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1 Introduction

In this article, we study the Weinstein differential operator

9
Ly =x"divx"Vy=a+22  mec,
X 0x

well-defined on the right half-plane H™ = {(x,y) € R?:x >0} ={zeC:
Rez > 0} with the convention x = exp(m Inx). This class of operators is also
called operators governing axisymmetric potentials. They have been studied quite
extensively in cases m € Nand m € Rin [10-13,16-18,22-24,29-33,36-38,41,51—
68]. We will focus exclusively on the case m € C, recalling in the course of the paper
some results for integer values of m. The Weinstein equation reads

Lyu = 0. ey

The main motivation for which we consider the case m € C is that if we complexify
the coordinates by writing z = x + iy, (1) takes the form

9%u L m/2 (8u+8u) —0
9207 z+z \dz 9z)

which is a particular case of the equation

9%u o Ju B ou
8207  z+z7 0z z+z 9T

considered with «, 8 € C in [49, Equation (5.7), p.20].

Equation (1) also appears in physics in the study of the behavior of plasma in a
tokamak. The role of tokamak, which has a toroidal geometry, is to control location of
the plasma in its chamber by applying magnetic fields on its boundary. It is possible to
assume that plasma is axially symmetric what reduces this problem to a plane section
in H™, where the magnetic flux in the vacuum between the plasma and the circular
boundary of the chamber satisfies a second-order elliptic nonlinear partial differential
equation, the so-called Grad—Shafranov equation, which reduces to the homogeneous
equation (1) with m = —1 (Fig. 1).

Note that in this instance, (1) takes place in an annular domain rather than in a sim-
ply connected domain, see [8,9,46]. This fact motivates our decomposition theorem,
Theorem 5.9.

In the sequel, the sense in which the solutions are studied will be specified. We will
also look at solutions to the equation in the sense of distributions

Lyu = 5(x,y)v
where §(, y) denotes the Dirac mass at (x, y) € H.
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584 S. Chaabi, S. Rigat

boundary of plasma

U, dyu

L u=90

Fig. 1 Section of a Tokamak

The mentioned above class of operators was first considered by Weinstein in [54],
where he studied the case m € N* He also established a relation between the axisym-
metric potentials for m € N* and harmonic functions on R”*2, see Proposition 2.4.

In [20,58,59], Weinstein and Diaz—Weinstein established the correspondence prin-
ciple between axisymmetric potentials L,, and L,_,,, see Proposition 2.3. They
deduced an expression of a fundamental solution (where the singular point is taken
on the y-axis) for m € R and established a link between the Weinstein equation and
Tricomi equations and their fundamental solutions.

Let us return to the book [49]. Studying elliptic equations with analytic coeffi-
cients, Vekua provided means to express their fundamental solutions by using the
Riemann functions, introduced earlier (see e.g. [28]) in the real hyperbolic context, he
also investigated generalized elliptic equations with complex operators 9, and dz. In
heuristic words, in the same way as a harmonic function is the real part of a holomor-
phic function, or the sum of a holomorphic and an anti-holomorphic function, Vekua
established the fact that solutions to elliptic equations, and therefore GASP, can be
written as a sum of two functionals, one applied to an arbitrary holomorphic function
and the other applied to an arbitrary anti-holomorphic function. These functionals can
be written explicitly in terms of the Riemann function, by using the hypergeometric
functions [49] or fractional derivations [16]. In [34], Henrici gave a very interesting
introduction to the work of Vekua.

More recently, basing on the work of Vekua, Savina [44] gave a series representation
of fundamental solutions for the operator Lu=Au+ adyxu + bdyu + cu and studied
the convergence of this series. She also provided an application of her results to the
Helmbholtz equation.

In [31], Gilbert studied the non-homogeneous Weinstein equation, i.e. the case
m > 0, and gave an integral formula for this class of equations. In particular, an
explicit solution was given when the second member depends only on one variable.

Some Dirichlet problems are considered in [40,41] in a special geometry, the so-
called “geometry with separable variable”.
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Even if some results presented in this paper are known for real values of m, we make
a totally self-contained presentation involving elementary technics not necesseraly
used in the papers mentioned above. For instance, usual arguments involving estimates
of hypergeometric integrals are replaced by arguments using the Lebesgue dominated
convergence theorem. Our main result is a decomposition theorem for axisymmetric
potentials which is new also for real values of m. We obtain a Liouville-type result
for the solutions of Weinstein equation on H™, with an interesting observation that
there is a loss of strict ellipticity of the Weinstein operator on the boundary of H™.
An application of the decomposition theorem is given by showing that an explicit
family of axisymmetric potentials constructed by introduction of bipolar coordinates
is a Riesz basis in some annuli.

The plan of the paper is the following. In Sect. 2, we recall preliminary information
about fundamental solutions for linear partial differential operators with non-constant
coefficients. Proposition 2.1 provides with a connection between fundamental solu-
tions for L,, and fundamental solutions for L}, , where L denotes the formal adjoint
of L,,. The Weinstein principle [59], valid for m real and complex, establishes a
connection between L, and L;_,,. We state it without proof as Proposition 2.3. Propo-
sition 2.4, valid only for m € N, is fundamental in the sense that one can compute
a fundamental solution for L,, just knowing the usual fundamental solution for the
Laplacian in R”*2 The corresponding computations are done for m € N and for
m € Z in Sect. 3.

The extension of formulas for fundamental solutions to the case m € C is the core
of Sect. 4. First we describe in Proposition 4.2 in an elementary way the behavior of
fundamental solutions near their singularities. Next we use the corresponding estimates
to establish the main result of the section, Theorem 4.4.

Section 5 is dedicated to the decomposition theorem. First we modify the funda-
mental solutions built earlier in order to get fundamental solutions which vanish on the
boundary of H™. Next, in Proposition 5.3, we show that if u is a solution for L,,u = 0
which vanishes on the boundary of H, then u = 0 on H*. Let us emphasize here that,
although this statement looks obvious, this is not the case due to the loss of ellipticity
of L,, on the boundary of H™. Let us mention that Proposition 5.3 is a consequence
of the maximum principle for pseudo-analytic functions given in a recent paper by
Chalendar—Partington [14] for more general function o than x™, but in [14] there is an
additional assumption on o, which in our case corresponds to the assumption |m| > 1.
The proof of Proposition 5.3 is quite long, but not difficult, it follows careful estimates
of fundamental solutions in some parts of H™. Finally the decomposition theorem,
Theorem 5.9, is proved. Its proof is similar to the proof of the Bocher’s decomposition
theorem presented in [4]. We end Sect. 5 with a Poisson formula for axisymmetric
potentials in H™, Proposition 5.10.

In Sect. 6, we consider the case where the annular domain is a kind of annulus.
We introduce very classical (in physics) bipolar coordinates, cf. [39], in which the
GASP equation has a form presented in Theorem 6.2. Next, applying the method of
separation of variables we obtain a basis of solutions in disks and complements of
disks in HT, see Theorem 6.3. In Sect. 7 it is shown that this basis forms a Riesz
basis.
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586 S. Chaabi, S. Rigat

2 Notations and preliminaries

Throughout H™ = {(x, y) € R? : x > 0} stands for the right half-plane, all scalar
functions are assumed to be complex valued. If € is an open set in R”, n € N¥
let D(2) designate the space of C°°-functions compactly supported on 2, where
supp f = {x € Q: f(x) # 0}. If K is a compact set in €2, let Dg (2) be the set of
functions ¢ € D(R2) such that suppy C K.

The partial derivatives of a differentiable function # on an open set 2 C R" will
be denoted by du/dx;, dyu or uy,, i € {1,...,n}. f ¢ = (a01,..., ;) € N'isa
multi-index, we denote

g — g g = O
X1 -

Xt axy”
with || = a1 + -+ - + .
It is assumed that the reader is familiar with the terminology of distributions and

we refer to [35].
Let L be a linear differential operator on €2,

L= Zaaa"‘, NEN,
le|<N

where the summation runs over the multi-indices « of length || < N, ay are C*°(2)-

functions. If T is a distribution, then LT = Z| a|<N 4a0“T. Denote by L* the adjoint
operator of L in the sense of distributions, namely,

LT = > (=D (@, T).

la|<N
One can easily check, if f, g € D(R2), we have
(Lf,g) =(f. L"g).

Leta € Q and L be a differential operator on Q2. A fundamental solution for L on Q
at a € Q2 is a distribution 7}, such that

LTa = sa»

where the equality is understood in the sense of distributions on 2. This equality can
be rewritten as

p(a) = (LT, ¢) = (Ta, L’p), ¢ € D(Q).

Inparticular, ifa € € and T, is a fundamental solution to L* ata on Q andif g € D(RQ)
is such that g = L(¢) with ¢ € D(RQ), then
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pla) =(Ta, 8), ac.
Indeed, we have
p@) = (8a, ¢) = (L'T4, ¢) = (Ta, Lp) = (T4, 8), a €.
These fundamental solutions are therefore a good tool for solving equations Ly = g
on D(Q) if g € D(Q).

If m € N¥ the Laplacian in R™ will be denoted by A,,, or A when m = 2. For
m € C, L,, denotes the Weinstein operator:

m ou 2 g+ +
Lyu(x,y) = Au(x,y)—l—;a(x,y), ueC-H"), (x,y)eH™

If f(x,y) = (fi(x,y), fr(x,y)) is a C'-vector C2-valued function on an open set in
R?,

. afi | 9f2
d =— 4+ —.
v ax + dy

Similarly, if f: R2 — Cis a Cl-scalar C2-valued function on an open set in R2,

_(3f of
=0 n)

With these notations, the operator L,, can be written as follows:
Lyu(x,y) =x""div(x"Vu)(x,y), ueC*HY).
By the Schwarz rule, if u is a function defined on a connected open set in H™ such

that div(o Vu) = 0, where o : HT — C* is a C!-function, then there is a function v
which satisfies the well-known generalized Cauchy—Riemann system of equations

av ou
— = —0—,
ax ay
av ou
— —g—
ay ax

and v satisfies the conjugate equation div(l/o - Vv) = 0, see for example [7]. This
observation justifies the fact that we call L_,,, m € C, the conjugate operator of L,,.
The adjoint operator of L,, is

N 0 mu(x,y)
Liu(x,y) =Au(x,y) — — mux,y

m du m
=Au(x,y) — — — @, )+ Zulkx,y),
0x X X ox X

where u € C?>(H'), (x,y) € H*. This definition is given on H¥ but it is easily
transposed to the case of an open set © of H™.
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588 S. Chaabi, S. Rigat

In the case where the functions involved do not depend only on x and y, we will
write Ly, x y instead of L,,, which means that the partial derivatives are related to the
variables x and y, and all other variables are considered to be fixed.

If u € D), we define S,,u, Du € D(H™T) as

a
(Smi)(x, y) =x""u(x,y),  (Du)(x,y) = B—Z(x, )

These operators satisfy the following property.

Proposition 2.1 The operator S,, conjugates L}, and L,,, D conjugates L* , and
L, which means that

SwLY =LyS,, L*,D=DL,.

Remark 2.2 1. Letm € C, S, and L,,S,, are self-adjoint operators, i.e. S,, = S,
and L,,,; S, = (L, Si)™

2. Leto: Q — C be a C'-function which does not vanish, consider the operator
defined on C%(2) as follows:

div(o (x, y)Vu(x,y)), ueCXRQ),

1
Pou(x,y) = o>y

where  is an open set in R% Then

ri=o(o5())

Indeed, if u, v € D(L2), then, by using the derivation in the sense of distributions,
we have

(Pyu, v) =/ : div(o (x, y)Vu(x, y))v(x, y) dxdy
Qo(x,y)
= —/ GVM~V(£) dxdy:/ udiv(aV(z))dxdy
Q (e} Q o
= (u, P}v).

Define S, as

(Seu)(x,y) = u(x,y), ueC*Q).

1
o(x,y)

Then, one can easily check that S, P} = P, S,, hence S, conjugates P, and PJ.
The operators P, and S, are a generalization of L,, and S, with the conjugation
relation preserved.

If m is a positive integer, introduce an operator 7, : u > v defined as follows: Ty,
maps a function u defined on an open set 2 of H™ to the function
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2 2
VX1, e vy Xm42) =u( X +-~-+xm+1,xm+2).

The following two propositions can be found in the Weinstein paper [59] in the case
m € R. They can be checked by a direct computation for m real and complex, so we
omit the proofs.

Proposition 2.3 (Weinstein principle [59]) Let 2 be a relatively compact open set in
HY, ifu: Q — Cis C then for allm € C,

Ly =x""Ly_,, [x'"_lu].

Proposition 2.4 ([54]) Let Q be a relatively compact open set in HT. If u € C*(Q)
andm € N, then Ap42(Tu) = Ty (Lyu).

These properties will allow us to calculate fundamental solutions for L, and L}, for
m € N, and, thereafter, for m € Z. Finally, estimates of formulas for L,,, L},,m € Z,

will show that these formulas actually provide fundamental solutions for L,, and L,
in the case m € C.

3 Integral expressions of fundamental solutions for integer values of m

Let us recall the definition of the Dirac mass in a point (x, y) € RZ:

Bay, @) =0, y), ¢eDRY.

Proposition 3.1 (partially in [20,53,54]) Let m € N* For (x,y) € H" and (€, ) €
HT,

. - gm [m sin" =19 do
xs y7 ’ 77 = T iz
n 21 Jo [(x — &) + 4x& sin29/2 +(y - 77)2]m/2

is a fundamental solution on H™ for the operator Ly g Al the fixed point (x, y) € HY,
which means

L:n,.{—‘,nEm(‘x’ ) E’ 77) = S(X,y)(gﬂ }7)
in the sense of distributions. Moreover, if (€, n) € H is fixed, then

Ly x,y En(x,y,8,1n) = 5(5,17)()‘: y)

in the sense of distributions, which means that E,, is a fundamental solution on H™
for the operator Ly, x y at the fixed point (&, 1) € H™.

@ Springer



590 S. Chaabi, S. Rigat

Proof Let m € N* Recall that

1

S — x e Rm+2,
m w42 || x[|™

Ex)=—

is a fundamental solution for the Laplacian on R™%2 i e. in the sense of distributions
Apmi2E = &9, where w47 is the area of the unit sphere in R™*2 Thus, for all
v e DR"?),

1 Apov(t)dnidry...dtyso
U(tl, D) tm+2) = -
Rm+2 (

M Om+2 (T =12+ + Ttz — tm+2)2)m/2 ’

where T = (71, ..., T;t2).
Applying this relation to the function v = T,u, where u € D(H™), and, due to
Proposition 2.4, for all (x, y) € H* we have

L) (&2 4+ 8241 Ems2) 6 - s

mOn2 /R (G =22+ G+ 42+ Enrr— )"

u(x.y) = -

We will simplify this integral expression. For this, we will consider the following
hyper-spherical coordinates:

&1 = &cosby,
& = &sinb) cos by,

Ep_1 =Esin0] ---sinOp_n coS Op_1,

&y =&sinf; ---sinfy,_1 cos b,

Ent+1 =& sin0) - - -sin Oy,

where § = €2+ +&2,, > 0,6, € (—m,m)and 01, ...,0u_1 € (0,7). The

absolute value of the determinant of the Jacobian matrix defined by this system of
coordinates is

EMsinG, $in%6,,_o - -~ sin™ 1 6.

Then, for all (x, y) € HY,

u(x,y) =/ dn/o Lnu)&,m) En(x,y,§,1)d§ @
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with

E(xyén)

/ / sm@m 18in2 6,5 -+ sin™10,d0; ... d6,_1
mwm+2 — O1,esOm—1=0 — 2xE cosf + x2 —l—(y—r])z)m/2 .

.....

Let

T T
Oy = / dOp_ / $in Gp_n Sin® O3 - - - sin” 20, d6s . .. dOp_»
0

- 1seeesOm—2=0
27.[m/2
=/ ldo = ———,
S ['(m/2)

then E,, can be written as

o £ ) W E™ /” sin” =169 do
X,y,6,1) = —
" Mmon+2 Jo (§2 — 2xE cost + x2 + (y — U)z)m/z

B g_-m /n m 19d@
21 Jo ((x —£)2 +4xEsin®0/2 4 (v — U)Z)M/z .
Also, due to (2) we have

L:;[,S,r]Em(xi Vs 5, 77) = a(x,y)(s, 77)
Moreover, since for all (x, y), (£, n) € H™,

En(x,y, £,m) = (;—“) En(E 1, x,y),

and by Proposition 2.1, S,,, conjugates L}, and L,,, we have

Lm,x,yEm(xs )’75, 77) = Lm,x,y((;ﬁ) Em(é, n,x, y))

X\,
== (g) Lm,x,yEm(ga n,x, y)

in the sense of distributions. Hence

—m
X
Lipx,yEm(x,y,§,m) = (E) S, (x, ) = d&n»

and the proof is complete. O

This proposition and the Weinstein principle imply the following result.
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592 S. Chaabi, S. Rigat

Proposition 3.2 (partially in [20,53,54]) Let m € Z\N* For (x,y), (£, n) € H™,

m—1
En(x,y, & n) = (f—c) Ey pm(x,y,8,1)

_ gxIm /,, sin' "6 d
21 Jo [(x —&)2 +4xEsin?0/2 + (y — 2] "

is a fundamental solution on H* for the operator Ly g Gl the fixed point (x, y) € H*

and it is also a fundamental solution on H™ for the operator L, x y at the fixed point
(¢, e H".

Proof For allm € N*, u € D(H™T) and (x, y) € H* we have
wen = [ L Bty 8 ) dsd,
(&,meH*
and by the Weinstein principle, Proposition 2.3, we have
u(x, y) = /Hfl—mszm(s'"—lu)Em(x,y,s,n)dsdn.
Denoting v(x, y) = x"™ 'u(x, y), we obtain
XM, y) = /H;‘*’"(Lz_mv)Em(x,y,s, n) dédn,

then, for all m’ € Z\N* v € D(H™) and (x, y) € HY, putting m = 2 — m’, we have

m' —1
v(x,y) = /H +<Lm/v)(f7) Ey(x, v, £ ) dEdn.

The proof of the second statement is similar. O

4 Fundamental solutions for the Weinstein equation with complex
coefficients

In this section, we will generalize the result obtained in the previous section form € Z
to the case m € C.
Letm € C.If Rem > 1 put

gm [ sin”?~ 16 de
Em:_z_/ 2 in2 21m/2° ©
7 Jo [(x—é) + 4x& sin 9/2+(y—77)]
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andif Rem < 1 put

Ey = —

gxi-m /,, sin! =" 6 do
o[

’ 4
27 (x — )2 4+ 4xEsin?0/2 + (y — n)z]l—m/Z 4)

here, if @ > 0 is a real number and p is a complex number, o* = exp (u« In ). Both
values are well defined as the integrals on the right-hand side converge in the Lebesgue
sense.

Proposition 4.1 For m € C and (£, n) € H* fixed, we have

LpxyEn(x,y,6,m) =0, (x,y) e HN\{(E, n},

and for (x, y) € HY fixed, we have

L:n,g,nEm(x, yvgv 7’]) =07 (5, 77) €H+\{(~xa }’)}
Proof For convenience, denote

1
m(x,y,6,n,0) = .
e [(x — €)% 4 4x& sin29/2+(y_,7)2]m/2

To prove the first equality of the proposition, it suffices to show that

T
/ L.y fu(x,y,6,1,0)sin"""'0do = 0.
0

Let us compute the partial derivatives of the function f,:

o = —m 2(x — &) +4Esin%0/2
2w -2+ axgsint0/2+ 6 — 2"
(= —m(x — &cos ) fini2),
Oxx fm = — m/2+1
[(x — &)% +4x&sin?0/2 + (v — n)?]
m (m (2(x — &) + 4£ sin%6/2)?
+§(§+1) 5 ) o m/242
[(x —&)2 + 4xEsin*6/2 + (y — n)?]
dyyfm = . 2_m m/2+1
[(x — )% +4x&sin?6/2 + (v — n)?]
m (m 4(y — 77)2
+={=+1 .
2 (2 ) [(x — )2 +dxEsin?0/2 4+ (y — 2]"/* "
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We then have

—2m
Af, =
! [(x — &)2 + 4xEsin?0/2 + (y — n)z]m/2+l
L (T N 1) (20 — &) + 48 5in20/2)7 + 4(y — 1)?
2\2 [(x —&)2 +4x&sin?0/2 4+ (v — 7])2]m/2+2 :
Note that

2
(2<x &)+ 4E sin’ g) + Q0 — )Y

= 4[(x — £)% + 4xé& sin® g +(y — n)z} — 482 sin’0,

hence
2
m
Afm == 5 ) ) m/2+1
[(x — )2 +4xEsin“6/2+ (y — 1) ]
m(m +2)&%sin% 0
[(x — &)2 + 4xEsin0/2 + (y — n)z]m/2+2 :
Noting that
g x&sinf
fnt2 _ —(m+2) 3 _—
% [(x —&)2 +4x&sin?0/2 4+ (v — n)?]
we have
0
Af = m® fuia +m 5 sin 6 frn+2 .
X 20

Integrating by parts, we have

0fm+2 sin™ @ d6
00

T b4 g T
/ Afp sin” 19 do = mz/ fm+2 sin"'0do +m —/
0 0 X Jo
m g s om—1
= — [ m(x —§&cos0) fni2sin 6do
X Jo
T
- _ﬂ/ 3y fu sin™ 10 do,
X Jo

and the result is deduced in the case Rem > 1. The same argument is valid for
Rem < 1. The second equality of the proposition can be deduced immediately from
the fact that S, conjugates L}, and L,,, see Proposition 2.1. O
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In the sequel, we will denote

4
=@ -+ (-0 k=dif.

The following proposition describes the behavior of E,, defined by (3) and (4) near
its singularity. In particular, we show that the behavior of E,, is close to the behavior
of fundamental solutions for the Laplacian. This fact is well known for elliptic oper-
ators. But we emphasize here that in our proof the estimates of elliptic integrals are
elementary (obtained using the dominated convergence theorem) and we do not use
estimates arising from classical estimates of hypergeometric functions.

Proposition 4.2 Letm € C. For (x, y) € H fixed,

1
En(e 3 &)~ oI — 62+ =2 as €m) = ().

Proof We start with Rem > 1. In this case, we have

b - gm /n sin"~16 do
m -x7 » ’ -
V5.1 27 Jo [(x — £)2 4 4xEsin®0/2 + (y — 77)2]’”/2

1 (s)’"/” sin”™ 19 de
2 \d) Jo (1+ksin26/2)m/2"

Note that when d — 0, k tends to +o0.

Claim 4.3

Ink as k — +4oo.

/” sin" =19 do om=1
o (1+ksin?@/2)ym/2  km/2

Proof Putting u = sinf/2, we have

/” sin”'odo 2m/1 w1 —u?) D2y
o (1+ksin26/2)m/2 = J, (1 + ku2ym/2
om 1 um—l(l _ u2)(m—2)/2du
= km/z/o (1/k+u2)m/2
Note that
/l Mm_l(l _ MZ)(m—Z)/Zdu /l um_ldu
0 (1/k + u?ym/2 o (1/k +u?)ym/2

1 um—] i .
Z_/()W(l_(l—u )(’”—)/)du
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596 S. Chaabi, S. Rigat

where, due to monotone convergence, the right-hand side tends to

1, m—1 L1 — (1 = y2m=2)/2
1 1
_/ u" (1= (1 = u?)m=202) gy = _/ (1 —u?) du
o (w?m/? 0 u

as k — +o00. The change of variable u = sh/v/k gives us

1 um—ldu argsh vk .
—_—— = th" 't dt.
/0 (1/k + u?)ym/2 /o

Since th” !¢ tends to 1 as t — +o00, we deduce that as k — 400,

argsh vk argsh vk
/ th"~'dr ~ / dt = argshvk ~ E1nk
0 0

The proof is complete. |

Due to Claim 4.3, we have

1 " om-
Epn(x,y,8,m) ~ _Z(Z) 7z Ink ~ —lnd
as d — 0+. The case Rem < 1 is analogous. O

Now, we can prove the main result of this section which shows that E,, are funda-
mental solutions not only for m € N but for all m € C.

Theorem 4.4 Let m € C. For (x,y), (§,n) € HT, E,, defined by (3) and (4) is a
fundamental solution on H™ for the operator L;L g Gl the fixed point (x,y) € HT,
which means that on H™

Ly Em(x, 3, 8,0) = 82, (€, )
in the sense of distributions. Moreover; if (£, ) € HT is fixed, then on H*

Lm,x‘yEm(X, Yy, &)= S(S,n)(xa .V)

in the sense of distributions, which means that E,, is a fundamental solution on H™
for the operator Ly,  y at the fixed point (&, 1) € H™.

Proof Let m € C and u € D(H™). Let (x,y) € H™ and ¢ > 0 be such that
D((x,y),e) C HT, where D((x, y), €) is a disk with center (x, y) and radius e.
Put

L =/ L) 1) En(x, v, &, ) didy
HH\D((x,y).)

=/ (L)€ 1) En(x, v, &, 1) — uE, ) Ly (En)(r. v, £, ) dEdn.
HH\D((x,y),€)
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We use the fact that L} (E,,) = 0 on H™\ D((x, y), €). An elementary computation
gives

Lin(u) Epy — uL?,(E) = 85((35u)Em — U@ Ep) + %uEm)

+ 9y ((yu) Em — u(dyEn)).

Let us recall the Green formula: If € is an open set in R? with a piecewise C!-
differentiable boundary, then

/divX(x,y)dxdy:/ X(x,y)-n(x, y)ds,
Q R

where n is the outer unit normal vector to €2 and ds the arc length element on 92
(positively oriented), X = (X1, X2): Q — CZ is a C'-vector field.

Applying this formula to the open set 2 = U\ D((x, y), €), where U is a regular
open set in H™ containing the support of u, we have

m
I, = —/ te[0,27] (((3SM) En — u(ag E,) + E “Em) cos ¢

(&,m)=(x,y)+e(cost,sinr)

+ ((@yu) Eyy—u(dy Ep)) sin z) edt.

Proposition 4.2 implies

m .
re[0.27] (((8514) + E u) cost + (9,u) sin t) Enedt — 0

(&,m)=(x,y)+e(cost,sint)

as ¢ — 0+ because lim;—.gelne = 0. Then, if we want to prove that lim,_, I,
exists, we have to prove the existence of

SIE}})/ re[0.27] u((3g Em) cost + (3, Ey) sint) e dt,
(&,m)=(x,y)+e(cost,sint)

and this limit will be equal to the limit of I,.
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Now, assume that Rem > 1. Denote by J, the integral in the previous expression.
A computation gives

m gm=l ™ sin" 10 do
le=—o, te[0.27] S T ks 292m/28005tdt
(&.n)=(x.y)+e(cost,sin 1) 0 (I+ksin“6/2)
Js,l
m gm [T sin” =19 do 5
T ox f€10.27] Yot Jy (1 1 ksin2o2yma
(&,m=(x,y)+e(cost,sint) 0
JE,Z
L §" /” 2xsin”60/2 sin" ' 0 do i
T u gcostdt,

(&,m=(x,y)+e(cost,sint)

Je3

where k = 4x§‘/g2_

Claim 4.5

Ink as k— Hoo.

/” sin?0/2 sin” 160 do om-1
o (1+ksin2g/2)ym/2+1  fm/2+1

Proof We put u = sin6/2, then

™ sin20/2sin"todo (a1 —u?) D24y
/0 (1 + ksin2@/2)ym/2+1 /0 (1 + ku2)ym/2+1
L R e o Nt
N km/2+1/() (1/k + u2ym/2+1

Note that

/1 um+l(1 _ uZ)(m—Z)/Zdu /1 um+1du
0 (1/k + u2ym/z+1 o (1/k 4 u2ym/2+1

| . 2y(m—=2)/2
e
Z_/OW(I—G—M) ) du

1 um+1 ) o
_/o (u2ym/2+1 (1= =u’)"22) du

0

u

du
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as k — +o00. The change of variable u = sh/+/k gives us

1 um+1du argsh\/lz -
_ m
/0 (1/k + u?ym/2+1 _/0 e

Since th” 17 tends to 1 as t — 00, it follows that as k — +00

argsh vk argsh vk 1
/ th" 't dr ~ / dr = argshvk ~ = Ink. [
0 0 2
Claim 4.6
/” sin" !0 do 2 ‘o 4
~ as — 0.
o (14 ksin?6/2)ym/2+1  mkm/2

Proof Putting as previously u = sin6/2, we have

T sin"'odo o [P A — w2y
/0 (1 + ksin20/2)ym/2+1 /0 (1 + ku2)ym/2+1
2 B e o St AT

N k’"/2+1/o (1/k + u2)ym/2+1

Note that

/1 umfl(l _ u2)(m72)/2du /1 Mmi]dl/t
0 (1/k + u2)m/2+1 0 (l/k + u2)m/2+1
1 um—l (1 _ (1 _ MZ)(m—Z)/Z)
= _/0 (l/k+u2)m/2+1

du.

Let us estimate the right-hand side of this equality:

=11 = (1 = u?)™=272) du ! um=! m—2
2
/ 2ym/2+1 _/ 2ym/2+1 ( u )d”
0 (1/k +u?) o (I/k+u?) 2

1 um—l m—2 ) )
_ _ (1 _ (m—=2)/2
_/0 (/1 o (1 5 u 1 —ur)"™ )du

1 m—1
u m—2 5 2\(m—2)/2
- /0 Ry (1 -3 u”— {1 —-u”) du (%)
1 —m—=2u?/2— (1 —u?)m=2/2
= A 3 du

as k — 400. As seen in the proof of Claim 4.5, we have

m—2/1 umtl J m—21 L (x8)
u~——1In Hok
2 o (1/k + u2ym/2+1 4
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as k — 400. Due to (%) and (**), we have

1 m—1
N R N eV _m -2
/o (1/k + u2ym/2+1 (I-—u) ) du 1 Ink

as k — +o00. The change of variable u = shr/v/k gives

1 m—1 argsh vk 1m—1
u du g th™ ¢ k
——— =k ——dt = —th" hVk).
/() (l/k +u2)m/2+] /O Ch2t m (args )

It follows that as k — +o0,

/1 ™ Vdu k
0 (1/k+u2)m/2+1 m’

Thus
/1 um—l (1 _ u2)(m—2)/2du k
0 (1/k + M2)m/2+1 m
and
/ﬂ sin” =16 do m
o (1+ksin?0/2)m/2+1  mkm/2
as k — +o00. This completes the proof. |

Let us return to the proof of Theorem 4.4. Claim 4.3 implies

m xm—l zm—l
Jg,] ~ —g re[0.27] ue—mwlnkscostdt

(&,m)=(x,y)+e(cost,sint)

_m .
- +271x 81n8/ 1€[0.27] u(x+ecost, y+esint) cost dt
(&,m)=(x,y)+e(cost,sinr)

which tends to 0 as ¢ — 0+.
Claim 4.5 implies

m xm 2m71
J8,3 ~ E/ re[0.27] u sz km/—2+1 1nk8 COStdt
(&.m)=(x,y)+e(cost,sint)
_m .
- dmx glng/ re[0,27] u(x+ecost, y+esint) cost dt

(&,m)=(x,y)+e(cost,sint)

which tends to 0 as ¢ — 0+.
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Finally, Claim 4.6 implies

xm 2771

1€[0,27] UWom¥2 pm/2
(&,mM)=(x,y)+e(cost,sint)

m
Jeo ~ — &2dt

~ _/ rel0.27] u(x+ecost, y+esint)dt
(&,m=(x,y)+e(cost,sint)

which tends to u(x, y) as ¢ — 0+.
So we have proved that for all m € C such that Rem > 0,

hm Lm (M)(é, 77) Em (xs yv Ev 77) dédn
e=>0+ JHH\D((x.y).2)

=A#WWX£WEML%§mdMU=M@J%

therefore E,, indeed is a fundamental solution for the operator Ly, for all m € C with
Rem > 0. The case m € C with Rem < 1 is similar.
Due to Proposition 2.1, we also have dual assertions for fundamental solutions for
the operator L,,. O
The following proposition is roughly a consequence of the previous theorem. Of
course, it is a classical statement, but we would like to present its short proof.

Proposition 4.7 Let m € C and let Q be a relatively compact open set in H whose

boundary is piecewise C'-differentiable. Then, for (x,y) € Q and u € C*(Q), we
have

u(x, y)Z/QLm(“)Emdsdn

/'P%ME O En) +
FI9) &

uky,, (0gu)Ey — u(o, m)i| nds,

whereu = u(&, n), E,, = En(x, y, &, n), nis the outer unit normal vector to 92 and
ds is the arc length element on 02 (positively oriented).

Proof Indeed, if u € C2(Q), for (x, y) € Q and ¢ > 0 such that D((x, y), &) C €,
we have

/ Ly () Epd§ dn = / (Lm (u) Ep — L;;l(Em)”) dgdn.
\D((x,y),€)

Q\D((x,y),¢€)
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By the Green formula, the latter integral is equal to

/ |:(85u) Ey —u(0: Ep) + %uEm, (0yu) Epy — ”(8nEm)] -nds
IR

m
_ 0] (((8§u)Em —u(@:En) + A uEm) cost

(&,m)=(x,y)+e(cost,sint)

+ ((yu) Em — u(3yEp)) sin t) edt,

and, as we saw in the previous proof, it tends to

m
/ |:(8§u) E, — u(aéEm) + E uk,, (anu) E, — u(anEm)i| ‘nds +u(x,y),
Q2
as ¢ — 0. Due to integrability of E,, near (x, y) we have

lim Lm(”)Emd%dU =/Lm(M)Emd§d77,
£=~>0.J\D((x,y).¢) Q

and the proof is complete. O

5 Liouville-type result and decomposition theorem for axisymmetric
potentials

In the previous section, we have seen that fundamental solutions E,, in the complex
case have different expressions depending on whether Rem < 1 or Rem > 1. Hence
the behavior of E,, will be different in each case.

We will modify fundamental solutions so that they vanish at the boundary of H™,
which means that they tend to zero on the y-axis and at infinity. Expression (4) satisfies
this property: E,,(x, y, -, -) tends to 0 as x — 0+ and ||(x, y)|| = +o0o; whereas (3)
does not. Consider

En(x,y,6,n) — En(—x,y,8§,7), Rem=>1.

It is also a fundamental solution on H™ and it satisfies the required property. Let us
put

e forRem < 1,

Fp(x,y,6, 1) = Eu(x,y,&, 1),

e forRem > 1,

Fm(-xv )’»‘51 77) = Em(-xv )’»‘51 77) - Em(_-xv )’»‘51 77)
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We will need the following definition of convergence on the boundary of H™.

Definition 5.1 Let u: H™ — R be a function defined on H*. We write

limu =0
oH+

if and only if for all ¢ > O there exists N € N such that for all » > N and all
(x,y) € H",x < 1/nor||(x, y)|| = nimplies u(x, y)| < e.

Proposition 5.2 Let u: Ht — C. We have limyy+ u = 0 if and only if

lim u(x,y)=0 and limu=0, yeR
I Ce, ) lI—+o0 0,y)
Proof The direct implication is easy. Conversely, assume lim(x, y) || +o0 t(x, y) =0
andlim yyu =0,y € R.Lete > 0, then thereis A > O such thatforall (§, n) € H,
VEZ +n? = Aimplies |u(§, n)| < e. Similarly, for all y € R, there is oy € (0, 1)
such that for all (¢, n) € HY, V€2 + (n — y)* < «, implies |u(§, n)| < ¢.

The interval [-A, A] is compact. By the Lebesgue covering lemma, there is o > 0
such that for all y/ € [—A, A], the ball B(y’, «) is included in one of the balls
B(y,ay) withy € [-A, A]. In particular, if (§, n) € HT is such that 0 < £ < «, then
lu(&, n)| < e. This completes the proof. m]

The following proposition is a Liouville-type result for axisymmetric potentials in the
right half-plane. As we mentioned in the introduction, this result is not trivial due to
the loss of strict ellipticity of the Weinstein operator on the y-axis. Let us mention that
in [5, Theorem 7.1] one can find an interesting result on the description of a class of
non-strictly elliptic equations with unbounded coefficients.

Proposition 5.3 Let u € CZ(H+) be such that L,u = 0 and limyg+ u = 0. Then
u=0onHT

Proof For (£,7) € H" and N € N¥ define

SN (M) = ) (Ng)ez(%)@(%),

where 6; and 0, are smooth functions on R, valued on [0, 1] and such that 0;(¢) = 1
fort > 1,01(t) =0fort < 1/2,6,(t) = 1fort € [-1/2,1/2], and 6,(¢) = O for
t € R\ (—1, 1). Assume also that all derivatives of 6; and 6, vanish at {—1, —1/2,
1/2, 1} (Fig. 2).

If u € C>(H") satisfies L,u = 0, then u¢y € C>(HT) and it is compactly
supported on H™. Throughout the following, we fix (x, y) € H'. For N sufficiently
large, due to Proposition 4.7 (true if E,, is replaced by F},), we have

u(x, y) = u(x, )by (x, y) = /H Ln(ug) F déd
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e

|

Fig. 2 The functions 61 and 6,

13—

1
2

(because the function L,, (u¢y) is identically zero in a neighborhood of the singularity
of F,,), thus

u(x, y) =/H+[Lm(u)¢1v+uLm(¢N)+2Vu-V¢N]Fm d&dn

_ /H L (@n) F — 20 (En V)] déd

/ [ Lo () Fon — 2div (F V)] il
D1U---UDg

- / U[L (@) Fn + 2V F-Vooy] dicdn,
D1U---UDg

where Dy, ..., Dy are the following domains (which depend on N) (Fig. 3):

1 1 N N 1 N N
D1= —, — | X| ==, = |, D2= _7_X_7N’
2N N 22 N 2 2
7
N
D5 D> Dé
N/2
—t [}
L ¢n =1 Ds
&
¥
—~N/2 |-
[y Dy D4
-N
N2
N

Fig.3 Domains D;
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N 1 [ N N [1 N N
Dy=|— N|x|-%,>| Dy=|=,>[x|-N.-=|
| 2 1 L 2 2 [N 2 2
(1 1 N N N
D5= o o | X _7N ) D6= _7N X| =,
2N N 2 | 2 2
N 1 T N 11 N
Dyj=|—,N|[x|—-N,——|, Dg=|—,—|xX|=N,——|.
12 | L 2 | 2N N 2
Since limyg+u = 0,
uy = sup lu(¢,n)] - 0 as N — +oo.
(¢.meDU-UDg
We will estimate integrals over sets Dy, ..., Dg separately, see auxiliary lemmas

below. Recall that, if (uy)y and (vy)y are complex sequences, uy = O(vy) means
that there exists a constant M such that, for every N sufficiently large, |uy| < M|vy|;
uy = o(vy) means that for every ¢ > 0, for every N sufficiently large, |uy| < €lvy|.

Lemma 5.4 On Dy, we have

0 0
sup don =O(N) and sup 3on =0.
& an
On Dy U Dy, we have
d ad 1
supﬂzo and supﬂ:O— .
& 0 N
On D3, we have
0 1 d
sup ﬂ =0 — and  sup ﬂ =0.
& N
On Ds U Dg, we have
ad d 1
sup ﬂ =O(N) and sup ﬂ =0(—).
& 0 N
On D¢ U D7, we have
il 1 ad 1
supﬂzO— and supﬂ=0—.
& N a N

On D1 U D5 U Dg, we have

sup | L_p ()| = O(N?).

@ Springer



606 S. Chaabi, S. Rigat

On Dy U D3 U Dy U Dg U D7, we have

1
sup |[L_pm(on)| = O(W)

Proof For (&, n) € D1, pn (&, n) = 01(NE) and thus

0
%N(e n) = N6J(NE), ﬂ@- 0 =0,

L_won(E, n) = N6/ (NE) — T 9; (N§),
which give us

IoN

€ =0, sup|L_u(pn)| =O(N?)

Dy

sup = O(N), sup

Dy

since the derivatives of 6 are bounded and for (&, n) € D; one gets £ > 1/(2N).
For (§,n) € D2, ¢n(§, 1) = 62(n/N) and thus

0 1
9PN (e ) = ﬂ(& 0 = N@ﬁ(i),

o0& N
1 9// n
L_npn(E,n) = Q(N),

which give us

Ion
0

N
on

1 1
=0, S =0l —), L_ =0l —).
Sup ll)lzp (N ) ngp | m (¢N)| <N2 )
The same works for Dy.

For (§,1) € D3, ¢n(§, 1) = 02(5/N) and thus

9 - Lp(E). -
¥(§ n) = (N) &, m) =0,

1 & Il m (&
L_nonE,n) = N2 Z(N)_NEGZ(N)’

1
O(—), sup
N D3

For (§,7n) € Ds, ¢n(§. 1) = 01(N§)02(n/N) and thus

which give us

Ion
0

0w

sup o

1
=0, Sll)lf [L_m(Pn)| = O(m)
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9 / 9
%(s 0 = N91(NE)92(%), ﬂ(& 0 = —91(N5)92<N)

L_n¢n(E, 1) = N6/ (N&E)6> (ﬁ) — ) (Ng)g”(%)
- %N@i(zvs)ez(%),
which give us

don

an

PN
0

=O(N), sup
Ds

1
= 0(—), sup IL_m(¢n)] = O(N?).

sup |—— N

Ds

The same works for Dg.
For (§,n) € D¢, ¢n(§, 1) = 62(5§/N)62(n/N) and thus

IpN & 0pN 1 E\, ("
E(? n) = (N)92<N) —(E n) = m 2(ﬁ)92(ﬁ)

o 1 AW
L_nwon(,n) = 92 N 02 ﬁ +m62 N 02

which give us

0 1 0 1 1
sup 9on 0(—), sup ] 0(—), sup |[L_m(pn)| = O(—z).
35 N Dg 87] N Dg N
The same works for D7. [ |
We now estimate the following quantities fori € {1, ..., 8}:

/|Fm|dsdn, /Iasledédﬂ /|a,,Fm|dsdn.
D; D; D;

Lemma 5.5 For Rem < 1, we have:

o fori =1,
F|dédn = O i) 3Fn | e an (l)
/Di|m|5n— (Nz’ / : L)
o fori =2,4,
/D |Fl d&dn = O(N?), /D aaFn dedn = O(N):
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e fori =3,

/ |FuldEdn = O(N?), /

e fori =5,8,

1
/Di|Fm|d5dn=0(m), /D

“|dgdn = O(N);

aF,

1
dédn = (ﬁ)

dF, 1
/D,v an dsdn =0 (Nz)’
e fori =6,7,
/ |Fl d&dn = O(N?), / " ggdn = O(N),
/ O | 4gdn = ON).
D; an

Proof By definition, for Rem < 1,

Foue. ) gxl—m /” sin! =" 6 do
m 1) = — .
20 Jo [ -2 +dxgsin0/2+ (-] "

Therefore there is a constant C; such that for all (£, n) € H™, we have

Ci&
[(x — )2+ —y2] R

|Fn (&, m| =< )

Similarly, we have

3Fy  Fn Ex'TM [(¢ —x) 4+ 2xsin®6/2] sin' ™60 a0
3 § [(x

—£)2 +4xEsin?0/2+ (v — 77)2]2 2
and as before, as for all 8 € [0, 7],

[(€ — x) +2xsin?6/2] sin' "6 |(€ — x) + 2xsin?6/2|

[(x — 5)2 + 4x& sin? 0/2+ (y — n)Z] - [(x _ %-)2 + (- y)z]Z—Rem/Z
|& — x cosb| £4x

= <
[k =2+ 0=y "2 7 [ =82+ (0 — )2

2-m)2

]27Rem/2 ?
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there exists a constant C, such that for all N large enough and all (£, n) € H*, we
have

aF,

Scz[ :
[x =82+ —y)?

]lfRem/Z

E(x +8) }
[(x — )2+ (g — )2 R

(6)

Finally, as

aﬂ_(Z—’")(n— )S - m/ sin!=" 0 do
" ’ [(x — &)+ 4x& sin29/2 +(y— n)z]zfm/z )

there exists a constant C3 such that for all N large enough and all (£, n) € H™, we

have
Cs3é
T |p— yPRem’

oF,
| >

an

Using these inequalities, we estimate integrals on domains D;.

On D;: Inequality (5) implies

1/N /N/2 £dn
1/2N N2 [(x = &)+ (1 —y)?

1y V2 dn 1
=O(ﬁ)/ 5 S11—Rem/2 — O(ﬁ)
“N/2 [(x = 1/N)2 + (n — »)?]

Then, thanks to (6), we have

|1 agan —0<1)/

]lfRem/Z

1/N N/2 |
—Mlded —0(1)/ / ]
&dn 1/2N N/2 |: (x — ;;:)2 + (- y)z]l Rem/2
E(x +§) }
[(x _ 5)2 + (- y)z]Z—Rem/Z

~o(x) [, o +o()
NJJnp [ = 1/N)? + (g — y2] TR N?

dn
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On Dj: Due to inequality (5), we have

/|F |ded 0(1)/N/2 Sdn
n = —Rem
N/ [(x—s)2+<n 2] Rem

N/Z gdn
— o / -
N/2 [n—yl

—ow?y [ — &
N2 In— YI2 Rem

1
(N _ y)l—Rem o (N/2 _ y)I—Rem

=O(N2)[ ] :O(NRem+1).

Then, thanks to (7), we have

/ ded —0(1)/N/2 / §dn
D> 1 N/2 |n — y|3—Rem

— O(NZ) S N NRem
N2 |,7 _ y|3 —Rem ( )

877

On Dj3: Due to inequality (5), we have

N/2 %-dn
N2 [ =82+ (n—y)?]
N/2 d
— o1 ds/ L
N2 N2 [(x = N/2)2+ (n — »)?]

) N/2 dn
-N2 [(x = N/2)2 + (1 — y)?]

N/2 dn
— O(N? / o)
o Ny [T+ (g — y)?]1—Rem/2 (N7)

| 1Euldgan = o) ds/
N/2

1—Rem/2

Then, thanks to (6), we have

N/2 1

N/2 [ [(x =62+ (g — y2] R
E(x +8) } ”
[(x — )2+ (g — 2R

_om) /N/2 dn
B N/2 [ = N/2)2 4 (g — y)2] TR

" dgdn = 0(1) dg /
N/2
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+O(N?) /

— O(N) + O(N )/

= O(N) + O(NRe™)

N/2

dn

N/2

= O(N).

N2 [ = N/2D2+ (= y

)2]27Rem/2

dn

Ny2 (x — N/2)4-Rem

On Dy: This case is analogous to the case D;.
On Ds: Due to inequality (5), we have
1/N N £dn
Fnldedn =0 [ de [ -
/ v I [ =82+ (- 2] T
1 d
- O( 2) / ZfRem
N=J Inp (=)
1 1 1 1
=0 (N )1—Rem o (N/z_y)l—Rem =0 W '
Then, thanks to (6), we have
/ 8F 1/N N |: 1
dédn = O(l)/ —
Ds v v | [ — 82+ ;-2 R
E(x +8) } i
[<x — )2+ (- 2T
l/N 1
= O(l)/ =
v Ine | [ = 1/N)2 + (g — y)2] TR
E(x+§)

Estimate (7) gives

AL

oF,

d&dn = O(l)/

l/N

1/2N

[ —=1/N)2+(n—

/N/z [n—

d
y)2]27Rem/2 :| n

1
N2

§dn
|3 Rem

~o(32):

@ Springer



612 S. Chaabi, S. Rigat

On Dg: Due to (5), we have

&dn
| 1Fuldgan =00 / —
N/2 N/2 [(x—‘f;)“r(n—y)z]1 Rem/2
N d’?
= O(N?
(V) N2 (n— y)>~Rem

_ 2 1 _ 1 _ 14+Rem
_O(N)LN—y)l—Rem <N/2—y>1—R°"']_O(N )

Then, thanks to (6), we have

o

aﬂdédn—O(l)/ng/N[ I
N/2 N/2 [(x —E2 4 (- y)z]lfRem/Z

E(x +£) ] i
[(x — )2+ (g — 2] R

E(x+§)
=0(1 J
()/N/z /N/2|:(77_ ¥ Rem ( —y)4‘Rem] 1

= O(N) + O(N’ )/ A _ow) +o(NRem)
=y
= O(N).
Estimate (7) gives
dF, N N £dn
/ —— dgdnzoa)/ dg/ ——
Del OM NJ2 N2 Inm =yl
N d
U
= 0(N2)/ ———— o = O(NR™).
N2 In =yl
On D7, Dg: These cases are analogous to the cases D¢ and Ds, respectively. |

Lemma 5.6 Lemma 5.5 remains true for Rem > 1.

Proof For Rem > 1, we have

gm /77 el 1
F(x, y,86, 1) = —2— o
X,y 8 27 Jo o ([(x —£)2 4+ 4xEsin?0/2 + (y — ”)Z]M/z

~ 1 do
[ 482 —dxgsin?0/2+ v =" )
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Decomposition theorem and Riesz basis for axisymmetric... 613

Since for all (£, n) € HY, we have

)

m/2
‘[(X+5)2—4x5§ sin’ g+(y - n)z} ‘ = sz + 82+ 2xE cos O + (y — n)z]m/z(

then
0 m/2 Rem/2
. m
‘[(x +6)7 — dxgsin® -+ (v - n)z} = [ =+ -] ®)
and there is a constant C such that for all (§, n) € H, we have
C’ gRem
|Fn| < ! RemT3 - ©)

[(x —&)2+ (y —n)?]

This inequality does not suffice to estimate integrals over Dj. We shall improve it as
follows. Rewrite F,, as

%-m g . _
Fn(x,y,&,n) = —2— [ sin” "0 Ku(x,y, & 1,6)d6,
27‘[ 0

where

1

[(x — &)2 + 4x& sin20/2 + (y — )2]™/*
1

[(x +&)2 —4xEsin0/2 + (y — n)?]

Km(x: ysé’ 77,9) =

my2 "

For (x,y) € HT, 0 € [0, w] and € R fixed, define a function g,, on [—-1/N, 1/N],
with 1/N < x, by

1
m( ) = .
g [(x — &)2 + 4x& sin20/2 + (y — 2]/

This function is well defined because

(x — &) + 4x& sin2§+(y—n)2 = x2 4+ &> —2xEcosO + (y — n)?

> (x — [ED*+ (v —n)?

and the last term is greater than (x — 1/N )2 > 0.
We have

Km(xv yﬂ%-a 77v9) = gm(%:) _gm(_g)
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614 S. Chaabi, S. Rigat

thus

| — x| +2x
[ =82+ —n?]

[-§.8]

which implies that there exists a constant ¢ such that for all (£, n) € Dy,

%-Rem—i-l
|Fn| < ¢} vk (10)
=82+ (g — yp2] TR
Similarly, we have
AFn _ mFn
ok &
_i_ﬁ/nsinm,]e (€ —x) 4+ 2xsin%6/2
2 Jo [(x — £)2 + dxg sin? 02 + (y — 2] (D
(£ +x) —2xsin?6/2
B . pyeral K2
[(x +8)2 —4xEsin®0/2 4+ (v — n)?]
and as before, for all 0 € [0, 7],
‘ [(¢ —x) + 2xsin?6/2] sin" 10 - |(€ — x) +2xsin6/2|
[(x —&)2 +4x&sin®0/2 + (y — ;7)2]’"/”rl T -924+ (- n)z]Rem/Hl

_ |& — xcosf| - E+x
[x =62+ -] 7 [c-82+ (6 —n?]

Rem/2+1

and thanks to (8), for all 8 € [0, 7],

‘ [(€ +x) — 2xsin26/2] sin" 10 (6 + x) — 2xs5in?0/2|
[(x +6)2 —axgsin20/2+ (v — 2" 7 [ — &2 + (v — 2]
|& + x cosB)| £E+x
= <
[x =62+ -] 7 [c-82+ G —n?]

Rem/2+1 "

These estimates, (11) and (9) show that there is a constant C} such that for large
enough N and all (£, n) € H™, we have

% 5 Cé( %-Remfl
9 [ = &2+ (v = 2] )
ERM(E +x)
[ — &2+ (y — 22! )
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We can improve this inequality on Dj, by using inequality (10) instead of (9), then
there are two constants C and C," (which do not depend on N) such that for all
(§,m) € D,

ﬂ C//( gRem
=06 [(x —E2 4+ (y— 77)2]1+Rem/2
EReM (£ + x)
[ =62 + (v — w2 2“) o
%-Rem
S C///

1+Rem/2 *

2 [@—62+ (-2

Finally,

aF, _ m(n_y)ém/ L met, |
§ o 0 [(x — &)% +4xEsin0/2 + (y — n)z]m/2+1

1
- de.
[(x +£)2 — 4x¢ sin? 0/2+ (y — n)z]m/2+l)

Similarly, there is a constant C} such that for all N large enough and all (§, n) € HT,

we have
0F,

an

| |§Rem

[ =2+ —m?

Thanks to these inequalities, we can now estimate the corresponding integrals over
domains D;.

On Dj: Due to (10), we have

l/N N2 gRemt1 g,
| Fyl didy —0<1)/ /
/ 1/2N N2 [ =82+ (- y)2]1+Rem/2

Remil 1 Rem+2 1 Rem+2
= O(N emrlde = O(N — —(—
( )/1/2N€ : ( )[<N) (ZN) ]
1
=0(m)‘

Then thanks to (13),

o5

< Cj

(14)

]Rem/2+l .

0F,,

1/N /N/z SRemdn
1/2N N2 [(x =824 (-

1/N R 1
— O(N)/ gRemge — o( )
1/2N NRem

dédn = O(l)/

) ]1+Rem/2

@ Springer



616 S. Chaabi, S. Rigat

On D;: Due to (9), we have

N/2 N %-Remdn
[Fin| d§dn =0(1)/ dE/ em
/Dz N2 (Jc—§)2~|—(y—n)2]R /2

N/2 N %-Rem n
=0() / — = 0(N?),
N2 ly = Nj2[Rem

because we integrate a bounded function (independent of N') on a domain with measure
controlled by O(N?).
Then, inequality (14) implies

IF, N/2 N In — yl&Re™dn
“an dgdn = O(1) > S Rem/2+1
Dyl 01 N2 [(x =824+ (y —n)?]
N/2 %-Remd,7
- 0(1)/ / ly — v — |Rem+1
N/2 y—nl
N/2 NRemd’7
=0(1 ————— = O(N).
¢ )/ Ny2 IN/2 — y|Rem+l ™

On Dj3: Due to (9), we have

/ |Fnld&dn = 0O() d&‘ /N/ § ¢ dn
N/2 N/2 [(X — 5)2 (y )2]Rem/2

N/2 ERede]
~om [ as [ T
N/2 N2 [(x = N/2)2 + (v — n)?]

N/2 dn
= o(NRe'"“)/ e = OV,
-N/2 [(x = N/2)2 4+ (y — n)?]
Then, thanks to (12), we have
N/2 %—Rem—l
dssan=om [ as [ ( _
/03 N v\ [ - 62 + (v — 2]
sRem(%- + x) )dn
[ — )2+ (y — 2]
N/2 d
- O(NR‘”")/ 1 RemT2
N2 [(x = N/2)2 4+ (v —n)?]
em N/2 dﬂ
+O(NR +2)/ 5 SRem/2+1
-N/2 [(x = N/2)2 + (v — n)?]

=O(N) +O(N) = O(N).
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On Dy:

Due to (9), we have

l/N
/|F |dsdn—0<1>/
1/2N

On Ds:

This case is analogous to the case D5.

%-Remd77
N2 [(x = )2+ (y — 2]

O(NRem+l)

Then, thanks to (12), we have

N
/N/z ly — N/2|Rem

dn 1
=0 NZRem

)

/ BF 1/N N ( %-Rem—l
dedn =00 [ 4
Ds 1/2N N/2 [(x -6+ (y— 17)2]Rem/2
SRem(é =+ x) )d77
2+1
[Gc— )2+ (v — 2]/
N Rem—1 Rem
§ ETCM(E +x)
- O(l)/ ( Rem Rem+2) dn
1/2N N2 \ly —nl ly — 1
- O(NZRem—l )
Applying inequality (14), we have
1/N N |77_ |$Remdn
22 st o [ [ e
Ds| 0n 128 IN2 [(x =€)+ (y — n)?]
1/N i_-Remd77 1
= O(l)//ZN /N/2 |y _ anem+1 = (N2Rem+l)'

On Dg: Due to (9), we have

/ |Fyl d&dn = O(1)
D¢

N/2

N
_ Rem+1
=0V )/N/z (N/2 = y)Rem

N
dé§

N é-Remd77

N2 [(x =824 (v —
dn

n)z]Re m/2

= O(N?).
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Then, thanks to (12), we obtain

/ N N ( ERem—l
dgd =0(1)/ dg/
Dg " N2 e\ [ - 62+ (v — n)z]Rem/Z

gRem (g 4 x) i
[(x — )2 + (y — p2]F"/*!

0F,

9§

N N Rem—1 Rem
& ERCM(E 4+ x)
= O(l) d%- ( _ n|Rem _ Rem+2)
NJ2 N \ly —nl ly — 7l
N d
n
— O(N) + O(NRem+2 / T _O(N).
( ) Ny2 |y — n|Rem+2

Finally, inequality (14) implies

OF, N N In =yl dn
Ds N2 N2 [ = )2+ (v = )]
N
dn
= O(NRem+! / ————— = O(N).
( ) N2 ly —n[Rem+l
On D7, Dg: These cases are analogous to the cases D¢ and Dg, respectively. |

In the following table, we summarize results obtained on the previous lemmas:

i supp, [L—m¢n| fDiIFmI (19g N1, [9ndN 1) fDI.I&sFmI fDl.IBnFmI
1 O(N?) O(1/N?) (O(N),0) O(1/N) X

2 O(1/N?) O(N?) 0, 0(1/N)) X O(N)

3 0(1/N?%) O(N?) (O(1/N), 0) O(N) X

4 O(1/N?) O(N?) 0,0(1/N)) X O(N)

5 O(N?) O(1/N?%) (O(N), O(1/N)) O(1/N) O(1/N?)

6 O(1/N?) o(N?) (O(1/N), O(1/N)) O(N) O(N)

7 O(1/N?) oN?) (O(1/N), O(1/N)) O(N) O(N)

8 O(N?) O(1/N?) (O(N), O(1/N)) O(1/N) 0(1/N?%)
We can easily check that for each i € {1, ..., 8}, the quantities

sup|L_m¢N|/ \Fl, sup|ag¢N|/ 19 Fil, suplanqbzvl/ 19, o
D; D; D; D; D; D;

are bounded. Therefore,
u(x,y)=o0(l) as N — +oo.

Thus u = 0 and this completes the proof of Proposition 5.3. O

@ Springer



Decomposition theorem and Riesz basis for axisymmetric... 619

Proposition 5.7 Let u € D) and let (x, y) € H™, define

Ux,y) = /]HHM(&’ ) Fu(x,y, &, n)d& dn,

then lim(x y)|»+00 U = 0, and for all y € R, limg ) U = 0. Moreover, U €
C*°(H*\ supp u) and for all (x, y) ¢ suppu we have Ly, x yU(x, y) = 0.

Proof Fix (§,7n). ForRe m < 1,

Fm(xvyﬂi:’n) = -

gxl—m /” sin! =" 6 do
0 [«

2m X — )2 +4xEsin0/2+ (y — 2] "
hence Fy,(x,y,&,n) — Oas | (x,y)]]| > +o00. ForRem > 1,

1
[(x —&)2 +4x&sin?0/2 + (y — n)z]m/Z

%-m m
Fm(x,y,s,n)=——/ sin" 10
2 0

- ! do
[(x + &) —dxgsin20/2+ (y —?]"* |

hence Fy, (x, y, &, n) — Oas||(x, y)|| = +00.So the first statement of the proposition
is shown.
For the second statement, for Rem < 1, we have

gxlfm T |
Fu(x,y,&,n) ~— — / sin' "0 déo
2782+ (= m?] " o

as (x, y) — (0, y"), which implies the desired result.

Now, assume that Rem > 1. Let (£, ) be fixed in the support of u, which is a
compact set in H™. In particular, there exist M > 0 and o« > 0 which do not depend
on u such that || (¢, n)|| < M and & > 2«. Let y be in R. Denote

1
[(X — £)2 4+ 4xEsin%0/2 + (y — 77)2]m/2 ’

Sm(x) =

X €|[—a, o

By the mean value inequality, for x > 0 near 0, we have

| fin () — fm(0)] < x sup | fm

and

[fm(=x) = fm(O)] = x Sup}lf,;,l,

[—a,0
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then

3M +«
[ fin(x) = fin(=x)| < 2xsup |fr:1| < 2x|m| gRem+2

[—a.a]

In particular,

sup | F(x, y)| = O(x)
(&.mesuppu

as x — 0+. The second statement is proved.
The last statement can be deduced from the fact that if (x, y) # (&, n) are both in
H, then
Lm,x,yFm(xavavn):Q O

Remark 5.8 IfU € D(HT), then Ly x,yU = u, but this identity is not necessarily true
if U ¢ D(H™). In particular, we cannot say that in Proposition 5.7 we have L, U = u.

Now, we will prove a decomposition theorem for axisymmetric potentials, it is interest-
ing to compare it with the known result in [6, Section 4, Theorem 2]. The fundamental
difference is that in this paper, the conductivity is not extended by reflection through
the boundary 92 to the whole domain.

Note that, due to our construction of fundamental solutions, the proof of this theorem
is more or less the same as the proof of the decomposition theorem in [4, Chapter 9].
Note also that in our situation, the domain of our functions is H™ not C.

Theorem 5.9 Let m € C. Let Q be an open set in HI" and let K be a compact set in
Q. Ifu € C*(Q\K) satisfies Lyu = 0 in Q\ K, then u has a unique decomposition
as

Uu=v-+w,

where v € C2(Q) satisfies Lyyv = 0in Q and w € C*(H+\ K) satisfies Lyyw = 0 in
H*\ K with limyg+ w = 0.

Proof For E C Cand p > 0, define £, = {x € C : d(x,E) < p},ie. Ey,isa
neighborhood of E.

First, assume that 2 is a relatively compact open set in H. Choose p small enough
so that K, and (9%2),, are disjoint. There is a function ¢, € D(H™) compactly sup-
ported on 2\ K such that ¢, = 1 in a neighborhood of \ (K, U (9€2),) (Fig. 4).

Forz =x +iy € Q\ (K, U (0€),), denote

FZ({) = Fm(x’ y9$ﬂ 77)’ L{ :Lm,E,r] for é- =$+l7]
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[ QLK) U (89),)

e

I

I

I

[}

I

i

Ll
\
\
!
l

Fig.4 ¢, = 1 on the grey domain
Thanks to Proposition 4.7, we have

U(2) = ugp(2) = / Fo(0) Lo (upp)(¢) didn

QI)
=/ Fz(i)L;(wp)({)dédnJr/Fz(i)L;(ufﬂp)(é)dédn
09), K,

= 0,(2) + wp(2).

Then, the last result of Proposition 5.7 shows us that v, satisfies L,,v, = 0 on
Q\ (382), and w, satisfies L,,w, = 0 on H'\ K ,. We also have limyg+ w, = 0.

Now, assume that o < p. As previously, we obtain the decomposition u = vy + w4
on 2\ (K, U(0R),). We claim that v, = vy on 2\ (€2), and w, = w, on H™\ K ,.
To see this, note that if z € Q\ (K, U (082),), then v, (z) + w,(2) = v5(2) + we (2).

The function w, — w, satisfies (1) on H+\Kp, which is equal to v, — v, on
Q\ (K, U(02),), therefore v, — v, extends to a solution of (1) on 2\ (3€2),. Finally,
w, — W, extends to a solution of (1) on H™, and limyp+ (wp — wg) = 0. Due to
Proposition 5.3, we have w, = w,, and hence v, = v,.

For z € 2, we can define v(z) = v,(z) for p small enough so that z € Q\ (9€2),,.
Similarly, forz € Ht\ K, we put w(z) = w 0 (2) for small p. Thus we have established
the desired decomposition u = v + w.

Now, assume that  is an arbitrary domain of H™ and let u be a solution of L,,u = 0
on Q\ K. Choose a € H" and R large enough so that K C D(a, R) and D(a, R) isa
relatively compact set in HT. Let @ = 2 N D(a, R). Note that K is a compact set in
o which is a relatively compact open set in H and u satisfies (1) on w\ K. Applying
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the results demonstrated for relatively compact open sets, we obtain
u(z) = v(z) + w(z)

for z € w\ K, where v satisfies (1) on the set @ and w satisfies (1) on H™\ K with
limyp+ w = 0. Note that V = u — w satisfies (1) on 2\ K and V can be extended to
a solution of (1) in a neighborhood of K because V = v on w. The sumu =V 4+ w
provides with the desired decomposition of u.

If we have another decomposition u = v + w withv € C 2(Q), Lyv = 0 and with
w e C2(H\K), L,w = 0 and limyg+ w = 0, then we have V — v = w — @ on
Q\ K. The function w — w can be extended on H* to a solution of L,,(w — w) =0
on H™ with limyp+ (w — w) = 0. Thanks to Proposition 5.3, we obtain w = w, then
V = v, which completes the proof of the decomposition theorem. O

The following proposition is a Poisson formula for axisymmetric potentials in H™.

Proposition 5.10 Let m € C be such that Rem < 1 and u: R — R be a continuous
and bounded function. Then there is a unique axisymmetric potential U € C?(H™)
such that lim(x y)|—+o00 U(x,y) = 0and forall y € R,

Iim U = u(y).
0.y Y

Moreover, we have for all (x, y) € HT,

oo BTG =) ()

where

1-— ™ 1 %1 —m/2
Com = m/ sin' =" do = (4 —m/2)
27 Jo 2mg T'(1 —m)

Proof Letus first show that (15) is a solution of L,,U = 0.Let f(x, y) = xl_”’/()c2 +
(y — n)?)'7/2 Interchanging differentiation and integration, it suffices to prove that
Ly, f = 0. We have

b f = (1 —m)x™ B Q2 —m)x2m
B e e N e R e
b f = m(1—mx"12=m)(3=2m)x'"
B e e B N CE R C R ) D el
2—m)(d—m)x>™"
(2 + (y =32’
g f = @=maxl™ Q2= m)@—m)y —n?x™"
" (2 4 (y =) 2+ (y = 2P
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Then,

1—m —m—1

. mQ2—m)x _ m(l —m)x
R o N C R S D e

Af

and we deduce that L, f (x, y) = 0.

We have
I u(n)dn
U , — C 1 m/
o0 = | GT &=
Cm [* u(n)dn

¥ o A4 (=m0

By a change of variable t = (y — n)/x, we obtain

Ule.y) = C /°° u(y —tx)dt
X,y) = —_—
VI e

Thanks to the dominated convergence theorem, it suffices to show that

c /OO dt l—m/n,l_deQ/OO dt |
= Sin A>3 5 — 1.
N e T Y —oo (L 1H)lmm/2

To see this, according [1, p.258], note that

’

00 dt 1 1=m\  T/2)T(1—m)/2)
/—oo (1+2)l=m/2 (5’ 2 )_ r(—m/2)

where B is the Euler beta function and

l—m [T 1—
m/ sin' "0 do = —mzl_”’B(l —T,l—ﬁ)
0 27'[

27 2 2
_l-m Sl 21 —m/2)
27 re—m -

By the duplication formula for the I" function,
—1/242z—1 1
Q) =" /7227 T'(@'z+ 5 )

and by the recurrence formula I'(z 4+ 1) = z['(z), we obtain the desired result:

FA/2)T(1 —=m)/2) 1 —m Sl r2(1—m/2) |
(1 —m/2) 2 re—m

The uniqueness follows from Proposition 5.3. The proof is complete. O
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Remark 5.11 One may ask if there is a reproducing formula for the case Rem > 1.
Let m € N* and let u € C2(H™) be such that L,,u = 0 on H, then the function v
defined on R™*2 by

/.2 2
V(XL, e e ey Xma2) :u( Xq +~~-+xm+1,xm+2)

is harmonic on (R”11), x R. In particular, if m > 2, by [19, Proposition 18, p.310],
v can be extended to a harmonic function on R” 12, which tends to 0 at infinity. We
then deduce that v = 0 hence u = 0. This shows that solving L,,u = 0 with u tending
to 0 at infinity and with prescribed values of u on the y-axis is a problem which does
not make sense. In this case, the fact that there is no solution to this Dirichlet problem
is a consequence of the loss of ellipticity of L, on the boundary of H™. Therefore, we
do not deal with the case Re m > 1.

6 Fourier—Legendre decomposition

First, we will introduce a specific system of coordinates (t, ) called bipolar coordi-
nates, see [39]. The numerical applications on extremal bounded problems using this
system of coordinates can be found in [25-27].

Let @ > 0. Suppose that there is a positive charge at A = (—«, 0) and a negative
charge at B = («, 0) (the absolute values of the two charges are identical). The poten-
tial generated by these charges at a point M is In(M A/M B) (modulo a multiplicative
constant) (Fig. 5).

Definition 6.1 The coordinates

are called bipolar coordinates.

The bipolar coordinates are related to the Cartesian coordinates by the following
formulas:

asht o sinf

YT tht —cost

M(x,y)
4\

A(—e,0) 0 B, 0) ¥

cht —cos6’

Fig. 5 Bipolar coordinates
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Let R > 0 and a = v/ R? + o2, the disk with center (a, 0) and radius R is defined in
terms of bipolar coordinates as

- nf® N a? ) L
t>1=Ih(—= — — 1) = argch —.
=0 RTVER BN R
The right half-plane is defined as

={(z,0) : T € (0+ 0], 0 € [0, 27)}.

The level lines T = t¢ are circles with center (« coth 7g, 0) and radii «/sh 7g. This
implies that for all 7y, 71 such that 0 < 19 < 71, the set {(t,0) : T > 19} is a closed
disk and the set {(r,0) : 0 < T < 11} is the complement in H™T of the closed disk
{r > r1} (Fig. 6).

The following theorem is well known in physics for m = —1 [3,15,42,45,47,48].
We extend it to m € C.

Theorem 6.2 Let u be a solution to Ly,u = 0 in an open set in H*. Let
um(t,0) = sh D2z (cht — cos )™ %u(z, ),

where, by definition,

—1
sh=D/2z (cht — cos0) /2 = exp(m Insht — %ln(chr - cos@)).

Then

v, 0%u, 1 m—1)>2
— th —— =0. 16
ez T T -+ (4 4sh’t )vm (16)

Itz 062

Fig. 6 Level lines (witha = 1)
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Proof We have

ou 1 —chtcosf du shtsinf ou
— = |,
ot (cht —cos#)? 9x  (cht —cos6)? dy
ou [ —shtsind du chtcosf — 1 Bu]
o .

90 (cht — cos6)? dx + (cht —cos0)? 3y

Thus, we obtain

ou 1 u . u
— = —{ ({1 —chtcosf) — —shrsinfd — ),
o aT 00

0x
and
82 2 82 82
gu_ 9 (1—chrc059)2—u+sh215in29—u
dt2  (cht — cos6)4 ax2 dy?

. 0%u
—2(1 —chtcosf)shtsind
0x0dy
o

n ou
(cht —cos )3

[shr(cos29 +chtcosd —2) o
X

0
+ sin6 (chzt —2+cosfchr) a—u]
y

and
9%u o? 9%u 9%u
= = |sh®rsin?e — h 0 —1) —
902 (cht —cosh)* [S e e + (che cos ) 9y?

. 9%u
+ 2(1 — chtcos®)shrsinf
dxady

o
(cht —cos )3

0
|:sht(2—cos29 —cosfch) 8_u
X

]
—|—sin9(2—ch2t —chtcos@) a_u]
y

In particular, we have

0%u " 9%u _ a? 9%u n 9%u
9t2 962 (cht —cos6)? | ax2  9y? |
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Decomposition theorem and Riesz basis for axisymmetric... 627

Therefore, we obtain

cht —cosO\2(d%u 8%u m(l —chtcosf) du
Lm,x,yu =\ ) an2 a_
ot 00 sht(cht —cosf) dt

o
msinf  Ju
cht —cos6 96 )
According to definition of v,
9y — (cht — cos0)"/2 p
u(r,0) = W”m(fa ).
Denote
9y — (cht — cos9)"/?
rm(t,0) = TR,
then
orm m sin 6
T = A T "m
00 2 cht —cosf
32
8;;1 = Ache :ncose)z (2 cosfcht +m sin26 — 2) Tm
and
arm 1 2
Be = ohv —cosf)shz (ch*T + (m — 1) cht cos & — m)ry,
821 1

57 = eh 5)2 she [ch4r —2ch’r cosO + (m — l)zchzr cos? 8
cht —cos6)?sh™t

+2(m — 1) ch’t + (4 — 2m?) cht cos 6
+2(m — 1) cos 6 + m(m — 2) | ry.

Hence the equation L, , yu = 0 can be rewritten as

82vm 82vm AUy, o m 1—chtcosé
—t — |+ — (2= =
rm( 972 062 ) T ( 9t  shr cht —cosf rm)

vy, I, m sin 6
My _ "7
BT ( 30 chr—cos@rm)
9%r,  0%r, m( —chtcosd) dry
+ Um 2 2 + R
ot a0 sht (cht —cosf) ot

m sin 0 8rm) _0

" cht —cosh 96
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with
orm m 1 —chtcosf h
—t— =1y cotht,
ot sht cht —cos® " "
orm m sin 0
— 7y =0
a0 cht —cosf
and
2ry  0%rp N m(l —chtcos®) drp,
912 3902  sht(cht —cosf) dt
msin®  dr, 1 (m—1)?
- — == —— |-
cht —cosf 06 4 4sh3t "
This completes the proof. O

Let us apply the method of separation of variables, i.e. assume v, has the form
vy (t,0) = Ay (1) B,y (0). Then (16) becomes

Al A1 (m—1)> B/
— 4cotht = + - — ——— = -2,
Ap A 4 4Sh2T By,

The term on the right depends only on 6 and the left-hand side depends only on t,
thus we deduce that both are constant. Let n € C be such that this constant is equal to
n%. Then we have

1 (m—1)72
A;:,-I-Coth‘L'A;n—i—(Z—m—nz)Am =0,

B, + n’B,, = 0.

The function B, is a 2 -periodic function as 6 represents an angle, therefore n should
necessarily be an integer.

To examine the equation satisfied by A,,, we carry out the following change of
function

An(t) =Cy(ch).
Then, C,, satisfies

_m—1y?

1
h?z C” (ch 2¢cht Cl,(ch ——n?
sh®tC,,(cht) +2cht C, (cht) + 7 n PP

)Cm(chr) =0

which can be rewritten as

(1 —ch®t) C! (cht) —2cht C/,(ch)

» 1 (m— 1)/2)?
+ (n 4 1 — ch?t

(LAH)
) Cpu(cht) =0.
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This equation is called the hyperbolic associated Legendre equation. Note that if we
put z =cht and u(z) = C,,(ch 1), then

2
(1—z2)u”—2zu’+[v(u+1)— 1“ 2i|u =0, (LA)
—Z
where
1 m—1
v=n-——, =—
2 HTT

This equation is called the associated Legendre equation, and it can be reduced to the
Legendre equation if © = 0:

(A —=zHu” =2z’ + v + DHu = 0. (L)

Two independent solutions of (LA) are given in Appendix, where they are denoted by
P! (cht) and QF (ch 7).

Theorem 6.3 Let m € C and 0 < tg. Let u be a smooth solution to L,u = 0 on the
disk T > 19 and let v be a smooth solution to L,v = 0 on HT\ {t > 10}, which is the
complement in H* of the disk {t > 10}, and assume that limyg+ v = 0. Then there
are two sequences (an) ez, and (by),c7, of 02(7) (rapidly decreasing) such that

+0o0
u = Z an Qf:ﬁ/g/z(ch 7) sh"=™/27 (ch T — cos §)™/%¢!"?,

n=—0oo

+00
v = z by Prfrfl_/lz)/z(ch 1) sh /27 (cht — cos §)"/? .

n=—0oo

The sequence (ay,) is unique. In addition, the convergence of the first series is uniform
onevery compact set[t1, T2] of the disk t > towithtg < 11 < 2. And the convergence
of the second one is uniform on every compact set [13, t4] of the complement of the
diskt > tginHY with0 < 13 < 14 < 10.

IfRem < 1, then the sequence (by) is unique.

Proof Indeed, decomposing the function
0 +— u(to, 0)(chty — cos0)"/2sh=1/2¢,

as Fourier series with respect to the variable 6, yields the following Fourier expansion
for u(zg, -):

+o00
u(to, 0) = sh''=™/2¢, (ch ryp — cos 0)"/? Z a,e?,

n=—0o

@ Springer



630 S. Chaabi, S. Rigat

where a, € %(7) satisfies

2

ap = - (chto — cos8) ™™/ ?sh™ D270 u(zy, s)e ™ ds.
T Jo

The function u(7p, -) is a smooth function of the variable 6, therefore the sequence
(an)y is rapidly decreasing as |n| — 4-o00.
The function
to oMy
u(t,0) = sh"/2¢ (cht — cos §)"/? Z ay Znoljz 7 ind
(m—1)/2
n=—00 Qn,1/2 (ch1p)

coincides with u on the circle T = 7. Let us see that & is well defined on the disk
T > 19. Indeed, thanks to Proposition 8.1, as |n| — +o0,

(m—1)/2
Q,,nil/z (Ch‘l,') - Sh'L’() e\nl(fo—f)
0" N (chry) Vv sht

n—1/2

and this equivalence is uniform on all compact sets [t1, 2] with0 < 79 < 71 < 12. It
follows that the series which defines u is norm convergent on any compact set [y, 72]
of the disk > 1. The same is true for derivatives with respect to t and 6 (which are
also expressed through the associated Legendre functions, see Appendix).

Due to the fact that the solution of an elliptic equation is uniquely determined by
its boundary values (this follows from the maximum principle), we deduce that u is
the unique axisymmetric potential on the disk T > 7y which coincides with u on the
circle T = 19.

For v, the proof is similar. Indeed, decomposing the function

0 — v(10, 0) (chty — cos0) "/2sh"=D/2,

as Fourier series with respect to the variable 6, yields the following Fourier expansion
for v(tg, -):

+00
v(19, ) = sh! /27y (chty — cos§)"/? z bpe'"?,

n=—0oo

where b, € £*(Z) satisfies

2

b, = - (chtg — cos0) ™2 sh™=D/27) v(z0, s)e ™™ ds.
T Jo

The function v(7y, -) is a smooth function of the variable 6, therefore the sequence
(bn)y is rapidly decreasing as |n| — 4o00.
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The function

400 (m—l)/2(ch1_)
¥(t,0) = sh"™/27 (cht — cos §)"/? z b, n—1/2

—-1)/2
n=—00 P,ET]/Z)/ (chg)

inf

coincides with v on the circle T = 1. Let us see that v is well defined on the comple-
ment of the disk T > 7¢. Indeed, thanks to Proposition 8.1, as |n| — +o0,

(m—1)/2

Pn,1/2 (cht) sh 7o Inl(z—70)
m=1/2 “Ving ¢
P ) chr)  Vshe

and this equivalence is uniform on all compact sets [t], T2] with0 < 7] < 10 < 79. It
follows that the series which defines v is norm convergent on any compact set [y, 72]
of the complement of the disc T > tp. The same is true for derivatives with respect to
T and 6.

We will show that

If Rem < 1, by formula (18), for n € N we have
20m=1)/2
ST —m/2)

T
/ (cht + sht cos)" /> Lsin! =9 qp,
0

P R (chT) = sh(1=m)/2¢

hence

Jtim £ (ehr) = 0.

In addition, forn > 1 — Rem /2, we have

9Rem—1)/2 ((1-Rem)/2
V7T —m)2)]
b3
/ (cht + sht cos ) tRem/2=1 gipl=Remy g
0

[AEChIE

2(Rem—1)/2 gy (1-Rem)/2
VT (1 —m/2)]
T
/ (cht + shr) tRem/2=1 gpl-Remy g
0

<Cp gh(—Rem)/2_ ,(n+Rem/2)z
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thus
(m—1)/2
sup b M in6 < 400
n -1/2
n=1—Remy2 T€l0.70/2] pn('fl/z)/ (ch o)
By Proposition 8.1, we obtain
P D (ch o) ~ ﬂe’”" as n — +oo.
n=1/2 27 sht

So, lim; o4+ v = 0.
The uniqueness of (b,) for Rem < 1 follows from the following fact established
in the next section: the families

4 ( fl”:/]%/z(Ch T) (cht —cos0)"/? ine) @)
= — — e = WUn)neZ,
f,nil/lz)/z(Ch ) sh® D27 neZ

(m=1)/2
B — (Pn'fl/z (ch7) (chz —cos®)" .4

— — e = (bn)nez
Pn(rfl/]z)ﬂ((:h 1) sh"=D/2¢ )neZ

form a Riesz basis. |

Corollary 6.4 The solution of the Dirichlet problem for Lyu = 0 on D((a, 0), R),
withu = ¢ on dD((a, 0), R), is given by

+00 Q(m—l)/Z(Ch )
u(t, 0) = sh" "7 (ch — cos 6)"/? Z e ——12

—1)/2 ’
e 00 ) (ehng)

inf

where {t = 10} corresponds to the circle with center (a, 0) and radius R and

2

n = 5 (ch 7y — cos 8) /2 sh™=V/275 o (a+ R cos s, Rsins)e " ds.
T Jo

Similarly, the function

+o00o P(m_l)/z(ch T)

v(r, 0) = sh' 2z (cht — cos 6)"/? Z Cn ’(1n:/12)/2
P

s eine’ (17)
n=—oc Ppiyy (ch1)

2
Cp = 2—/ (chtp — cos 0) "2sh™ =D/ p(a+ R cos s, R sins)e "™ ds,
T Jo

is a solution to L,,v = 0 on HT\ D((a, 0), R), which is equal to ¢ on dD((a, 0), R).
Moreover, if Rem < 1, then v satisfies limyp+v =0, and (17) is the unique solution
of the Dirichlet problem L,,v = 0 on H™\ D((a, 0), R) which vanishes on dH™.
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7 Riesz basis

We will prove that the first group of functions of the following family:

((chr — cos)"/? [ cos(n) ] { P,f’ff/lz)/z(ch 7) })
—1)/2 i (m—1)/2
shtm=1/2¢ sin(n6) Qn”i]/z cho) |/
is a basis of solutions on the disk T > 7 and the second one is a basis of solutions on
T < 719, which is the complement on H™ of some disk, with 0 < 7y < ;. This fact is
known for m = —1, namely, for © = 1. We extend this result for complex m.
Let us recall the definition of a Riesz basis. The sequence (x,), < is called a guasi-

orthogonal or Riesz sequence of a Hilbert space X if there are two constants ¢, C > 0
such that for all sequences (a;),c7 in 22 we have

2
C22|an|2 = Zanxn = CZZ|an|2-
n n n

If the family (x,),c7 is complete, it is called a Riesz basis. The matrix of scalar
products {{x;, x;)}; j is called the Gram matrix associated to {x;};. Let us recall the
following characterization of a Riesz basis by the Gram matrix.

Property ([43, p.170]) A family {x;}; is a Riesz basis for some Hilbert space X if
{x;};i is complete in X and the Gram matrix associated to {x;}; defines a bounded and
invertible operator on 22(N).

Let A and B be the families of solutions to L,u = 0, respectively, inside the disk
T > 10 and outside the disk T > 71, with 0 < 19 < 17:

(m—1)/2
A= Qn—1/2 (Cht) (Ch‘L’ _Cose)m/Z inf = (Cln) 7
Q,(qu/l%/z(chro) shm—1/2¢ nels
) nez
—1/2
3 nyrfl/z)/ (cht) (cht — cos6)™/? . .
) R (m—1)/2 = On)nez-
P, "(chr)  sh T .

Let C be the union of these two families,

C = (cnlnez = (C2n =ay and ¢z 41 = b")neZ'

Denote the annulus defined in terms of bipolar coordinates {0 < 79 < T < 71} by A.
The space L>(dA) is equipped with the following inner product: for f, g € L?(9A),

1 2 . shRem—l.L,O
o) = — ,0 ,0 do
(f. 8 27 Jo f (0, 0) g(70,0) (ch Ty — cos §)Rem
1 2 ShRem71‘51
_ 0 ,0 do
+ 27 Jo f(@,0)g(.0) (cht] — cos@)Rem
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Proposition 7.1 C is a Riesz basis in the Hilbert space L*(dA).
Proof To find the Gram matrix for C, first calculate all its elements. For n € Z,

—-1)/2
o ) ehry) 2

Enipp 2O
0" ) eh o)

-2
Pn('fl /2)/ (chtp)

(Cons1, cony1) = 1+ ‘?
P /2)/ (cht))

El

(con, con) =1+ ‘

2

’

—-1)/2 -1)/2
P P ehrg) 04y (ehr)
2n, C2n+1) = YY) —1)/2 ’
PP chn) )Y (ch o)

(2041, C2n) = {C2n, C2n41)-

In all other cases, the inner product is zero, hence the Gram matrix is diagonal by
blocks and each block is the following 2 x 2 matrix:

2 T =02, 1. _
PR chr) o)) che)
D)2 -D/2
PP chn) o )P ch)

o ))*chn)
0" ) ch)

1+’

_ T m=0/2, 1. 2
P chr) o)) cha) 1+
P )P chn) ot ) ch)

-1)/2
P )" ch )
P ch)

The Gram matrix G has the form

M 0 e
0 M., 0
0 M 0
0 M, 0
G= 0

The determinant of M,, is

—-1)/2 —-1)/2
0" ) ehry) PR (chg) 2

—-1)/2 —1)/2 '
0" ) ehrg) PSP (ehn)

det M, = |1 —
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Let us show that M,, is invertible. Suppose the contrary, then det M,, = 0, which is
equivalent to

) -1/2 -2 -2
o N eh) P (ch o) = 0010 (chzo) P ) (chiry).

It can be rewritten as

-1)/2 -1)/2
o ) ehry) P Y (cho)
-1/2 -1/2 -
Q,(;il/g/ (chty) Pn(’:ll/z)/ (chty)

with P,frfl_/lz)/ 2(Ch 70), Ql(;ﬁ/l;/ 2(ch 71) # 0. Therefore, there is A € C\ {0} (which

depends on m, n, tp and t1) such that

—-1)/2 —-1)/2
0" ) (ch o) = a P ) (ch o),

—-1)/2 —-1)/2
0" N ehry) = ap" ) (chy).

Then, by the asymptotic behavior of associated Legendre functions (see Proposition 8.1
in Appendix), on the one hand, we have

ln(m—l)/Ze—ano

A~Te as n — +o0o,

and on the other hand, we have

in(m—l)/Ze—anl

A~Tme as n — +oo,

what implies that ) = 71, whereas it is not possible. Hence the matrix M, is invertible
and this completes the proof. O

8 Appendix: Associated Legendre functions of first and second kind

In this section, we provide formulas of integral representation for the associated Legen-
dre functions of the first and the second kind with z = cht > 1, see [2,39,50].

27Vsh™#t

Pieh) = s T+ D

o0
/ (cht + cho)* "~ 1sh?"+1g qp
0

withRev > —1 and Re (u +v) < 0.

2hsh™Ht 7 (cht +shtcos@)“tV
Pi(cht) = - do (18)
JELDA/2 =) Jo sin“* @
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withRe p < 1/2.

2 sh*t ' chl(v+1/2)6]
I3 - /=
Py (cht) = \/; L(1/2—w) Jo (cht —ch@)rtl/2

with Re u < 1/2.

ety sh*tT(w+pu+1) > sh?0
24 Tw—pu+DIC(w+1/2) Jo (cht 4 shtchg)vtutl

Q" (cht) = do

withRepu > —1/2,Re(v—pu+1) <OandRe (v + u + 1) > 0.

) h* ) —(v+1/2)0
Oh(cht) = L eimn 21T ¢ do
2% Ta2-w ), (ch6 —choptir2

withReu < 1/2andRe(u +v + 1) > 0.

v T +p+1)

O (cht) =¢"H27 NCESE

b4
sh_“t/ (cht 4 cosO)* "~ !sin® 1o do
0
withRev > —1 and Re (u + v + 1) > 0, see [50, pp.4-6].

There are the following relations between the Legendre functions, see [50, p.6]
and [2, Formula 8.2.2]:

“w
P# = P—v—l’
— e cos(mv) P + sin[r(v+p)] OF

I _
0,1 = sin[m (v —u)]

for v — u ¢ Z. In particular, for v =n — 1/2 and n € Z, we have

Qlivf] = Qljv n € (C9
ei”MF(V +u+DHoH = g_i”MF(v —-n+ 10y,
Frv—pu+1)

- _

2 .
P = pr_ 2 T s
v r(u+u+1)[ v TR ¢ Sm(n“)Q”]

There hold the following Whipple formulas relating the associated Legendre functions
of first and second kind, see [50, p. 6]:

. r )
0"(cht) = e””‘\/gM P12 (coth 1),

sht —no1/2
jelmv 2 1 i
" _ = v—1/2
Py (cht) = '(—v—w) V7 /sht Q_y—ipp(coth ).
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There hold the following recursion formulas, see [50, pp.6-7]:

(v —wcht PY'(cht) — (v + ) P.* | (chT)

PFHl(cht) = ,
sht
-+ 1)P‘f‘+1(chr) = Qv+ 1)cht P¥(cht) — (v + M)Pf_l(chr),
2 dP)(2) 2 1/2 pu—1 w
(=1 pE W+w—pn+DE —=1D7P7 (2) — nzP) (2).
Pl
=1 dd_z(z) =vzPl(2) — (v + ) P! | (2).

All of these formulas are used to calculate the values P/*(ch ) and Q% (cht) for all
7> 0and (u, v) € C2

If i and 7 are fixed, the following proposition describes the behavior of associated
Legendre functions of the first and second kind when v = n — 1/2, n € Z, as
|n| — 4o0.

Proposition 8.1 Fixt > Oand u € C. Thenifv=n — 1/2 and n € Z, we have:

/2

Pl (cht) ~ \/ﬁ pH=1/2 gy as v — +oo,
P*(cht) ~ i (=)t as v — —oo
Y v2msht '

QO (cht) ~ et e T/? /% pH1/2 v as v — +o0o,
sht

Oh(cht) ~ eTH oT/2 /% (—p)H=1/2 ety as v — —oo.
sht

These equivalences are locally uniform with respect to the variable t, i.e. uniform on
the whole interval [y, T1] with 0 < 19 < T1.

Proof If v=n —1/2and n € N, see [50, p.48], we have

'v+1D 1 [e(u+1/2)r i e—m‘(u—l/Z)—(v+1/2)r]

Fv—pu+1) 27w+ Dsht

[reo()]

Fv+1) V2m v tl2emy v "+1/? -
~ = v —p)te
Tw—p+1) V27 (v — p)v—rt12e—vin V— K

=@w—whre  exp (—(u + l) ln(l - ﬁ)) ~ ¥
2 v
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consequently,

1 T/2
PH(cht) ~ vF————e"? e = ¢

V2mvsht V2msht

which gives us the first estimate.
The second estimate is obtained thanks to the relation P} = P"
estimate follows from [50, Formula (8.3)]:

0" (cht) ~ /27; =12 gimpt =T (v+1/2)
snt

and the last estimate follows from the fact that forv =n — 1/2 and n € Z, we have

vu—l/Zerv’

_;- The third

v

Qﬁ—Lv—l = Qﬁ

The local uniformity of these equivalences implies from explicit expressions of P}’ and
Q1 in terms of hypergeometric functions available in [21, pp. 124—138] and estimates
of these hypergeometric functions which are locally uniform [50, pp. 178-182]. O
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