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1 Introduction

Data strongly indicates that our universe has large-scale causal horizons [1, 2]. In particular,

if the scale factor of the universe is accelerating in the asymptotic future, our observations

are bounded by a cosmological event horizon. Thus we have causal access to only a portion

of the universe.

Physics in the presence of horizons is subtle [3, 4]. One must be careful to distinguish

statements with operational meaning in terms of physical observation, a point strongly

expressed by the idea of complimentarity [5, 6]. In this paper we formulate physics in

FRW spacetimes in a reference frame of a physical observer, a coordinate chart covering

only events in view of the observer [7]. We show how to map calculations in co-moving

coordinates into the frame.

In searching for a quantum formulation of physics in cosmological spacetimes, a natural

question to ask is what happens to localized information as it nears the edge of observa-

tional range. The answer is known when spacetime is static: the observer sees localized

information like a charge or string spread exponentially fast or “fast-scramble” across the

horizon [8–10]. In the context of holography, an equivalent statement should hold in the

dual. Locally interacting degrees of freedom are only known to be capable of spreading

information at power-law rates, so this strongly suggests that the scrambling of information

on the horizon is controlled by non-local processes at the microscopic level [10].
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Figure 1. Point charge Q projecting its image onto the horizon of a co-moving observer O. This

picture represents the situation on a spatial slice in the observer’s frame at some fixed observer

time τ (section 3).

The horizons present in nature are not static: black holes accrete and evaporate, and

the cosmological horizons move in response to the expansion of the universe. In this paper,

we consider the same question for horizons which move in time. We calculate the scrambling

rates for point charges propagating freely near arbitrary cosmological horizons.1 We show

that information is scrambled onto the apparent horizon of a co-moving observer if the

scale factor is accelerating. Conversely, when the universe is decelerating, the observer

sees the charge “de-scramble” as it re-enters the horizon. The rate of (de-)scrambling is

slower than exponential except during de Sitter-like expansion. This suggests that one may

be able to describe the observations of a physical observer in terms of locally interacting

degrees of freedom.

The paper is organized as follows. We state the problem precisely and review what

is known in section 2. In section 3 we construct the observer’s frame of reference, and

develop the coordinate transformation from co-moving coordinates. Section 4 exhibits the

scrambling rates of an inertial charge falling near the apparent horizon; we give the general

answer and study some physically relevant examples. We state our conclusions in section 6.

For the convenience of the reader we also review the causal structure of flat FRW universes

(in co-moving coordinates) in appendix B.

2 Review and statement of the problem

Scrambling is the process by which some localized information spreads out into a larger

system. Early studies (e.g. [8, 9]) considered the example of the electric field of a point

1In particular, we assume that the dynamics remains free even when the charge is behind a horizon.
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charge falling onto a static event horizon. It was found that the electric field of the charge

spreads exponentially fast across a stretched horizon placed a very short distance away from

the event horizon. Later it was pointed out that the same conclusions held for charges freely

propagating in the near-horizon region of de Sitter space, as depicted in figure 1 [10].

The scrambling process is intimately tied up with unitarity. One of the original motiva-

tions for its study was to understand how a quantum mechanical system obeying unitarity

can “thermalize” a local perturbation [11]. Quantum mechanically, we say that a small

subsystem of a system in a pure state is scrambled as the subsystem becomes entangled

with the rest of the system. In a local quantum field theory, this process occurs at a power-

law rate in time. The simplest example to understand is diffusion, which in d dimensions

gives a scrambling rate ∼ td/2.

Susskind and Sekino therefore conjectured in [9] that the exponential “fast scrambling”

on the horizon is controlled by non-local processes at the microscopic level, for example

some kind of matrix quantum mechanics. An explicit quantum fast-scrambler was con-

structed as a quantum circuit in [12]; attempts at more physical examples can be found

in e.g. [13, 14].

We do not currently have an acceptable unitary quantum theory in the presence of

causal horizons, except in anti-de Sitter space [15] and in some flat backgrounds [16]. In

cosmological spacetimes the situation is worse: even the correct choice of observables is

unclear (see e.g. [17, 18]). In the semi-classical approach typically used, the observables

are taken to be correlation functions of field operators, say on a spacelike slice Σ in co-

moving coordinates ds2 = −dt2 + a2(t)dΣ2. Depending on the scale factor a(t) and spatial

curvature of Σ, a physical observer may not have causal access to all of Σ. Therefore the

operational meaning of unitarity in such a formulation is unclear.2

The purpose of this paper is to take steps towards a more physical formulation of

observation in cosmological spacetimes. We focus on the scrambling of point electric charges

for definiteness. The most straightforward approach to unitarity would be to only consider

observables which are causally connected to a physical observer. In order to implement

unitarity in this sense, we show how to use recent results of Klein and Randles [7, 22]

to construct a coordinate system which covers precisely the set of events that can be

observed in principle by an (immortal) inertial observer in an arbitrary FRW spacetime.3

We show how to map tensorial quantities (like the field strength of a charge) known in FRW

coordinates into the observer’s frame. Thus we can adapt the successful calculations already

understood in co-moving coordinates and study them in terms of physical observations

without reference to causally disconnected regions of spacetime.

2Of course, one can implement time evolution through a unitary operator U generating dynamics between

slices [19]. But this is pure mathematics: physically, unitarity is the requirement that the sum of the

probabilities of all possible outcomes of any given measurement is unity, and no observer can measure all

of these correlation functions. (See e.g. [20] for an alternative view). The only reason one can get away

with this in practice is due to a lucky separation of scales between the inflationary and modern Hubble

parameters, Hinf/H0 & 1040, which means that to very good approximation we can view ourselves as a

“meta-observer” who can see all the modes relevant to the early inflationary period [21].
3If the spacetime is inflating arbitrarily into the past t → −∞ the coordinates only cover the observer’s

causal diamond.
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We ask what a co-moving observer sees as a point charge propagates freely near the

apparent horizon. The answer is simple and intuitive. We find that if the scale factor

of the universe is accelerating, the apparent horizon acts as a scrambler as the charge

passes through the horizon. The scrambling rate is exponential for exponential inflation

(recovering the result of [10]), but only power-law in general. Conversely if the universe is

decelerating, the images of charges which were previously scrambled across the horizon will

appear to coalesce back into a point followed by the charge re-appearing inside the horizon.

We call this phenomenon “de-scrambling”; it also generically occurs at power-law rates.

Put together, these results suggest that one may be able to model the “causal patch” of a

physical observer in a cosmological spacetime using locally interacting degrees of freedom.

3 Observer frame

In order to study things as seen by a physical observer, we will construct coordinates based

on a non-rotating frame of reference centered on his worldline [7, 22–26]. These coordinates

offer a number of technical advantages over co-moving coordinates. In particular, for a co-

moving observer in FRW spacetimes, Klein [22] has proven that these coordinates cover

precisely the causal past of the observer at future infinity, i.e. his past lightcone, if the

spacetime contains a big bang hypersurface. If the spacetime is inflating in the arbitrary

past, the coordinates cover the observer’s causal diamond, that is the intersection of his

past and future lightcones. Many quantities, like the metric or any other tensorial quantity

known in FRW coordinates, turn out to be reasonably simple to express.4

Consider some fixed cosmological spacetime described by a flat Friedmann-Robertson-

Walker metric,

ds2 = −dt2 + a2(t)dr2 + a2(t)r2dΩ2. (3.1)

In what follows we assume the scale factor a(t) is smooth and monotonically increasing,

and we will typically assume it asymptotes to a(t0) = 0 at the beginning of time, at redshift

z → ∞.5 In particular we do not need to assume the scale factor solves the Friedmann

equations.

To construct the Fermi-Walker coordinates, one considers a timelike observer O defined

by his worldline O(τ), with τ his proper time. We take spacelike slices at time τ to be

generated by the set of spacelike geodesics orthogonal to dO/dτ . Pick an event p. Consider

all spacelike geodesics through p. If p is sufficiently close to O, precisely one such radial

geodesic will orthogonally intersect O. Let τ denote the time of this intersection, ρ the

proper distance along the geodesic from O(τ) to p, and (θ, φ) its angular coordinates. Then

we define the frame coordinates or Fermi-Walker coordinates of p to be

xâ := (τ, ρ, θ, φ). (3.2)

4Much of section 3 follows [7, 22] closely; we thank David Klein for discussions on those papers.
5For a big bang cosmology this means the big bang hypersurface t = t0 (we often take t0 = 0). We also

consider cosmologies which are exponentially inflating in the infinite past t0 → −∞. Later we will drop the

smoothness assumptions to allow for phase transitions.
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In an FRW spacetime it is easy to see that such geodesics will originate perpendicular to O
and then begin travelling backward in cosmological time t, since proper spatial distances

decrease backwards in time.

In either FRW or frame coordinates we have a coordinate singularity at r = 0 where

the angular coordinates degenerate; in order to exploit the spherical symmetry of our

spacetime what we will do is work out the frame in the t − r plane, and re-instate the

angular coordinates at the end. Doing so, the metric expressed in Fermi-Walker coordinates

takes the form [7]

ds2 = gττ (τ, σ)dτ
2 + dρ2 +R2(τ, σ)dΩ2. (3.3)

Here

σ = σ(τ, ρ) =
a2(τ)

a2(t)
= (1 + z)2 , (3.4)

is a monotonic function of ρ which measures the cosmological redshift of the event located

at (τ, ρ). That is, σ = σ(ρ) is a non-proper length parameter for the geodesic originating

at O(τ), which runs from σ = 1 at O(τ) to σ = +∞ as the geodesic goes back toward the

infinity past t → t0. Also, R2 = a2r2/σ measures the proper area of the spatial spheres.

The metric coefficients have the property that ds2 is just the flat metric along O’s worldline.

In appendix A, we derive the metric coefficients and work out the transformation rules

for arbitrary tensorial quantities. Here we give the results needed in what follows. Let b

be the inverse of the scale factor, i.e. b(a(t)) = t. Define the function F by

F(τ, σ) =

[

b′
(

a(τ)√
σ

)

+ a(τ)I(τ, σ)
√

σ − 1

σ

]

, (3.5)

where I is the integral

I = I(τ, σ) = 1

2

∫ σ

1
b′′
(

a(τ)√
σ̃

)

dσ̃

σ̃
√
σ̃ − 1

. (3.6)

In terms of these quantities, the metric components in the frame are

gρρ = 1, gττ = −ȧ2(τ)F2(τ, σ). (3.7)

The metric components along the spheres also transform: we get

gθθ = R2(τ, σ) := a2(τ)r2(τ, σ)/σ, gφφ = R2(τ, σ) sin2 θ. (3.8)

Since these coordinates are designed to illuminate physics inside of a horizon, we pause

briefly to describe the causal structure defined by this observer. We review the causal

structure of flat FRW geometries in co-moving coordinates in some detail in appendix B.

The event horizon of an inertial observer O exists if and only if the integral rEH(t) =
∫∞
t dt′/a(t′) converges, see eq. (B.1), in other words if the universe is accelerating at least

as fast as a ∼ tα with α > 1 in the asymptotic future. The observer’s event horizon is the

hypersurface consisting of spheres along this curve in the t − r plane. The existence and

size of the event horizon at time t depend on the whole history of the universe in the future

– 5 –
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Figure 2. Causal structure of a flat FRW universe, according to an inertial (co-moving) ob-

server O. For simplicity we have plotted the situation in conformal co-moving coordinates

ds2 = a2(η)(−dη2 + dr2 + r2dΩ2), with the past η → −∞ truncated in the past-inflationary case.

Time runs from bottom to top, the radial coordinate increases outward from the observer, and we

have suppressed the spacelike S2 at each point.

of t. As demonstrated in [22], the frame coordinates are bounded by the event horizon;

if O does not have one then his frame covers the entire cosmology. One can locate the

frame’s boundary explicitly by transforming rEH(t) with (A.6), (A.9); if it exists it is at

infinite redshift σ → ∞.

The apparent horizon of O is determined locally in time.6 At any given time, lightrays

orthogonal to the sphere at a certain radius may appear to O to be stuck in time. That is,

at least one of the families of null geodesics orthogonal to the spheres will have vanishing

geodesic expansion, see appendix B. In co-moving coordinates these spheres lie along the

line rAH(t) = 1/a(t)H(t) and form the apparent horizon. To find the apparent horizon in

the frame, the easiest thing to do is notice that the condition that the expansion of the null

congruence with tangent field k vanishes, Θ = ∇kk = 0, is invariant under transformations

on the t− r plane. Thus we can locate the apparent horizon by solving

(

t

rAH(t)

)

=

(

t(τ, σAH(τ))

r(τ, σAH(τ))

)

(3.9)

to find the redshift parameter σAH(τ) at which the horizon resides. The apparent horizon

need not be generated by null geodesics. If the spacetime is static then the apparent

horizon coincides with the event horizon and is null. Generically however, the apparent

horizon can take any spacetime signature; in particular it is spacelike if the scale factor is

decelerating. It is this fact that allows us to make sense of charges passing through the

apparent horizon.

6The co-moving radius of the apparent horizon is the scale that enters the equations of motion of

cosmological perturbations, e.g. modes of co-moving wavenumber k “cross the horizon” when krAH = 1.
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4 (De-)scrambling

Scrambling is the propagation of local information, say a perturbation around some state,

as it interacts with the system at large. Holography suggests that we study the bulk physics

in terms of some kind of projection onto the horizon. The simplest classical implementation

is to note that, given the history of the universe and the Maxwell equations, the worldline of

a point charge and the electric field it induces on the horizon are equivalent pieces of data.7

In other words, we can trade the boundary condition for the solution at the classical level.

One can make it even more clear by defining the induced surface charge on the horizon:

then scrambling is the statement that the induced charge density spreads out in time as

the charge nears the horizon.

In various static black holes and in de Sitter spacetime it is known that the charge

induced by a geodesic point charge Q near the event horizon spreads exponentially fast

over the stretched horizon at a timescale M−1
BH or H−1, respectively. In both cases this can

be understood by considering a near-horizon limit given by Rindler coordinates [9, 10]. In

the Rindler case the timescale is the inverse of the proper acceleration required to keep an

observer O at fixed radial distance ǫ from the horizon, a ∼ 1/ǫ; fortunately Rindler space

has a scaling symmetry and one can send ǫ → H−1 at the end. In all cases the calculations

are simple because the metric is time-independent. Nonetheless this is suggestive that one

should consider the dynamics as viewed by some particular observer O.

What we will do is calculate the angular distribution of charge induced on the apparent

horizon of a co-moving observer O watching a point charge Q falling near the horizon.

One can interpret the calculations in a simple way, following [9, 10]. While the charge

Q is inside the horizon, it is just bulk data satisfying the Maxwell equations. While the

charge is behind the horizon, we instead think of the induced charge Σ as the holographic

representation of the information.

We define the induced charge using Gauss’ law. Suppose we know the electromagnetic

field strength F everywhere in the observer’s frame. Now consider a small area dA =

R2(τ, σAH) sin θdθ ∧ dφ on the horizon at time τ . The Gauss law d ⋆ F = ⋆J says that the

induced charge Qind on this area of the horizon is given by

Σ(τ, θ, φ)dA = (⋆F )θφ(τ, σAH , θ, φ)dθ ∧ dφ. (4.1)

In terms of the radial electric field we have

(⋆F )θφ =
√−gǫτρθφF

τρ =
√−gττR

2 sin θF τρ (4.2)

so we identify the surface charge density on the appropriate horizon

Σ =
Fτρ√−gττ

∣

∣

∣

∣

∣

horizon

. (4.3)

In evaluating this, one can use either the redshift parameter σ = σhorizon(τ) or the radial

frame distance ρ = ρhorizon(τ) of the horizon. Note that in deriving this formula, we are

only considering the electric flux on one side of the horizon, i.e. the side facing the observer.

7We are neglecting any interactions, in particular the backreaction of the charge and its field.
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If the metric is static then the horizon is both an event horizon and apparent horizon.

It is a null hypersurface and one finds that the induced charge is just a constant across

the sphere, at any time. In accordance with the membrane paradigm, in this case we can

regulate the calculations by looking at the stretched horizon, a timelike hypersurface placed

a small frame distance ρSH = ρAH,EH − ǫ from the causal horizon [6, 8].

To study the scrambling of a geodesic point charge we need its field strength. The eas-

iest way to get it is to write down the answer in co-moving coordinates and then transform

it to the frame. We give this calculation in appendix C. Consider a point electric charge

Q in an FRW universe. Suppose the charge is co-moving with an inertial observer O at

the origin, so it lives on the timelike geodesic (t, r, θ, φ) ≡ (t, rQ, θQ, φQ); without loss of

generality we take this along the cosmological z-axis θQ = 0. We can rewrite the parameter

rQ as the redshift σQ which O assigns to r = rQ at some reference time τ = τ0; that is, σQ
is defined by (A.9) as

rQ = r(τ0, σQ). (4.4)

Now, defining the comoving distance

∆r2 = r2 − 2rrQ cos θ + r2Q (4.5)

from the charge to the spatial origin, one obtains the frame’s radial electric field

Fτρ = Fτρ(τ, σ) = − Q

4π

σH(τ)F (τ, σ)

a(τ)

r(τ, σ)− rQ cos θ

∆r3(τ, σ)
. (4.6)

Here the co-moving radial coordinate is expressed in frame coordinates via (A.9), and we

defined the Hubble rate at frame time τ as H(τ) = ȧ(τ)/a(τ). There are also tangen-

tial electric and magnetic components, we give them in the appendix for completeness.

Plugging this back in to (4.3) we obtain

Σ = − Q

4π

σ

a2(τ)

r(τ, σ)− rQ cos θ

∆r3(τ, σ)

∣

∣

∣

∣

∣

σ=σhorizon

. (4.7)

From these expressions, one can see the general behavior of the angular distribution of

the induced charge (4.7). Using (A.9), (4.5) and (4.4), we see that the angular dependence

is varying in time according to b′(a(τ)) ∼ e−H0τ during exponential inflation or b′(a(τ)) ∼
τ1−α for a power law a(τ) ∼ τα. Clearly the behavior for a decelerating cosmology α < 1

is opposite that of an accelerating cosmology: accelerating epochs scramble information

across the horizon, and decelerating epochs de-scramble it back together. We now turn to

some physically relevant examples.

5 Examples

5.1 Cosmological constant (w = −1)

A period of exponential inflation is described by the FRW metric (3.1), with the scale

factor and its inverse

a(t) = a0e
H0(t−t0), b(a) = H−1

0 ln a/a0 + t0. (5.1)

– 8 –
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Figure 3. Top: co-moving and frame coordinates in exponential inflation with H0 = 1, a0 = 1, t0 =

0. Curves orthogonal to O (left vertical axis) are the spacelike slices of constant observer time τ

(left) or cosmic t (right), while the curves orthogonal to these denote constant radial distance. In

this case the lines of constant frame radius are also at constant redshift parameter (5.2). The thick

black and purple curves are O’s event and stretched horizon, respectively, and the blue curve is

the worldline of the charge Q. Bottom: angular distribution of induced charge on the stretched

horizon. In the left figure, blue means negative and yellow means positive induced charge.

It is convenient to leave a0 and t0 as free parameters so we can match to another cosmo-

logical epoch. From these formulas one can easily find explicit expressions for the frame

coordinates. Using (A.6), (A.7), and (A.9) we get

t(τ, σ) = τ −H−1
0 ln

√
σ, r(τ, σ) =

√
σ − 1

a(τ)H0
, ρ(τ, σ) = H−1

0 sec−1√σ. (5.2)
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In this example one can easily invert the time-independent function ρ = ρ(σ) to obtain

σ(ρ); plugging this into the formulas for t, r then gives an explicit coordinate transform

purely in terms of the frame coordinates τ, ρ. Although ρ can always be inverted like this in

principle, it is hard to find examples where one can do it in terms of elementary functions.

Using (3.3), (3.7), and our result above for r(τ, σ) we have

ds2 = −dτ2

σ
+ dρ2 +

σ − 1

H2
0σ

dΩ2

= − cos2(H0ρ)dτ
2 + dρ2 +H−2

0 sin2(H0ρ)dΩ
2.

(5.3)

In writing the second line we used the inverse of ρ. We have obtained the static de Sitter

metric, as one would expect [7]. As explained earlier the frame coordinates cover the static

patch of de Sitter space because the spacetime is inflating in the arbitrary past. One can get

the conventional form ds2 = −(1−H2
0R

2)dτ2+(1−H2
0R

2)−1dR2+R2dΩ2 by transforming

sinH0ρ = H0R.

Clearly the event, particle and apparent horizons all occur at σ → ∞ or H0ρ = π/2

as one expects. One can also obtain this result from (3.9). The proper area of all of these

horizons is constant and given by Ahorizon ≡ 4πH−2
0 . Indeed the proper area of any sphere

at constant redshift σ is constant in time, A(τ, σ) = 4πR2(τ, σ) ≡ 4πH−2
0 (σ − 1)/σ.

Now consider our falling charge again. We can read off the angular charge distribution

on the horizon using (4.7). Inserting (4.5), (5.2), and replacing rQ with (4.4) we get the

charge density:

Σ = − Q

4πH−2
0

σ
[

s− eH0τsQ cos θ
]

[

s2 − 2eH0τssQ cos θ + e2H0τs2Q

]3/2

∣

∣

∣

∣

∣

horizon

, (5.4)

where we defined s =
√
σ − 1, sQ =

√

σQ − 1 and set a0 = 1, t0 = τ0 = 0 for brevity.

Placing the charge on the observer’s worldline σQ → 1 gives the correct static Coulomb

field. We also have that for any σQ, the charge distribution on the true event horizon

σ → ∞ is just Σ ≡ −Q/4πH−2
0 as explained above.

The stretched horizon is a timelike surface very near the horizon. In this formula this

means we set σ = σSH < ∞ to some large but finite value. We can see what happens

in figure 3. While the charge is in view it induces a negative charge Qind = −Q across

the horizon. As it passes through the stretched horizon it induces a large spike of positive

charge which then spreads exponentially fast across the top half of the horizon, leaving an

overall neutral, symmetric dipole after about a scrambling time of order H−1
0 . For example

a charge today would take on the order of 1010 years to spread across an order one fraction

of the horizon while during primordial inflation it would have taken no longer than about

10−25 seconds (for Hinf ∼ 1GeV).

To connect explicitly to known results in the literature, we note that in the Rindler

limit, one simply sees the induced charge spread out exponentially for all time, because the

horizon is a plane. The picture here is refined by the constraint of the Gauss law: after the

charge passes outside the horizon it must induce a net charge of zero. This is consistent with

our identification of the charge density with the bulk data of the point charge Q: no matter

how we count things the total charge of the system is always Qtotal = Qbulk +Qhorizon = 0.

– 10 –
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Figure 4. Top: co-moving and frame coordinates in a kinetic-energy dominated big bang cosmology

with a0 = 1, t0 = 1, in the same notation as figure 3. In red we have also plotted some lines of

constant redshift parameter (σ = 1.01, 1.05, 1.2, 1.5, 2, 4, 10). The thick black curve is the apparent

horizon. Bottom: induced charge distribution on the apparent horizon, with rQ = 10.

5.2 Power law scale factors (−1 < w ≤ 1)

Another set of simple and relevant examples are the big bang cosmologies with power-law

scale factors a ∼ tα. A generic value of α gives transformation laws in terms of some

hypergeometric functions, but much of the physics is transparent. Because we want to

understand scrambling in decelerating cosmologies, we take a kinetic-energy dominated

universe α = 1/3 for concreteness, but the generalization is obvious in principle. The scale

factor is

a(t) = a0

(

t

t0

)1/3

, b(a) = t0

(

a

a0

)3

. (5.5)
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Here again a0, t0 are free parameters. Using (A.6), (A.7), and (A.9), we get the usual

transformations

t(τ, σ) = τσ−3/2, r(τ, σ) =
3τ

a(τ)

√

σ − 1

σ
, ρ(τ, σ) = τ

1 + 2σ

σ

√

σ − 1

σ
. (5.6)

Again using (3.3), (3.7) we find that the metric takes the simple form

ds2 = −
(

2σ − 1

σ

)2

dτ2 + dρ2 +

(

3τ

σ

)2

(σ − 1)dΩ2. (5.7)

Contrary to the de Sitter case, gττ is finite as σ → ∞, reflecting the fact that this

spacetime has no event horizon. In the same limit, the spatial spheres shrink to zero

radius: this is the big bang. The radius of the spatial sphere at any fixed redshift grows

linearly in observer time. In particular, using (3.9) one finds easily that the apparent

horizon is located at constant redshift parameter σAH = (1 +
√
5)/2.

Consider once again our free-falling charge. We can read off the charge density

with (4.7). Replacing rQ with (4.4) we get:

Σ = − Q

4π

σ

(3τ)2
s− (τ/τ0)

−2/3sQ cos θ
[

s2 − 2(τ/τ0)−2/3ssQ cos θ + (τ/τ0)−4/3s2Q

]3/2

∣

∣

∣

∣

∣

horizon

, (5.8)

where this time we have defined s =
√

(σ − 1)/σ. We can easily check some simple limits

again. Placing the charge on the observer’s worldline σQ → 1, we find a Coulomb field

redshifting in time,

Fτρ

∣

∣

∣

∣

σQ→1

= − Q

4π

1

(3τ)2
. (5.9)

Meanwhile the spatial spheres have area growing at precisely the right rate to cancel this

effect, so that we still satisfy the Gauss law. Since this spacetime has no event horizon, the

boundary conditions on the field are simply that Fτρ → ∞ at the big bang σ → ∞, which

is certainly satisfied.8

From these formulas and figure 4 it is clear what is going on. Consider a configuration

in which the image on the horizon is already scrambled into a neutral dipole. By the method

of images this is obviously equivalent to a point charge Q starting behind the horizon. The

observer O will see his horizon grow and the charge fall away, but the horizon grows faster.

Thus he sees the charge’s image on the horizon coalesce or “de-scramble” from a dipole back

into a point charge which then re-appears inside the horizon. This occurs at a power-law

rate as one can see easily from (5.8).

5.3 Junctions of epochs

When we measure cosmological perturbations from the early inflationary era, we view them

after they pass through some of the later cosmological evolution. We are thus interested

8One can see that this is the right boundary condition by again appealing to the Gauss law.

– 12 –



J
H
E
P
0
8
(
2
0
1
5
)
0
4
3

0 .0 0 .5 1 .0 1 .5 2 .0 2 .5 3 .0
-1 .5

-1 .0

-0 .5

0 .0

0 .5

1 .0

1 .5

r Hco-moving radialL

t
Hc
o
s
m
ic

ti
m
e
L

Co-moving coordinates

Figure 5. Left: co-moving and frame coordinates in a universe that inflates with Hubble constant

H0 = 1 followed by a kinetic dominated phase α = 1/3 after t = t0 = αH−1

0
. As indicated in

the text, the coordinates are broken into three regions by the solid black lines. Right: induced

charge density on the stretched horizon, with rQ tuned so that the charge scrambles within about

an e-folding of the end of inflation. Here we are plotting arctanΣ for graphical clarity: the stretched

horizon moves inward very rapidly at t = t0 and this causes a large spike in the induced charge.

in studying the precise evolution of the perturbations, or more generally any observables,

through some combination of cosmological epochs.

Continuing in the vein of the previous two sections, we focus on a universe which

is exponentially inflating at early times and then exits into a kinetic energy-dominated

phase. The latter has a decelerating scale factor, a(t) ∼ t1/3. We will see that a charge

“scrambled” onto the horizon during the accelerating phase is later “de-scrambled” as it

re-enters the horizon during the decelerating phase.

We can formulate the problem in some generality. Consider a universe which we divide

into two periods around some time t0. The scale factor is

a(t) =

{

aE(t), t ≤ t0

aL(t), t ≥ t0 ,
(5.10)

for example a period of inflation followed by some power law

aE(t) = a0 expH0(t− t0), aL(t) = af (t/t0)
α. (5.11)

Although a(t) should in reality be smooth, it is convenient to allow for a junction where

some derivatives are discontinuous. In our example we can satisfy continuity of the zeroth

and first derivatives by af = a0, t0 = αH−1
0 . If we want a decelerating phase α < 1 then

the second derivative is necessarily discontinuous (since the universe abruptly switches from

accelerating to decelerating). This can be accounted for by a thin shell of stress-energy at

the junction, by the Israel matching conditions.
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FRW t or r so in particular the vertical ones are co-moving geodesics. Thin red lines are lines of

constant redshift parameter σ = 1.01, 1.05, 1.4, 20. The blue line is again some representative charge

worldline. We have severely stretched the horizon in purple for graphical clarity. The coordinates

during the inflationary period are bounded by the apparent horizon and then “grow” during the

decelerating phase, and we can clearly see the charge spend some transient period behind the

horizon. The detailed behavior near τ = τ0 smooths over some numerical error.

Some care has to be taken in working out the geometry and electrodynamics. In

particular we have to be careful when inverting the scale factor to get b = b(a). This

function will also have discontinuous second derivative, but all the coordinate transforms

are perfectly continuous. Since a(t) is monotonic we have a ≤ a0 for t ≤ t0 and the same

with the inequalities reversed. In our example

b(a) =

{

bE(a) = H−1
0 ln(a/a0) + t0, a ≤ a0

bL(a) = H−1
0 (a/a0)

3/3, a ≥ a0.
(5.12)

Clearly b and b′ are continuous at a = a0, but not b
′′.
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Let us work out the transformations (A.6), (A.9). Note that t and τ coincide on O’s

worldline, so we write t0 = τ0 = H−1
0 /3. Composing b with a(τ)/

√
σ breaks up the τ − σ

plane into three regions (early, middle and late) as shown in figures 5 and 6. For any

early frame time τ ≤ τ0 and any 1 ≤ σ ≤ ∞ it is clear that we can put b(a(τ)/
√
σ) =

bE(aE(τ)/
√
σ). In the late region τ ≥ τ0σ

3/2 we need bL and aL. The middle region

τ0 ≤ τ ≤ τ0σ
3/2 is the subtle one: we need to use bE but aL because σ ≥ 1. In all we find

the coordinate transformation for FRW time t by

t(τ, σ) =















τ −H−1
0 ln

√
σ τ ≤ τ0

H−1
0 [(1 + ln(τ/τ0))/3− ln

√
σ] , τ0 ≤ τ ≤ τ0σ

3/2

τσ−3/2, τ ≥ τ0σ
3/2.

(5.13)

It is instructive to check that this function is continuous in both variables. To get the

co-moving radial coordinate r = r(τ, σ) we have to do some integrals along the spacelike

geodesics, breaking up the domains in the τ − σ plane in the same way. One finds that

r(τ, σ) =
1

a(τ)H0



















√
σ − 1, E

τ
τ0

√

σ∗−1
σ∗

+
√
σ − 1−

√
σ∗ − 1 M

τ
τ0

√

σ−1
σ , L

(5.14)

where σ∗ = σ∗(τ) is the redshift parameter at which the spatial geodesic orthogonal to

O(τ) crosses the junction,
τ

τ0
= σ

3/2
∗ . (5.15)

Finally, using (3.7) and (3.8) we can write down the metric coefficients (3.3) in the frame.

Being careful with the domains, one finds that gττ = −1/σ in the early region, −((2σ −
1)/σ)2 in the late region, and

gττ = −
[

(

τ

τ0

)−1√
σ+2

√

σ−1

σ

√

σ∗−1

σ∗
−
(

τ

τ0

)−1
√

σ−1

σ

(√
σ − 1−

√
σ∗ − 1

)

]2

(5.16)

in the middle region. Once again, the early and late regions match the results from the

previous sections, and gττ is continuous everywhere.

Since the scale factor is not accelerating in the future, our observer O does not have

an event horizon. However, he does see an apparent horizon. At early times he might have

mistaken it for the de Sitter horizon, but after the phase transition he will see the horizon

recede and grow in area, with RAH → ∞ as t, τ → ∞. To be precise we can solve (3.9)

to find the redshift parameter of the apparent horizon: at early times we have σAH = ∞,

and in the late region σAH = (1 +
√
5)/2, in accordance with our earlier results. During

the middle period we have

σAH(τ) =
1

4

(

A2(τ) + 1

A(τ)

)2

, A =
τ

τ0

√

σ∗ − 1

σ∗
−
√
σ∗ − 1. (5.17)

It is easy to check that this continuously interpolates between the early and late periods.
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As usual we can read off the charge density from (4.7). To keep the expressions

tractable, put sE =
√
σ − 1 and sL =

√

(σ − 1)/σ as before, and use (4.4) to write rQ =

sQ/a0H0 with sQ =
√

σQ − 1. Then at early times we have

ΣE = − Qσ

4πH−2
0

sE − eH0(τ−τ0)sQ cos θ
[

s2E − 2eH0(τ−τ0)sEsQ cos θ + e2H0(τ−τ0)s2Q

]3/2
, (5.18)

and at late times

ΣL = − Qσ

4πH−2
0

(

τ
τ0

)2

sL − (τ/τ0)
−2/3sQ cos θ

[

s2L − 2(τ/τ0)−1/3sLsQ cos θ + (τ/τ0)−2/3s2Q

]3/2
, (5.19)

in agreement with (5.4) and (5.8), respectively, where again we set a0 = 1. During the

middle period we have the somewhat more complex behavior

ΣM = − Qσ

4πH−2
0

(

τ
τ0

)2

sM − (τ/τ0)
−2/3sQ cos θ

[

s2M − 2(τ/τ0)−1/3sMsQ cos θ + (τ/τ0)−2/3s2Q

]3/2
, (5.20)

where

sM = sM (τ, σ) =

√

σ∗ − 1

σ∗
+

(

τ

τ0

)−1
[√

σ − 1−
√
σ∗ − 1

]

. (5.21)

Here, the charge densities are evaluated on the horizon. In the middle and late regions

τ > τ0 the apparent horizon is spacelike and we can set σ = σAH(τ) directly. At early

times τ ≤ τ0 the horizon is null, so we need to stretch it by placing it at some large finite

redshift σSH < ∞. Once again Σ = Σ(τ, σ) is continuous and so is the redshift of the

apparent horizon, so we have a continuously varying image on the horizon through the

entire cosmic history.

Following the earlier sections, the interpretation is clear. A charge Q even slightly

displaced from the observer O which begins inside the horizon during the early period

of inflation will, if inflation lasts long enough, fast-scramble onto the apparent horizon.

However, in the later decelerating period, the image will then de-scramble at a power law

rate as the point charge reappears inside the horizon.

6 Conclusions

In this paper, we have studied the scrambling and de-scrambling of point charges across the

apparent horizon in a flat FRW universe. We showed how to do this in terms of a reference

frame based on an inertial observer, referring only to events to which he has causal access.

We found that accelerating cosmologies scramble the charge as it falls past their horizons,

while decelerating cosmologies de-scramble the previously-scrambled images of charges back

into a local bulk charge at “horizon re-entry”. We showed that these processes occur at

slower-than-exponential rates except during de Sitter-like epochs.

Following [9, 10], this suggests that it may be possible to find a holographic descrip-

tion of observations made in cosmology in terms of locally interacting degrees of freedom,
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except possibly during exponential inflation. The calculations presented here should be of

significant value in the search for an explicit holographic model of cosmological spacetimes.

Our approach is very robust at the level it has been formulated. To keep the discussions

concrete, we have only worked with matter consisting of a classical Maxwell field with point

charge source. However, the arguments are very basic, relying almost entirely on causal

structure. In particular, we have at no point used the Einstein equations (other than to

motivate the use of various scale factors): our results hold in any theory admitting FRW

solutions, like the one in which we live. Similar conclusions should hold for neutral massive

particles, [8] although in that case one studies the propagation of stress-energy on the

stretched horizon.

Clearly the next step is to study quantum mechanical effects. An obvious candidate is

to understand the spectrum of inflationary perturbations. In particular, it would be very

interesting to get a sharp understanding of various “conservation outside the horizon” laws

(e.g. [27]) from this viewpoint. We leave this to future work.

Ultimately, any complete quantum theory of gravity should have a low-energy limit

which describes our observed universe to high accuracy. This theory should be unitary, at

least to very high precision at low energies. The physically relevant formulation of unitarity

is that the probabilities of all measurement outcomes sum to one. In this paper we have

shown how to systematically formulate classical physics on precisely the set of spacetime

events that a physical observer can probe. This framework thus gives a very natural way to

implement unitarity. We have obtained a very concrete suggestion about low-energy bulk

information near horizons: it localizes or de-localizes in time in order to remain accessible

to the observer.
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A Fermi-Walker coordinates

Consider some fixed cosmological spacetime described by a flat Friedmann-Robertson-

Walker metric,

ds2 = −dt2 + a2(t)dr2 + a2(t)r2dΩ2. (A.1)

In what follows we assume the scale factor a(t) is smooth and monotonically increasing,

and we will typically assume it asymptotes to a(t0) = 0 at the beginning of time, at redshift

z → ∞.9 In particular we do not need to assume the scale factor solves the Friedmann

equations.

9For a big bang cosmology this means the big bang hypersurface t = t0 (we often take t0 = 0). We also

consider cosmologies which are exponentially inflating in the infinite past t0 → −∞. Later we will drop the

smoothness assumptions to allow for phase transitions.
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To construct the Fermi-Walker coordinates, one considers a timelike observer O defined

by his worldline O(τ), with τ his proper time. We take spacelike slices at time τ to be

generated by the set of spacelike geodesics orthogonal to dO/dτ . Pick an event p. Consider

all spacelike geodesics through p. If p is sufficiently close to O, precisely one such radial

geodesic will orthogonally intersect O. Let τ denote the time of this intersection, ρ the

proper distance along the geodesic from O(τ) to p, and (θ, φ) its angular coordinates. Then

we define the frame coordinates or Fermi-Walker coordinates of p to be

xâ := (τ, ρ, θ, φ). (A.2)

In either FRW or frame coordinates we have a coordinate singularity at r = 0 where

the angular coordinates degenerate; in order to exploit the spherical symmetry of our

spacetime what we will do is work out the frame in the t − r plane, and re-instate the

angular coordinates at the end. Doing so, we will show that the metric expressed in Fermi-

Walker coordinates takes the form [7]

ds2 = gττ (τ, σ)dτ
2 + dρ2 +R2(τ, σ)dΩ2, (A.3)

where σ = σ(τ, ρ) is a function measuring the redshift of the event located at (τ, ρ) given

below, and R2 = a2r2/σ measures the proper area of the spatial spheres. The metric

coefficients have the property that ds2 is just the flat metric along O’s worldline. In the

rest of this section we derive the metric coefficients; along the way we will work out the

transformation rules for arbitrary tensorial quantities.

Clearly our main task is to work out the spacelike geodesics orthogonal to O. From here

out we take O to be an inertial observer at the spatial origin of co-moving coordinates (3.1),

without loss of generality. Fix a time τ along the worldline. Denote the geodesic we want

by γ(ρ) = (t(ρ), r(ρ)) where ρ is proper distance along the geodesic; we normalize ρ = 0

on O. Since the geodesics are spacelike they will minimize the proper length

L[γ] =

∫ ρ

0
dρ′

[

−
(

dt

dρ

)2

+ a2(t)

(

dr

dρ

)2
]

1

2

. (A.4)

One immediately sees that a2(t)dr/dρ = C is constant along the geodesic. Demanding that

ρ is proper length and that the geodesic is normal to O at ρ = 0 tells us that C = a(τ) and

dt/dρ = ±
√

a2(τ)/a2(t)− 1. The geodesic minimizes spatial length, and a(t) decreases as

t runs back into the past, so we must take the minus sign.

To integrate the geodesic equation it is convenient to use the parameter

σ =
a2(τ)

a2(t)
= (1 + z)2 . (A.5)

Here the second equality points out that σ is directly related to the redshift between the

event along the geodesic, which has FRW time t, and the observer’s time τ . Then in all

we have dt/dρ = −
√
σ − 1. Clearly σ = 1 when the geodesic originates on O’s worldline

and increases as ρ increases, and σ → ∞ as the geodesic runs arbitrarily backward in

cosmic time t.
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The geodesics can be written in integral form in terms of τ and σ. We can also get a

formula for the proper length ρ along the geodesics. These are sufficient to transform any

tensor into the frame. Let b denote the inverse of the scale factor, i.e. the function such

that b(a(t)) = t. Inverting (3.4) gives the FRW time in terms of observer time τ and the

redshift along the geodesic:

t(τ, σ) = b

(

a(τ)√
σ

)

. (A.6)

Re-arranging (3.4) as a(t) = a(τ)/
√
σ, differentiating with respect to ρ, and using the

inverse function theorem to write b′(a(t)) = 1/ȧ(t) one finds

ρ(τ, σ) =
a(τ)

2

∫ σ

1
b′
(

a(τ)√
σ̃

)

dσ̃

σ̃3/2
√
σ̃ − 1

. (A.7)

To get the co-moving radial coordinate r = r(τ, σ), note that we have

dr

dρ
=

dr

dσ

dσ

dρ
; (A.8)

solving this for dr/dσ and using similar manipulations we find

r(τ, σ) =
1

2

∫ σ

1
b′
(

a(τ)√
σ̃

)

dσ̃

σ̃1/2
√
σ̃ − 1

. (A.9)

In order to transform co-moving quantities into the frame we need to work out the

derivatives of the coordinate transformation. The equations above define a set of coordinate

transformations between coordinates {t, r}, {τ, σ}, and {τ, ρ}. The situation is summarized

by the diagram:

{τ, σ} {t, r} = yµ

xâ = {τ, ρ}

G
H

F

(A.10)

where the images are given by (A.6), (A.7), (A.9), and composition. The {τ, σ} coordinates

express the geometry in terms of redshifts directly, but lead to messy formulas (in particular

a non-diagonal metric). The transformation to Fermi-Walker coordinates, in which the

metric takes the form (3.3), is given by the map H = G ◦ F−1. To transform covariant

tensors we also want the derivatives of this map. Doing some calculus with (A.10) one

finds that

Λµ
â = (dH−1)µâ =

(

Λt
τ Λt

ρ

Λr
τ Λr

ρ

)

(A.11)
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where the coefficients are, after some integrations by parts,

Λt
τ =

∂t

∂τ
− ∂ρ

∂τ

∂t/∂σ

∂ρ/∂σ
= ȧ(τ)

√
σF(τ, σ)

Λr
τ =

∂r

∂τ
− ∂ρ

∂τ

∂r/∂σ

∂ρ/∂σ
= − ȧ(τ)

a(τ)
F(τ, σ)

√

σ(σ − 1)

Λt
ρ =

∂t/∂σ

∂ρ/∂σ
= −

√
σ − 1

Λr
ρ =

∂r/∂σ

∂ρ/∂σ
=

σ

a(τ)
.

(A.12)

In these formulas, the function F is given by

F(τ, σ) =

[

b′
(

a(τ)√
σ

)

+ a(τ)I(τ, σ)
√

σ − 1

σ

]

, (A.13)

where I is the integral

I = I(τ, σ) = 1

2

∫ σ

1
b′′
(

a(τ)√
σ̃

)

dσ̃

σ̃
√
σ̃ − 1

. (A.14)

To do the full four-dimensional transformations one just maps the angular coordinates with

the identity, i.e. Λθ
θ = Λφ

φ = 1, with all other components vanishing.

With these expressions in hand, we are ready to work out any tensorial quantities in

the frame. As a warmup it is a good exercise to check that the metric transforms correctly

to the Fermi-Walker form (3.3). Transforming from FRW coordinates gâb̂ = Λµ
âΛ

ν
b̂
gµν and

writing a(t) using (3.4) one finds that the ρ− ρ component is

gρρ = 1. (A.15)

Similar but slightly more involved manipulations give

gττ = −ȧ2(τ)F2(τ, σ). (A.16)

The metric components along the spheres also transform: we get

gθθ = R2(τ, σ) := a2(τ)r2(τ, σ)/σ, gφφ = R2(τ, σ) sin2 θ. (A.17)

It is straightforward to show by direct calculation that the off-diagonal metric coefficients

vanish. These results reproduce those in [7].

B Causal structure of FRW

In a cosmological spacetime described by an FRW metric, arbitrary observers, including

inertial ones, may experience horizons. In general they can observe particle, event, and

apparent horizons. These horizons are generically distinct, with all three definitions coin-

ciding precisely for an eternal de Sitter universe.
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The particle and event horizons are global structures which depend on the entire past

or entire future of the spacetime, respectively. Events behind the particle horizon are those

to which the observer cannot have sent a signal; events behind the event horizon are those

from which he will never receive a signal. The intersection of the interior regions bounded

by these horizons is the causal diamond of the obsever, the set of spacetime events which he

can measure by probing and receiving a signal. We show the general situation in figure 2.

Consider an inertial observer O who, without loss of generality, can be taken to sit at

r = 0. The metric in co-moving coordinates is (3.1), where we take flat spatial sections for

simplicity. In terms of these coordinates, one can integrate the condition ds2 = 0 for radial

null rays to find that the event and particle horizons seen by O at any time t are just the

2-spheres with co-moving radius

rEH(t) =

∫ tf

t

dt′

a(t′)
, rPH(t) =

∫ t

t0

dt′

a(t′)
, (B.1)

respectively. Here t0 and tf are the co-moving time coordinates at the beginning and end

of time, respectively; in a big bang cosmology we have finite t0 (usually normalized to

t0 = 0) and tf → ∞, while in inflationary spacetimes one sometimes takes t0 → −∞.

These horizons exist if and only if these integrals converge; in particular there is an event

horizon if and only if the scale factor is accelerating at least as fast as a(t) ∼ tα with α > 1

as t → ∞.10 The proper radius of the event horizon rpropH (t) = a(t)rEH(t) is non-decreasing

in time, and more generally the event horizon obeys the analogues of the laws of black hole

thermodynamics [28].

For any fixed angles, the curves (t, rH(t), θ0, φ0) are null geodesics, and letting the

angles vary over the sphere, the codimension-1 hypersurface generated by these curves is

a null hypersurface. Because these horizons form null hypersurfaces, O cannot observe

anything dynamical happening on them, and so one can introduce a timelike hypersurface

placed very near the physical horizons; this surface is called the stretched horizon [6, 8].

In addition to the particle and event horizons, O may also observe an apparent horizon.

These are local (in time) and much less rigid structures than the global horizons explained

above. For our purposes the apparent horizon at any time t is the unique 2-sphere such that

at least one of its four familes of surface-orthogonal null geodesics have vanishing geodesic

expansion Θ (see e.g. [29]). Pick any spatial 2-sphere S = S2(t, r). We would like to

compute the expansions θ of the four families of null geodesic congruences orthogonal to S.

The tangent vector fields of these congruences can be written kµ = (±ta(t),±r1, 0, 0) where

the two choices of sign label the four congruences. This is a non-affine parametrization,

∇kk = κk with κ = ±t2ȧ(t). Using this we can write down the geodesic expansion of these

families [29]:
Θ

2
= ±r

1

r
±t ȧ. (B.2)

From here it is easy to see that at time t the spheres with Θ = 0 will be at co-moving radial

coordinate rAH(t) = −±t ±r1/ȧ(t). Obviously we need rAH > 0, so we see that there will

10Note that one can have a spacetime accelerating in the asymptotic future and still not have an event

horizon, for example a(t) ∼ t ln t [22].
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only be one apparent horizon

rAH(t) =
1

|ȧ(t)| =
1

|a(t)H(t)| (B.3)

and in fact two of its null congruences will have Θ = 0. The case ȧ = 0 is just flat

Minkowski space with the spatial coordinates scaled by a so there is no apparent horizon

(of course Θ → 0 for some families as one sends r → ∞ but there is no trapped region).

The apparent horizon is again the hypersurface generated by the curves (t, rAH(t),

θ0, φ0) for all angles. Crucially, this hypersurface need not be null, that is, its normal can

in general take any spacetime signature. In particular we will see that the apparent horizon

is spacelike for decelerating cosmologies.

The two examples we need for the main body of the paper are exponential inflation

and power-law cosmologies. For exponential inflation one has a(t) = a0 expH0t with H0

constant, and so rAH(t) = H−1
0 e−H0t. Note that in co-moving coordinates the horizon

“moves in” toward O, but the proper distance is rprop = arAH ≡ H−1
0 . In this case the

apparent horizon coincides with the event horizon.

For power law cosmologies, we take a(t) = a0(t/t0)
α. One finds immediately that the

co-moving radius of the apparent horizon is rAH(t) = 1
a0|α|

t1−α. In terms of the proper

distance rprop = arAH = t/|α|, we see that the apparent horizon is always receding, and

its proper distance will diverge to ∞ at late times regardless of the value of α. However,

it is also instructive to understand the picture in co-moving coordinates. We see that in

terms of co-moving distance, the horizon is moving toward O if α > 1, moving outward if

α < 1, and sitting at fixed coordinate if α = 1; these are precisely the conditions for the

scale factor to be accelerating, decelerating, or at constant velocity, respectively.

Dynamics in cosmology is often parametrized by the apparent horizon. For example,

when we compute the fluctuation spectrum of inflationary perturbations, the standard

picture is that a field mode of wavenumber k will “freeze out” when

k

aH
= krAH ≪ 1 (B.4)

i.e. when the mode has a wavelength larger than the apparent horizon’s radius, and one

talks about modes “exiting” and “entering” the horizon when their wavelength crosses

above or below this scale. In particular, things behind the apparent horizon (but within

the event horizon) can re-enter the horizon during a phase of deceleration.

C Co-moving electrostatics in the frame

To study the scrambling of a geodesic point charge we need its field strength. The easiest

way to get it is to write down the answer in co-moving coordinates and then transform it

to the frame.

Consider a point electric charge Q in an FRW universe. Suppose the charge is co-

moving with an inertial observer O at the origin, so it lives on the timelike geodesic

(t, r, θ, φ) ≡ (t, rQ, θQ, φQ). If the charge is at the spatial origin, it produces the Coulomb

field F = −Q/4πar2dt ∧ dr.11 If the charge is displaced from O, we can translate this to

11The factor of a is fixed by the Gauss law on some co-moving sphere Q =
∫
S2 ⋆F .
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obtain

F = Ftrdt ∧ dr + Ftθdt ∧ dθ, (C.1)

with, taking the charge along the z-axis (θQ = 0) for simplicity,

Ftr = − Q

4πa(t)

r − rQ cos θ

∆r3
, Ftθ = − Q

4πa(t)

rrQ sin θ

∆r3
. (C.2)

In this expression for F we see a simple way in which FRW coordinates are not so

great for describing the observations of O: an inertial observer in an expanding universe

would see Q receding from view, and thus a current, and so he should see a magnetic

field. But this is nowhere to be found in co-moving coordinates, which are defined by the

statement that he and the charge have fixed coordinate distance. When we go to our frame

coordinates we will see the magnetic field show up again.

Transforming this expression to the frame is straightforward. The components trans-

form as usual Fâb̂(x
â) = Λµ

âΛ
ν
b̂
Fµν(y

µ(xâ)). One finds after routine computation us-

ing (A.12) that we have a radial electric field

Fτρ = Fτρ(τ, σ) = − Q

4π

σH(τ)F (τ, σ)

a(τ)

r(τ, σ)− rQ cos θ

∆r3(τ, σ)
(C.3)

where the co-moving radial coordinate is expressed in frame coordinates via (A.9). Here

we defined the Hubble rate at frame time τ as H(τ) = ȧ(τ)/a(τ). We also find an electric

field tangential to the spatial spheres

Fτθ = − Q

4π
σH(τ)F (τ, σ)

r(τ, σ)rQ sin θ

∆r3(τ, σ)
(C.4)

and a magnetic field along the azimuth φ,

Fρθ =
Q

4π

√

σ(σ − 1)

a(τ)

r(τ, σ)rQ sin θ

∆r3(τ, σ)
. (C.5)
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