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Defect and transmission properties of two-dimensional quasiperiodic photonic band-gap system

Samuel S. M. Cheng, Lie-Ming Li, C. T. Chan, and Z. Q. Zhang
Department of Physics, Hong Kong University of Science and Technology, Clear Water Bay, Hong Kong, China
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It has recently been demonstrated that two-dimensional photonic band gaps can be realized in systems
comprising of a quasiperiodic arrangement of dielectric cylinders. We show that waveguides crafted out of
such photonic ‘‘quasicrystals’’ can be used to guide light around sharp corners, just as in the case of periodic
photonic band-gap systems, but the quasiperiodic systems tend to be more frequency selective. Because of the
absence of translational symmetry, these quasiperiodic photonic band-gap structures also display richer defect
properties. Spectral gaps for both the TM and TE polarizations in the same frequency range can be realized in
metallodielectric configurations.@S0163-1829~99!10505-8#
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I. INTRODUCTION

Photonic band-gap~PBG! material has received a lot o
attention in recent years.1,2 From a material point of view,
PBG material is a remarkable example of material by des
It is a new class of composite material which does not e
in nature, but is conceived, designed, and made by man.
existence of a spectral gap in the electromagnetic~EM! wave
spectrum opens up many exciting possibilities, such as
suppression of spontaneous emission,3 the possible observa
tion of interesting quantum interference effects,4 and the re-
alization of strong photon localization.5 Many potential ap-
plications including quantum electronic devices, distribute
feedback mirror, light-emitting diodes,6 high-Q cavities,7

microwave antennae substrate,8 and optical waveguides2,9

have further fueled the interest in PBG research.
PBG materials are frequently viewed as photonic anal

of electronic semiconductors, and the term ‘‘photonic cr
tal’’ has been coined and used in many occasions to re
sent manmade inhomogeneous material with a periodic
ture that exhibits photonic gaps. For electronic materials,
research activities have extended progressively from
study of the perfect crystal to the properties of defects, s
faces, and eventually to the noncrystalline~such as quasip
eriodic and amorphous! environment. For the case of bul
photonic crystals, the structure and the related optical pr
erties have been studied both in two and three dimensi
although new ideas to improve photonic gaps are s
emerging.10 The properties of defects and surface states h
been considered and well documented,2 and these studie
already represent a step beyond crystallinity, but the con
erations are still based on the periodicity of a perfect pho
nic crystal. It would be interesting to take one step furth
and investigate what happens to the photonic gap if we
away with the periodicity. Is the photonic gap still there, a
if so, how would the overall properties be affected? R
cently, it has been shown that photonic gaps can be foun
a two-dimensional~2D! quasiperiodic arrangement of diele
tric cylinders, demonstrating the existence of photonic g
without periodicity and translational symmetry.11 The pur-
pose of this paper is to examine in greater detail the prop
of such quasiperiodic photonic band-gap systems w
‘‘point’’ defects are introduced to make microcavities a
PRB 590163-1829/99/59~6!/4091~9!/$15.00
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when ‘‘line’’ defects are introduced to create light guide
We found that the behavior is in general more complex th
periodic PBG materials. We also examine the possibility
using metallodielectric materials to facilitate the formation
photonic gaps common to both the TM and TE polarizatio

II. METHOD OF CALCULATION

In this paper, we will study the defect properties and t
transmission and scattering properties of waveguides der
from quasiperiodic PBG structures. The two computatio
methods employed are already described in de
elsewhere,12,13 and we will only provide a brief description
in the following.

The existence of spectral gaps and the defect propertie
quasiperiodic photonic materials are studied with a ‘‘finit
difference–time-domain’’ method.12 The time evolution of
the fields as governed by the Maxwell equations are sol
on a uniform grid in both the spatial and the time doma
When the boundary conditions are given and the fields
specified at any instantt50, the spatial derivatives, an
hence the ‘‘curls’’ of the fields can be determined using fin
differences. The Maxwell equations then give the time d
rivatives of the fields which allow us to update theH(r ,t)
andE(r ,t) fields in the time domain. The fieldsH(r ,t) and
E(r ,t) can then be recorded as a time series for some s
pling points in the system, and for a sufficiently large nu
ber of time steps~which governs the resolution in the fre
quency domain!, the time series are Laplace transformed
the frequency domain to obtain the spectral intensities. T
intensity at a particular frequency depends on the projec
of the initial field onto the normal modes of that frequenc
The initial field intensities are chosen to be random numb
and the corresponding spectral intensities correspond to
density of states. Thus, the existence of a photonic gap
be found rather straightforwardly. This method is an ‘‘ord
(N)’’ method, in the sense that the computational effo
scales linearly with the number of grid points, which itse
scales linearly with the system size. In contrast, the com
tational effort of band-theoretic techniques like the popu
plane-wave method14 generally scales like the third power o
size of the system. This method was conceived and der
from our previous experience with molecular dynamic
4091 ©1999 The American Physical Society
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4092 PRB 59CHENG, LI, CHAN, AND ZHANG
where velocity-velocity correlation functions can give ph
non normal-mode frequencies. When adapted to EM wa
we found that the approach is essentially the same as
finite-difference–time-domain method that was very popu
in the engineering field.15

The transmission properties are studied with a multip
scattering formulation,13,16 which is best suited for a finite
collection of cylinders with a continuous incident wave
fixed frequency. For circular cylinders, the scattering pro
erty of the individual cylinder can be obtained analytically17

relating the scattered fields to the incident fields. The to
field, which includes the incident plus the multiple-scatter
field, can then be obtained by solving a linear system
equations, whose size is proportional to the number of c
inders in the system. Both near field and far field radiat
patterns can be obtained straightforwardly. Such an appro
is a very efficient way of handling the scattering problem
a finite sample containing cylinders of circular cross secti
~or spheres in three dimensions! in an arbitrary arrangemen

III. RESULTS

Before we go into the numerical results, we discu
briefly the octagonal quasiperiodic structure itself.18 It is
formed by placing dielectric cylinders with circular cro
sections in the vertices of a two-dimensional octagonal q
siperiodic lattice. The cylinders havee510 and occupy a
volume fraction of 30% in a background ofe51. The 2D
octagonal quasiperiodic pattern is tiled by squares and rh
buses~with an acute angle of 45°) of equal side lengtha.
Unless otherwise specified, all angular frequencies refe
to in this paper are measured in units of 2p(c/a), wherec is
the speed of light anda is the length of a side of the squa
or the rhombus19 in the octagonal tiling. The arrangement
the cylinders is shown schematically in Fig. 1, and the po
tions marked A, B, C, D, and E are some sites from wh
cylinders will be removed in order to study defect stat
Such structures give rise to spectral gaps in TM polari
modes. In this paper, TM mode refers to modes with theE

FIG. 1. Schematic figure showing the octagonal quasiperio
arrangement of cylinders. The cylinders occupy a volume frac
of 30% and havee510 and the background hase51.
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field aligned along the axis of the cylinders and the magn
fields are in the 2D plane, while TE modes refer to mod
with their H field along the axis of the cylinders and theE
field in the 2D plane.

A. Defect properties

In the density of states calculations, the finite differen
algorithm requires a specific boundary condition. We fou
that it is most convenient to impose the periodic bound
conditions on a square sample. Most of the calculations
done with a sample containing 164 cylinders, discretized
a 6163616 grid. We typically use 23105 time steps in the
simulation, with each time step of the order of 1023(a/c).
Since the periodic boundary condition is imposed, the fie
can be written in the Bloch form. The results reported bel
are calculated with sampling at thek50 Bloch momentum.
Since our ‘‘supercell’’ is large, this sampling is adequa
except for frequencies lower thanv50.15. At low frequen-
cies~below v50.15), the calculated DOS become a colle
tion of isolated peaks and the gaps in between are artifac
this finite sampling due to the low density of modes at lo
frequencies. Forv,1, we observe four major spectral gap
at aboutv50.3, 0.55, 0.75, and 0.82. These gaps are
consequences of the quasiperiodic arrangement of the c
ders, and has nothing to do with artificial periodic bounda
condition we imposed in the simulation. The ‘‘supercell’’ w
used in the simulation is reasonably large, and if the gaps
an artifact of the periodicity of the supercell, the lowest g
should appear at a much lower frequency than the first sp
tral gap shown in the following density-of-state plots~see,
for example, Fig. 2!. This point has already been establish
earlier.11

In 2D PBG systems consisting of an array of cylinders
structural defect can be formed simply by the removal or
displacement of one cylinder. Such a structural defect~the
missing cylinders! can be regarded as a microcavity and it
well established that spatially localized defect modes can
formed. If we have a periodic PBG system to start with, t
removal of one single cylinder will create one fixed set
defect states. Unlike periodic systems, the quasiperiodic
rangement does not have translational symmetry and the
inders have different local environments. Thus, the prop

ic
n

FIG. 2. TM mode density of states for a missing cylinder
positionA ~see Fig. 1!.
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PRB 59 4093DEFECT AND TRANSMISSION PROPERTIES OF TWO- . . .
ties of the defect states depend on which cylinder is be
removed, leading to a large variety of possibilities. To illu
trate this point, we first remove one cylinder at siteA ~see
Fig. 1!, which is surrounded by eight nearest-neighbor c
inders. The corresponding TM mode density of states
shown in Fig. 2, and defect states appear as isolated pea
the spectral gaps. We find defect states in the first, sec
and fourth gaps at aboutv50.34, 0.51, and 0.82, respe
tively. The electric field intensities (Ez

2) of these modes pro
jected onto a 2D plane for these modes are shown in
three panels in Fig. 3, respectively. Since these defect s
have frequencies that are forbidden in the quasiperiodic
tice, they have to be localized around the defect site, whic
precisely what is observed in the figures. We now remov
cylinder at siteB ~see Fig. 1!. The corresponding DOS fo
the system with this defect is shown in Fig. 4, which sho
a defect state in the second gap withv50.55. Defect states
are not observed in other gaps for this defect configurat
The mode intensity for this mode is shown in Fig. 5. Due
the change in the local environment of the missing cylin
at siteB ~Fig. 1!, the number of defect modes, their freque
cies and the spatial distribution of the defect modes are q
different from those of the defect states at siteA. We note
that removing the central cylinder~A! can induce a defec
state in the first gap while removing a cylinder~B! surround-
ing the central cylinder failed to do so. It can be rationaliz
by the fact that the effective microcavity formed by remo
ing cylinder A is larger in size than that of cylinderB, and
hence siteA can accommodate a defect mode of a low
frequency. We now remove a cylinder at siteC, again result-
ing in another set of defect states. From the DOS show
Fig. 6, we observe that defect states are formed atv50.34 in
the first gap, and atv50.83 in the fourth gap. The corre
sponding mode intensities are shown in Fig. 7. It is intere
ing to note that the defect state in the first gap for the miss
cylinder at siteC has nearly the same frequency as the de
mode in the first gap at siteA. However, the field pattern o
these two defect modes are rather different. For compl
ness, we also show defect modes caused by removing c
ders at other sites, such asD andE in Figs. 8 and 9, respec
tively. For siteD, we show the mode intensities for a defe
mode in the first gap Fig. 10, and for siteE, we show the
mode intensities for defect modes in the second and the t
gaps in Fig. 11. In general, the field patterns have m
nodes and are more complicated for the defect modes
higher frequencies. Quasiperiodic photonic band-gap s
tems may be useful since most of the defect modes in
systems that are conceived to be useful in applications
cavity modes created by the removal of a cylinder. It is cl
from these results that the quasiperiodic structure offer
great variety of possibilities for creating and controlling t
number of defect modes as well as the defect mode freq
cies and mode intensity distributions.

B. Right-angled waveguides

Mekis et al.9 have demonstrated that a waveguide co
structed from a 2D periodic photonic band-gap structure
bend light around sharp corners. A 2D PBG structure w
multiple photonic gaps for TM polarized EM waves can
constructed by arranging dielectric rods in a square array
g
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FIG. 3. 2D projections of theE-field intensity of some defec
modes for a missing cylinder at positionA. The top panel is for the
defect state withv50.34 in the first gap; the middle panel is for th
defect state withv50.51 in the second gap; and the bottom pane
for v50.82 in the fourth gap~see Fig. 1!.
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4094 PRB 59CHENG, LI, CHAN, AND ZHANG
a waveguide can be formed by removing a row of rods
such a structure.2 EM waves with frequencies inside the ph
tonic gaps can only travel inside the channel of missing r
but not inside the bulk of the photonic crystal, and thus
channel of missing rods can serve as a waveguide. Wh
waveguide formed from removing a row in thex direction
terminates abruptly and is joined by another wavegu
formed by removing a row in they direction, a sharp 90°
bend is formed. Normally, light will leak out of an ordinar
waveguide~whose function typically depends on the pri
ciple of total internal reflection! when it turns abruptly
around a corner. However, light cannot leak into the P
medium if the traveling wave has frequency inside the p
tonic gap. The incident wave can only be transmitted,
reflected back. A numerical simulation9 showed that highly
efficient transmission can be obtained for such P
waveguides with right-angled bends, while the detail of
results depends somewhat on the detail of the structure a
corner of the 90° bend. We expect that similar behavi
should be observed when we carve waveguides out of q

FIG. 4. TM mode density of states for the configuration with
missing cylinder at positionB, showing a defect mode in the secon
gap ~see Fig. 1!.

FIG. 5. E-field intensity of the defect mode in the second g
localized near a missing cylinder at positionB ~see Fig. 1!.
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FIG. 6. TM mode density of states for the configuration with
missing cylinder at positionC ~see Fig. 1!.

FIG. 7. E-field intensity of some of the defect modes localiz
near a missing cylinder at positionC. The top panel for the state
with v50.34 and the bottom panel for the state withv50.83 ~see
Fig. 1!.
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PRB 59 4095DEFECT AND TRANSMISSION PROPERTIES OF TWO- . . .
siperiodic PBG materials. We note that there exists stra
rows of cylinders in both thex and y directions in the 2D
octagonal photonic quasicrystal, and thus right-ang
waveguides with well-defined directions can be formed
removing rows of cylinders. With a finite sample of the o
tagonal PBG structure, we made such a channel with a ri
angled bend which is shown schematically in Fig. 12, wh
two missing rows of rods intersect at a site which is s
rounded by eight nearest-neighbor rods~site A in Fig. 1!. In
order to investigate the transmission property of such a c
figuration, we probe the system with a continuous wave w
a fixed frequencyv. The s-polarized~TM! wave enters the
waveguide at the opening at positionA, and we calculate the
transmitted power at positionsC as shown in Fig. 13. Fo
reference, we also show the forward transmitted power in
far field as dotted lines in Fig. 13. For an easier comparis
we have magnified the forward transmitted power by a fac
of three. The source of the probe beam is a slit13 of width 4a
positioned at a distance 6a away from the sample. In this
case, the incident field can be obtained from the Kirch
integral formula. In two dimensions, for a plane wav
exp(ik0x), incident fromx,0, the diffracted wave in the re
gion x.0 arising from a slit centered at origin with an ope
ing of width w in the y direction is given by

FIG. 8. TM mode density of states for the configuration with
missing cylinder at positionD ~see Fig. 1!.

FIG. 9. TM mode density of states for the configuration with
missing cylinder at positionE ~see Fig. 1!.
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~1!

wherer85Ax21(y2y8)2, andHm is the Hankel function of
the first kind. The Poynting vector is given by

SW ~rW !5
2c

8pk0
Im@u~rW !¹u* ~rW !#, ~2!

whereu(rW ) is the value ofEz at positionrW in the 2D plane.
The fields u(rW ) are calculated by a multiple-scatterin
formalism.13 The transmitted power at positionC can be ob-
tained by integrating the Poynting vector of the fields exiti
from the aperture at that position and normalized by the
tegrated power at the aperture at positionA, where the EM
wave enters the channel. We first focus on the configura
given in Fig. 12~a!. The dotted line in Fig. 13~a! is the trans-
mitted power for a range of frequencies measured in
forward direction for this configuration. If the system do
not have a spectral gap at a particular frequency, at least
of the incident wave can penetrate straight through the P
material and will be detected in the forward direction. The
fore, the absence of the forward transmitted power signa
stop band for that incident direction.20 We will now focus on
the stop band frequencies~where the dotted lines are zero!
and look at the power measured atC, which represents trans
mitted power around the corner. We see that there is ne
no power being transmitted by the right-angled waveguide
first stop band nearv50.3. A rough estimate, treating th
opening of the channel as a simple metallic wavegui
shows that the lowest frequency mode allowed in the wa
guide is higher than the maximum frequency in the first g
~There is transmittance for frequencies lower than the fi
stop band due to diffraction of the beam through the samp!
We will consider the case of a wider channel later but for
moment, we examine the transmission for frequencies in
second stop band, at aboutv50.55. Here, the incident wave
has shorter wavelengths and there is clearly transmittanc
the spectral gap measured atC as the EM wave is guided

FIG. 10. E-field intensity of a defect mode in the first gap lo
calized near a missing cylinder at positionD ~see Fig. 1!.
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4096 PRB 59CHENG, LI, CHAN, AND ZHANG
through the channel and around the sharp corner. The be
ior is somewhat different from that of the waveguide cha
nels crafted out of periodic PBG systems, where the tra
mission efficiency is very high for nearly all frequenci
inside the gap.9 The transmission spectrum for quasiperiod
structure is rather rich in structure and only some frequen
get near perfect transmission. This difference is due to
property of quasiperiodicity of the host lattice. It has be
demonstrated that in one-dimensional quasiperiodic phot
band-gap systems~stacks of two different materials arrange
in a Fibonacci sequence!, the transmittance spectrum
highly structured.21 Our PBG waveguide is formed by re
moving material from a quasiperiodic system, and the res
ing structure is an one-dimensional channel bounded b
wall of quasiperiodic modulation. Since the channel form
by removing one row of cylinders is narrow, the effect of t
boundary is rather significant and we thus see a highly st
tured transmission spectrum with high transmittance only

FIG. 11. E-field intensity of some defect modes localized ne
the missing cylinder at positionE. The top panel is for the defec
state in the second gap (v50.53), and the bottom panel is for th
state in the third gap (v50.76) ~see Fig. 1!.
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FIG. 12. Schematic figure showing right-angled waveguid
formed from removing a row of cylinders in a quasiperiodic PB
system. Panels~A!, ~B!, and~C! differ only in the arrangement o
cylinders at the bend. A continuous wave of angular frequencyv
enters the system at apertureA, and the transmitted power is mon
tored at positionC.

FIG. 13. The transmitted power measured in the forward dir
tion ~dotted line! and at positionC ~solid lines! corresponding to the
three configurations depicted in Fig. 12. The transmitted po
measured in the forward direction~dotted line! has been magnified
three times. The absence of forward transmitted power through
PBG material indicates stop bands.
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PRB 59 4097DEFECT AND TRANSMISSION PROPERTIES OF TWO- . . .
some frequencies inside the frequency window set by
spectral gap. The 90° bend basically serves as a cou
between two channels in different directions and thus
arrangement of cylinders at the bend is important. This po
is illustrated by comparing the transmission properties o
few right-angle waveguides as depicted in Fig. 12. Only
structure at the corner is different, and we can see from
corresponding calculated transmission spectra~Fig. 13! that
the frequencies with high transmittance are not the sa
The bend apparently ‘‘picks’’ some particular frequencies
transmit.

As in the case of defects, the quasiperiodic arrangem
of cylinders offer many different possibilities in craftin
waveguides. In Fig. 14, we show another waveguide c
figuration created by removing cylinders resulting in
slightly wider channel. In contrast to the configuratio
shown in Fig. 12, which have wavy boundaries, this config
ration has straight boundaries. The corresponding trans
sion spectrum is shown in Fig. 15. Here again, the dot

FIG. 14. Schematic figure showing another right-angled wa
guide configuration formed from removing two rows of cylinders
a quasiperiodic PBG system. A continuous wave of angular
quencyv enters the system at apertureA, and the transmitted powe
is monitored atC.

FIG. 15. Transmitted power measured in the forward direct
~dotted line! and atC ~solid lines! corresponding to the situatio
depicted in Fig. 14. The transmitted powers measured in the
ward direction~dotted line! through the PBG material have bee
magnified three times for an easier comparison.
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lines are the transmitted power passing through the P
system in the forward direction~magnified three times! and
an absence of transmitted power through the system i
cates the existence of a spectral gap in that direction.
solid line is the transmitted power that goes through
right-angled bend. We now see some transmission at pos
C for frequencies the first gap. This is because the chann
now wider. Compared with the configurations depicted
Fig. 12, this wider channel with straighter boundary is le
selective in frequency but the transmission spectrum is
rather spiky. We expect that the difference between the tra
mission characteristics for periodic and quasiperiodic P
waveguides will fade away as the channel grows wider.

From these results, we see that quasiperiodic PBG m
rial can also guide light around sharp corners, but it is m
frequency selective as compared with periodic PBG. Ther
then a possibility that the quasiperiodic PBG system c
serve as a light guide with filtering effect.
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FIG. 16. TE mode DOS for the octagonal quasiperiodic meta
cylinder array.

FIG. 17. TM mode DOS for the octagonal quasiperiodic met
lic cylinder array.
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C. Metallodielectric configurations

The structure shown in Fig. 1, which consists of isola
high dielectric cylinders in a lower dielectric backgroun
has spectral gaps for TM modes. Such structures do not h
complete photonic gaps for the TE modes. We found t
spectral gaps for TE modes require a connected structur
high dielectrics and can be realized in a connected vein st
ture as shown in Fig. 5 of Ref. 11. Although the two pola
izations are decoupled in two dimensions, it would be nic
we can find a structure that supports photonic gaps simu
neously for both polarizations in the same frequency ran
We found that there is at least one such possibility, if we
metallodielectric elements. Such a system can be realize
replacing all the dielectric rods in Fig. 1 by ideal metal
cylinders. The metallic cylinders are chosen to have radi
0.3a. The perfect metal is modeled by setting all theE fields
to zero in each of the time steps in the simulation, and ph
cally it means that the metallic domain corresponds to a
gion that repels fields. The simulations are done for syste
containing 478 cylinders, with a 200032000 grid. The DOS
for the TE modes and the TM modes are shown in Figs.
and 17, respectively. The TE mode DOS~Fig. 16! exhibit
spectral gaps at aboutv50.39 and 0.53. The frequenc
ranges of these gaps are also forbidden in the TM mode
can be observed in Fig. 17. It is possible that for a sys
with more cylinders, a small gap can open at aboutv
50.95,22 which is also forbidden in the TM mode. Althoug
this system of isolated metallic cylinders embedded in a
electric background has the same geometrical arrangeme
the isolated dielectric cylinder arrangement shown in Fig
there are differences in the way they give rise to photo
gaps. The metallic component excludes fields, so that the
wave in this case actually passes through the material in
dielectric background, which forms a percolated struct
having the symmetry of an octagonal quasiperiodic lattice
a way, the metallic cylinder configuration is quite similar
the connected vein structure~Fig. 5 of Ref. 11! that supports
TE mode photonic gaps. For the TM mode, theE field is
parallel to the axis of the metallic cylinders and theE field
has to be zero on the surface of the cylinder. It is expec
that em waves with wavelength less than the typical sep
tion between the cylinders cannot pass through
medium,23 and hence there is a gap at the lower frequenc
By examining the field intensity plots, we found that th
d
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group of states nearv50.8 are highly localized about som
sites in the PBG systems, while the states abovev51 look
delocalized. Metallodielectric structures as PBG mater
for different applications have been advocated by a f
groups.23,24This type of metallodielectric structure may hav
its own disadvantage because of possible strong dissipa
effects of the metallic elements, depending on the opera
frequency range. On the other hand, they have some ad
tage since we can easily control the position of the gaps
varying the dielectric constant of the dielectric backgrou
material. For example, the frequency of the gaps basic
scales inversely asAe of the background material. We ca
thus have spectral gaps at lower frequencies by employin
higher dielectric background material without changing t
physical dimensions of the photonic quasicrystal.

IV. SUMMARY

Point defects~missing cylinders! and line defects~missing
rows of cylinders! can be used to create highly localize
defect modes and to form waveguides in photonic band-
systems. These effects depend on the rejection of EM wa
in the photonic band gap and as long as quasiperiodic P
systems have photonic gaps, we should see these effects
the case of periodic PBG systems. However, the intrin
difference between aperiodic and periodic systems, suc
the absence of translational symmetry and the differenc
wave propagation characteristics, lead to some differen
For example, the defect properties become much richer
the ‘‘light guide’’ derived from aperiodic PBG structures b
comes more frequency selective. These extra complex
may be exploited in some situations to provide better tuna
ity in certain PBG applications. Spectral gaps common
both the TM and TE polarizations can be achieved in me
lodielectric quasiperiodic photonic band-gap system. We
still searching for aperiodic structures that support spec
gaps for both polarizations in the same frequency range w
dielectric material only.
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