A ) ,  

for  0 < r < i

- O '
for  r < ^ L ,  w h ere  C is  a n  

se e  I  for  

v e r ific a tio n

for 0  <  r  <

( а )  g ( r )  =  1 

c o n s ta n t

(б ) k"  A8 a n d  /o TA4 are  c o n s ta n t  i f

R x is  c o n s ta n t  d u r in g  d e c a y

(c) a is  a n  a b so lu te  c o n s ta n t  

e ith e r  (a) R x =  c o n s ta n t  d u r in g  d e c a y , a n d

r+/it+f ) +5/+iM*,+H =o-
(d a sh es  d e n o te  d iffe r e n tia tio n  w ith  r e sp e c t  to  rjr),

or (b) a n  e n e r g y  d e c a y  la w  w h ic h  a s y m p to te s  to  

R x =  c o n s ta n t ,

“ d

k  + — k  =  fa i j f f ' t

R \  =  c o n s ta n t , a n d  f *  +  ij r )  +  ^ '

for 0  ^ r < l

for  O ^ r c Z

f in a l  p e r i o d  o f  d e c a y

u 2oc d ,  A2 =  4 vtan d  / ( r )  =  e- , */2*‘
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D e c a y  o f  is o tr o p ic  tu r b u len c e  i n  th e  i n i t i a l  p e r io d 545

5. M e a s u r e m e n t s  o f  u ' a n d  A

M easu rem en ts o f  th e  q u a n tit ie s  u '  an d  A w h ich  occu r  in  th e  en erg y  e q u a tio n , v iz .

d u ' z 10
S T  = -------7 F - >  ( 5 > 1 )

w ere m a d e  a t  v a r io u s  d is ta n ces  from  a tu rb u len ce-p ro d u c in g  grid . F o u r  s im ila r ly  

sh a p ed  b ip la n e  grid s co n stru c ted  o f  circu lar cy lin d ers  o f  d ia m eter  3A f/1 6  w ere u sed ;  

th e  v a lu e s  o f  M were 5-08, 2 -54 ,1*27 an d  0-635  cm . M easu rem en ts o f  A w ere corrected  

for fin ite  w ire -len g th . T h e  d a ta  are p resen ted  in  figu res 1 to  4. T h ese  d ia gram s  

co n ta in  th e  resu lts  d escr ib ed  in  I , to g e th e r  w ith  n ew  resu lts  for th e  sm a lle st  grid , 

an d  for th e  larger grid s a t  d ifferent w in d  sp eed s. T h e y  su m m a rize  a ll th e  a u th o rs’ 

ex p er im en ts  con cern in g  th e  d e c a y  law  (3-1), w h ich  is  regarded  as a ch a ra cter istic  

o f  th e  in it ia l p eriod  o f  d eca y .

x  M  — 0 -6 3 5  c m . •  M  =  1-27 c m . +  M  =  2-54 c m . 0  =  5-08  cm .

I t  w ill be seen  from  figures 1, 2 a n d  3 th a t  m o st o f  th e  m easu rem en ts  o f  £/2/w'2 

lie  a b o u t a linear v a r ia tio n  w ith  x / M ; o n ly  a t  th e  large v a lu es  o f  x /M  o b ta in ed  w ith  

th e  sm a lle st m esh  (M  =  0-625 cm .) do th e  p o in ts  d ep art a p p rec ia b ly  from  a stra ig h t  

lin e . I t  is  th u s  p ossib le  to  w rite

(5-2)

 D
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546 G. K . B atch elor  an d  A . A . T ow n sen d

for an  in itia l range o f  v a lu es  o f  x /M ,  w here a  an d  x 0 are co n sta n ts . T h e en ergy  eq u a 

tio n  (5*1) th en  requires

A2 =
lO v

( x - x 0)
10 M 2 /  x  £ 0 \  

Rm  \M ~ m )'
(5-3)

th e  ra th er  curious b u t w ell-k n ow n  resu lt th a t  A2 d ep en d s o n ly  on  th e  v isc o s ity  an d  

tim e  o f  d eca y — d ep en d in g  n o t a t  a ll on  M or d ir

d eca y  la w  w h ich  m ak es u ' 2 v a ry  as som e pow er o f  x  or t. In  th e  p lo t o f  A in  

figure 4, lines are draw n w ith  slo p e 10 v/U an d  th e y  rep re

^'2 /£
F i g u r e  3 . —x —

U* M

(U  =  150 c m .se e .-1 , M  =  0-6 35  cm .)

x  (cm .)

F ig u r e  4. A2 v s .  x

C u rves I  a n d  I I ,  s lo p e  =  2-26  cm . =  - —  

( U =  643  c m .se c .-1 ).

lOr
C urve I I I ,  s lo p e  = 1 * 1 3  cm . =  -j j -

( U  =  1286 c m .se c .- 1 ).

x  M  =  0-6 35  c m . •  =  1-27 c m .

+  M  =  2-54  cm . ©  =  5-08 cm .

v a ria tio n , w ith  th e  ex ce p tio n  o f  th e  range x / M  > 1 8 0  o b ta in ed  w ith  th e  sm a lle st  

m esh- T h e  exp er im en ta l p o in ts  w ou ld  in  n o  ca se be rep resen ted  b e tter  b y  a stra ig h t  

lin e  o f  s lo p e m ore th a n  10 % d ifferent from  10v / U .  T h u s th e  pow er o f  (x  — x 0) w h ich  

rep resen ts th e  v a r ia tio n  o f  u '~ 2 in  th ese  exp er im en ts  d oes n o t d iffer from  u n ity  b y  

m ore th a n  10 % .

T h e en ergy  eq u a tio n  also  req uires th e  ex tra p o la tio n s  o f  XJ2\ u ' 2 an d  A2 to  v a n ish  

a t  th e  sam e v a lu e  o f  x .  T h is  v ir tu a l origin  a t  =  rep resents th e  p o s itio n  a t  w h ich

 D
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547

th e  tu rb u len ce  is  e ffe c t iv e ly  crea ted  w ith  in fin ite  en erg y . V a lu es  o f  x Q g iv e n  b y  th e  

s tra ig h t lin es  b e s t  f itt in g  o b serv a tio n s  o f  U an d  A2 (in  

th e  lin es w a s ta k e n  as 10 v/U an d  o n ly  th e  p o s it io n  w as v a r ied  to  im p ro v

are s e t  o u t  in  ta b le  1 a n d  are a p p ro x im a te ly  in  accord .

D e c a y  o f  i s o tr o p ic  tu r b u len c e  i n  th e  i n i t i a l  p e r io d

T a b l e  1 . M e a s u r e m e n t s  o f  u ' a n d  A b e h i n d  s i m i l a r  g r i d s

M

(cm .)

U

(c m .se c .-1 ) Rm \ M )  Ulu--0 W a-o

d { U 2/ u '«) 

d ( x /M ) R \

0*635 64 3 0*28 x 104 20 12 128 14*4

1*27 64 3 0*55 12 13 132 20*3

2*54 64 3 M 0 10 7 130 28*7

5*08 643 2*21 3 5 — 41

0*635 1286 0*55 9 — 140 20*3

1*27 1286 1*10 15 5 i n 28*7

2*54 12 86 2*21 8 3 126 41

5*08 1286 4*42 6 3 — 58

M an y in v e stig a to r s  in  th e  p a st h a v e  fo u n d  th a t  w h en  p lo tte d  as a fu n ctio n

o f  x \M  ap p ears to  b e a p p ro x im a te ly  in d ep en d en t o f  U  a n d  M  for sim ilar  grids. T h e  

p resen t m ea su rem en ts  su p p o rt th is  con clu sio n . A p a rt from  th e  sm a ll ch a n g e  in  

v ir tu a l or ig in  o f  th e  tu rb u len ce  w ith  R M , th ere  is  a  

ran d om ) in  th e  slo p e  fa c to r  a  as sh ow n  in  ta b le  1.

F rom  (5*2) an d  (5-3) Rx = > 

an d  R x is  c o n sta n t du rin g  th e  in itia l p er io d  o f  d eca y . K n o w led g e  o f  a  for th e  ty p e s  o f  

grids co m m o n ly  u sed  in  ex p er im en ts  th erefore en ab les to  be ca lcu la ted  for g iv e n  

v a lu es  o f  U  an d  M  an d  as has a lread y  b een  seen , th e  v a lu e  o f  R x is  a  s ig n ifica n t in d ex  

to  th e  s ta te  o f  th e  tu rb u len ce. T h e d a ta  in  ta b le  1 sh ow  th a t  th e  a v era g e  v a lu e  o f  a  

for th e  variou s v a lu es  o f  M  a n d  U is  134 (no s lo p e  fa c to r  is  d ed

m en ts  w ith  M  =  5-08 cm . s in ce th ese  co u ld  o n ly  be m ad e ov er  a v ery  sm all ran ge o f  

v a lu es  o f  x jM ) ; th is  figure is  ap p rop riate to  b ip la n e grids for w h ich  th e  ra tio  o f  rod  

sp acin g  M  to  d ia m eter  d  is T h e v a lu es  o f  ca lcu la ted  from  (5-4) w ith  a  =  134  

are sh ow n  in  th e  la s t  co lu m n  o f  ta b le  1. T h e y  rep resen t w ell th e  v a lu es  o f  u 'X jv  

ob ta in ed , from  th e  m easu rem en ts o f  u '  a n d  A e x c e p t  for th e  sm a lle st v a lu es  o f  x JM  

w here  th e  in flu en ce o f  th e  d isp aritie s  in  th e  v ir tu a l origins ap p ro p riate to  th e  

an d  A2 cu rv es is  stron g .

M easurem en ts b eh in d  th e  grid  o f  sm a lle st M  e x te n d e d  b ey o n d  th e  range o f  v a lid ity  

o f  th e  d eca y  la w  (5*2). F o r  x \M  > 1 8 0  th e  m ea su red  v a lu es  o f  an d  A2 a t  a ll

sp eed s sh ow  a ra te  o f  en ergy  d eca y  w h ich  is  m ore rap id  th a n  th a t  w h ich  h o ld s in  th e  

in it ia l period. T h e e x te n t  o f  th e  in itia l p er iod  o f  d eca y  w ill p rob ab ly  d ep en d  on  th e  

grid  R ey n o ld s n um ber an d  on  th e  in itia l correla tion  fu n ctio n s created  b y  th e  grid , 

b u t th e  tu n n e l a v a ila b le  to  th e  au th ors is  to o  sh ort to  a llow  a n y  sy ste m a tic  resu lts

Vol. 193. A. 36
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548 G. K . B a tch e lo r  an d  A . A . T ow n sen d

to  be esta b lish ed . T here ap pears to  be a s lo w  d im in u tio n  in  th e  e x te n t  o f  th e  in it ia l  

period  as R M  in creases (see ta b le  2 b elow ).

D ry d en  (1943) has d iscu ssed  th e  m easu rem en ts o f  u '  p u b lish ed  b y  severa l a u th ors  

an d  h as com pared  th em  w ith  th e  d eca y  la w  (5-2). H e  finds m o d era te ly  go o d  a g ree

m en t in  all cases, p articu lar ly  a t  th e  sm aller v a lu es  o f  In  som e cases  th e  d e v ia 

tio n s  fou n d  b y  D ry d en  can  be in terp reted  as th e  b eg in n in g  o f  th e  tra n sitio n a l period  

o f  d eca y . T h is  is  a lm o st cer ta in ly  tru e  o f  v . K&rm&n’s d a ta . V on  K arm an  (1938) h as  

p resen ted  m easu rem en ts o f  u '  b eh in d  four grids o f  th e  w o v en  w ire ty p e  w ith  d ifferent  

v a lu es  o f  M / d  w h ich , w hen  p lo tte d  in  th e  ap p rop ria te  m anner, sh ow  th a t  '2 is  

in it ia lly  p rop ortio n al to  x / M ,  b u t  in  som e ca ses  in creases m ore ra p id ly  for larger  

v a lu es  o f  x / M .  T h e essen tia l fea tu res  o f  v . K& rm an’s d a ta  are se t  o u t in  ta b le  2 for  

co m p arison  w ith  th e  m easu rem en ts g iv e n  b y  th e  au th ors. T h e p o in t a t  w h ich  th e  

linear d eca y  law  ceases to  b e v a lid  is  n ecessa r ily  ra th er  in d efin ite  an d  th e  e s tim a te s  

g iv e n  in  th e  ta b le  are o n ly  u sefu l as a  gu id e.

T a b l e  2 . G r i d s  o f  d i f f e r e n t  s h a p e

so u rce

M

(cm .)

M / d U M / v

v . K a rm a n 1*27 2-16 1-00 x  I0 4

v .  K & rm an 1-27 4-76 1-41

v .  K a rm a n 1*27 4-76 1-00

v .  K arm & n 1-27 6-04 2-00

v . K d rm a n 1-27 6-04 1-00

v . K a r m a n 1-27 11-6 2-001

1 -0 0 /

p r e se n t a u th o rs 0-635 5-33 0-064

p r e se n t a u th o rs 0-635 5-33 0-28

p r e se n t a u th o rs 0-635 5-33 0-56

u p p er  lim it d (U * /u '* )

r d ( u wto  e x te n t  o f d ( x /d )

in it ia l p er io d in it ia l p er io d D \_ d ( x / M )  .

x / M >  210 7-0 128

x / M  =  229  (?) 3-1 106

137 20-8 96

113 23-6 90

113 23-6 90

n o  d iscern ib le  in it ia l p er io d

a v e r a g e  for a v e r a g e  for

1201 d ifferen t d if feren t

180 J- M  a n d  U M  a n d  U

2 0 0 j (see  ta b le  1) 

=  25-1

=  105

I t  h as a lread y  b een  m en tio n ed  th a t  th e  slo p e fa cto r  a  o f  eq u a tio n  (5*2) ap p ea rs  

to  b e in d ep en d en t o f  R M for sim ilar  grids. I t  m u st th u s  b e w h o lly  d eterm in ed  b y  th e  

ch aracter istic s  o f  th e  grid  w h ich  prod u ces th e  tu rb u len ce. T w o ch a ra cter istics  o f  

th e  grid  are re lev a n t. T h e  first is  th e  drag per u n it  area, s in ce it  is  th e  w ork  d on e  

a g a in st th is  force w h ich  go v ern s th e  a m o u n t o f  tu rb u len t en erg y  crea ted  b y  th e  grid . 

T h e secon d  is  th e  g eo m etry  o f  th e  grid , s in ce  th is  d eterm in es th e  le n g th  ch a ra cter

is tic s  o f  th e  in itia l tu rb u len ce. T h ese  grid  effects  m a y  b e ta k en  in to  a cco u n t b y  w ritin g

f i  (jc_ « g \

u ' 2 Cd \M '
(5-5)

w here (3 is  a n  a b so lu te  c o n sta n t, CD . \ p l J 2is  th e  dr

th e  gr id  an d  M '  is  a n  effec tiv e  u n it  o f  len g th . M '  w ill d ep en d  m ore on  th e  sp acin g  o f  

th e  gr id  e lem en ts  th a n  on  th e ir  d im en sio n s.
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N o w  w h e n  M J d  is  large, th e  drag o f  ea ch  grid  e le m e n t w ill be u n a ffec ted  b y  th e  

p resen ce o f  it s  n e ig h b o u rs a n d  CD  is p ro p o rtio n a l to  T h is  e x p la in s  v . K a r m a n ’s 

o b serv a tio n  th a t  h is  m ea su rem en ts  o f  U 2/u '2 for  th e  v a r io u s grid s ca m e closer  to  

co in c id en ce  w h en  p lo tte d  a g a in st x / d  ra th er  th a n  a g a in s t  x /M .  H o w ev er , ta b le  2

d ( U 2lu '2)
sh o w s th ere  is  s t il l  con sid era b le  v a r ia tio n  in  th e  v a lu e  o f  — y;- for th e  sm aller

d { x jd )

v a lu e s  o f  M / d  w h ere th e  in terferen ce  d rag  o f  th e  grid  e le m e n ts  is  ap p reciab le . T h ere  

h a v e  b een  m a n y  m ea su rem en ts  o f  th e  drag  o f  sq u are  grid s o f  p ara lle l c ircu lar  

cy lin d ers  in  th e  p a st, a n d  th e  fo rm u la  w h ich  seem s to  rep resen t th e  d a ta  b est  is*

CD — ( 5 - 6 )

U sin g  th is  form u la , th e  v a lu e s  o f  CD for  th e  grids u sed  b y  v . K a rm a n  a n d  th e  p resen t  

a u th o rs  h a v e  b een  e s t im a te d  a n d  th e  la s t  co lu m n  o f  ta b le  2 sh o w s th a t  th e  v a lu es

o f  are m ore  n ea r ly  c o n s ta n t  th a n  th o se  o f  ~^Jyyyjy~ • T h e agreem en t

is  n ow  as g o o d  as co u ld  b e e x p e c te d  in  v ie w  o f  th e  u n c e r ta in ty  o f  th e  e s t im a te s  o f  

CD  an d  o f  th e  d iffic u lty  in  m a k in g  a b so lu te  m ea su rem en ts  o f  u ';  h en ce , so  far as  

can  b e to ld  from  th e  d a ta  in  ta b le  2, th e  e ffec tiv e  m esh  le n g th  M '  in  (5-5) is  a p p r o x i

m a te ly  eq u a l to  M .  (1 is  g iv e n  a p p r o x im a te ly  b y  th e  a v era g e  o f  th e  figu res in  th e  

la s t  co lu m n , w ith  a to ta l  w e ig h t o f  u n ity  for ea ch  gro u p  o f  read in gs w h ich  a p p ly  to  

on e v a lu e  o f  M / d ,and (5*5) can  b e w r itten  a p p r o x im a te ly  as

U2 _  106 /  x  :r0 \  

=  ~ C ^ \ M ~ M ) ‘
(5-7)

F u rth er  m ea su rem en ts  are n ecessa ry  b efore  th is  re la tio n  can  b e a p p lied  w ith  

con fid en ce to  grids o f  arb itrary  sh ap e.

T h e  form u la  (5*7) can  a lso  be w r itten  as

u o2 _  f
(5-8)

w h ich  is  m ore ap p rop ria te  to  th e  id ea lized  p ro b lem  o f  th e  d eca y  o f  s tr ic t ly  h o m o 

gen eo u s tu rb u len ce , s in ce  th e  fa cto rs  re la ted  to  th e  grid  do n o t occu r e x p lic it ly .  

u '02 is th e  in itia l in te n s ity  o f  th e  tu rb u len ce  crea ted  b y  th e  grid  an d  is  p rop ortio n a l  

to  CD U2. t 0 is  th e  tim e  in terv a l b etw een  th e  in s ta n t  a t  w h ich  th e  e x tra p o la te d

in te n s ity  w o u ld  h a v e  b een  in fin ite  an d  th e  in it ia l in s ta n t  a t  w h ich  it  is u'02. E v id e n t ly  

t 0 is p rop ortio n al to  M/U , as w ou ld  b e e x p e c te d  on  th e  grou n d s th a t  M  an d  

th e  fa cto rs  m o st re lev a n t to  a  t im e  sca le .

* S ee  L . F . G . S im m o n s & C. F . C o w d ra y , M ea su rem en ts  o f  th e  a er o d y n a m ic  fo rces a c t in g  on  

p o ro u s screen s, A e r o .  R e s .  C o u n . U n p u b .  R e p .  892 0  (1 9 4 5 ).

3 6 -2
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550 G. K . B a tch e lo r  an d  A . A . T ow n sen d

6 . M e a s u r e m e n t s  o f

(a) L i m i t e d  s e l f - p r e s e r v a t ion  o f  g (r )

T h e tw o  d ou b le  v e lo c ity  correlation  fu n ctio n s f ( r )  an d  g (r)  are rela ted  b y  th e  

co n tin u ity  con d itio n , v iz .  ̂^

an d  a m ea su rem en t o f  eith er  is su ffic ien t to  d eterm in e th e  gen era l d ou b le  v e lo c ity  

correlation . M easu rem en t o f  th e  la tera l correlation  is m ore co n v en ien t p ra ctica lly ,  

an d  m o st o f  th e  g (r)  cu rve has been  d eterm in ed  a t  a nu m ber o f  d istan ces d ow n stream  

from  th e  grid  for severa l va lu es  o f  U  an d  M .  F igu res 5 to  8 e x h ib it  th e  resu lts. E a ch  

diagram  refers to  a sin g le  v a lu e  o f  RMand sh ow s a fa m i

each  m em ber o f  th e  fa m ily  referring to  a particu lar s ta g e  in  th e  d ecay . T h e re la tiv e  

p o sitio n s o f  th e  cu rves are sen sitiv e  to  th e  v a lu es  o f  A a t  each  v a lu e  o f  a n d  so  

A h as been ob ta in ed  from  a sm o o th ed  ex p erim en ta l cu rv e o f  A a g a in st x jM .  T h e  

m eth od  o f  m easu rem en t o f  g  w as less  a ccu rate  a t  sm all v a lu es  o f  r ,  b u t  th e  p ara b olic  

va ria tio n  o f  g near th e  origin  has p rev io u sly  been  ver ified  an d  m a y  be as

w ith  confidence.

A ccu ra te  se lf-p reservation  o f  th e  fu n ctio n  g  seem s to  h old  for r/A ly in g  b etw een  

0 an d  som e figure o f  th e  order o f  1, th e  range b ein g  larger a t  th e  h igher  R ey n o ld s  

num bers. A  m ore sa tis fa c to ry  m eth o d  o f  d eterm in in g  th e  e x te n t  o f  th ese lf-p reserv in g  

p rop erty  is to  m easure  d irec tly  th e  d er iv a tiv es  o f  a t  0 a t  d ifferent d ista n ces  

from  th e  grid. M easurem en ts of/<jv A4, d escr ib ed  in  I , w ere fou n d  to  be a p p ro x im a te ly  

co n sta n t du rin g  th e  d ecay . H ow ever , as m en tio n ed  in  th a t  paper, d irect m ea su re

m en t o f  h igher d er iv a tiv es  p resen ts co n sid erab le  d ifficu lties.

T h e ch ie f fea tu re  o f  each  fa m ily  is th a t, ap art from  w ith in  th e  se lf-p reserv in g  

region, th e  v a lu es  o f  r/A correspond in g to  a g iv e n  v a lu e  o f  g  d ecrease  w ith  in crease  

o f  x/M. T h a t is  to  sa y , o u ts id e  th e  se lf-p reserv in g  region , th e  cu rves g (fr )  o f  a n y

fa m ily  h a v e  rou gh ly  th e  sam e sh ap e b u t co n tra ct la tera lly  as in creases. N o te  

h ow ever, th a t  th e  ch an ge w ith  x fM  in  th e  ou ter  p arts o f  th e  cu rves ca n n o t b e  

d escrib ed  e x a c t ly  b y  su ch  a con traction , for each  cu rve m u st sa tis fy  th e  id e n t ity

d ed u ced  from  (6*1). T h e co rrela tion  fu n c tio n s / a n d  g  w ou ld  be e x p ec te d  to  d im in ish  

in  a b so lu te  v a lu e  a t large v a lu es  o f  r/A w ith  in crease  o f  x /M ,  s in ce it  w as sh ow n  

in  I I  th a t

( 6 -2 )

is  c o n sta n t during d ecay , an d  co n seq u en tly , from  (6*1),

(6-3)
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T h is  re la tio n  is  c lea r ly  c o n s is te n t  w ith  a te n d e n c y  for th e  cu rv es  o f  a fa m ily  to  

c o n tra c t s lig h t ly  a s t,  o r  x / M ,  in crea ses, s in ce  th e  a b so lu te  v a lu e  o f  d im in ish es  w ith  

in crea se  o f  r/A w h en  r/A is  large.

#  x /M  — 4 0 ,  A =  0 - 2 0 8  cm . x  

+  x / M  =  8 0 ,  A =  0 - 2 9 8  cm . □  x /M  =  2 0 0 ,  A =  0 - 5 0 5  cm
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1-0 

0 - 8  

0 - 6  

9  0 4

0-2  

0

- 0-2

\

>
\

®  x / M  =  1 2 0 ,  A =  0 - 3 8 5  c m .

A T h e o r e t i c a l ,  b a s e d  o n  l i m i t e d  s e l f - p r e s e r v a t i o n .

i

^  . . .

/  l r 2
c u r v e  I ,  9 ( r )  =  l 1 -

' * N

1
W vF

Y
 
S

 

\ _
_

_
_

_
_

- v > - ,

f '  - > „ < 7 . ' -  - : — —  ___ a L  4

VII ^  x j

M
I"

i

fcf*-—. s s . "  “J 

O-X---
- T .

r/A

F i g u r e  5. T r a n sv erse  co r r e la tio n . U  — 6 4 3  c m .s e c .-1 , =  0 -635  cm .

1-OrC

0 - 8  

0 - 6  

9 0 -4  

0-2  

0

- 0- 2

V -

%

V '

\  \

•  x / M  =  20, A =  0 1 4 1  cm . x x / M  =  80, A =  0-430 cm . 

+  x / M  =  40 , A =  0-272  cm . Q  x / M  =  100, A =  0-490  cm . 

®  x / M  =  60, A =  0*361 cm .

—  *

1 2 3 4 5 6 7 8 9  10
r/A

F i g u r e  6. T r a n sv e r se  c o rre la tio n . U  =  6 4 3  c m .s e c .-1 , — 1-27 cm .

/*00
I t  fo llo w s from  th e se  con sid era tio n s th a t  th e  area d im in ish es  w ith

roc J 0 roo
x /M ,  a n d  th en ce  th a t  th e  in teg ra l sca le  L ,  =  f d r  =  2 g d r ,  in creases w ith

Jo  Jo

x jM  less  rap id ly  th a n  d oes A. T h is  is born e o u t b y  d irect m ea su rem en ts  o f  L ,  th e
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552 G. K . B a tch e lo r  an d  A . A . T ow n sen d

resu lts  o f  w h ich  are sh ow n  in  figures 10 an d  11. F igu re 10 sh ow s ( )2 p lo tted

a g a in st x /M  an d  on  th e  basis  o f  sim ilar ev id en ce  D ry  d en  (1943) has rep resented  th e  

ex p er im en ta l v a r ia tio n  b y  a stra ig h t line . A t b est  th is  is  an  a p p rox im atio n , sin ce

#  x / M  =  20, A =  0*254 cm , ®  x / M  — 60, A =  0*546 cm .

4* x / M  =  4 0 ,  A =  0*42 l c m .  [•] 2nd so lu tio n  d ed u ced  from
lim ited  se lf-p reservation .

g 0-4

F ig u r e  7. T ra n sv erse  co rre la tio n . U  =  643  c m .se c .-1 , M  =  2-54 cm .

•  x / M  — 20 , A =  0*127 cm . x x / M  =  80, A =  0*316 cm . 

-f x / M  =  40, A =  0*210 cm . □  x / M  =  100, A =  0*360 cm . 

®  x / M  — 60, A =  0*267 cm .

F i g u r e  8 . T ra n sv erse  co rre la tio n . U  =  1286 c m .se c .”1, M  =  1*27 cm .

an  e x a c t  linear v a r ia tio n  w ou ld  im p ly  co m p lete  se lf-p reservation . I t  is  d o u b tfu l  

w h eth er  th e  v a r ia tio n  o f  L  w ith  x  ob ey s  a n y  sim p le  pow er law . F igu re 11 sh ow s th a t  

A /L  in creases m o st rap id ly  w h en  x fM  is  sm all, an d  is  co n sis ten t w ith  figures 5 to  8. 

T h e v a lu e  o f  A /L in  th e  final period  o f  d eca y  is  fou n d  from  (3*3) to  b e ^ ( 2 /n )  =
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D e c a y  o f  i s o t r o p ic  tu rb u len c e  i n  th e  i n i t i a l  p e r io d 5 53

a n d  th is  is  p resu m a b ly  th e  a sy m p to te  to w a rd  w h ich  th e  cu rv es  o f  figure 11 u lt im a te ly  

te n d . A  p o in t  o f  in te r e s t  a b o u t th e  m ea su rem en ts  o f  sca le  is  th a t  a t  th e  v ir tu a l orig in  

o f  th e  tu rb u len ce , L \ M  is  in  th e  n e ig h b o u rh o o d  o f  0-3 or 0*4.

1 0

0 * 8

0 - 6

0 - 4

0-2

0

- 0-2

V
\
\

•  experim ental. © =  1 — 0*36(r/A)^.
\

\
o

<

/
.

/<
$
>

'V

* *-— _ _ _
_

8  10 12 14 16 18 2 0

r/A

F i g u r e  9. T r a n sv e r se  c o rre la tio n . U  =  1286  c m .s e c .-1 , M  =  5*08 cm .  

x /M  =  20 , A =  0*316 cm .

V(2/7T) = 0 - 8

ta.

x /M

F i g u r e  10. V a r ia tio n  o f  sc a le  d u r in g  d e c a y .

l

— •
•

•

/

/

j L
+

H

— t|T — f *

k

A
v t i t

1 0 0  2 0 0  

x /M

F i g u r e  11. A

300

•  Rm  =  2 8 1 0 . +  R m =5 620 . ©  R M =  11250 . x  =  2 2 5 0 0 .XM
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554 G. K . B atch e lor  an d  A . A . T ow n sen d

(6) P r e d i c t io n s  a bou t

I t  w as s ta te d  in  I I  th a t  m easu rem en ts o f  g  w ou ld  h elp  to  esta b lish  th e  v a lid ity  o f  

on e o f  th e  tw o  a lter n a tiv e  d ed u ctio n s from  th e  p o stu la te  o f  lim ited  se lf-p reservation .  

T h e first so lu tio n , w h ich  g iv e s  a d eca y  la w  su ch  th a t  R x is  co n sta n t, m a k es no  

p red ic tion  a b o u t /  or g,  b u t th e  secon d  so lu tio n  g iv e s  a d eca y  law  su ch  th a t  R x ten d s  

to  a c o n sta n t to g eth er  w ith  th e  eq u a tio n

f "  +  +  (I +  T 2 sR\) f f  +  5/  =  0 (r <  l) ,  (6*4)

w here s  is  th e  sk ew n ess factor fou n d  in  I  to  be an  a b so lu te  co n sta n t close  to  0-39, 

an d  R x in  (6*4) rep resents th e  a sy m p to tic  v a lu e . T h e so lu tio n  o f  (6*4) can  be o b ta in ed  

in  th e  form  o f  an  in d efin ite  in tegra l an d  has b een  co m p u ted  for a n u m b er o f  th e  

v a lu es  o f  R x a t  w h ich  m easu rem en ts o f  g  w ere m ad e. C om parison o f  th e  m ea su

a n d  ca lcu la ted  cu rves o f  g as a fu n ctio n  o f  \Jr for  on e v a lu e  o f  is sh

a n d  is  ty p ic a l o f  com p arison s a t  o th er  R ey n o ld s  n u m bers. T h e a greem en t is  n o t  

good , p articu la r ly  w hen  it  is  reca lled  th a t  on e o f  th e  c o n sta n ts  in  th e  so lu tio n  w as  

ch osen  to  m a k e/o v A4 agree w ith  th e  v a lu e  fou n d  b y  d irect m easu rem en t (see  I  an d  I I ) . 

T h u s th ere is  reason  to  reject th e  secon d  o f  th e  tw o  a ltern a tiv e  d ed u ctio n s from  

lim ited  se lf-p reservation  an d  fu rth er  ev id en ce  g iv e n  in  §7  sh ow s th a t  th e  first  

so lu tio n  is  va lid .

(c) S o lu t i o n  f o r  s m a l l  v a lu e s  o f  R x

A  d ed u ctio n  from  th e  p o stu la te  o f  lim ited  se lf-p reservation  w h ich  is  co n s is te n t  

w ith  e ith er  o f  th e  so lu tio n s ju s t  m en tio n ed  is  th a t , in  th e  in itia l p er iod  o f  d eca y ,

/ ' + / ' ( |  +  ̂ )  +  8 / = °  (6-5)

for r  <  l, w h en  R x is su ffic ien tly  sm all. T h is  eq u a tio n  descr ib es th e  e ffect o f

o n  th e  sm aller ed d ies o f  th e  tu rb u len ce in  th e  in it ia l period. T h e  so lu tio n  w h ich  

m a k e s /  =  1 a t  \Jr =  0 is

f(ifr) = r M ^ d r . ( 6- 6)

T h e correspond in g so lu tio n  for g (fr )  can be o b ta in ed  from  (6-1) an d  n u m erica l v a lu es  

are sh o w n  in  figure 5. T h is  figure also  co n ta in s  th e  m easu red  v a lu es  o f  g  a t  th e  lo w est  

R e y n o ld s  n u m ber u sed  in  th e  correlation  ex p erim en ts. T h e a greem en t is  go o d  for  

r /X  <  1*5, e x c e p t  p erhaps for th e  m easu rem en ts c lose  to  th e  grid  w here  a ccu ra te  

v a lu es  o f  A are d ifficult to  ob ta in . T h e m easu red  v a lu es  o f  g  b ecom e n e g a tiv e  in  th e  

n eig h b ou rh ood  o f  r/A =  2 w hereas th e  so lu tio n  (6-6) is  everyw h ere  p o s it iv e ;  th is  

se ts  an  upper lim it  to  th e  reg ion o f  se lf-p reservation .

S om e d ep artu re  from  th e  so lu tio n  (6-6) a t  x [ M  =  200  m ig h t be ex p e c te d , sin ce  

i t  has a lread y  been  fou n d  th a t  th is  p o s itio n  is  s lig h tly  o u tsid e  th e  in it ia l period. T h e  

so lu tio n  ap p rop ria te  to  th e  final period  is o b ta in ed  from  (3*3) an d  (6*1) as

9
e —<r*/2A*) (6-7)
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an d  th is  cu rve  is  sh o w n  in  figure 5 for com p arison . T h e  d ep artu res from  th e  so lu tio n  

(6-6) a t  large v a lu e s  o f  x /M  are in  th e  d irec tio n  to  be e x p e c te d  from  a n  ap p roach  

to  (6-7).

T h e  v a lu e  o f  R x for th e  m ea su rem en ts  in  figure 5 w as 14-4, an d  th e  ran ge o f  ‘ sm a ll ’ 

R e y n o ld s  n u m b ers o f  tu rb u len ce  su ch  th a t  th e  in er tia  forces p la y  n o  p a rt in  th e  

d eterm in a tio n  o f  th e  correla tio n  fu n ctio n  ( o r / )  th erefore  h as it s  u p per lim it  near  

th is  v a lu e . H o w ev er , a t  th is  v a lu e  o f  R x th e  ra tio  o f  th

in  th e  b a la n ce  o f  m ea n  sq uare v o r t ic ity  is  o n ly  2*5, so  th a t  th e  in n er reg ion  o f  th e  

correla tio n  cu rve  m u st be le ss  se n s it iv e  to  th e  effect o f  th e  in er tia  forces th a n  th e  

v o r tic ity .

T h e p resen t ex p er im en ts  w ere n o t  d esig n ed  to  m a k e  p o ssib le  a  co m p arison  o f  

K o lm o g o ro ff’s th e o r y  o f  lo ca l iso tro p y  w ith  ex p er im en t, b u t th e  sin g le  m ea su rem en t  

o f  th e  fu n c tio n  g  m a d e a t  RM  =  4-42 x  104 (see  figure 9) m a y  be u sed  for th is  p u rp ose . 

R x is  here eq u a l to  58 so  th a t  th e  ra tio  o f  th e  v isco u s  to  th e  in er tia  e ffec t in  th e  

b a la n ce  o f  v o r t ic ity  is  eq u a l to  1*38. T h e th e o r y  p red ic ts  (K o lm ogoroff 1941; 

B a tch e lo r  1947) th a t  /1 5  r \  *
? ( r ) = l - S c ( ^ )  (6-8)

p ro v id ed  y < 4 r < ^ L ,  w here G  is  an  a b so lu te  co n sta n t, is  a  le n g th  o f  order A

a n d  L  is  th e  in teg ra l sca le  o f  tu rb u len ce . T h e  cu rve  o f  th is  sh a p e  w h ich  ap p ears to  

fit  th e  o b serv a tio n s  q u ite  w ell is

w h ich  is  q u ite  close  to  th e  v a lu e  1*5 su g g este d  b y  K o lm o g o ro ff from  a  co m p arison  

w ith  m easu rem en ts m ad e b y  D ry d en . O th er  p red ic tion s from  th e  th e o r y  ,of lo ca l  

iso tro p y  (B a tch e lo r  1947) h a v e  a lread y  b een  verified  b y  th e  ex p er im en ts  d escrib ed  

in  I .

I t  w as sh o w n  in  I I  th a t  th e  tw o  a lter n a tiv e  d ed u ctio n s from  th e  h y p o th e sis  o f  

lim ited  se lf-p reservation  lead  to  d ifferent p red ic tion s a b o u t th e  tr ip le  v e lo c ity  

correla tio n  fu n ctio n  k. A ccord in g  to  th e  first so lu tio n , th e  d eca y  law  is

is  c o n sta n t, a n d  / 4  /  4 \

=  o  (7 - i)

for r  < 1 .  S o lv in g  (7*1) for k,

(d) L a r g e  R e y n o l d s  n um b e r s

g (r )  =  1 — 0 3 6

T h e p red ic tio n  (6*8) is  th u s  su ccessfu l i f

7. M e a s u r e m e n t  o f  t h e  t r i p l e  c o r r e l a t i o n

(7*2)

 D
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so  th a t  i f / i s  m easu red , k  can  be ca lcu la ted . On th e  o th er h an d , th

lea d s to  a d eca y  la w  w hich  m ak es R x ten d  to  a co n sta n t v a lu e , an d  to  th e  eq u a tio n s

r  + j f ' + ( i  + 0-23Ri ) f f '  + 5f= 0, (7-3)

0*46 f 00
*  =  ^ r J o  r f ' d f ,  (7-4)

w hich  can be so lv ed  to  g iv e  b o th  /  an d  k  in  term s o f  R x. B o th  so lu tio n s g iv e  th e  

correct v a lu e  o f  k%.

0 1 4 -  

0 1 2 -  

0-10-  

0-08 ■ 

0 -0 6 -
x

+

0 -0 4 -

0 - 0 2 -

x A

i

$

± L
0 5 20

r/A

F i g u r e  1 2 . T r ip le  co rre la tio n . +  E x p e r im e n ta l. 0  1s t  so lu t io n ;  

x  2n d  so lu tio n , b o th  d ed u ced  from  lim ite d  se lf-p reserv a tio n .

A  m easu rem en t o f  k  for variou s v a lu es  o f  r  th erefore  p rov id es a m ean s o f  ch oosin g  

b etw een  th e  tw o  a lter n a tiv e  d ed u ctio n s from  th e  h y p o th e sis  o f  lim ited  self-  

p reservation . F igu re 12 sh ow s m easu rem en ts o f  k  a t  x j M  =  40, for M  =  2-54 cm .,  

U  =  643 cm .se c .-1 , an d  w h ile  no grea t a ccu racy  is  cla im ed  for th e  m ea su rem en ts,  

th e y  m ak e it  clear th a t  th e  first so lu tio n  is  correct. T h e  fu n ctio n  k  ca lcu la ted  from  

(7-2) an d  (6-1) b y  nu m erica l in teg ra tio n  o f  th e  v a lu es  o f  g  m ea su red  under th e  sam e  

co n d itio n s is  sh ow n  in  figure 12 an d  has th e  sam e sh ape as th e  m ea su red  cu rve for  

r/A < 4. T h e ord in ates o f  th e  ca lcu la ted  an d  m ea su red  cu rv es differ in  m a g n itu d e  b u t  

th is  is  p rob ab ly  d u e to  th e  s e n s it iv ity  o f  th e  in teg ra l in  (7-2) to  an  error in  th e  v a lu e  

o f  A. C alcu lations o f  k  from  (7-3) an d  (7-4) w ith  th e  ap p rop ria te  v a lu e  o f  are sh ow n

in  figure 12 a n d  do n o t  g iv e  a cu rve o f  th e  correct sh ape. H en ce , from  th e  ev id en ce  

o f  th is  an d  p receding  sectio n , i t  m a y  be co n clu d ed  th a t  th e  in it ia l p er iod  o f  d eca y  

is  ch aracterized  b y  a d eca y  la w  su ch  th a t  R x is  co n sta n t an d  b y  th e  re la tio n  (7-1) 

b etw een  th e  d ou b le  an d  tr ip le  correlations.
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T h e m ea su rem en ts  o f  k  sh o w n  in  figure 12 h a v e  co n sid era b le  in tr in s ic  in tere st ,  

a lth o u g h  th e  a u th o rs  h o p e to  b e a b le  to  m a k e  m ore a ccu ra te  d e term in a tio n s . W h en  

r  is  sm a ll, k  is  n ecessa r ily  p ro p o rtio n a l to  r3, an d  th e  cu rv a tu re  e v id e n t ly  d ecreases  

to  zero  ra p id ly  as r  in creases. T h e  m a x im u m  v a lu e  o f  k  is  n ear  A =  2-5, an d  is  

fo llo w ed  b y  a  s lo w  fa ll to  zero as r  b eco m e la rge . T h e  m ea su rem en ts  o f  k  are e v e r y 

w h ere n e g a tiv e , w h ich  is  th e  b asis  for an  a ssu m p tio n  th a t  0 u sed  in  I I  in

th e  d ed u ctio n  th a t  a  co m p le te ly  se lf-p reserv in g  so lu tio n  m u st  occu r  w h en  th e  t im e  

o f  d e c a y  is  large.

T h is  p ap er w o u ld  n o t  b e co m p le te  w ith o u t som e con sid era tio n  o f  th e  p h y sica l  

p rocesses occurr in g in  th e  in it ia l p eriod  o f  d eca y , a lth o u g h  su ch  co n sid era tio n s can  

be li t t le  m ore th a n  sp ecu la tio n  a t  th e  p resen t t im e . T h e fu n d a m e n ta l d ifficu lty  is  

to  e x p la in  or d ed u ce  th e  law  o f  en erg y  d e c a y  fo u n d  for th is  p eriod . N o  a cce p ta b le  

d ed u ctio n  o f  th is  d e c a y  la w — e x c e p t th a t  b a sed  o n  th e  a ssu m p tio n  o f  lim ited  

se lf-p reserv a tio n , w h ich  m ere ly  tran sfers th e  d ifficu lty — h as y e t  b een  p u t forw ard . 

D im en sio n a l arg u m en ts  h a v e  b een  u sed  to  d ed u ce  th e  en erg y  d e c a y  la w  (T ay lo r  

1935; D ry  d en  1943), b u t  th e se  a ssu m e th a t  th ere  is  a  s in g le  le n g th  ch a ra cter istic  o f  

th e  tu rb u len ce  an d  th e  ex p er im en ts  h erein  sh o w  th is  to  b e u n tru e . S u ch  a rgu m en ts  

can  b e su ccessfu l if , a n d  o n ly  if , th e y  can  sh ow  th a t  th e  to ta l  a m o u n t o f  w ork  d on e  

a g a in st R e y n o ld s  stresses  crea ted  b y  th e  sm aller  sca le  v e lo c ity  f lu c tu a tio n s  is  

p rop ortio n a l to  w'3/A. S in ce  th e  d iss ip a tio n  o f  en erg y  b y  v is c o s ity  is  p rop ortio n a l  

to  v u rilA2, co n s is te n c y  o f  th e  tw o  ex p ressio n s lea d s to  R x =  c o n sta n t.

B u t  on ce  th e  d eca y  la w  o f  th e  in it ia l p er iod  is  a ccep ted , i t  is  p o ssib le  to  u n d er

sta n d — in  th e  m a th em a tica l sen se , a t  a ll e v e n ts— w h y  th e  p eriod  c a n n o t co n tin u e  

in d efin ite ly . F o r  in s ta n ce  i t  w as sh o w n  (see (6-3)) th a t

in  th e  in it ia l p er iod . N ea r  th e  orig in , «  1 — | ^ 2 so  th a t  i f  /  is  to  rem ain  sin g le -  

v a lu ed  an d  p o s it iv e , th e  a b o v e  in teg ra l ca n n o t d ecrease  b ey o n d  a  cer ta in  lim it.  

P h y s ic a lly , th e  term in a tio n  o f  th e  in it ia l p er io d  seem s to  be a co n seq u en ce  o f  a  

co n tin u a l narrow in g o f  th e  ran ge  o f  s izes o f  ed d ies com p rising  th e  en erg y  sp ectru m . 

A t on e en d  o f  th e  sca le  th ere is  th e  le n g th  A, w h ich  in creases as f t .  A-2 is  th e  m ean  

sq uare w a v e-n u m b er  o f  s in u so id a l v e lo c ity  flu ctu a tio n s, w e ig h ted  accord in g  to  

their co n tr ib u tio n  to  th e  to ta l en ergy , so  th a t  A is  rep resen ta tiv e  o f  th e  ed d ies o f  large  

w ave-n um b er, i.e . o f  th e  sm all ed d ies. A t  th e  o th er  en d  o f  th e  sca le  is  th e  in teg ra l  

sca le  L ,  rep resen ta tiv e  o f  th e  largest ed d ies. L  in creases le ss  rap id ly  th a n  A, so th a t  

th e  range is  co n tin u a lly  d im in ish in g . A  crisis d ev elo p s, an d  w h a te v er  it s  n atu re,  

th e  n e t  resu lt is  to  red u ce  th e  ra te  o f  in crease  o f  A.

T h e larger ed d ies lo se  th eir  en ergy  ch ie fly  th rou gh  th e  a c tio n  o f  th e  in ertia  term s  

in  th e  N a v ier -S to k es  eq u a tio n s b y  tran sfer  to  sm aller ed d ies, w hereas th e  sm aller

8 . I n t e r p r e t a t i o n  o f  t h e  i n i t i a l  p e r i o d

 D
o
w

n
lo

ad
ed

 f
ro

m
 h

tt
p
s:

//
ro

y
al

so
ci

et
y
p
u
b
li

sh
in

g
.o

rg
/ 

o
n
 0

4
 A

u
g
u
st

 2
0

2
2
 



558 G. K . B a tch e lo r  an d  A . A . T ow n sen d

ed d ies are d iss ip a ted  ch ie fly  b y  th e  a c tio n  o f  v isc o s ity . A t  th e  en d  o f  a lo n g  period  

o f  d eca y , w h en  th e  d isp a r tity  in  size  b etw een  th e  la rg est an d  sm a lle st ed d ies has  

b een  red u ced  a p p reciab ly  an d  th e  R ey n o ld s  n u m ber o f  th e  larger ed d ies has  

d im in ish ed , v is c o s ity  b ecom es a sig n ifican t fa cto r  in  th e  red u ctio n  in  en erg y  o f  a ll  

th e  ed d ies. I t  is  reason ab le  to  e x p e c t  a fu n d a m en ta l ch an ge in  th e  d eca y  law  th en  

to  occur. D u rin g  th e  tra n sitio n a l period  th e  in ertia  term s con tin u e  to  p la y  som e p art  

in  th e  tran sfer  o f  en erg y  a w a y  from  th e  larger ed d ies, b u t th e  R ey n o ld s  n u m ber is  

decreasing  w ith  t im e , an d  in  th e  fin al period  o f  d eca y  v isc o s ity  d o m in a tes  th e  

m ech an ics o f  th e  tu rb u len ce. T h e large n eg a tiv e  v a lu e  a t  th e  m in im u m  o f  th e  corre

la tio n  fu n ctio n  g  w h ich  h o ld s in  th e  fin al p er iod  (see eq u a tio n  (6-7) a n d  figure 5) is  

an  in d ica tio n  th a t  th e  ed d ies ex is tin g  in  th e  fin al p er iod  are m ore un iform  in  ty p e  

an d  size th a n  in  th e  in it ia l period.

T h an k s are d u e to  P ro fessor S ir G eoffrey T ay lo r  for h is stim u la tin g  in tere st  in  

th e  w ork. D u rin g  th e  course o f  th e  research  th e  au th ors w ere in  rece ip t o f  a  Sen ior  

S tu d e n tsh ip  (G .K .B .) a n d  an  O verseas S ch olarsh ip  (A .A .T .) from  th e  R o y a l C om 

m issio n  for th e  E x h ib itio n  o f  1851. C om p on en t p arts o f  th e  m easu rin g  eq u ip m en t  

w ere p u rch ased  w ith  m o n ey  p rov id ed  b y  th e  A ero n a u tica l R esearch  C ouncil.
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