DECOMPOSITION OF GEODESICS IN THE WASSERSTEIN SPACE
AND THE GLOBALIZATION PROBLEM

FABIO CAVALLETTI

ABSTRACT. We will prove a decomposition for Wasserstein geodesics in the following sense: let (X, d, m)
be a non-branching metric measure space verifying CD;,.(K, N) or equivalently CD*(K, N). Then every
geodesic pt in the L2-Wasserstein space, with puy < m, is decomposable as the product of two densities,
one corresponding to a geodesic with support of codimension one verifying CD*(K, N — 1), and the
other associated with a precise one dimensional measure, provided the length map enjoys local Lipschitz
regularity. The motivation for our decomposition is in the use of the component evolving like CD* in
the globalization problem.

For a particular class of optimal transportation we prove the linearity in time of the other component,
obtaining therefore the global CD(K, N) for p;. The result can be therefore interpret as a globalization
theorem for CD(K, N) for this class of optimal transportation, or as a “self-improving property” for
CD*(K, N).

Assuming more regularity, namely in the setting of infinitesimally strictly convex metric measure
space, the one dimensional density is the product of two differentials giving more insight on the density
decomposition.
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2 FABIO CAVALLETTI

1. INTRODUCTION

The class of metric measure spaces with generalized lower bounds on the Ricci curvature formulated
in terms of optimal transportation, has been introduced by Sturm in [20, 2I] and independently by Lott
and Villani in [I8]. The spaces belonging to this class are called CD(K, N)-spaces and the condition
characterizing them is denoted with CD(K, N).

In the curvature-dimension condition CD(K, N) the two parameters K and N play the role of a
curvature lower bound and a dimension upper bound, respectively. Among the many relevant properties
enjoyed by CD(K, N), the following one also serves as a motivation: a complete Riemannian manifold
satisfies CD(K, N) if and only if its Ricci curvature is bounded from below by K and its dimension from
above by N.

Roughly speaking curvature-dimension condition CD(K, N) prescribes how the volume of a given set
is affected by curvature when it is moved via optimal transportation. It imposes that the distortion is

ruled by a coefficient denoted by TI(;,)N(G) depending on the curvature K, on the dimension N, on the

time of the evolution ¢ and on the point length 6. The main feature of TI((t)N(G) is that it is obtained
mixing two different volume distortions: an (N — 1)-dimensional distortion depending on the curvature
K and a one dimensional evolution that doesn’t contain any curvature information. Namely

Tl(é)zv(e) = tl/NU%?Nﬂ (6)NTI/N

(N-1)/N

where O’%) N_1(0) contains the information on the (N — 1)-dimensional volume distortion and the

evolution in the remaining direction is ruled just by t'/¥. The coefficient og)N(ﬁ) is the solution (in
time) of the second order differential equation

K
v+ 05y =0, y(0)=0, y(0)=1

The previous equation appears naturally in the study of the Jacobian of the differential of the exponential
map in the context of differential geometry, and indeed it rules the part of the Jacobian associated to the
restriction to an hyperplane of the differential of the exponential map, see [21] for more details.

A broad variety of geometric and functional analytic properties can be deduced from the curvature-
dimension condition CD(K, N): the Brunn-Minkowski inequality, the Bishop-Gromov volume comparison
theorem, the Bonnet-Myers theorem, the doubling property and local Poincaré inequalities on balls. All
these listed results are in a quantitative form (volume of intermediate points, volume growth, upper
bound on the diameter and so on) depending on K, N.

One of the most important questions on CD(K, N) that are still open, and we will try to understand
in this note, is whether this notion enjoys a globalization property: can we say that a metric measure
space (X, d,m) satisfies CD(K, N) provided CD(K, N) holds true locally on a family of sets X; covering
X7

A first tentative of answer this problem was given by Bacher and Sturm in [7]: they proved that a non-
branching metric measure space (X, d, m) verifies the local curvature-dimension condition CDj,.(K, N)
if and only if it verifies the global reduced curvature-dimension condition CD*(K, N). The latter is
obtained from CD(K, N) imposing that the volume distortion, during the evolution through an optimal
transportation, is ruled by O’%)N(Q) instead of Tg)N(O). The CD* (K, N) is a priori weaker than CD(K, N)
and the converse comparison can be obtained onl}; changing the value of the lower bound on the curvature:
condition CD* (K, N) implies CD(K*, N) where K* = K(N —1)/N (for K > 0 and for K < 0 a suitable
formula holds). Therefore the curvature condition contained in CD*(K, N) is a priori weaker than the
one contained CD(K, N).

Roughly speaking, the main reason why the globalization property holds for the reduced curvature-

dimension condition stays in the good behavior (in time) of o%?N (#), which in turn can be led back to the

previous second order differential equation. The same approach applied to CD(K, N), that is try to prove

the globalization property for CD(K, N) directly from the properties of TI(;)N (#), seems to not work.

A different approach to the problem has been presented by the author together with Sturm in [I1]. The
approach in [T1] was, in the case of an optimal transportation between a diffuse measure and a Dirac delta,

to isolate a local (N — 1)-dimensional evolution ruled by a%? ~_1(0) and then using the nice properties
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of a%? N_1(0), obtain a global (N — 1)-dimensional evolution ruled by the coefficient a%? N_1(0). Then
using Holder inequality and the linear behavior of the other direction, pass from the (N — 1)-dimensional
version to the full-dimensional version with coefficient TI(;)N(G).

So the strategy was to reproduce in the setting of metric measure spaces the calculations done in the
Riemannian framework where, taking advantage of parallel transport, from Ric > K it is possible to
split the Jacobian determinant of the differential of the exponential map into two components: one of
codimension 1 evolving accordingly to ok ny—1 and one representing the distortion in the direction of
motion that is concave.

To be more precise in [I] it is proved that if (X, d, m) is a non-branching metric measure space that
verifies CDyoe (K, N) then it verifies the weaker MCP (K, N). While CD(K, N) is a condition on the optimal
transport between any pair of absolutely continuous (w.r.t. m) probability measure on X, MCP(K, N)
is a condition on the optimal transport between a Dirac delta and the uniform distribution m on X.
Indeed to detect the (N — 1)-dimensional evolution it is necessary to decompose the whole evolution.
Considering the optimal transport between a Dirac mass in o and the uniform distribution m permits to
immediately understand that the family of spheres around o provides the correct (N — 1)-dimensional
support of the evolving measures. So the choice of a Dirac delta as second marginal was really crucial
and strongly influenced the geometry of the optimal transportation.

The aim of this paper is to identify, in the general case of optimal transportation between any mea-
sures, the (N — 1)-dimensional evolution verifying CD*(K, N — 1) and, starting from that, provide a
decomposition for densities of geodesics that can be interpret as a parallel transport. The N-dimensional
density will be written as the product between the (N — 1)-dimensional density verifying CD* (K, N — 1)
and of a 1-dimensional density not necessarily associated to a 1-dimensional geodesic. In the framework
of infinitesimally strictly convex spaces, the 1-dimensional density will be obtained as the product of two
differential, producing then a more direct decomposition.

We will construct a full decomposition for any optimal transportation verifying a local Lipschitz
regularity, see Assumption [Il and Bl for the precise hypothesis. We apply this decomposition to the
globalization problem for CD(K, N). With this approach we are able to reduce the problem to prove the
concavity in time of the 1-dimensional density, provided Assumption [I] and Assumption Bl are verified.
It is important to underline here that in the framework of Riemannian manifolds endowed with volume
measures both Assumption [Tl and 2] are proved to hold.

Moreover in the particular case of optimal transport plans giving the same speed to geodesics leaving
from the same level set of the associated Kantorovich potential, we prove indeed both regularity and
linearity of the 1-dimensional factor and we get the full CD(K, N) inequality. So we prove the global
estimate of CD(K, N) for a certain class of optimal transportation, clearly including all the cases treated
in [T1].

We now present the paper in more details.

Let (X, d,m) be a non-branching metric measure space verifying the local curvature dimension condition
and p; = oym be a geodesic (in the L?-Wasserstein space) that we want to decompose as stated before.
The first difficulty we have to handle with is to find a suitable partition of the space. Unlikely optimal
transportations connecting measures to deltas, there is not just a universal family of sets but one for each
t €10,1]: if ¢ is a Kantorovich potential associated to (i, f1), then

{7 : 0(0) = a,7 € supp(¥) }aer

is the family of partitions, one for each ¢ € [0,1], that will be considered. Here v € P(G(X)) is a
dynamical optimal transference plan of p; and P(G(X)) denotes the space of probability measures over
G(X), the space of geodesic in X endowed with the uniform topology inherited as a subset of C([0, 1], X).
The intuitive reason suggesting that the previous family is the right one, stays in the Brenier-McCann
Theorem for optimal transportation on manifold that gives a precise formula for the optimal maps:

Ty(z) = exp, (—tVp(z)), (T)s10 = pua-

By definition, geodesics on manifold verify Vs% = 0, where V only here denotes the Levi-Civita con-
nection, meaning that there is no curvature in the direction of . Hence the direction orthogonal to
the motion should be the one carrying all the curvature information. Since 49 = —V, (here Vi is the
gradient of ¢) the family of sets orthogonal to the motion are the level sets of .
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On the rigorous mathematical side, the reason why that family is the right one stays in the following
property: the set

{(v0:m) € X x X2 9(y0) = a}
is d-cyclically monotone (Proposition [1]). Hence for v # 4 € supp(y) with ¢(y0) = ¢(71) it holds

757&715; VS,tG (071)

Therefore for s # t, {vs : ©(y0) = a} and {y: : p(y) = a} are disjoint. This key property permits
to consider the evolution of each “slice” of the geodesic s, where with “slice” we mean its conditional
measure with respect to the level sets of the chosen Kantorovich potential.

Here the structure is very rich. Using this new property of d-cyclical monotonicity, it is possible to
construct L?-Wasserstein geodesics with also d-monotone support. The whole construction does not rely
on any curvature bound of the space and its interest goes beyond the scope of this paper. For this reason
we commit Section Hl to the presentation of these results in their fully generality.

As it is well known, any d-monotone set is formed by family of geodesics that do not intersect at
any time. For this reason a translation along this geodesics is well defined. Denote by ¢, a Kantorovich
potential associated to the d-monotone set {(vs,v:) : ¥ € Ga, s <t € [0,1]}. The crucial idea to construct
L?-geodesics is to move via “translation” level sets of ¢, to level sets of ¢,. As proved in Lemma
and Proposition 7 this will produce a geodesic in the L2-Wasserstein space, showing a new connection
between L' and L? optimal transportation problems.

The relevance of this construction for the globalization problem stays in the following property: the
family of geodesics obtained in Section @ have a linear structure on each geodesic forming the d-monotone
set. Therefore there is one degree of freedom to play with. This property, that was already present in
[11] but somehow hidden, will be fundamental here to improve the curvature estimates for the element
of codimension one passing from N to N — 1.

Coming back the the decomposition, if we want to perform a dimensional reduction argument on
measures the right tool is Disintegration Theorem (Theorem 2I8]): (Proposition [.2])

7/( L), 7 €PE@), 1l eto) = ah) =

where ¢(10) = p(supp(uo)) and G is the support of «. Since
pe= (e = [ (eommatida)
®(po)

the geodesics of codimension one that should verify curvature estimates like CD*(K,N — 1) is t —
(e4)4(vq), for all @ € ¢(po). Since curvature properties in metric measure spaces are formulated in terms
of a reference measure and (e;)y(7,) is singular with respect to m, it is not obvious which reference
measures of codimension one we have to choose. One option could be to consider for each ¢ € [0, 1], the
family
{7 () = a,v € G}a@p(uo)'

Then for each t € [0, 1], by d?-cyclical monotonicity, the family is a partition of e;(G) and hence we have
(Proposition [(.2] and Lemma [5.4)

mLet<c>=/( )ma,tﬁl(da% Mat({7e 2 9(0) = a}) = [|1aql-
PHo

But the (IV — 1)-dimensional measures 71, ¢ are not the right reference measures to prove CD*(K, N — 1)
estimate for the densities of (e;)yy,. Indeed if (e;)py = pr = 04m, then,

/ 0eTita 1 L1 (da) = oemieycy= it = / (e0)ivo L (da)

and by uniqueness of disintegration (e¢)sy, = 0t/Ma+ and therefore the density is ¢, and no gain in
dimension is possible.

The correct reference measures are built as follows. For each a € ¢(ug), consider the following family
of sets

{7t 0(y0) = a,7 € Glicpo;
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that is for a fixed a we take all the evolutions for ¢ € [0, 1] of the level set a of ¢.
By d-cyclical monotonicity, they are disjoint (Lemma[l2). If I'y(1) := Usejo, {7t : ¢(70) = a,v € G},
then (Proposition [5.6])

e /[ ), o 9(00) = o) = el
0,1

Since in the disintegration above the quotient measure is supported on [0, 1], that is the range of the time
variable, mg; should be interpret as the conditional measure moving (with ¢) in the same direction of
the optimal transportation.

In order to apply the results of Section M to get an improvement of curvature estimates, we have to show
that (e;)yy, < Maq,. After having that, to get the improvement one could use the “linear” structure
of geodesics of Section M together with the curvature bound estimate they have to satisfy because of
(e)sVa < Mt

So suppose that we have already proved (e;)s(7,) = Ra,tMa,: and t — hq (7:) satisfies the local (and
hence the global) reduced curvature-dimension condition CDj,.(K, N — 1). Then the situation would be

ha,tma,t =€t4Vq = OtMayt-

Our final scope is to prove properties on g, and to translate information on A, ; into information on o,
is necessary to put in relation the two different reference measures of codimension one m, ; and Mg ;.

Actually the path we will adopt in the note will be the other way round. First we will show that
At = Mg for some function A, defined on e;(G) and then from that we deduce that (e;);(7,) can be
written as hq mq . After that we will prove CD*(K, N — 1) for h, ;. We will obtain a decomposition of
the following type

and therefore to prove curvature estimate for o; also information on \; are needed.

We have additional properties of \;, that will permit to prove the full CD(K, N) estimate for g, in
the particular case of optimal transportation giving constant speed to geodesics leaving from the same
level sets and not inverting the level sets of ¢ during the evolution, that is

L(v) = f(e(10)), ~—ae veGX),

with f : p(supp[uo]) — R such that a — a — f?/2 is a non increasing function of a. This condition
permits to say, see Lemma [5.] that a level set of ¢ after time ¢ is moved to a level set of ¢; and this
produce a simplification on the geometry of the optimal transportation. Indeed under this assumption,
the map ¢ — A\ (7y;) is linear.

Due to the relevance of this family of optimal transportations and to better explain why A; is linear,
we will first present part of the decomposition procedure in Section Bl under this additional assumption
on the length of geodesics. In particular in Section Bl we will show that (Proposition 52, Lemma (54 and

Proposition [B.0])
(11) mLet(G): / ma,tﬁl (da), mLfQ(l): / maﬂ:ﬁl(dt),
#(po) [0,1]

and (Proposition [1.2] and Lemma [5.7])
(1.2) Mot €S ey(a)s Map < S"ey(Ga)-

The latter will be fundamental in order to compare mq + to Mg . Here S" denotes the spherical Hausdorff
measure of codimension one, see Section The proofs of these results will be easier and shorter
compared to the one in the general case.

In Section [ we prove ([LI]) and ([2]) without the extra assumption on the shape of the Wasserstein
geodesic. Anyway while (II)) can be proven with no difficulties, the proof of (I2)) necessary relies on
some regularity property of two important function and it is here that we have to introduce Assumption
[Mand Assumption 2l The functions are the length map at time ¢ for ¢ € (0, 1), that is L; : e,(G) — (0, 00)
defined by

Li(v) = L(v)-
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And the map @ : e;(G) — R defined by ®4(v:) = ¢(70). Thanks to the non branching assumption on the
space, both functions are well defined. Note that here we also observe that in the hypothesis of Section
Bl both Assumption [[land Assumption Pl are verified by L; and ®;. Moreover we prove that Assumption
[Mand Assumption 2 hold if (X, d,m) is a Riemannian manifold with Riemannian volume.
In Section [7] through a careful blow-up analysis (Proposition [[3] Proposition [7.5 and Lemma [T.8), we
prove that
ma,t < Mg, t-

If 14t = Aimq.t, we also prove (Theorem [7.8) that
1 () — Pelvers)

)\t (’yt) sl—I>r(l) S
This result is a key step in the proof of the aforementioned decomposition of g;. It clarifies the expression
of one of the two function decomposing g;. Moreover as a consequence (Corollary [[7)) for every t € [0, 1],
we have (e)4(7,) < Ma, -

In Section [§ we show that if h,; is the density introduced before, then t — h, (7:) satisfies the local
reduced curvature-dimension condition CDj,.(K, N —1) (TheoremB.2) and therefore CD*(K, N —1). Here
the main point, as already said before, is to use the results of Section ] and consider a geodesic in the
Wasserstein space, absolute continuous with respect to m, moving in the same direction of ¢ — (e)4v,
Taking inspiration from the Riemannian framework, the volume distortion affects only (N —1) dimensions.

So up to normalization constant

ha,tma,t = (€t>ﬁ(’)’a> = tha,t = Qt>\tma,t;

with hg ¢ verifying CD*(K, N — 1). We have therefore proved the following result (Theorem B3

Theorem 1.1. Let (X,d, m) be a non-branching metric measure space verifying CDyo.(K, N) or CD*(K, N)
and let {pt}iefo,1] C P2(X,d,m) be a geodesic with iy = oym. Assume moreover Assumptiond and As-

sumption [ Then
1

ot(m) = C(a)mhw(v), vy —ae veQG,

where a = p(v9) and C(a) = ||V, is a constant depending only on a. The map [0,1] 3 t +— hg ()
verifies CD*(K, N — 1) for vy-a.e. v € G and

1 () — Pelvers)

im
A\t (’yt) s—0 S
The constant C(a) of Theorem [Tl has the following explicit formula

cw = ( [ aleiniao)

where a = ¢(70). Note again that the value of the integral does not depend on time, but just on a and
therefore in order to prove CD(K, N)-like estimates, the integral can be dropped out.

In the second part of Section [8l we prove that under the same assumptions of Section [B] the function
At () is linear in ¢t (Proposition[84]). Hence we have obtained the other main result of this note (Theorem

BH).

Theorem 1.2. Let (X,d, m) be a non-branching metric measure space verifying CDyoc (K, N) or CD*(K, N)
and let {pt}iepo,1) C P2(X,d,m) be a geodesic with yiy = oym. Assume moreover that

L(v) = f(¢()),

for some f: o(p0) — (0,00) such that (uo) > a — a — f?/a is non increasing. Then

0t(7) N > 00(70) YN TN (A0, 71)) + 01(3) TN Ty (Ao, 1)),

for every t € [0,1] and for y-a.e. v € G.

~1/N

The family of geodesics verifying the hypothesis of Theorem includes for instance all of those
optimal transportation having as Kantorovich potential

o(a) = 5 (, A)
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for any A C X. Indeed such ¢ is d?-concave and its weak upper gradient is always one. No assumption
on A is needed and therefore no assumption on the shape of p°.
We conclude the note with Section [0l where assuming the space to be infinitesimally strictly convex

(see (29)), we prove that (Proposition [.2))

1
=Dd(V , —a.e.y,
e t(Ve)(n), v gl
and hence the general decomposition: up to a constant (in time) factor become
ot = D@t(Vgot)ht.

We conclude the note with a formal calculation in the Euclidean space putting in relation D®y(V;)
with the Hessian of .

Our starting hypothesis can be chosen to be equivalently CDj,.(K, N) or CD*(K, N). Hence the results
proved can be read from two different perspective, accordingly to CDjo.(K, N) or CD*(K, N). From the
point of view of CD* (K, N), where the globalization property is already known, the main result is that for
nice optimal transportations the entropy inequality can be improved to the curvature-dimension condition,
giving a “self-improving” type of result. From the point of view of CDj,.(K, N) clearly the main issue is
the globalization problem. Here the main statement is that the local-to-global property is true for nice
optimal transportations and in the general case under the aforementioned regularity properties, is almost
equivalent to the concavity of the 1-dimensional density A\;. The latter it is in turn strongly linked to the
composition property of the differential operator D.

The last comment is for the assumption of non branching property for (X, d, m). As shown by Rajala
and Sturm in [I9], strong CD (K, oo)-spaces and Riemannian CD(K, N) for N € RU{co} have the property
that for any couple of probability measures g, 41 with pg, 11 < m all the L2-optimal transportations
are concentrated on a set of non branching geodesics. That is all v € P(G(X)), dynamical optimal plans
with starting point po and ending point u1 are such that the evaluation map for each t € [0, 1)

et:G—>X

is injective, even if the space is not assumed to be non branching, where G is the support of .

Since our construction relies not only on the L?-optimal dynamical plan but on the strong interplay
between d?-cyclically monotone sets and d-cyclically monotone sets, the substitution of the non branching
property of the space with RCD-condition or with the strong CD(K, c0) is a delicate task that would go
beyond the scope of this note. For instance RCD-condition will not prevent the following “bad” situation:
v,4 € G4 so that they have a common point z = v, = 44 for ¢t # s. In particular the proof of Lemma
[42] that is one the building block of our analysis, does not work only assuming non branching support of ~.

Acknowledgement. I would like to warmly thank Martin Huesmann for comments and discussions
on an earlier draft. I also warmly thank an anonymous reviewer for his extremely detailed and construc-
tive report.

2. PRELIMINARIES

Let (X, d) be a metric space. The length L(v) of a continuous curve « : [0,1] — X is defined as

L(y) :=sup Y d(v(tr-1),7(tx))
k=1

where the supremum runs over n € N and over all partitions 0 = tg < t; < --- < t,, = 1. Note that
L(y) > d(v(0),7(1)). A curve is called geodesic if and only if L(y) = d(v(0),~(1)). If this is the case,
we can assume 7y to have constant speed, i.e. L(yiisy) = |s —t|L(y) = |s — t|d(7(0),7(1)) for every
0<s<t<1.

Denote by G(X) the space of geodesic v : [0,1] — X in X, regarded as subset of C([0,1], M) of
continuous functions equipped with the topology of uniform convergence.

(X,d) is said to be a length space if and only if for every z,y € X,

d(x,y) = inf L(3)
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where the infimum runs over all continuous curves joining x and y. It is said to be a geodesic space if all
x and y are connected by a geodesic. A point z will be called t-intermediate point of points x and y if
d(z,z) = td(z,y) and d(z,y) = (1 — t)d(z, y).

Definition 2.1. A geodesic space (X, d) is non-branching if and only if for every » > 0 and =,y € X
such that d(x,y) = r/2, the set

{ze X d(x,z) =r}n{ze X :d(y,z) =r/2}
consists of a single point.

Throughout the following we will denote by B, (z) the open ball of radius r centered in z. A standard
map in optimal transportation is the evaluation map: for a fixed ¢ € [0,1], e; : G(X) — X is defined
by ei(y) := 7. The push-forward of a given measure, say 7, via a map f will be denoted by fyn and is
defined by fyn(A) := n(f~1(A)), for any measurable A.

2.1. Geometry of metric measure spaces. What follows is contained [21].

A metric measure space is a triple (X, d, m) where (X, d) is a complete separable metric space and m is
a locally finite measure (i.e. m(B,(x)) < oo for all x € X and all sufficiently small  >0) on X equipped
with its Borel o-algebra. We exclude the case m(X) = 0. A non-branching metric measure space will be
a metric measure space (X, d, m) such that (X, d) is a non-branching geodesic space.

Po(X,d) denotes the L2-Wasserstein space of Borel probability measures on X and Ws the corre-
sponding L2-Wasserstein distance. The subspace of m-absolutely continuous measures is denoted by
7)2 (X, d, m)

The following are well-known results in optimal transportation theory and are valid for general metric
measure spaces.

Lemma 2.2. Let (X,d,m) be a metric measure space. For each geodesic p : [0,1] — Po(X,d) there
exists a probability measure v on G(X) such that
o eiyy =i forallt €0,1];

o for each pair (s,t) the transference plan (es,e:)sy is an optimal coupling for Ws.
Consider the Rényi entropy functional
Sn(-|m): P2(X,d) = R
with respect to m, defined by

(2.1) Sw(ulm) i= [ o ¥ @(do)

X
for p € P2(X), where g is the density of the absolutely continuous part u¢ in the Lebesgue decomposition
p=ps+p = om A+ pt

Given two numbers K, N € R with N > 1, we put for (¢,0) € [0,1] x R4,

, if K62 > (N —1)n2,

1-1/N

g (S0 ETN D) T e
sin(0V/E/(N - 1) - 7

(2.2) TI(?N(Q) = if K62 <0 or

if K2=0and N =1,

' 1-1/N
LN sinh(t0\/—K/(N — 1)) if K62 <0and N > 1.
sinh(6v/—K/(N — 1))

(0.9]

That is, TI(E?N(H) = tl/NU%?Nil(H)(N_l)/N where
sin(t6\/K/N)
sin(fy/K/N)’

if 0 < K6? < Nw? and with appropriate interpretation otherwise. Moreover we put

Sy (0) =T (0N,

U%?N( ) =
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The coefficients TI(E?N(G), a%? N (0) and cg?N (0) are the volume distortion coefficients with K playing the
role of curvature and N the one of dimension.
The curvature-dimension condition CD(K, N) is defined in terms of convexity properties of the entropy
functional. In the following definitions K and N will be real numbers with N > 1.

Definition 2.3 (Curvature-Dimension condition). We say that (X, d, m) satisfies CD(K, N) if and only
if for each pair ug, 1 € Pa2(X, d,m) there exists an optimal coupling 7 of py = gom and u; = p3m, and
a geodesic p : [0,1] — Pa(X,d, m) connecting po and p; such that

Swlpm) < = [ [t dao,e1))5 (o)
(2.3) XxX

e (o m))ey ™ () | w(drod).
for all t € [0,1] and all N > N.
The following is a variant of CD(K, N) and it has been introduced in [7].

Definition 2.4 (Reduced Curvature-Dimension condition). We say that (X, d,m) satisfies CD* (K, N)
if and only if for each pair ug, 1 € Po(X,d, m) there exists an optimal coupling 7 of puy = gom and
w1 = o1m, and a geodesic p : [0,1] — Pa(X,d,m) connecting o and gy such that ([23) holds true
for all t € [0,1] and all N’ > N with the coefficients Tl((t?N(d(xo,xl)) and Tl(gjvt)(d(xo,xl)) replaced by
o%?N(d(zo,xl)) and Ug;\;) (d(x0,x1)), respectively.

For both definitions there is a local version. Here we state only the local counterpart of CD(K, N),
being clear what would be the one for CD*(K, N).

Definition 2.5 (Local Curvature-Dimension condition). We say that (X, d, m) satisfies CDj,.(K, N) if
and only if each point 2z € X has a neighborhood X (z) such that for each pair pg, 1 € Pao(X,d, m)
supported in X (z) there exists an optimal coupling 7 of ug = gom and p; = pg1m, and a geodesic
w:[0,1] — P2(X,d, m) connecting pp and g such that 23) holds true for all ¢ € [0,1] and all N’ > N.

It is worth noticing that in the previous definition the geodesic p can exit from the neighborhood
X (x).
One of the main property of the reduced curvature dimension condition is the globalization one: under
the non-branching assumption conditions CD},.(K, N) and CD*(K, N) are equivalent. Moreover it holds:
e CDj,.(K,N) is equivalent to CDy,.(K, N);
e CD(K, N) implies CD*(K, N);
e CD*(K, N) implies CD(K*, N) where K* = K(N —1)/N.
Hence it is possible to pass from CDy,. to CD at the price of passing through CD* and therefore worsening
the lower bound on the curvature. For all of these properties, see [7].
If a non-branching (X, d, m) satisfies CD(K, V) then geodesics are unique m ® m-a.e..

Lemma 2.6. Assume that (X,d,m) is non-branching and satisfies CD(K,N) for some pair (K,N).
Then for every x € supp|m] and m-a.e. y € X (with the exceptional set depending on x) there exists a
unique geodesic between x and y.

Moreover there exists a measurable map v : X? — G(X) such that for m ® m-a.e. (x,y) € X2 the
curve t — vy (x,y) is the unique geodesic connecting x and y.

Under non-branching assumption is possible to formulate CD(K, N) in an equivalent point-wise version:
(X, d, m) satisfies CD(K, N) if and only if for each pair ug, 11 € P2(X,d, m) and each dynamical optimal
plan 7,

’ _ ’ _N
(24) 0t (w0,21)) < [t v (dlwo, 1)) N (w0) + 74y (Ao, ar))er Y (@1)]

for all t € [0,1], and (eg, e1)gy-a.e. (zo,x1) € X x X. Here g; is the density of the geodesic (e¢)yy. Recall
that v € P(G(X)) is a dynamical optimal plan if 7 = (eq, e1)sy € II(uo, 1) is optimal and the map
T+ g i= epyy is a geodesic in the 2-Wasserstein space.

We conclude with a partial list of properties enjoyed by metric measure spaces satisfying CD* (K, N)
(or CDyoc (K, N)). If (X, d, m) verifies CD*(K, N) then:
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e m is a doubling measure;
e m verifies Bishop-Gromov volume growth inequality;
e m verifies Brunn-Minkowski inequality;

with all of these properties stated in a quantitative form.

2.2. Spherical Hausdorff measure of codimension 1 and Coarea formula. What follows is con-
tained in [3] and is valid under milder assumption than CD*(K, N) (or CDoc(K, N)) but for an easier
exposition we assume (X, d, m) to satisfy CD* (K, N).

Recall that for K > 0 the measure m is doubling that is m(Bz,(x)) < (Cp/2)m(B,(x)) where Cp is
the doubling constant of m. If K < 0 the measure m is locally uniformly doubling, i.e. m(Ba,(z)) <
(Cr/2)m(B;(x)) for any r < R and some constant C depending on R but not on z.

If B(X) is the set of balls, define the function h : B(X) — [0, 00] as

h(B,(x)) :=

Due to the (locally uniformly) doubling properties of m, the function A turns out to be a (locally
uniformly) doubling function. Then, using the Carathéodory construction, we may define the generalized
HausdorfF spherical measure S" as

h _ . - di i) <
(2.5) Sh(A) = lim inf {% h(B;): B; € B(X),AC LGJN B, diam(B;) < r} .

The space of functions of bounded variation BV (X) and the perimeter measure have been studied in
21, B, [6], I7]. If w € BV(X), its total variation measure will be denoted with |Du|. We will use the
following Coarea formula.

Theorem 2.7 ([6], Theorem 4.3, Theorem 4.4). For every u € BV (X) and every Borel set A C X it
holds

Dul(4) = /Oo P({u> t}, A)dt

— 00

Moreover for any set E C X of finite perimeter, the measure P(FE,-) is concentrated on a subset of the
essential boundary O*E and for any Borel set B C X

1
~S"(BNO*E) < P(E,B) < cS"(BNO*E)
&

with ¢ > 0 depending only on K and N.

If w is a Lipschitz function, its total variation is equivalent as measure to ||Vu/|m, where

1
(2.6) IVull() == liminf = sup Ju(y) - u(@)].
- yeB,(z)

The following comparison is taken from [I7]: for any Borel set A C X

2.7) co/ 1Vl ()m(dz) < |Dul(A /HVUH dz),

for some constant ¢y > 0 depending again only on K, N. The last result we would like to recall is a
particular form of Coarea formula for Lipschitz functions.

Proposition 2.8 ([3], Proposition 5.1). For any u Lipschitz function defined on X and any B Borel set
we have

/ S"(Bnu~t(t))dt < Lip(u)m(B).
R
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2.3. Gradients and differentials. This part is taken from [I5]. A curve v € C([0,1], X) is said to be
absolutely continuous provided there exists f € L([0,1]) such that

t
d(7vs, 1) < / f(r)dr, Vs, t € [0,1],s <t.
Let AC([0,1], X') denote the set of absolutely continuous curves. If v € AC([0, 1], X) then the limit

d
lim (Yeqrs Ve)
7—0 T

exists for a.e. t € [0,1], is called metric derivative and denoted by ||.
Given Borel functions f: X — R, G : X — [0, 00] we say that G is an upper gradient of f provided

F0) — ()] < / G)ldldt, vy € AC(0,1], M),

where %] is the metric derivative of y in ¢. For f : X — R the local Lipschitz constant |Df|: X — [0, o0]
is defined by

Df|(x) := limsup “~Z2 — 7)1
|Dfl(x) mSup S

if z is not isolated, and 0 otherwise. Define
_ + _ -
D% 1) = timsup PO L D i) s timsop L= TLD

the ascending and descending slope respectively. If f is locally Lipschitz, then |D* f|, |Df| are all upper
gradients of f. In order to give a weaker notion of slope, consider the following family: v € P(C(][0, 1], X))
is a test plan if

1
eryy <Cm, Vtel0,1], and // [Fe|dty(dy) < o0,
0
where C' is a positive constant. Therefore we have the following.

Definition 2.9. A Borel map f: X — R belongs to the Sobolev class S?(X,d, m) (resp. S?_(X,d,m))
if there exists a non-negative function G € L*(X,m) (resp. LZ (X, m)) such that

loc

(2.8) / 1F(0) — FO)r(dy) < / / G(a)iuldsy(dy), Ve test plan.

If this is the case, G is called weak upper gradient.

For f € S?(X,d,m) there exists a minimal function G, in the m-a.e. sense, in L?(X,m) such that
([2.8) holds. Denote such minimal function with | D f[,,. Accordingly define the semi-norm || f||s2(x,a,m) :=

D flwll 22 ) -
We now state a result on the weak upper gradient of Kantorovich potentials also known as metric
Brenier’s Theorem.

Proposition 2.10 ([5], Theorem 10.3). Let (X, d,m) verify CD(K,N) for K € R and N > 1 and be non-
branching. Let pg, 1 € P2(X,d,m), ¢ be a Kantorovich potential. Then for every ~ optimal dynamical
transference plan it holds

d(v0,m1) = [Dplw(v0) = DT ¢l(y0),  fory —aen.
If moreover the densities of o and of u1 are both in L>°(X,m), then

() =) g
Elfgw = d(v0, M), in L=(G(X),)-

In order to compute higher order derivatives, we introduce the following.
Definition 2.11. Let f,g € S?(X,d, m). The functions

|D(g+¢f)|z — |Dygl2,
2¢ ’

Dt f(Vg) = limlionf
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D 2 _|Dgl?
D™ f(Vg) := limsup |D(g +ef)lw — | 9|w.
€10 2e

are well defined.

Spaces where the two differentials coincide are called infinitesimally strictly convez, i.e. (X,d,m) is
said to be infinitesimally strictly convex provided

(2.9) / D* (V) (@)m(dz) = / D™ {(Vg)(@)m(dz),  Vfg € S*(X,d,m).
It is proven in [I5] that (23] is equivalent to the point-wise one:

DT f(Vg) =D f(Vg), m—ae., VYfgc SlQOC(X, d,m).

If the space is infinitesimally strictly convex, we can denote by D f(Vg) the common value and D f(Vg)
is linear in f and 1-homogeneous and continuous in g.

There is a strong link between differentials and derivation along families of curves. For v € P(C([0, 1], X)),
define the norm ||7]|2 € [0, 0] of v by

. Lot
Il =timsup 5 [ [P dsyian),
t]0 0

if v € P(AC([0,1], X)) and +oo otherwise.

Definition 2.12. Let g € S%(X,d, m). We say that v € P(C([0,1], X)) represents Vg if v is of bounded
compression, ||7v|l2 < oo, and it holds

o [90n) —9() 1
(210) timint [ 2090000 (a3) > 2 (11DgluEa o + 113).
A straightforward consequence of (2I0]) is that if v represents Vg, then the whole limit in the lefthand-
side of (ZI0) exists and verifies
i [ 900 = 9(0)
t10 t

Theorem 2.13 ([I5], Theorem 3.10). Let f,g € S*(X,d, m). For every~ € P(C([0, 1], M)) representing
Vg it holds

1
v(dy) = §(|||D9|w|\%2(x,eom +1713)-

/D+f(Vg>eow > 1imsup/7f(%);f(%>7(dv>
t]0

[ R R e

2.4. Hopf-Lax formula for Kantorovich potentials. What follows is contained in [5].
The definitions below make sense for a general Borel and real valued cost but we will only consider
the d?/2 case, for this reason ¢ has to be interpret as d? /2.

Definition 2.14. Let ¢ : X — R U {£oo}. Its d*-transform ¢°: X — RU {—o0} is defined by
1
¢(y) := inf =d? — .
¥(y) = inf Sd%(z,y) - ()
Accordingly ¢ : X +— R U {400} is d?-concave if there exists v : X — RU {—oo} such that ¢ = v°.
A d?-concave function ¢ such that (¢, °) is a maximizing pair for the dual Kantorovich problem

between pig, i1 is called a d?-concave Kantorovich potential for the couple (uo, j11). A function ¢ is called
a d?-convex Kantorovich potential if —¢ is a d?-concave Kantorovich potential.

We are interested in the evolution of potentials. They evolve accordingly to the Hopf-Lax evolution
semigroup H; via the following formula:

1d*(z,y)
1P, ’
s TV, ift<s

(2.11) H; () (z) := < ¥(x), ift =s,

sup ¥ (y) 1d(.y)

— , ift>s.
yEX 2 f—S
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We also introduce the rescaled cost ¢!** defined by

1d*(2,y)

vt X.
2 Sft ) <S)x7ye

() =
Observe that fort <r < s
(@) + My 2) 2 (x,2), Yy, z € X,

and equality holds if and only if there is a constant speed geodesic v : [t, s] — X such that z = v, y = 7,
and z = ;. The following result is taken from [22] (Theorem 7.30 and Theorem 7.36) but here we report
a different version.

Theorem 2.15 ([4], Theorem 2.18). Let (1) C P2(X) be a constant speed geodesic in (P2(X,d), dw)
and ¢ a c®-convex Kantorovich potential for the couple (po,p1). Then s = H§ (1)) is a c'*-concave
Kantorovich potential for (ps, put), for any t < s.

Similarly, if ¢ is a c-concave Kantorovich potential for (1, po), then Hi is a ct*-convex Kantorovich
potential for (u, ps), for any t < s.

The following is an easy consequence.
Corollary 2.16. Let ¢ be a d*-concave Kantorovich potential for (po, p1). Let op := —Hi(p¢) be a cb*-
concave Kantorovich potential for (put, 1) and analogously let o§ := H{(—¢) a c®*-concave Kantorovich

potential for (ut, po). Then:

t . . 1—¢
0e(ve) = ¢(y0) — §d2(70,71), 05 (ve) = ¢°(m) — TdQ(vom), Y —a.e. .

Proof. Since the proofs of the statements for ¢, and for ¢f are the same, we prefer to present only the

one for ;.
Since
- 1 d?(x,y)
= —Hi(° = inf ———% — ©%(y).
() 1(9°)(2) nf 55— —¢ (v)
for v-a.e. v
1 d?(v, 1 t
ee) < 3 T 4 o50) — 2 (v0,m) = pl0) — 20, ).
To prove the opposite inequality: observe that
d* (o, d* (v,
(70 ’Yt) + (’Yt y) > d2(’70,y),
t 1-—t
therefore for v-a.e. ~
1d*(ye,y) Ld(vy) 1o 1 d*(y0,7) t o
S o (y) > o —— — =d > ——— = —=d .
51 W zg— 5700y ) 2 eln) - 5 »(70) = 5d°(0,m1)
Taking the infimum the claim follows. g

2.5. Disintegration of measures. We conclude this introductory part with a short review on disinte-
gration theory. What follows is taken from [g].

Given a measurable space (R, #) and a function r : R — S, with S generic set, we can endow S with
the push forward o-algebra & of Z:

Qe +— r Q) ez,

which could also be defined as the biggest o-algebra on S such that r is measurable. Moreover given a
measure space (R, %, p), the push forward measure 1 is then defined as 7 := (ryp).

Consider a probability space (R, Z, p) and its push forward measure space (S, .7, n) induced by a map
r. From the above definition the map r is measurable.

Definition 2.17. A disintegration of p consistent with r is a map p: Z x S — [0, 1] such that

(1) ps(-) is a probability measure on (R, %) for all s € S,
(2) p.(B) is n-measurable for all B € Z,
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and satisfies for all B € Z,C € . the consistency condition
p(B0r(C) = [ p(Bynias).

A disintegration is strongly consistent with respect to r if for all s we have ps(r=*(s)) = 1.

The measures ps are called conditional probabilities.

We say that a o-algebra H is essentially countably generated with respect to a measure m if there exists
a countably generated o-algebra H such that for all A € H there exists A € H such that m(A A fl) =0.

We recall the following version of the disintegration theorem that can be found on [I3], Section 452
(see [§] for a direct proof).

Theorem 2.18 (Disintegration of measures). Assume that (R, %, p) is a countably generated probability
space, R = UsesRs a partition of R, v : R — S the quotient map and (S,.7,n) the quotient measure
space. Then .7 is essentially countably generated w.r.t. m and there exists a unique disintegration s — ps
in the following sense: if p1, pa are two consistent disintegration then p1 s(-) = p2.s(-) for n-a.e. s.

If {Sn},cn 15 a family essentially generating .7 define the equivalence relation:

s~s = {se€fl, < €85, VneN}L
Denoting with p the quotient map associated to the above equivalence relation and with (L,£,\) the
quotient measure space, the following properties hold:
o Ry :=Usep1yRs = (por)~'(l) is p-measurable and R = Ui Ry;
o the disintegration p = [, pA(dl) satisfies pi(R;) = 1, for A-a.e. 1. In particular there exists a

strongly consistent disintegration w.r.t. por;
e the disintegration p = fs psn(ds) satisfies ps = pp(s) for n-a.e. s.

In particular we will use the following corollary.

Corollary 2.19. If (S,.¥) = (X, B(X)) with X Polish space, then the disintegration is strongly consis-
tent.

3. SETTING

We fix here the objects, notations and hypothesis that will be used throughout this note.

(X, d, m) will be a non-branching metric measure space verifying CD;,.(K, N) or equivalently CD* (K, N).
The marginal measure g, u1 € P2(X,d,m) are fixed together with = € II(uo, 1) the optimal coupling
and v € P(G(X)) the associated optimal dynamical transference plan such that

[0’ 1] ERA (et)ﬁ'y = M, (60’ el)ﬁ’y =T,
with 1 geodesic in the L2-Wasserstein space and e; is the evaluation map at time ¢: for any geodesic
v € G(X), er(y) = 1. P(G(X)) denotes the space of probability measures over G(X), the space of
geodesic in X endowed with the uniform topology inherited as a subset of C'(]0, 1], X'). The support of ~

will be denoted with G. The evaluation map e without subscript is defined on [0, 1] X G by e(s,v) = 7s.
Moreover

[t = orm, Vetelol].
Thanks to recent results on existence and uniqueness of optimal maps, see [I6], only one geodesic in G
has a given couple of points as initial and final points, that is for v € G

(eo,e1) " {(v0,1)} = {7}

Moreover by inner regularity of compact sets we can assume without loss of generality that G is
compact,
ot < M, Vetelo,l],

and metric Brenier’s Theorem holds for all v € G, that is
(3.1) d(v0,71) = [Dlw(70)-

A d?-concave Kantorovich potential for (pug, 1) is ¢ and ¢; will be the d?-concave Kantorovich potential
for (g, p1) obtained through Theorem 2151 When it will be needed, we will prefer the notation g to ¢.
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Thanks to compactness of G we can also assume ¢ to be Lipschitz. Its d?/2-transform will be denoted
by ¢¢. From Corollary 2.10 it follows that ¢1 = —¢° pi-a.e. and

(3.2) et(t) = (1 = t)po(v0) + twr (7).

We will also use the following notation

pi(pe) = @r(supp[p]), Ve € [0,1].
Since we will make an extensive use of the following sets, we fix their names once for all:

G

(33) Fi {o) € XX st + ) = T

contains the support of 7 and the transportation set for (pu, p1) is

d*(z,y) } .

(3.4) Iy {(z,y)GXxX:gat(x)+<pc(y) 20 -1)

and again (e, e1)zy(I'y) = 1. Fix also the set of curves with starting point in ¢! (a):

(3.5) Ga :={v€G:¢(y)=a}.
and the corresponding subset of I’

d?(z,y)
2

(36)  Tu- {(:c,y) € X x X : o)+ o*(y) = () = } —n (o (a) x X).

In Section and Section to disintegrate the reference measure m in the direction of evolution, for
r € [0,1] we will use the “closed” and “open” evolution sets:

(3.7) Co(r) :==e([0,7] x Ga), To(r) :==e([0,7) x Gy) -

As it will be proved in Proposition A1l the set I', is d-cyclically monotone. We will denote with ¢, a
Kantorovich potential associated to it, that is ¢, is 1-Lipschitz function such that

Lo C{(z,y) € X X X : ¢a(x) — daly) = d(z,y)}.

The d-monotone set associated to ¢, will be used again so we will denote it with K,:

(38) K, = {(‘T’y) EX xX: (ba(x) - ¢a(y) = d(xay)}
A relevant function for the analysis is the length map at time ¢: for ¢ € [0,1] the map L; : e,(G) —
(0,00) is defined by
Li(z) := L(e; ().
Again by inner regularity of compact sets, we can assume that there exists a positive constant C' such

that

1
5<L(7)<C, Vy e G.

In order to study the behavior of the evolution after time ¢ of the level sets of ¢, ie. {y : v €
G,¢(v0) = a} for a € R, is convenient to see them as level set of a particular function. As it will be
proven during this note this particular function is defined by

(39) 4(G) 3 3= @ultw) i= i) + 5300,

where in the definition of ®; we used that, for t € (0, 1], for every = € e;(G) there exists only one geodesic
v € G with v+ = x. This property for ¢ = 1 holds only if 1 < m. Another possible definition is

Dy (1) := v(70), see B2).

The map ®; enjoys the next monotonicity property.
Lemma 3.1. Let v € G be fixed. Then for every s > 0 it holds that

P (ye—s) > Pelve) > Pele4s),
provided vi—s € e:(G) for the first inequality and vyiys € er(G) for the second one.
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Proof. We first prove the first inequality. Suppose by contradiction the existence of s > 0 such that
Vs € et(G) and Py(vi—s) < Dy(y:). From Proposition Il necessarily ®;(y:—s) < Pi(7:). So let
4 :=e; "(7+_s), then the previous inequality reads as

¢(50) < #(70)-

So we can deduce

1
_d2 (703 ’yt—s)a

1, . . .
574 (G0, 71-5) = 9 (0) + 9§ (11—s) < (%) + P{(1e-s) < o

and therefore d(40,vi—s) < d(y0,vi—s). Hence

A2 (Y0, %e—s) + d2(G0, 1) < d2(30,—s) + (d(F0, Ye—s) + d(ye—s, 1))’
= d® (90, Ve—s) + d* (0, Ve—s) + &> (Vi—s, 1) + 2d(F0, Ve—s)d(Vi—s, V1)
< d* (Y0, Ye-s) + (G0, v1—s5) + 2 (Ve—s, 1) + 2d(Y0, YVe—s)d(Yi—s,72)
= d*(70,7¢) + d* (B0, Yis),

and since 4, = y_s and 4 € G, this is in contradiction with d?-cyclical monotonicity. The proof of the
other inequality follows in the same way. O

Another important set for our analysis is the following one: for v € G and ¢ € (0,1)
(3.10) Li(y) :={7€(0,1) : v, € ex(G)},

that is the set of 7 for which v, belongs to e;(G). A priori one can only say that ¢ belongs to I;(y) but
actually the set I;(y) has sufficiently many points in a neighborhood of t. The following Lemma proves
a density result and it has been obtained in collaboration with Martin Huesmann in [I0].

Lemma 3.2. For L'-a.e. t €[0,1],
1
lim —Eﬁl(It('y)ﬁ(t—E,t+€)):1, in LY(G, ).

That is, the point T =t is a point of Lebesque density (in L' sense) 1 for the set I,(vy) := {7 € [0,1] :
Yr € et(G)}

4. ON THE METRIC STRUCTURE OF OPTIMAL TRANSPORTATION

Only for this Section the setting will be more general than the one specified in Section[3l Here we drop
all the assumption on the curvature of the space. So (X, d, m) is a geodesic, non branching and separable
metric measure space, j; is geodesic in the L2-Wasserstein space together with a family of Kantorovich
potential ¢, for ¢ € [0, 1] associated to it. We will use the notation of Section 3] for everything and related
to this objects.

Fix a € ¢(uo). We will prove that T', is d-cyclically monotone. Recall that

I,:=TnNy a)x X,
with T" transport set for (uo, p1) as from B3).
Proposition 4.1. The set I, s d-cyclically monotone.

Proof. Let (z;,y;) € Ty for i =1,...,n and observe that

1 1
§d2($iayi) = (@) + ¢°(yi) = e(xi—1) + ¢ (yi) < §d2($i—1,yi)-

Hence d(z;,y;) < d(z;-1,y;) and therefore

n

Z d(wi,yi) < Z d(zi, Yit1)

i=1 i=1

and the claim follows. O
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The main consequence of Proposition 1] is that two distinct geodesic of G, starting from the same
level set of ¢, can meet only for ¢ = 0 or t = 1, provided the metric Brenier’s Theorem holds (in the sense
of (&I)). Recall the definition of

La(1) = e([0,1] x Gy).
already introduced in (B7) and G, the set of geodesics starting from the level set a of f, see (B.H]).

Lemma 4.2. If the metric Brenier’s Theorem holds, then the family {ei(Ga)}iepo,1] is a partition of
Ca(1).

Proof. By construction the family covers I',(1), so we have only to show that overlapping doesn’t occur.
Assume by contradiction the existence of 4,5 € G4, 4 # 4 such that 45 = 4, = 2z with, say, s < t.

Then d-cyclical monotonicity implies that 4 and 4 form a cycle of zero cost and then non-branching
property of (X,d,m) implies that they are contained in a longer geodesic: if 49 = z,%1 = yo and
’70 = $1,’§/1 =N then

d(zo,y1) + d(z1,y0) = d(20,y0) + d(z1,y1).

There are two possible cases: or d(x1,y0) < d(zo,y0) or d(xo,y1) < d(z1,y1), indeed if both were false
we would have a contradiction with the previous identity. In the first case

1 . . 1 1
§d2($o,yo) = p(z0) + ¢°(y0) = ¢(x1) + ¥°(v0) < §d2(9€1,y0) < §d2($o,yo)-

Therefore d(zg,y0) = d(z1,y0) and since they lie on the same geodesic o = 1. In the second case

1 1 1
§d2(x1,y1) = p(z1) + ¢°(y1) = (x0) + ¥“(y1) < §d2(5€0,y1) < §d2(x1,y1),

and the same conclusion holds true: zg = x;.
Hence we have (2o, Yo0), (20, y1) € T'q. It follows from metric Brenier’s Theorem (Proposition 2.10) that
for all v € G

[ Delw(x) = d(v0,m)-

Therefore necessarily yo = y1. Since 4, have also an inner common point, they must coincide implying
a contradiction. 0

The next is a simple consequence of Lemma
Corollary 4.3. For each a € R, the map e : [0,1] x G, — X defined by
e(s,7) ="s
is a measurable isomorphism.

The following is, to our knowledge, a new result and it proves that for ¢t € (0,1) the Kantorovich
potentials ¢, obtained with the Hopf-Lax formula from any Kantorovich potential g, verifies a property
similar to the point wise metric Brenier’s Theorem.

Proposition 4.4. For every t € (0,1) and for every v € G

(4.1) iy £t00) = e ()
s—0 d(7t7 7t+s)

where |Dyy| denotes the local Lipschitz constant of ¢r.

= d(v0,m) = [Deel (1),

Proof. Step 1. Fix v € GG. Observe that the set

argmin{y — 7(;2((1%_ ‘1;)) - wc(y)},

is single valued and contains only 7. Indeed suppose by contradiction the contrary. Then there exists
z € X different from 7, so that
d? (’715’ Z)

et(ve) + ¢°(2) = 20-1)
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then since ¢, = —¢f we have

%dQ(vo,Z) > o(v0) + ¢°(2)
= ¢(v0) — (1) + pe(ve) + ¢°(2)
1 2

= > (d (7;),%) + dQ(%,z))

1-1¢

]
o

Y

1
§d2(707 Z)7

then necessarily d(vo,2) = d(v0,7:) + d(y4, z). But then non-branching property of (X, d, m) implies a
contradiction and then z = ;.
Step 2. Then by Hopf-Lax formula for Hamilton-Jacobi equations on length spaces

- Dt (y;,1—t
lmsup (228 — @00l _ D7 (01— 1)
Y= d(y, 1) -t

see Proposition 3.6 in [5]. Hence from Step 1. it follows that

Jim sup o (y) — @i ()]

= d(vo,71)-
Y=t d(%%) (FYO 71)

To conclude the proof observe that

@i(7t) + (1) — ©°(11) = et (Ye4s)

@t (ve) — ot (Vers)

1
> 20—1) (*(ve,m1) — d*(ye4s: 1))
1
= 2(1 — t) (d(’)/tv 71) - d(7t+sv 71)) (d(’)/tv 71) + d(7t+55 ’Yl))
1
(4.2) = d(ve, Yers) (d(ve, 1) + d(yers,71)) -
21— 1)
Hence
— ot (7t) — ot (Vets) > d(ve, ) _ d(v0, 1)
s—0 d(ve, Vets) 1—t
and the claim follows. O

As a consequence of Proposition[£4], the construction presented so far is purely metric. Indeed instead
of analyzing the geometric properties of the Wasserstein geodesic [0,1] 3 ¢ — pu; one could restrict the
domain of p; to [g,1—¢] for any € > 0 and Lemma[£.2] is true without assuming any curvature bound on
the space (X,d, m).

4.1. From L?-geodesics to L'-geodesics. Thanks to the properties proved so far we can construct a
link between L? Wasserstein geodesics and the linear structure of d-cyclically monotone sets. Since the
distance is finite, from d-monotonicity of I', we deduce the existence a 1-Lipschitz function ¢, : X — R
so that

FU« C Kll = {(ZC,y) € X xX: ¢a(x) - ¢a(y) = d(.’L‘,y)} .
Note that also the following inclusion holds

{(vs,72) 17 € Gays <t} C K.

Remark 4.5. Even if an explicit expression of ¢, is not strictly needed to our analysis, for the sake of
completeness, a possible choice of ¢, is the following one:

6([0, 1]) Ga) = fa(l) S Ys ¢a(75) =a—- d('YO;'Ys) =a— SL(’Y)'

Indeed all the geodesics in G, follows at time 0 the direction of V¢ and therefore they are somehow
orthogonal to ¢~ '(a). The same geodesics of G, follows also the steepest descent direction of ¢, and
therefore they have the same direction of V¢,. Hence one would expect that at time 0 the set ¢~*(a) is
a level set also for ¢,: therefore one could expect ¢, (vs) = a — d(vo,s)-
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We now prove that this heuristic motivation make sense. If 0 < s <t <1 and v € G,

Pa(Vs) = Pa(ye) = (t — s)L(7) = d(vs, 1),
and therefore
(Vsy 1) 7 € Ga, 0 < s <t <1} C K.
If s,t € 0,1] and 7,5 € G,
ba(Vs) — Pa(Ft) = d(J0, %) — d(70,7s):

and since

—_

%d(%,%)Q = (%) + 0t (%) = @(y0) + s () < Qd(VO,%)Q,

it follows that
Ba(vs) = Pa(Fe) < d(v0, ) — d(Y0,7s) < d(vs, )

Hence ¢, is 1-Lipschitz and therefore it is a good L!'-Kantorovich potential for the d-monotone set
{(ys,7t) : v € Ga, s < t}. Note moreover that the calculations above proves that

fa(l) S Ys d('YOaVs)
is 1-Lipschitz and coincides with s — min{d(50,7s) : ¥ € Ga}-

The following holds.
Lemma 4.6. Let A C K, be any set so that:
(To,90), (1,91) €A = (da(y1) = ¢a(y0)) - (¢a(21) — Pa(z0)) > 0.

Then A is d?-cyclically monotone.
Proof. Tt follows directly from the hypothesis of the Lemma that the set
{(¢a(z),a(y)) : (x,y) € A} CRXR

is | - |?-cyclically monotone, where | - | denotes the modulus. Then for {(z;,v:)}i<n C A, since A C K,
it holds
N
ZdQ(Z‘i,yi) = Z |¢a zz ¢a yz>|
i=1
S Z|¢a 1'1 ¢a yz+1)|

< Zd2($i,yi+1),
i=1

where the last inequality is given by the 1-Lipschitz regularity of ¢,. The claim follows. O

Fix an interval (ag,bg) C R and for any ~ so that (ag,bo) C ¢a(7[0,1)) We can define Rj, Lj C [0,1] so

that
¢a oy ((Rgv Rg + Lg)) = (a07 bO)
that is equivalent to say
¢a © V(Rg) = by, ¢a © W(Rg + Lg) = ap-

In the same manner, for another interval (a1, b1) C R we can associate to any v so that (a1,b1) C ¢a(V0,17)
the corresponding time interval (R}, R} +L]) Accordingly for all ¢ € [0, 1] we define R} := (1—t)R} +tR]
and L] := (1 —t)LJ +tL].

We use these coefficients to construct an L?-Wasserstein geodesic.

Proposition 4.7. Let H C G, be so that for all v € H both (ao,bo), (a1,b1) C da(7(0,1)) with by > ag >
b1 > ay1. Define the curve

1
(4.3) 0.1] 5 — v ;:/ 77 £t ) € P(0.1] X Go),

with n probability measure on G(X) so that n(H) = 1. Then [0,1] 3 t — (e)411 is a Wa-geodesic.
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Proof. First note that for any fixed s € [0, 1] the value ¢, (7R3+S Lg) do not depend on v € H. Indeed
¢a (VRngsL7 = ¢a (733) - (VR7 ) 7R7+SL7)

= a(’YRg) - Sd(VR%’YRMrLW)

- amg) 5 (6alrmg) = Galvmy 1))

= S(bo — ao),

and the same applies for ¢a(73} Ts L;')- It follows that the set

{(’YRg-i-ngv/VR?-‘rsLY) el S H,S S [07 1]}

is d?-cyclically monotone. Indeed, using Lemma E6, we have only to show that for any 4,7 € H and
s, €10,1):

(P ('AYR1’+$L’1*) - ¢a(7RY+sL¥>) ’ ((ba(&pbg_,_g[‘g) — ¢a (7Rg+ng)) > 0.
But as observed few lines above
ba(Yry+s07) = ba(Vpypsry)s  Pa(VR3+sry) = Pa(Ygyisry)-
Hence the claim is equivalent to
(¢a ('AYRersLY) - ‘ba('AYR?JrsL;’)) ’ (‘ba('AYRngng) — ¢a ('A}/RngsLZ)) >0,
that in turn is equivalent to
(S — §)(b1 — al) . (S — §)(b0 — ao) = (S - §)2(b1 - al)(bo - al) Z 0,

hence the claim follows. O

Hence, an optimal transport is achieved by not changing the “angular” parts and coupling radial parts
according to optimal coupling on R. Since in the radial (or linear) part of the coupling is linear, one is
allowed to rescale the radial speed and gain one degree of freedom.

In the next Sections we will use regularity properties of CDy,.-spaces to properly apply the constructions
of this Section to improve the curvature estimates and to study the globalization problem.

5. DIMENSION REDUCTION FOR A CLASS OF OPTIMAL TRANSPORTATIONS

In this Section we start our general analysis in the particular case of optimal transport plan with
lengths of geodesics depending only on the level set of ¢ from where they start, that is

L(y) = f(e(0),  Vyeq,
and the level sets of ¢ maintain their order during the evolution, that is
1
o(po) > a—a— §f2(a) €ER,

is non decreasing. In what follows we will denote with F'(a) the function a — f?(a)/2. Thanks to Luzin’s
Theorem, we can also assume the map eo(G) 3 v — f(¢(70)) to be continuous.

Under this particular assumption, the transportation enjoys nice properties. In the following Lemma
we prove that level sets are moved by -y in a monotone way. Recall that

ei(Ga) = {7 € G w(n) =a}.
Lemma 5.1. Assume that L(vy) = f(¢(70)), then it holds

et(Go) = 97" (0= 5120 ) ()

for a € p(po)-
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Proof. The first inclusion follows immediately from Corollary 216 if ¢(v0) = a then
t t
er(1) =a— §L2(7) =a-— §f2(a)-
To prove the other inclusion we observe that the evolution at time ¢ of two different level sets of g

cannot be contained in the same level set of ¢;. Indeed if a > b € p(up) then for all v € G, and 7 € Gy
it holds

e1(1) = —¢°(m) = F(a) 2 F(b) = —¢° (1) = p1(M)-
Hence for all ¢ € (0,1)

er(1) = (1 = p(v0) +te1(11) > (1 = He(Fo) +te1(31) = pi (V).
The claim follows. ]

5.1. Level sets of Kantorovich potentials. On the set eg(G) we will consider the partition given by
the saturated sets of ¢, i.e. {p~1(a)}ser. Disintegration Theorem implies that

mm(c)/( )ﬁlatI(da), ¢z (Mieg(@) = 4
»{ro

with M4 (e~ (a)¢) = 0 for g-a.e. a € ¢(ug), where, in order to have a shorter notation, we have denoted
by (o) the set p(supp|uo])-

Proposition 5.2. The measure ¢ = ¢y (mLeO(G)) is absolute continuous w.r.t. L. Moreover for q-a.e.
a € o(po) it holds

e < 8",
where S" is the spherical Hausdorff measure of codimension one.

Proof. Step 1. Recall that on G the point wise metric Brenier’s Theorem holds true: |Deply(y0)
d(y0,7), for all ¥ € G. Define the map

(@ 30 gt = nt [EED ),

y€e1(G) 2

Since G is compact, eo(G) and e;(G) are bounded and ¢ is obtained as the infimum of Lipschitz maps
with uniformly bounded Lipschitz constant. Therefore ¢ is Lipschitz and coincide with ¢(x). Extend ¢
to the whole space keeping the same Lipschitz constant.

We can use the Coarea formula (see Section 22) in the particular case of Lipschitz maps: for any
B C X Borel

—+o00
(5.1) / P({¢ > a}, Bda > ¢, /B IVl (2)m(da),

where ¢q is a strictly positive constant.
Step 2. For (z,y) € (eo, e1)(G), [V@[[(x) = d(z,y). Indeed fix (z,y) € (eo, €1)(G), then ¢(z)+¢°(y) =
d*(z,y)/2 and

(# () — & (2,)) = 3 (d(z,y) — A=) (dz,) +d(z,9))

n — 0 for |[V¢|(z) and z, on the geodesic connecting x to y at distance

DN | =

P(x) — P(2) >

Select a minimizing sequence
pn from . Then

pin e [6(2) — ()| = §p—n(d(w, y) — d(zn,y))(d(z,y) + d(zn,y)) = %(d(m, y) + d(zn, 1))

S

Passing to the limit we have ||V@||(z) > d(z,y).
Let E C R with £}(E) = 0, then from (51 it follows that

D = ol (x)m(dx e D> a},e a =
62 [ Ivel@m = [ esl@m) < o [ P > a)eo(@))da =0

But on eo(G) the gradient of ¢ is strictly positive, it follows that m(¢~*(E) Neg(G)) = 0 and therefore
the first part of the claim is proved. Moreover from (5.2)) it follows that

e < P({$ > a}, ).
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Being the latter absolutely continuous with respect to S, also the second part of the statement follows.
O

Remark 5.3. Proposition proves a property of disintegration at time ¢ = 0 where the particular
shape of the optimal transportation or of the Kantorovich potentials do not play any role and indeed the
proof is done without using any particular assumption. Hence the result will be used also in the general
case.

So Proposition implies the following decomposition for ¢t = 0:
= [ @i da) = [t da),
©(po) @ (o)
with clearly again m, < S".
For t € [0,1) an analogous partition can be considered also on the support of p, e:(G). Indeed the
d?-cyclical monotonicity of I' implies that the family
{’Yt v eG, 90(70) = a}a@p(uo) = {et(Ga)}a@p(uo)

is a disjoint family and a partition of e;(G). Therefore we consider the disintegration of mi, gy w.r.t.
the aforementioned family. Since for every t € [0,1)

ol (A) = pe({ : ¢(10) € A}),

the quotient measures of ;o and p; are the same measure. We can conclude that the quotient measures
of mi., (@) and of mL.y(g) are equivalent and

(53)  mie )= / ot fola) £ (da) = / FradLM(da),  Tas({: @(0) = a}°) = 0.
©(po) @ (o)

To keep notation consistent, we will denote also the conditional probabilities for ¢ = 0 with 72,.

For t = 1 only if p; is absolute continuous with respect to m we can do the same disintegration. Indeed
if this is the case, from Theorem 2.7 of [16], for m-a.e. x € e1(G) there is only one geodesic v in G so
that v = x and the family

{71 OIS G7 @(’70) = a}ae«,o(,uo)
is again partition of e;(G). Since we are assuming both po and pq absolute continuous with respect to
m, we have

Moo= [ e, e (Ga)) = [l
#(po)
for all t € [0,1].
Lemma 5.4. For everyt € [0,1] and L -a.e. a € p(uo), with the exceptional set depending on t, it holds
ma,t < Sh7
where S is the spherical Hausdorff measure of codimension one defined in (Z.35).

Proof. For t = 0 the claim has been already obtained in Proposition For t € (0,1] we observe that
from Lemma [5.1] the partition of e;(G)

{’715 HIO S Ga}aep(uo)a
can be equivalently written as

{5016_1(0’)}@64/%(/%)'
Then using coarea formula as in Proposition [(.2] the claim follows. O

Since level sets of g are moved after time ¢ to level sets of ¢, the monotone map F(a) = a — f?(a)/2
is the optimal map between the quotient measures.

Lemma 5.5. For each t € [0,1], consider the map Fy(a) := a — tf*(a)/2 defined on ¢o(po). Then for
each t € [0, 1], F} is the optimal map for between

(®0)sto, (gt
and f is locally Lipschitz.
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Proof. Just note that

t
(5.4) Fi(p(10)) = ¢(v0) = 5L*(7) = pe(n).
Since g; is monotone by assumption and, thanks to Proposition[5.2] (¢;)4u; are absolute continuous w.r.t.
to £ for i = 0,1, the claim follows. O

5.2. Disintegration in the direction of motion. As already motivated in the Introduction, 1+ is
not the right reference measure to improve the curvature estimate to a “codimension 1”-like estimate. So
we consider the evolution in time of a single level set as a whole subset of X, that is the set e([0, 1] x G,),
and we disintegrate the reference measure m with respect to the family {e;(G4)}icjo,1). In this way the
quotient space of the disintegration will be the time variable and as ¢t moves the conditional probabilities
will move in the same direction of the optimal transportation.

Recall [',(1) := €([0,1] x G,). Thanks to Lemma [£2] we can consider the disintegration of MLE, (1)
w.r.t. the family of sets {e:(Ga)}ejo,1):

TMmmZ/ agadt),  qeP0,1]), q(l) = mle(l x Ga)).
[0,1]

Observe that any v € G, can be taken as quotient set, therefore Corollary .19 implies the strong
consistency of the disintegration, i.e. for g-a.e. ¢t € [0, 1] 74 ¢ is concentrated on e;(Gy,).

Proposition 5.6. The quotient measure q, is absolute continuous with respect to L.
Proof. Since I',, is d-cyclically monotone, we can consider another partition of T',(1). Consider the family

of sets {vs : s € [0,1]}eq,. By Lemma L2 we have that

e the following disintegration holds true:

MLE, (1)= /nyQa(dy)a

where the quotient measure g, is concentrated on {v;/2 : v € G,} and ge-a.e. conditional
probability 7, is concentrated on {vs: s € [0,1],7 € 61_/12(y) NGa};

e Since CDyoc(K, N) implies MCP(K, N), from Theorem 9.5 of [9] we have that 1, = g(y,-)L' [0 1)
for q.-a.e. y, and for r < R

(55) <sin (%d('YOa’YR) K/(N - 1))>N_1 - g(y,r) - <sin (%d(’yr,'yl) K/(N - 1))>N_1
i (oo VKN 1) ) = o B S\ (o) VN D) )

where v = e;/12(y)ﬂGa, and and the measure g(y, -)£'[9,1) has to be intended as (7)3(g(y, -) L Lj0,1);

with v the unique element of G, so that v, = .

To prove the claim it is enough to observe that the two disintegration proposed for mip (1) are the
same. Use Fubini’s Theorem to get

mwwwwwﬁf/a%mwmmwzj 9 )aa(dy)dt,

[0,1] [0,1]

therefore from uniqueness of disintegration,

mwzg@w%(/gmw%ww)q, o= ([ stv-tatan) .

and the claim follows. O

Hence if dg/dL" denotes the density of ¢ with respect to £, posing mg + := (dq/dﬁl) Mg+, We have

(56) m\_f’l(l): maytdt.
[0,1]
Note that Proposition [.6] and therefore (B.6]), has been obtained without using the assumption of
constant speed of geodesics along the level set of p. So we will use it also in the general case without any
need of prove it again.
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Proposition 5.7. For L%-a.e. (a,t) € o(po) x [0,1] it holds
Mat < Sha
where S is the spherical Hausdorff measure of codimension one defined in (2.5).
Proof. Following the proof of Lemma [5.4] the claim will be proved if we write the family of sets

{r:ve Ga}te[o,l] = {et(Ga>}te[0,1]7

as a family of level sets {A~"(t)};e[0,1) for some locally Lipschitz A : ['4(1) — R with non zero gradient.

Step 1. Consider the evaluation map e : [0,1] x G, — I',(1) as e(s,7) := 7, and define the following
function

La.(1) 22— A(z) := Pi(e (z)).
Hence A(xz) is the unique ¢ for which there exists v € G, so that v = z. From its definition, A is clearly
measurable and
A7HE) = {ve: 7 € Gu}.

Its derivative in the direction of s — ;14 is 1 for any ¢ € (0,1) and v € G,. We now show that A is
locally Lipschitz. Note that for s < ¢ and any v,% € G,

AWO*M%Fﬁ*s:ﬁ%M%ﬁJ

On the other hand from Lemma Bl ¢s(7s) = ¢s(9s) and therefore

ﬁcﬁ(%,%) = @s(¥s) + P11 (51) = s (§s) + p7_¢ () < ﬁcﬁ(%,%)-

t —
Hence i
[ACye) =A%)l < (e, ).
and therefore the claim is proved. O

So the results obtained in this Section are: assuming that L(y) = f(¢(70)), and a — 3 f*(a) is non
decreasing, we have

m'—et(G):/( )Tha,tﬁl(da)a MLp, (1)= /[O . ML (dt)
®(Ho ’

for all t € [0,1] and a € p(po) and Mg ¢, Mar <K ShLet(Ga) for L-a.e. a,t € [0,1].

6. DIMENSION REDUCTION FOR THE GENERAL TRANSPORTATION

In this Section we obtain the result of Section [ dropping the assumption of constant length on level
sets of  but assuming few regularity properties for «v. In particular we will assume a regularity property
of the length map that has been already introduce in Section[Bt for ¢ € (0, 1)

e:(G) 3 x+— Ly(z) := L(e; }(x)) € (0, 00).

Assumption 1. For all t € (0,1) the map L; is locally Lipschitz: for p;-a.e. x € e;(G) there exists an
open neighborhood U(z) of « and a positive constant C' so that

|Li(2) — Li(w)| < Cd(z,w), Vz,w e U(z).

We can now introduce the function ®; defined on e;(G):

@) = pul) + 513().
As already pointed out in Section 3] the relevance of ®; is explained by the following equivalent identities:
Oi(n) = 9(0),  Py'(a) ={wn:7€G () =al.
It follows from Assumption [ that also ®; is locally Lipschitz. Moreover almost by definition
(Pt)smLe, ()< L
indeed since ®; 0 e; = @ o eq it follows that ($y)4us = ()40 and therefore
(Pe)g0emie, ()= (#)500MLey(G)-
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Since g¢ > 0 on e;(G), also the converse is true, that is
LMo (u) < (R1)gme, (@)

Anyway this property is not sufficient to guarantee that its metric gradient do not vanish. See [I] for
a counter example to this property (constructed on R?). One of the first steps we have to do is prove
that the reference measures of codimension one are all absolute continuous with respect to the spherical
Hausdorff measure S”, and, as in the proof of Proposition 1.2, we will use Coarea formula and we will
apply it to the function ®;. Since Coarea formula brings information only where the gradient is non zero
we have to ask for the following property to hold.

Assumption 2. For all ¢t € [0, 1] for y-a.e. v € G the following holds

P - o s
lim ¢(7t) t(Vets)
5—0 d(Ve, Vets)

Remark 6.1. Assumption [Ilis verified in the hypothesis of Section [ that is:

L(v) = f(e(v)),  Vv€QG,

with f so that a — a — f?(a)/2 is non-decreasing. Indeed as proved in Lemma 5.5 f is locally Lipschitz.
Moreover if Fy : po(po) — ¢i(pt) is the locally bi-Lipschitz function of (54)), then

€ (0,00).

et(G) Dy > fo 7 op(m)

is locally Lipschitz and coincides with L;(). Noticing that ®; = F; ' o ¢; Assumption Blis straightfor-
ward.

Before showing how Assumption [I] and Pl are used in the metric framework, we prove that if X is a
Riemannian manifold with d geodesic distance induced by a Riemannian tensor g and m is the volume
measure, then Assumption [I] and 2] are verified.

Proposition 6.2. Assume (X,d, m) has a Riemannian structure, that is (X, d) is a Riemannian manifold
with metric g and m is the volume measure. Then Assumptiond and[d are both verified.

Proof. Assumption [ follows from the Monge-Mather shortening principle, see [22] Theorem 8.5.
Actually Theorem 8.5 of [22] proves Lipschitz regularity on compact sets of the transport map from
intermediate times: if

Ty eo(G) — er(G), (T3)go = e

then for any t € (0,1) the map 7, ' is Lipschitz and in particular m-almost every where differentiable:
Since &, = po T;l, it follows that Assumption 2]is equivalent to prove that

90 (Vo(0), DT Vi (7)) > 0.

In order to compute the previous quantity is convenient to consider the expression of DT;1 proved in
[12], see Theorem 4.2:

DT ' =Y (H — tHess, %),

where Y is the differential of the exponential map in (v, —tVe¢§) € X x T,, X, H is the Hessian of the
squared of distance function and ¢§ has been introduced in Section [Z4] and minus its gradient composed
with the exponential maps gives the optimal transport from p; to pg. Since

YVei(re) = V()
it follows from Gauss Lemma, see [14] Theorem 3.70, that

(6.1) 970 (Ve(10), DT Vor () = g (Veo(), (H — tHess o 07)Veor (1))

Since (H — tHessyf) is symmetric with strictly positive determinant u;-almost everywhere, the claim
follows. g
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6.1. Level sets of Kantorovich potentials.

Proposition 6.3. For everyt € [0,1) and L -a.e. a € ¢(uo), with the exceptional set depending on t, it
holds
Ma < S",

where S" is the spherical Hausdorff measure of codimension one defined in (2.35)).

Proof. Step 1. For t = 0 the claim has been already proved in Proposition [5.2] see Remark

As a consequence of Assumption [I ®; is locally Lipschitz on e;(G). Since we are proving a local
property, possibly taking a compact subset of G, we can assume without loss of generality that ®; is
Lipschitz on the whole e;(G). Denote with P, its Lipschitz extension to X. Coarea formula for Lipschitz
maps applies (see Section and references therein): for any measurable A C X

+oo
/ P({&; > a}, A)L"(da) > co/ Vb4 ()m(dz),
—o00 A
where ¢ is a strictly positive constant.
Step 2. Since @, is Lipschitz,
P({®; > a},-) < cS™
where c is a positive constant depending on K and N. So we have
+oo
[ IV i) < [ PE > a). )2 ),
which in turn gives
||V(I)t||ma7t S CSh.
From Assumption 2lit follows that |[V®;| > 0 on e;(G) and the claim follows. O

6.2. Disintegration in the direction of motion. As in Section 5.2 we disintegrate mip (1) in with
respect to the partition {e;(Ga)}tejo,1). From Proposition 5.6 we have

m\_f’l(l): 0.1 ma7t£1 (dt)

We now prove a regularity property for the conditional measures m, ;. Recall that we are considering
optimal transportation with uniformly positive and bounded lengths: there exists C' > 0 so that

1
5<L(7)<C, Vy e G.

Lemma 6.4. For L%-a.e. (a,t) € ¢(po) x [0,1] it holds
Ma < S",
where S is the spherical Hausdorff measure of codimension one defined in (2.5).

Proof. The idea of the proof is exactly the same as Proposition B.7]
Step 1. Define the map
To(1) 32— A(z) := Pi(e (2)),
hence A(z) is the unique ¢ for which there exists v € G, so that 4 = . From its definition, A is clearly
measurable, A71(¢) = {y; : v € G, } and its derivative in the direction of s +— ;4 is 1 for any ¢ € (0, 1)
and v € G,.
Step 2. We now show that A is locally Lipschitz. Consider the map

R o o 1
Ga X Ga X [Oa 1]2 > (’7)7;371") = Y(%%Sat) = d(%,%) - 6|t - S|‘

Fix v € G, and note that for any s,t € [0,1]:
1
Vst ==l (L) - 5 ) >0
By continuity, there exists an open set U in G, x G, x [0,1]? so that Y(U) C (0, 00) and
K= {(r7 1) : s, € 0,1} CU.
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Since K is compact, there exists € > 0 so that K¢ C U where K¢ is the e-neighborhood of K in the
metric space G, x Gy x [0,1]2. Consider 7,4 € G, so that

_ £ . €
dm(757)<_a doo(’%’)/)<_a
2 2
where do, the metric on G(X). Then (4,7, s,t) € K€ for any s,t € [0,1]. Therefore

é|sft|, Vs, telo,1].

Hence we have shown that for any v € G, there exists € > 0 so that the map

e ([0,1] x B=(v)) 3 & — A(x)

d(’AYSa ’_Yt) >

is Lipschitz indeed for z,y € e ([0, 1] x B:(y)) with say « = 7, and y = 44 it holds
|A(z) — Aly)| = |s — t] < Cd(Ts, %)-
Step 3. Repeating the proof of Proposition with coarea formula we obtain that
Matte((0,1]xB.(v) < S™,

for L1-a.e. t € [0,1]. Since G, is compact the claim on the whole T', (1) follows by a covering argument. [

7. UNIQUENESS OF CONDITIONAL MEASURES

This Section is devoted to find a relation and possibly a comparison between m,; and 7,,. Find
a comparison between this two different reference measure of codimension one is fundamental. Indeed
disintegrate v w.r.t. {eg' (¢~ !(a))}acr that is the set of geodesic starting from a given level set of ¢:

y= / Yot(@C(da),  ~a((poeo) @) = 1.
)

Clearly this disintegration is just the lift for each t of the disintegration of p; w.r.t. {e:(Ga)}ace(uo)-
Therefore the quotient measure q(a)L!(da) is the same quotient measure of y; for every ¢ € [0, 1]. Then
necessarily,
[ eaitid) == ey = [ (eraalarct @),
#(ro) #(po)
and from uniqueness of disintegration,

(e)sVa = </ Qt(z)ma,t(d'z)> h 011t

Hence if we want to express the geodesic of codimension one (e;)4y, in terms of the reference measure
Mg ¢ moving in the same direction of the optimal transportation, we have to prove that (e¢)sy, < ma,q.
To do that we will prove that 1, < mg.

Remark 7.1. Here we want to stress the differences between 1, ; and m, ;. It is worth underlining again
that both measures are concentrated on e;(G,). Also they are both obtained as conditional measures of
m or, otherwise stated, they belong to the range of two different disintegration maps of m:

Miey(G)= /( )ma,tﬁl(da>a m‘—fa(l): /[0 1 ma,tﬁl(dt)'
PLHo ’

Since in both disintegrations the quotient measure is £, conditional measures can be interpret as the
“derivative” with respect to the parameter in the quotient space, a in the first case and ¢ in the second
one, of m. Even if m and ¢,(G,) are fixed, what do matters, and implies 1,4 # Mg, is the difference
between e;-(G,) and e;(Gqc). The difference can be observed in Figure [Tl

Lemma 7.2. For every a € (o),

lim — mayfﬁl(d'r) = Mg,
5208 J(t,t4s)

for L'-a.e. t €]0,1], where the convergence is in the weak sense.
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MLQO(G) mLEl/g(G)

|

t=0 t=1/2 =1

FIGURE 1. Above and below the disintegration with conditional 77, ¢ and mq ¢, respectively.

Proof. Since (X,d,m) is locally compact, the space of real valued continuous and bounded functions
Cy(X) is separable. Let {fx}ren C Cp(X) be a dense family.
Fix a € ¢(uo). The Lebesgue differentiation theorem implies that for every k € N

" ([ stetmnartas))etan) — [ fmaas), ws 5o,

s
as real numbers, for all t € [0,1]\ E,  with £L}(E, %) = 0. Hence E, := UpenFE, ) is L1-negligible. Take
f € Cy(X) and chose { fx, }hen approximating f in the uniform norm. Using fy, , it is then fairly easy to
show that 1

lim — (/f(z)ma,f(dz)) L (dr) = /f(z)mm(dz)

5708 J(t,t+s)
for all t € [0,1] \ E,. O

The analogous statement of Lemma [[.2]is true for the conditional measures i, of (3): fix t € [0, 1],
then
lim — M L (da) = 174,
b—0 b (a,a+b) “ ¢
for L1-a.e. a € p(uo), where the convergence is in the weak sense.

7.1. Comparison between conditional measures. The next one is the main technical statement of
the Section.

Proposition 7.3. For L'-a.e. a € p(ug) and every sequence e, — 07 there exists a subsequence &, so
that:

. M 1
Jm =g (g = M e e (o e (D)

for L'-a.e. t € [0,1], where the exceptional set depends on the subsequence e, and the limit is in the
weak topology.

Proof. Step 1. We show that for every a € ¢(uo),

lim L [ (@7 (o — a]) \ Fu(1))dt = 0.
e—0 € (0’1)
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Suppose by contradiction the existence of a € p(uo) and of a sequence &,, — 0 such that

1 .
lim — m@[l a—¢en,al)\Tq(l))dt > a.
Lm (7 ([ — enra) \ Fa(1))

n—00 £y

Then, since in Lemma 5.4 we have proved that ||[V®|ri, < cS" ., (G, for L'-ae. b € o(uo), with
[V, positive m-a.e., it follows that

lim — /O ) / S el \ R ) ) 2

Then by Fubini’s Theorem

lim / S (e4(Go) \ T (1)L (d6) £ (db) >
l[a—ep,a] 4 (0,1)

n—oo &y

Hence there exists a sequence aj, converging to a from below such that
S"(et(Gay) \Ta(1))LM(dt) > a.
(0,1)
for all £k € N.
Step 2. Tt follows from Lemma [6.4] and Proposition 2.8 that, since mip, (1= [ ma, idi:

liminf m (Ta, (1) \ (1)) = @

Since as k — oo the sequence ay, is converging to a, the sequence of compact sets of geodesics { Gy, }ren 18
converging in Hausdorff topology to a subset of G,, hence the same happens for the sequence of compact
sets {T'q, (1) }ren. Then just observe that

m(Ta(1)) = lim m(Ta(1)?) = m(Fa(D) + limint m(Fa, (1) \ Fa(1)) = m(a(1)) +a,

where T',(1)? = {z € X : d(2,T4(1)) < 4} is a neighborhood of T,(1) and the first inequality follows
from the definition of Hausdorff convergence. Since a > 0 we have a contradiction and therefore for each
a € ¢(o)

1 _
lim — m(®; " ([a —e,a]) \ Tu(1))dt = 0.
=0 Jon

So for each sequence €,, — 0 there exists a subsequence ¢, such that

hm ! m(q);l([a - Enkva’]) \ fa(l)) =

k—o0 Eny

for L1-a.e. t € [0,1].
Step 3. Let {fn}tnen C Cp(X) be a dense family. Then for each fj

1 1
lim —/ frg, t£ (db) — —/ fam | =0
k—oo \ €n, [a—en, ,a] Eny, <I>:1([a7€nk,a])ﬁfa(l)

for all ¢ € [0,1] minus a set of measure zero. Reasoning as Lemma [[.2] we have the existence of a set
E C [0,1] with £'(FE) = 0 such that for all f € C,(X) it holds

1 1
lim / frig L (db) — / fm| =0
k—oo \ &y, [a—en,.a] Eny, <I>;1([a—6n,k,a])ﬂf‘a(1)

for all t € [0,1] \ E. Then again from Lemma [T2 applied to 1, ¢ we have the claim. O

The proof of the next Corollary follows from Lemma and Proposition

Corollary 7.4. For L'-a.e. a € o(ug) the following holds: for every sequence €, — 0 there exists a
subsequence €y,, — 0 so that

m — -mLg- S N=Mm
k=00 £, o, ([a—en, ,a])NTa(1) a,t

for L'-a.e. t € [0,1], where the exceptional set depends on the subsequence e, and the limit is in the
weak topology.
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We now prove that m,; < mg,. Let us recall the disintegration formula for m as constructed in
Proposition 5.6 for each a € ¢(1g) since the geodesics in G, are disjoint even for different times it holds

(7.1) mp, 1) = / 9(y, )L 0,114a(dy).
e1/2(Ga)

where g satisfies (5.3), ¢, is the quotient measure satisfying for I C e;/5(Ga)

qa(I) = m({%f HIOS Gaa'Yl/Q € I})

and the measure g(y,-)L'Ljo1] has to be intended as (7)s(g(y,-)L L[o,1)), With ~ the unique element of
G. so that 715 = y. Being the evaluation map e;/; a Borel isomorphism between G, and e;/5(G) the
measure q, can be also interpret as a measure on Gj.

Proposition 7.5. For L'-a.e. a € o(uo)
ma,t < ma,t
for L'-a.e. t € [0,1]. Equivalently (e1/2)3Y, < qa-

Proof. Consider a € ¢(jo) and a subsequence ¢y, so that Corollary [Z.4] holds.
Step 1. Consider the evaluation map e : [0,1] x e1/5(Gq) — I'4(1) defined as usual by

e(5,y) = es 0 €1 ().

Note that it is continuous, surjective and its inverse is continuous as well. Hence I'4(1) and [0, 1] x €1 /2(G4)
are homeomorphic.

Take I compact subset of e /5(Gy) with o (1) = 0. Since g, is a regular finite measure on ey /5(Gy), by
outer regularity there exists a sequence {4;};en with A; C e1/2(G,) and open in the subspace topology
of e1/5(Gy) so that

—_

I C A, qa(4;) < -

~

Take now any open set U C [0, 1] neighborhood of 1/2. Then e(U x A;) will be an open set in T',(1) for
each ¢ € N.

Step 2. Then
1
0 (amen, el () (U X Ad))
1
=/, (9(y, )L (UN{r € [t,1] : ®4(yr) € [a — eny, a]}) ga(dy).
Nk i

Let s € (0,1) be such that
s = max{s: Pr(yi4s) > a —en, }-
Then sx > LY ({7 € [t,1] : ®(7+) € [a — €n,,a]}) and
Eny =0 — (@ —ep,) > Pe() — Pe(Vetsy)

Therefore

. 1 . Sk
7.2 lim — L {7 €[0,1]: ®i(v,) € [a — en,,a]}) < lim
(72) Jim L1 (7€ [0,1)5 () € fa = engsal}) < lim o

and the last term by Assumption 2] is bounded. Since g is uniformly bounded as well, it follows that

1
_ml"@;l([afsnk,a])ﬁfa(l)(e(U x A;)) < Cqa(4i),

Eny

for some positive constant C' not depending on k.
Step 3. We now observe that T',(1) is a compact set. Hence any function f € Cy(X) can be extended,
by Tiezte’s Theorem, to a bounded and continuous function on the whole space, say f. It follows that

m — - mig— A= Mm
k00 En, @, ([a—en,,,a])NCa(1) a,t
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holds also in the weak topology of P(I'y(1)). So we can use lower semicontinuity on open sets of weakly
converging measures, also for open sets in the trace topology of I';(1). Therefore

1 1
Mg (e(U x A4;)) < liminf MLg=1(jae,, a])AT (1)(e(U x A;)) < C-.
t g a i

k—oo Eny,

By outer regularity, (1) = 0 and the claim follows. O

Direct consequence of Proposition [[H] is that for L£!-a.e. a € p(up) we have 1, = 4.1, for L1-a.e.
t € [0, 1], that is

i o () = / s (4)da(dy),
e1/2(e; ' (K))
for all K C er(G,).

7.2. A formula for the density. We now derive an explicit expression for the density of m, ; with
respect to mg ;.

Lemma 7.6. For L'-a.e. a € p(uy) and every sequence €, — 0, there exists a subsequence ey, such
that the limit

(7.3) lim Lﬁl ({T €(0,1): D¢(y,) € [a — Enk,a]})

k—o00 Eny,
exists for vy,-a.e. v € Gy and L'-a.e. t € [0,1]. If we denote by \i(7V:) its value, then
ma,t = )\tma,t-
Proof. Consider a € (o) and e, so that Corollary [[4] and Proposition holds. Then we have
. 1
lim [ — (g(y, -)El)

Qa(dy) = ea,tQaa
k—oo | En, ({re(o,l)@t(»y,)e[a—snk,a]})

again for L£!-a.e. t € [0,1] with the exceptional set depending on the subsequence and where the conver-
gence is in the weak topology. Using a localization argument on the support of q,, it follows that there
exists another subsequence that we will call again €, so that

. 1
kli{Iolo a (g(y, ')El) ({TE(O,l)ﬁét('Yﬂ')e[afenk,a]}) = fasdy

for £'-a.e. ¢t € [0,1] and gq-a.e. y € €12(G,). Then by continuity of ¢ — g(y,t) for g.-a.e. y, it follows
that

1
lim

k=00 ,cl({T €(0,1): ®e(vr) € [a - 5”’“&]})

' (g(y’ ')51) ({76(0,1):@(%)6[%8%,a]}) = 90y 1)y

for L'-a.e. t €[0,1] and gq-a.e. y € e1/2(Ga). Then necessarily

lim ! ({T €(0,1): @4(77) € [a - Enkaa]})

k—oo €p,

exists L-a.e. ¢ € [0,1] and gq-a.e. y € €1/2(G,). By uniqueness of the limit

1
Out = g(y,t)- kllngo E—El ({T €(0,1) : Pi(y,) € Ja— Enk,a]}).
ng

Hence if we define A\i(y) = 04.¢(v)/g(y,t) then
At(y) = lim ! El({T €(0,1) : ®y(yr) € [a— snk,a]})

k—oo Enk
and since mq ¢ = g(+,t)qq and g ¢ = 04,44, it follows that

Ma,t = )\tma,t,

and therefore the claim. O
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At the beginning of this section we observed that

-1
Ct4Ya = (/ Qt(z)ma,t(d'z)) 0t M.t

so now Proposition and Lemma [.6] implies the next corollary.
Corollary 7.7. The measure ()7, is absolute continuous with respect to the surface measure mq.¢.

Let ]/:L(Lt be such that (e;)sy, = ﬁa,tma,t. We prefer to think of ]/:L(Lt as a function defined on G, rather
than on e, (G, ), hence define hq . : G4 — [0, 00] by hg () := iALam('yr). So we have found a decomposition
of o4:

1

) = ([ 0 Iinast@)) 1 hasl0)

where a = ¢(7p). We now deduce a more convenient expression for ;. Recall the definition
Ii(v) ={7 €[0,1] : 7 € e1s(G)} = {7 € [0,1] : (77, &4(G)) = 0},
Theorem 7.8. For L'-a.e t € [0,1]

1 _
— lim q’t(%) q’t(’YHs)
)\t (’yt) s—0 S

(7.4)

)

point wise for v-a.e. v € G.

Proof. Step 1. From Lemma [[8 for £'-a.e. a € p(uo), for every e, — 0T there exists a subsequence &,
such that

lim L51({7 € (0,1): Bi(r) € [a — enyal} )

k—o0 Ep,

Ae()
point wise v, ® Ll-a.e. in G, x [0,1]. An equivalent expression of \;(v;) is:

— lim ((¢t07)ﬁ£1)([a_€nk’a])
T D (a2

At (V)

Using Assumption [2] \; can be written in terms of the same limit above substituting ®; o y, that is
defined only on I; (), with an extension of ®; to a neighborhood of ¢.

Since for each v € G the set I;(y) is compact, we can extend ®; by linearity on each geodesic of G,.
By d-monotonicity this will create no problem in the definition. More specifically: for § > 0 fixed, for
each T € [t — §,t + 0] and v € G, there exists

Tm = max{s € I;(vy) : s < 7}, v =min{s € I;(y) : 7 < s}.

Clearly 7., and 7p; depends on v and if 7 € I;(y) they all coincide 7 = 7,,, = 7as. Then we define the
extension map ®; by linearity

Bu(90) = Dulm) + (1 — ) 20 = 20m),

™™ — Tm

Since by d-cyclical monotonicity v # 75 for all t,s € [0,1] if 7,5 € G, with v # 7, the map d, is well
defined on e([t — §,t + §] X G) and is measurable. Moreover by Assumption 2 on each line the map

[t—6,t+0] 37— d(vr)

is differentiable in ¢ with strictly negative derivative and is Lipschitz in the whole interval [t — §, ¢ + ¢].
Consider now 7, = max{7 € [t,t + d] : P1(7,) > a — &y, }, then

£1<(§>t 07)*1[(175”“@]) <7 —t.

Since by construction

Di(ve) — Pe(vn,) 2

ol

(Tk - t)a
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for some positive constant C, we have (7, — t) < cey, implying that

/G ((q)t © V)ﬂﬁl)([a - Enkva]) B ((qst © V)ﬁﬁl)([a — Enkva]) v, (dv)
<

Enk Enk

/ (((i)t S 'Y)Ii‘cl) ([a - E"k’a’] N It('Y)C)
Ga

Eng

Ya(dv)

< / El((t—csnk,Hcsnk)“It(”c)wa(dv%
Ga

Eny

By Lemma the last integral converges to 0 as k — oo. We have therefore proved that for £!-a.e.
a € ¢(po), for every e, — 0 there exists a subsequence &,, such that

At(y:) = lim Lﬁl ({T € (0,1) : dy(vy) € [a — Enk,a]}),

T koo Eny,

for v, ® L1-a.e. in G, x [0, 1].
Step 2. Now we take advantage from the fact that ®; oy is defined on a connected set and invertible.
For any ¢ sufficiently small the following identity holds:

(8 09):L") (fa —e,a)) _ Se

€ b1 (3e) = De(vrss.)
where s. is the unique s € [t,t + 0] such that

q)t('YtJrsE) =a—-¢c.
It follows that

1 d - d ;
(75) — lim t(/yt) t(’7t+s)’
Ae(y)  5—0 s
for v, ® L'-a.e. (v,t) € G, x [0,1]. Restricting s to I;() the claim follows. 0

8. GLOBAL ESTIMATES AND MAIN THEOREMS

So far we have proved that in a metric measure space (X, d, m) verifying CD;,.(K, N) or CD*(K, N)
(actually MCP(K, N) would be enough), given a geodesic u; = o;m in the L?>-Wasserstein space with
some regularity, the following decomposition holds:

) = [ 0@inas(d)) 5 hacto)

where a = p(70) and the functions involved in the decomposition are determined by the following iden-
tities:

-1
ha,tma,t = (et)ﬁ‘)’a = (/ Qt(z)ma,t(dz)) tha,tv

1 P - s
lim t(7e) t(Vets)

)\t (’yt) o s—0 S

From Assumption 2] A\¢(7:) > 0 v-a.e. and the above expression make sense.

To give a complete meaning to this decomposition we have to prove additional properties for both
hat and Ag¢. In this Section we will consider this function h,: and A; in the perspective of lower
curvature bounds. In particular, thanks to the metric results proved in Section @] we prove that hg
verifies CD* (K, N — 1).

As already observed (see (TI)) a disintegration of mig (1 is given by the next expression:

(8.1) me, (1) :/ @ >(9(yv')£1L[0,1}) da(dy),
€1/2(Ga

where ¢(y, ~)£1|_[0,1] has to be intended as a measure on vjg 1) C X, the image of v where v = 61_/12(y).



34 FABIO CAVALLETTI

Since A¢(7¢) > 0 also for y,-a.e v € G, it follows from Proposition [Z.5] that (e;/2)s7y, can be taken to
be the quotient measure in (81]), at the price of changing the value of g:

(8.2) mg, (1) :/G (9(71/27')ElL[o,l])’Ya(dW,

with the change of the value constant in ¢ and therefore the new g still verifies (5.5). For ease of notation
in what follows we will just denote with g(v,t) instead of g(v12,%). The new densities g enjoy the
following property.

Lemma 8.1. For ~y,-a.e. v € G,
hat(V)g(y,t) =1, LY —aqe te [0,1].

Proof. The function ﬁa,t has been introduced after Corollary [[.7l For any measurable sets H C G,
I C [0, 1] the following identities hold:

v (H)LHI) = /(ha,tmaﬁt)(et(H))dt :/ izayt(z)maﬁt(dz)dt

1 {y:vyeH tel}

= / fALmt(z)m(dz)
{vi:vEH teT}

= L(/}ha,t(v)g(%t)dt) Yaldy),

where passing from the second to the third line we used ([82) and ﬁa,t was introduced after Corollary
[ The claim follows from the arbitrariness of H and I. O

8.1. Gain of one degree of freedom. As proved in Section [ for any a1 < by < ag < by and for any
v € Gq so that (ag,b1) C ¢a(vj0,1)) we can define Ry, L C [0,1] and R}, L] C [0,1] so that
$a 0y ((RE)Y’ Rg + Lg)) - (G‘Ov bO)a $a 0 ((R’{a R'ly + L’ly)) = (ala bl)a

where ¢, is a Kantorovich potential associated to the d-monotone set {(vs,v) : ¥ € Ga,s < t}. The
previous equations are equivalent to

¢a © ’Y(RE)Y) = bo, d)a © V(R(')Y + Lg) = ao-
and

¢a © ’Y(RY) = bla d)a © V(R'ly =+ Lg) = aj.
Accordingly for all ¢ € [0, 1] we define

R} = (1 —t)R] +tR], L] =1 —t)L+tL7.

Let H C G, be so that for all v € H both (ag,bo), (a1,b1) C ¢a(v(0,1)) With a1 < by < ag < bg. The
Proposition [ implies if we define

1 1
(8.3) 0,1] >t — vy = ~ () /H L—zﬁlL[Ri,RHLZWa(dW) € P([0,1] x Ga),
then [0,1] 3 ¢ — (ey)ry is a Wa-geodesic.

Moreover from Lemma 1] we can deduce that for each ¢ € [0,1] the density pi(x) of (e)svy w.r.t. m

is given by

(8.4 o) = { oo OO < LR )
0, otherwise.
The dynamical optimal plan associated to v; can be obtained as follows: consider the following map
0:G(X)x[0,1] — GX)
(v:8) =t N = Yoty (RY4sL)+t(R] +sL7)

Then if we pose

- 1
(8.5) Y, = Oy (mﬁaLH®£1L[O71]),
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it follows that (e)svr = (€4)¢Yq-

Theorem 8.2. For ~y,-a.e. v € G, and for any 0 < 19 <711 <1 the following inequality holds true:

(5.6) W) 2 ol (- wze) {m BT )+ e E T )
where 1,9 = (10 +71)/2.

Proof. As a preliminary step, we note that in order to prove the claim is sufficient to prove (8] locally,
i.e. for Ry and Ry sufficiently close. As proved in [7], reduced curvature dimension condition enjoys the
globalization property.

Step 1. Since ¢, is 1-Lipschitz and G, is compact, there exist real numbers o, 5; for ¢ = 0,1 so that

$a 0€0(Ga) C [, 1], ¢q0e1(Ga) C [Bo, Bu].

For any n € N and N> k& <n — 1 we can consider the following family of curves

Ek,n = (¢a 060)_1 <|:Oé() + Salaao + kj_;la1:|) 5 Dk,n = (¢a 061) <|:60 + 613 hil :|> )

where the maps ¢, o e;, for i = 0,1, has to be considered as defined only on G,. Then we define the
family of compact sets

My, g = Eppn O Dy .
For any n € N, as h and k vary from 0 to n — 1 the sets M}, ., cover G,. In particular we will consider
this covering for n so that

1 .
o < min{L(v),7 € Ga}, lar — aol, |81 — Bol-
Under the previous condition

min{¢q(70) : ¥ € Mhkn} > max{oa(71) : v € Mpkn}-

Then for any a > b real numbers so that

min{¢q(v0) : v € Mpgn}t > a>b>max{p,(v1): v € Mrkn}t,
for any v € Mj, 1., the image ¢q(7(0,1)) contains [b,a]. Therefore we are under the hypothesis of Propo-
sition .71
Step 2. Fix a compact set H C M), ., and a, b such that the curvature dimension condition CD(K, N)
holds true for all measures supported in

o' ([ba]) N {0, 2 v € H}.
Chose now ag, by and ay, by so that (bg,ap), (b1,a1) C [b,a]. In the same manner as Proposition E7]
consider Ry, R{, Lj and L]. Finally define {(e)sv}.c[0,1) as before in (3] and the associated dynamical
optimal plan 4, as in (85]). Note that since M}, i, ,, is a covering of G, we can always assume v, (M k. n) >
0 and therefore v,(H) > 0.
Condition CDyee(K, N) for t = 1/2 imply that for 4,-a.e. n € G(X)

pu ™ (my2) = 7 @lno,m)) {pg M (o) + w1 VN () }

that can be formulated also in the following way: for £!-a.e. s € [0,1] and ~,-a.e. v € H
—1/N
p1/2/ (7R +sL

1/2 —1/N —1/N
rand,) = T ((BY = B3+ 5127 = LINEO) {po N (imgearg) + 210N (rigeary) -
Then using ([84) and the continuity of r +— h,(v) (Lemma B.T]), letting s \ 0, it follows that

—-1/N
(LD N ()

1/2 S 1/N 1/N
(8.7) > ol (BT = RDLO) ™ { @) h i () + )YV )}
for «,-a.e. v € H, with exceptional set depending on ag, bg, a1, b;.
Step 3. Note that all the involved quantities in (87) are continuous w.r.t. R}, L], R}, L], that in turn
are continuous functions of ag, bg, a1, b1 respectively. Therefore there exists a common exceptional set
H' C H of zero v,-measure such that ([87]) holds true for all for all ag > a1 € (a,b), and all by, b; so that
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ao — by, a1 — by are sufficiently small and all v € H \ H'. Then for fixed fixed v € H \ H’, varying L], L]
in (87) yields
-~ 1/2 -~ 1 -~ 1
b ) 2 AL (R~ L) {41 T 0

Indeed the optimal choice is

—1/(N-1 —1/(N—-1
g ha,l{g( (%) g haﬁ@( (%)
(U —1/(N—-1 —1/(N-1 ) 1 —1/(N—-1 —1/(N—-1
O CO R e C) hy ™) 4 b YT ()

for sufficiently small L > 0.
Using the same argument of [II], we prove the global ([88]) for 7, 7] so that

¢G(VTJ) S a7 ¢¢l(77';) Z b7

for v-a.e. v € My . Since n can be as big as we want, 7 and 7, can be taken 0 and 1 respectively.
Therefore we obtain the claim. O

We have therefore proved one of the main results of this note.

Theorem 8.3. Let (X, d, m) be a non-branching metric measure space verifying CDyo.(K, N) or CD*(K, N)
and let {pt}iep01] C P2(X,d,m) be a geodesic with iy = oym. Assume moreover Assumptiond and As-
sumption[d. Then

1
0t(vt) = Cla)~———=hars(7), vy —ae veG,

Av(7e)
where a = ¢(y0) and C(a) = ||v,ll s a constant depending only on a. The map [0,1] 3 t — hg ()
verifies CD* (K, N — 1) for v-a.e. v € G and

1 ) - ;
lim t(7e) t(Vets)

)\t (’}/t) - s—0 S

8.2. Globalization for a class of optimal transportation. In order to prove globalization theorem
of CDypc it now necessary to show concavity in time of A;(v;). We will do that in the framework of Section
L(+) depends only on (7o), i.e.

L(y) = fle(0)), v—aeveG,
for some f : ¢(ug) — (0,00) such that ¢(u0) > a — a — f?/a is non increasing.
Proposition 8.4. Assume the following: Then for vy-a.e. v € G the following holds true
At(ye) = (1= t)Ao(0) + tA1 (1),
for every t € [0,1].
Proof. Since ®; = F, ! o ¢;, where Fi(a) = a — tf?/2 and

lin% pr(vt) = @t (Vets) = L%(y),
s— S

for all t € (0,1), it follows that from Theorem [T.8] that

_ 1
At(y) = (OaFy)(Fy l(wt(Vt)))LQ(V)
1
= (aaFt)(SD('YO))LQ(,Y) .
Since (0, F})gs is linear in ¢ the claim follows. O

Using the results proved so far, we can now state the following.
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Theorem 8.5. Let (X, d, m) be a non-branching metric measure space verifying CDjo.(K, N) or CD*(K, N)
and let {pt}iepo,1] C P2(X,d, m) be a geodesic with piy = gym. Assume moreover that

L(v) = f(¢()),

for some [ o(p0) — (0,00) such that (po) > a — a — f?/a is non increasing. Then

Qt('Yt)il/N > 00(v0)~ UNT;;J)(CI(’YO,%)) +o1(n)” 1/NTI((5)N(d(70771)>a

for every t € [0,1] and for y-a.e. v € G.

Proof. From Remark B11
ot(1) = (/ Qt(z)ma,t(dz)) }Z(ts;y;,

where the integral is constant in ¢ and therefore in order to prove the claim we can assume

o) = ﬁham.

Then from Theorem and Proposition [B.4]

Q;l/N(%) = (ﬁha,t(ﬂ)lm

1—t)o(70) + tAl(m)) v (h;i/(Nfl)(v))

(¢
( 1 —t )\0 Yo ) N (ag Nt) 1(d(70,71))h;,év£1( )) "
+
= 09

=2

1

)UN (Ug?z\rq(d(%, M)ho (7))

”N(vo)T;éN)(d(wo,m) + o0 N () (A0, )
The claim follows. O

N

9. MORE ON THE ONE-DIMENSIONAL COMPONENT

Assuming the metric measure space (X, d, m) to be infinitesimally strictly conver, see Subsection [2Z3]
we can give an more explicit expression for \;.

Define the restriction map as follows. For any ¢ € (0,1) let restry, ) : G(X) — G(X) be defined as
follows restri; 1)(7)s = Y(1—s)t+s- Denote by Vie,1] the measure restry 1137

Lemma 9.1. For allt € [0,1) the measure 7y}, 1) Tepresents V(1 —t)(—p4).
The notion of test plans representing gradients has been introduced in Definition 2.12

Proof. First observe that ¢; € S?(e;(G),d, m). Indeed from Proposition 2210 since ¢; is a Kantorovich
potential for (g, p1), it follows that

d(7t7 71)
1-t¢
and therefore |Dyly, € L*(et(G),m). We know that «, ;j is the optimal dynamical transference plan

between p; and pu; and (1 — t)p; is the Kantorovich potential for the d? cost, hence Proposition 210
implies that

|D<Pt|w(7t) = = d(70771>ﬂ for Y —a.en,

: ei(0) — ee(7r) @ (70, 1)
ltlfél fﬁ[t,l] (dv) = 1_¢ Yit,1) (d7).
Since ||‘Y[t,1]||% = fdQ(’YO,’Yl)'Y[t,l] (dv),

(1— ) lim ¢t(70) — pe(v7)

_ 2
£10 - Vit (dv) = ||‘Y[t,1]|\2

and the claim follows. O

Using Theorem and Theorem we can now write )\ in a differential expression.
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Proposition 9.2. Let (X, d, m) be infinitesimally strictly convex. Then A\ verifies the following identity:
for every t € [0,1)
1
At(7e)

where the exceptional set depends on t.

= D®(Vr) (1), v —a.en,

Proof. Since (X, d, m) is infinitesimally strictly convex, and v}, ;) represents V(1—%)(—¢), from Theorem
2. 13 it follows that

lim P4(70) — Pu(vr)

pen(dy) = (1— 1) / D®,(Vepr) () jue(dr)
710 restri, 1) (G) T

=(1- t)/ D@¢(Ver)(v0)7pe,1(d7)-
restri 1 (G)

Since the previous identity holds true even if we restrict to a subset of restry 1)(G), it follows that it
holds point-wise: for vy, jj-a.e. v

D — Dy (>
lim 2:(0) = @:l0m) _ (1 =1t)D®(Ver)(70)-
710 T
So fix 4 in the support of 7}, ;) such that the limit exists and consider v in the support of « such that
¥r = Y(1-r)t+7, then we have

D (%) — Pr(47) _ D4 (ve) — Pe(Va—r)tsr) _ Qi(vt) — Pe(V(1—r)t4r) (1-1)

T T T(1 —1t)
and therefore the claim follows from Theorem O

Under the infinitesimally strictly convexity assumption, we have therefore the following decomposition:

mé)t(%) =D, (Vo) (ve)hat (1),

where ¢(a) = [ 04(2)Mq,(dz) is independent of ¢, and h verifies CD* (K, N — 1).

9.1. A formal computation. We conclude this note with a formal calculation in order to show a formal
expression of D®(V,)(v:) in a smooth framework.

So let us assume X be the Euclidean space with distance given by the euclidean distance and m any
measure absolute continuous with respect to the Lebesgue measure of the right dimension. Let p; = oym
be the usual geodesic in the L?-Wasserstein space over X and let T;,T;1 : X — X be optimal maps such
that

(Ty)gho = e (Te1)gpe = pia-
Hence

Tt:Id*tvgﬁo, Ttylild*(lft)vgﬁt,

with ¢o a Kantorovich potential associated to pg, u1 and ¢ the usual evolution at time ¢ of ¢y. Then
the standard identity holds:

et(t) = (1 = t)po(v0) + to1(11)-
Clearly vo = T, *(y:) and 71 = T;.1(7:). Then one can differentiate the standard identity in the direction
S — Vi4+s. Then we get

IVl () = (1 = 6)(Veo(10), DT, ' (7)) Veor () + H{Vep1 (1), DTy 1 (7)) Vipr (1))

Moreover one can write ®; in a more convenient way:

(I)t = SDO ] Tt71
and then compute )\; using Proposition [0.2]
1 _
= (DT, ) () Vo (1), Vepr (1))
At(7t)

= (Veo(10), DT, ' (v) Veer (1))
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Then using what calculated before

o7 = T IV 0 — T Ve (n). DTia () V()

IV (ve)I? + t{H @t (v)Veor (1), Veor (1)),

where H; is the Hessian of ;. Clearly the effect of curvature would change the expression of DT; ;.
Hence on a linear space

1

) (Id + tHpi (7)) Veor (), Veor (1))

As a final comment, by Corollary ZT6, it holds that ¢! = —¢¢ and since
1
“(x) = Hi(—yp) = inf —d? —
vi(2) = Ho(—p) = inf —2d*(z,y) — o(y),

it follows by semi-concavity that Id —tHyp§ > 0, in the sense of symmetric matrices. Note that we have
derived in a different way the same expression for A; obtained in (61]) from the decomposition of the
differential of optimal transport map on manifold of [I2]. Again from [12] it follows that

Id —tHei > 0,

showing again consistency with Assumption 2
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