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ABSTRACT. We study the asymptotic behavior in time of the solutions of a system of non-
linear Klein-Gordon equations. We have two basic results: First, in the L7 ®?) norm,
solutions decay like o=’ /2) as t»+» provided the initial data are sufficiently small.
Finally we prove that finite energy solutions of such a system decay in local energy

norm as t->+wo,
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1. INTRODUCTION

Qur main purpose in this work will be to study time decay properties of solutions

of the nonlinear system of Klein-Gordon equations

Elu+m2u+g2uv2 0 (1.1

[:] v + 02v + g?vu?

0 (1.2)

where x runs in R*® and t20. Here D denotes the d'Alembertian operator i.e.

]:] = % - A and A is the usual Laplacian operator. In (1.1)-(1.2), m, 0 and g are
positive constants. Such systems of interacting relativistic (scalar) fields were
suggested by a number of authors in the last two decades, among them we can mention I.

Seéal [1], K. J8rgens [2] and more recently, V.G. Makhankov [3].
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In section 3 we consider solutions of (1.1)-(1.2) in a suitable Banach space X and

3 /2

we prove, in particular, that ”u(-,t)”oo =0(t"3/2) and ” v(-,t)llw =0(t ) as
L ®) L )

to>+wo, provided the initial data is small enough in an appropriate sense. This, seems to

be the best possible rate of decay (in the norm ll llw) for finite energy solutions of
L

system (1.1)-(1.2). In order to obtain our result we use techniques which are essentially
in the framework of contraction type notions together with known facts of the linear
Klein-Gordon equation in three dimensional space.

In section 4 we study the local energy behavior as t>+» for finite energy solutions
of (1.1)-(1.2). The important work of C. Morawetz [4] was the starting point for our
analysis in this section. Appropriate adaptations of [4] as well as the work of W.A.
Strauss [5] to our case were needed. Unfortunately, we could not find the precise rate
of decay in this case, which we suspect should be 0(t=').

2. NOTATION AND PRELIMINARIES
In what follows we shall use standard notation: By LPGR3), 1<p<» we denote the

space of functions in R? whose pth powers are integrable, with the norm lkle= If(x)|pdx
L

and by L”®?) we denote the space of measurable essentially bounded functioms inR?,

with the norm (|f|(m=ess suplf(x)l. From now on, an integral sign to which no domain is
L

attached will be understood to be taken over all space R®. We denote by grad u the

2 2
gradient of u (in space variables) and 'grad ul = Z (ggi) . The radial derivative (with
j j

j=1
respect to the origem) wil} be denoted by u = %—- grad u where r=|x|. The Laplacian
2
operator is denoted by A= z é%; . For any positive integer k and 1%s3© we consider the
=t 773

Sobolev space Wk’SGR3) of (classes of) functions in L°(R?) which together with their

partial derivatives up to order k belong to L°(R?). The norm in Wk’SGR3) will be denoted

by ” ltk’s.

In case s=2 we shall write HkGR3) instead of wk’20R3). From now on, in order to
simplify the notation we will denote by C various constants (which may vary line to
line). All functions comsider in this paper are real-valued.

Since the system (2.2)-(1.2) is reversible in time, we shall perform our estimates
only for t>0 and the same conclusion will be true for t<0. Most of the lemmas,especially
in section 4, are proved only for the case in which the initial data at t=0 belongs to
C:OR’) (that is, the space of C” functions defined in R® with compact support). By a
standard -approximation procedure the same conclusion will be true for finite energy
solutions.

Let us recall briefly some known facts concerning the linear problem: Consider the
Klein-Gordon equation

[j w+rmy=0 , xeR , te [0,0

(2.1)
w(x,0) = ¢, (x) , w (x,0) = ¢, (%)

2
where [j = ;12 -A and m>0. Then, we have the following estimate (see [6]):
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-3 /2

Twe,oll o s casd™ il oull 4 4+ 1ol 5, (2.2)
L W w

provided the initial data (¢, and ¢,) belong, say to C:GR’).

Now, consider the inhomogeneous Klein-Gordon equation

[j u + m?u

F(x,t) , xeR} , t e [0,

u(x,0) = 0 = ut(x,O)
where F e LY(0,T; B (R?) (] W2’1GR3)), then using Duhamel's principle and (2.2) we obtain
that
t -3 /2
I uG 0| s cf (1+]t-s|) ¢, , ,ds (2.3)
L 0 W
and
(t
|| uCe,0)] < CJ e, ds (2.4)
H3 9] H?

Let us define the space of functions which we will be using in the next section: Let

w(x,t) be such that, for each t we have that w(+,t) e H*(R®). We consider the norm Il ]E
defined by
Folf = se €l w0 [+t uc, 01, 2.5)
t20 W
Let

X = {(u,v) such that u(e,t),v(+,t) e H(®?) and ]lu]k < 4o, ” VIB < 4o}

In X we consider the norm “l(u,v)“lz=l|u|g+||v|g. Clearly, X is a Banach space with the

norm “ (°,-)“|. Now, we indicate some simple lemmas which will be use in the next
section
LEMMA 1. Let (u,,v,), (u,,v,) e X, then

2—
1

.y
1722 3

[oyvi-u,vill o+ fluyv cll wymu, It vy Iy vyl Llbvyll 1e
H3 W’ W H3

+ CII V=V, ”D[“ u, “w1 ’w{” V1IL>+“ Va ”D +
s ol vyl o llva il 1
H3 W W’

PROOF. Since H3(R®) is an algebra, then, for each t, ulvi—uzvi e H*(R3). The

triangle inequality implies

Ilulvi-uzvill < ll(u1_u2)vzil +” uz(vi—vi)]l (2.86)
B H? H?

Using the Leibnitz's rule and the imbedding H’GR3)C..ﬂ»OR3) we obtain



474 J. FERREIRA and G. P. MENZALA

IA

[ €y, o2 ||
H3

cll o ot va I il i vall )

and

In

[ <vi—v:>||H3 s ¢l vy-v, Il v, Hw y ot vyl va [p Nl w, “H,{ Il vill yet
vl W31
w 3

which together with (2.6) implies that we got the desired bound for the first term on
the left hand side of the lemma. The estimate for the term “ u, v -u, ” 3 p can be done
similarly.

LEMMA 2. Let g21, r>0 such that rq>1, then, for any t>0 we have

r(1+]t—sl)-r(1+s)—rq ds £ c(1+t)" "
0

PROOF. See [7].

3. DECAY AS t-+x FOR SMALL DATA

In this section we present a result concerning the asymptotic behavior for
solutions of (1.1)-(1.2) in the space X and small initial data.

LEMMA 3. Let (u,,v;), (u,,v,) e X and p>0. Suppose that “l(ul, 1)l” <p, “’(uz,v ) <e.

Define the nonlinear maps Nm and N0 by

(]

t
—g? —y.,t— 2
g [ JRm(x y,t s)ujvjdyds

N [u.,v.)(x,t)
v 0 (3.1)

t
-g2| |R_(x-y,t-s)v.uldyds
gJJO— Y JJy

Nc[vj,uj](x,t) o

j=1,2, where Rm and R0 denote the Riemann functions associated with the linear Klein-

Gordon operator[:j +m2I and [] 4021 respectively. Then
a) ||Nm[u1,v1]—Nm[uz,v2]|B s 2 || (uy -, yvy v ) ||
and (3.2

b) ” Nc[vl >Uy ]_No[vz > U, 1 “D s Cp? ”I (ul Uy V1TV, ) ”l

PROOF. Since H3 (R®) is an algebra then it follows that for each t, ulvi—uzvzeH3GR3).

Using the definition and (2.4) we obtain, for each t:

t
” Nm[ulvl ]'Nm[uz sV, ] ”H3 S CJO” u1V2 —u, v} ”H3ds

By lemma 1 it follows that

[ ot ds < cll o, n,)[ hwlfy ety vl adse
cell vymws It v el v ) ay gevcl v, ol o bl
+” v, “W1 ’m]ds < C“‘ll—“z ”D”vl I[];"C”‘ﬁ_vz “D[ IileD"’“ Vs “D] H u, “D
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Thus
||Nm[u1,v1]-Nm[u2,v2]||H3 < CDZ[|IU1‘“z|h+|IV1‘Vz|B] (3.3)
Using the definition and (essentially) (2.3) it follows that

-3 /2

t
||Nm[ul,vl]—Nm[uz,vz]luI’m < CJ0(1+|t—s|) ||u1v2—u2v§|u3,‘ds

By lemmas 1 and 2 we deduce that

t
J (1+|t—s‘)-3/2||ulvi—uzv§|l3 (s = {C|lu1-uzlhl|vllg+
0 W’
t -1 /2 -3 /2
+cl] vl-vzlg[<||vllb+llvzlg>lluzlgl}f (1+e-8)7 " (149)7 M as
0
0oy L vy e vmv, o Iy v el v, 33

Consequently

o)™ N T vy 38 Ty v, T s 02 U] o, fl+ ] vyv, [ (3.4)
w »

Combining (3.3) with (3.4) we conclude item a). The proof of item b) is done exactly in
the same fashion.

LEMMA 4. Let uo(x,t), vo(x,t) be solutions of the free Klein-Gordon equations

[] uo+m2uo=0 and [j v0+02vo=0 respectively with initial data at time t=0 so that

(uo,vo) e X. Let us consider the sequence {(u(n),v(n))}: defined by (u(o),v(o))=(uo,vo)

and =0

Ylnst) T Yt Nm[u(n)’v(n)]

Vns1) T V0 NO[v(n)’u(n)]
for n=1,2,... where Nm and NG were defined in (3.1). Then (u(n+1),v(n+1)) e X for all
n=0,1,2,...

PROOF. The proof is done by induction. It is enough to prove that
N 1 . i
( m[u(n)’v(n)]’ No[v(n),u(n)]) e X provided that (u(n)’v(n)) e X. But this was already
done during the proof of lemma 3. Consequently the conclusion of the lemma holds.

Now let u, and v, as in lemma 4 with initial data

Ju
u (5,0 = 4,0, =2 (0 =4, (),

v
vo(x,0)=w1(x) and Tﬁ? (x,0)=y, (x) such that ¢.,P. e C:GR’), j=1,2. Using (2.2) we can

> say ”!(UO,VO)‘dipo where

estimate the norm “I(uo,vo)u
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0<op = crll¢llL3+H ¢ll&4,1+H ¢zle+ll¢zlL3,1+H wllL3+llwllk4,1+

+!lwz|L2+llw2lk3,11

On the other hand, let us choose p>0 small enough so that p? < where C>0 is the

2V2 ¢

constant which appears in the right hand side of inequality (3.2).

THEOREM 1 (Decay for small data). Let ¢j, wj e C:GR’), j=1,2 be chosen so that

p . . . ® . .
<0 £ = .
] po_ 5 Then, the sequence of sucessive approximations {(u(n),v(n))} defined in

n=0
Lemma 3 converges to a pair (u,v) e X, which is a solution of (1.1)-(1.2) such that

u(x,0) = ¢,(x) , ut(x,O) =¢,x) , v(x,00 =y, (x) , vt(x,O) =, (x)

In particular, we have that ” u(-,t)“ miC(Ht)_s/2 ilv(-,t)||m§C(1+t)—3/z.
L L

PROOF. First we will prove by induction that ”,(u(n),v(n))”‘§5 for all n=0,1,2...
If n=0 this is trivial. Suppose that H|(u(n),v(n))”|§5. Using the definition of Ulnel)

and v(n+1) we obtain

llu(n+1)(°,t)lgg+“ v(n+1)(°,t)ll;3 < 2(||u0(°,t)|23+llv0(°,t)l£3)+

20 Nyl gy v oy 10 I+l gty u 1ol ) (3.5
H3 H3
and

3
(1+1) [“u(n+1)(-,t)l|;1,°°+[|v(n+1)(-,t)||;1’oo]§

2040 [ u Lol #llv, Caolf | s
W’ W’

2 2
+2(] Nm(u(n)’v(n))lL3,1+” NO(u(n)’v(n))|L3,1] (3.6)

From (3.5) and (3.6) we conclude that

2 2 .2 2
Ity Y eaay I < 2l o v I +2¢e82) Il oy v I s

= 2
< 2(%) + 2(—ﬁ:) b2 < p2
2v2

because our choice of 5. This concludes the proof of our claim. For any positive integer

n we define
e0 = My Y e ™ @)l

Consequently we have engjf C[)zen 1 because of lemma 3 and the above observation. By

iteration it follows that en§(/5 cp)"” eOSZ_ne . Now, let k>n. Using the above

o
observation we conclude that
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2—n+1[1_2n—k—1]e° > 0

[}

I € iy ¥ 1y )=y 2 M

as k,n>+o,

Thus, there exist a pair (u,v) e X such that (u(n),v n))->(u,v) in X as n». Obviously
”!(u,v)l”gb. Thus, by lemma 3 it follows that ilNm[u(n),v(n)]—Nm(u,v]|k+0 as n+® and
||No[v(n),u(n)]-Nm[v,u]|B+O as n»». Consequently (u,v)=(u°,vo)+(Nm[u,v],Nc[v,u]) so
that the pair (u,v) is a solution of system (1.1)-(1.2).
4, LOCAL ENERGY DECAY

In this section we consider finite energy solutions of the system (1.1)-(1.2)
without our previous assumptions of smallness on the initial data.

We shall concentrate our attention on the local energy EQ(t) associated with the

pair (u,v):

2 2
EQ(t) = %'J [ui+‘grad u +m2u2+vi+ grad v| +02vZ+g?u?v?ldx (4.1)

where  is a bounded region of R?®. In many practical situations § can be assumed be a
ball. We will show in this section that under suitable assumptions on the initial data
of the system (1.1)-(1.2) then EQ(t) approaches zero as t+®,

Our analysis is based on the work of C. Morawetz [4] where she studied a single
nonlinear equation. First, we present an existence result: Let us consider the space

Y=H'@L2@H'@L? (R’) and the matrix differential operator A given by

0 1 0
-m2

A A-m 0 0
0 0 0 I
0 0 A~c?2 0

We can rewrite (1.1)-(1.2) with u;=u, u,=u ., V=Y and Vv,=v, as a system of four equations

1
of first order in time

do
qr = A0+ N() (4.2)

where @:(ul,uz,vl,vz)T, N($)=(0,-g2u v2,0,-g2v u2) " (here ( )" means the transpose of
( )). Clearly A is skew-adjoint with domain D(A)=H?@H1@H2@HI(R?).
LEMMA 5. For any ¢,Y e Y we have

| N@)-neny |l < c(ll¢|k,|lwlk)|l®-wlk

where C is an increasing function of norms ll@lk and ” Wlk.
PROOF. Let @:(ul,uz,vl,vz)T and W=(ﬁ1,62,51,52)T e Y. Since HI@®?) is an algebra

then N(®), N(¥) e Y. The triangle inequality implies that
I w@ -8 [l=ll g2, vi-g2a, 52 1F 4 || g2v,03-g29,52 IF , s28* | Cuy-i,0v2 [F, +

+2g““ Gl(§§—v§)|E2+2ghllvl(ui—ﬁ§)|€2+2g““ (Gl-vl)fﬁ”z2
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Holder's inequality followed by Sobolev's inequality give us
I 8@-8@ |y 5 cll uy=iy gl va sl va llga Ol g lhgael] 6y [y} 3+
sl vy, g O e I 8y lga Ol v el 9 lha 25 ctil el b el 2711 o-vll,

LEMMA 6. a) N: D(a)+D(4) and b) [av(@-Neeny [l scclioll,, Il holl,, k¥ L) [lae-a¥ |l
for all 9,¥ e D(A).
PROOF. Item a) is trivial. Let <I>=(u1,u2,v1,vz)T and W:(GI,GZ,GI,GZ)T belonging to

D(A). A direct calculation gives us

lac@-ne [f = g*ll u,vi-5,72 [fave" Il viud-5,8[Fa <

A

26" || (uy-i)v [fue2e® ] &, G3-v2) [Fav2g || vy -9 [

26" || v, &2 -uD) [ (4.3)

+

We use HYlder's and Sobolev's inequality to obtain
| Cuy=av2 e s cll ao-avll |l A@IQ
5y @t e s cll aocavllrcll sl | elly cll avllel] vl <l ¥l Cliell s vl
| (v1=50)8 [l < cf| ae-av|l || av[f
| vy @i-udd flgn = clf av-av|lLecll wli+[l oll) (Il aoll+ 1l olk >+ 1] ofl, cllav [l +lle]l)

Combining the last four inequalities with (4.3) we conclude the proof of the lemma.
THEOREM 2 (Global existence). Let the initial data at time t=0 for the system (1.1)-
(1.2) belong to the subspace D(A)=H2@H'®H2@H' (R*). Then, there exist a (strong) solution
of (4.2) for all time t20.
PROOF. According to Segal's theorem [6], lemmas 4 and 5 imply that there exists a
unique local solution of (4.2) defined in a maximal interval I={0<t<Tmax§+w} of

existence. Now, let us write (1.1)-(1.2) as

[j u + m?u = f (4.4)

[j v +0 2v

h (4.5)

where f=-g?uv? and h=-g?vu?. We can use the linear theory: Multiply (4.4) by u, and (4.5)

by v, Next, integration in the whole space give us

4 [u?+]|grad u|2+m2u7]dx = (fu dx
dt t t

N =

(4.6)
l_ll. 2 z 2 2 -
3 IF J[vt+‘grad VI +02v? }dx = hvtdx
d

2
But J(fut+hvt)dx=- %T It Juzvzdx. Adding the identities (4.6) we conclude that

2 2
E_(t) = % J[ui+|grad u| +m2u2+vi+|grad vl +02v2+pg2u?v? Jdx = Constant 6.7)
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in the interval I. In particular, this implies that “ tI>(t)“Y is bounded for all t e I.
This concludes the proof of the theorem.

REMARKS. Using essentially the same procedure as above one can prove higher
regularity of the solutions provided that the initial data is more regular. If the
initial data belongs to Hj”QHjOHjHOHj (R?) then the solution pair of (1.1)-(1.2) will
belong to [C(I;HjHGR’))]z .

LEMMA 7. Let (u,v) be the solution of the system (1.1)-(1.2) with initial data
belonging to [C:GR’)]“. Then, for any T>0 and y e R?* we have

T
J [u? (y,t)+v2 (y,t)]dt £ CE_(0)
0

where C>0 is independent of T and Ew(O)=E‘RS (0) is given by (4.1) with Q=R3,

PROOF. Let y e R3. For any xXZy let us denote by r=lx—y| and ;—r = %-L) grad. We
consider Morawetz's multiplier M(u) = g—z + % . Multiply (1.1) by M(u) and (1.2) by M(v).

Adding those two expressions we obtain after some calculations

0 = ( [:l u+m? u+g2uv? )M(u)+( D v+02v+g2vu? )M(v) = % +divB +D (4.8)

where A = utM(u)+vtM(v)

2 2 2 2 uz  vZ. (x-y)
B = [m2u2+02v2+gzu2v2+lgrad u| +|grad v] - up-vi- - r_2] T:L _
-[M(u)grad u+M(v)grad v]
and
p-1 [|grad U|2—u2+| rad v|2—v2+ 2y2y2 ]
- lle +le i+g

Integration in R’ of the identity (4.8) give us

% JA(x,t)dx—fdiv[ (x-y) %]dx+JD(x,t)dx =0

Since D20 we obtain

% JA(x,t)dxw\ZTm2 (y,t)+2mv2 (y,t) £ 0

Integration from t=0 to t= T>0 gives us

T
J [uz (y,t)+v2(y,t)]dt ¢ _21—‘” J[A(x,O)—A(x,T)]dx (4.9)
0

Let us estimate [A(x,t)dx. The following simple inequalities are useful:

(x-y)u?
xrjzyu)

2

tZM(u)ut < +u

Iay

[=4
o

.
—

H,C,.,

L

+

+

c

= div +u’
r? t ( t

—_ 2
£2M(v)v, < div((x—y)v—) +vi o+ v
t Y t
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Thus, for any t O we have

A

2 yu? +v2 +v2 < 6.10
ifA(x,t)dx J(ur+ut+vr+vt)dx < 2E_(0) ( )
From (4.9) and (4.10) we obtain the conclusion of the lemma.

LEMMA 8. Let w: R® +R be a C! function and y e R*. Then

2
a) w%élgrad w(x)l -w;(x) for any x such that [x—y|=r. Here wT(x)=T(x)'grad w(x) and

)

wr(x) = Sfiz— grad w(x) where t(x) denotes a (unit) tangent vector at x.
, 3
b) lgrad w(x) | 532 wi (x) for any x e R® where 7,,7T, aod T, are (unit) tangent vectors
to the spheres S ={¢ e R® such that |£ 5 | [x—Ej, j=1,2,3 respectively, for some

convenient cholce of £,,€, and &,.

PROOF. Given T(x) let us choose another vector T, so that {T(x),To,n} are ortho-
normal. Here n denotes a vector in the direction of the radious r=|x—y|. Now, it is
clear that m;+w;(x)§|grad m(x)lz. This proves item a). Let 5., j=1,2,3 and three planes
PJ’ j=1,2,3 so that x e P;[] P, [] P, and their normal vectors are X-E s, J=1,2,3
respectively. Let T,(x) e P, be (unit) tangent vectors to the spheres
Sj={€ e R? such that |€—£.|=Ix-£.l} so that they are linearly independent and the angle
between grad w(x) and T1.(x) is less or equal to 7/2. Then we can write grad w(x) as a
linear comblnatlon of the T (x)'s, j=1,2,3 with nonnegatlve coefficients. Therefore
|grad w(x) |z z W, (x) which implies |grad w(x)| <3 z w? (x).

=t =1 7

LEMMA 9. Let (u,v) be the solution of system (1.1)-(1.2) with initial data at time

t=0 belonging to [C:GR3)]“. Let m,021 and RCR? a bounded region, then for any T>0 we

have

T 2 2
a) J J [lgrad ul +|grad vI +g?u?v? ]dxdt £ C(Q)E_(0)
0Q

T
b) J Eq(t)dt < C(DVE,(0)
0

where C(f)) is a positive constant independent of T.

PROOF. a) We use identity (4.8). Integration in the whole space gives us, for any

y e Q:

J D(x,t)dx £ 2ﬂ[uz(y,t)+v2(y,t)]+JD(x,t)dx = 51 [A(x t)dx
Q

Therefore, integration in time from t=0 to t=T implies that

T
I { D(x,t)dxdt < CE_(0) 4.11)
0o/Q

because we have used our previous estimate (4.10).

Let d=diameter of {2 and p>d2r=|x—y|. Thus, from (4.11) we obtain

T
lJ f £D(x,t)dxde < CE_(0)
°Jolg
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Therefore

T 2 2
J J [lgrad ul —u;+|grad v| —v;+g2u1v2]dxdt < CpE_(0) (4.12)
(VY]

Now, we use lemma 8 with y=€j, j=1,2,3. By part a) and (4.12) we obtain

T 3
J J {Z (u2 +vZ )+g2u?v? }dxdt £ CpE_(0) (4.13)
T, T, ©
0’8 i

Using part b) of lemma 8 and (4.13) we conclude the proof of part a).

It remains to obtain a bound for

T
f J {m? u? +u2 +02 v2 +v2 }dxdt
o'a t t

Let a>0 and h: [0,#) >R a C  function such that 1) h(0)=o, 2) h=0 for all s2o and
3) h'(s)<0 for all O<s<a.
Let y e R® and x#y. Denote by r=|x—y|. First, we multiply identity (4.8) by h(r) and then

we integrate in space to obtain

0 = 2mafu? (y,t)+v2 (y,t)] - Jh'(r)B- iz%zl dx + é% Jh(r)A(x,t)dx +
+ fh(r)D(x,t)dx (4.14)
The following identity can be easily verify
(x-y) 2422 : : 2 2 4m? u2? u? vz
e 2T _ — 022 y2m e g2 —— —
2B - g2u?v?+|grad u, +’grad vl 2ur 2vr+m u?+02vi-uf- = ~vi~ -
2uu 2vv
. S (4.15)
r r

Substitution of (4.15) in (4.14) and then integration in time from t=0 to t=T implies

1 (T 4 2uur 2vyr
- L ' 2 4y2 4 (— - 2 ,g2y? -
5 JOJh (r)[ut+vt+(1_2 1) (n+u2+02v2)+ — + ]dxdt

T T
Zﬂd[ [u2(y,t)+v2(y,t)]dt—JOJh'(r)[g2u2v2+|grad u|2+
0

+

|grad vlz—Zu;—Zv;]dxdt+Jh(r)[A(x,T)—A(x,O)]dx+

+

T
J Jh(r)D(x,t)dxdt (4.16)
0

Now, using lemma 7, (4.10) and (4.11) we deduce from (4.16) the following estimate

(T ., 2uu 2vv
-J E?§£l [u§+(;%-—1)(m2u2+02v2)+v2+ z L1
0

+
T

——ldxdt £ CE_(0)+

+C Max Ih'(g)lJ [g2u?v?+|grad u|z+|grad V‘z-u;—v;]dxdt Lan

0<E<q 0 |x-y|<a
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Finally, we use (4.12) to obtain from (4.17)

T
_%IJh(ﬂ[@+u)+G—w)-mHW+dm m”@+é%;l—&)wﬂ%-

~v2]dxdt £ CE_(0)+C Max [n' (£)|[C(DE_(0)

0<E<a
Let us choose a=Min{‘Z—" } =a . Thus, if r=Ix—y|§a it follows that
V2 m /— o
T
—[ j h'(r)[u%+vé+m2u2+02v2]dxdt < C(Q)Em(O) (4.18)
|x-y sa

In particular

T h' (x)
—J J — [u2+v2+m2u2 +02v2 Jdxdt < C(QE (0)
2 t t o
|x-y|<a/2

or

T
Bj [ [u§+vi+m2u2+02v’]dxdt < CE _(0) (4.19)
|x-y|sa/2

where B = Inf (-h'(r)) > 0O
r<o/2

Combining part a) with (4.19) we obtain that

T

J E_ (0)dt S C(DE_(0)

o ®
[}

where Qa={x,|x-y|§a/2}. Since 2 is a bounded region we can cover it by a finite number
of such balls. This implies part b).

THOEREM 3 (Decay of local enmergy). Let (u,v) be the solution of system (1.1)-(1.2)
with initial data belonging to [CzGR3)]“ and m,g21. Let Q <R*® be a bounded region, then

totwo to>+oo t>+

a) Lim J u? (x,t)dx = Lim J v2(x,t)dx=0 and b) Lim E_(t)=0
Q Q

PROOF. Let T>0. We know by lemma 7 that

T
J J (u2+v?)dxdt < C(QE (0)
0/q ®

Letting T++x we obtain

[ ( (u2+v?)dxdt < +o (4.20)
OJQ

Let G(t):(Q(u2+v2)dx. We also have
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i = < 2 2 2 2 <
It G(t) -’ZIQ(uut+vvt)dx < Ig(u +ul+v +vt)dx < CE_(0) 4.21)

From (4.20) and (4.21) it follows that Lim G(t)=0. Consequently, Li:J uzdx=LimJ v2dx=0,
t>4 t Q oo’

Let us look back to the inequality (4.19) and let us fix a,,a, so that 0<a1<a2<ao. We
define F(t) as
0’2

F(t) = J Eo (t)da (4.22)
o, o

where Qa={x eIR’/lx-y]éu/Z}. Integration in time of (4.22) implies

T 2 T
J F(t)dt = J daJ E, (£)de < CE_(0) (0,-0:,)
0 o 0 o
Q0
Therefore J F(t)dt<+w, A simple calculation shows that
0
4 F(o) s 1 (u2+u2+v2+v2)dx < E (0)
dt -2 t r t = Yoo

alélx—y]§a2

which together with the above observations implies that Lim E_(t)=0.

tr400
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