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1 Introduction and formulation of local rigidity

1.1. Let G be a Lie group, andH a closed subgroup ofG. If a discrete
subgroupΓ of G acts properly discontinuously and freely onG/H , then the
double coset spaceΓ\G/H carries naturally a manifold structure such that the
quotient mapG/H → Γ\G/H is locally diffeomorphic. The manifoldΓ\G/H
is said to be aClifford-Klein form of G/H . If it is compact, thenΓ is said to
be auniform lattice for G/H . A typical example is a compact Riemann surface
Mg with genusg ≥ 2, which is biholomorphic to a compact Clifford-Klein form
of the Poincaŕe disk G/H ' SL(2,R)/SO(2) by the uniformization theorem.
It is important from geometric view point that a Clifford-Klein formΓ\G/H
inherits anyG-invariant local geometric structure onG/H such as (indefinite)-
Riemannian metric, complex structure, symplectic structure, causal structure and
so on.

1.2. Our interest is in the indefinite-Riemannian Clifford-Klein forms. But, we
start with a brief review of classical results on Riemannian Clifford-Klein forms.

Let G be a real reductive linear Lie group andH a maximal compact sub-
group ofG. The homogeneous manifoldG/H carries aG-invariant Riemannian
metric and is called aRiemannian symmetric space. Then,G/H always admits
a compact Clifford-Klein form by a theorem of Borel, Harish-Chandra, Mostow,
and Tamagawa ([4, 5, 27]). The local rigidity theorem for Riemannian symmetric
spaces due to Selberg and Weil ([30, 34]), later extended by Mostow, Margulis
and some others, asserts that a compact Clifford-Klein formΓ\G/H is locally
rigid (see Sect. 1.5 for definition) except for the Poincaré disk in the irreducible
case. In other words, non-trivial deformation ofΓ\G/H exists in this case only
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if dim G/H = 2, namely, only ifΓ\G/H ' Mg (g ≥ 2). The study of the
corresponding deformation theory is nothing but theTeichm̈uller theory.

1.3. More generally, letG be a real reductive linear Lie group, andH a
subgroup that is reductive inG. We sayG/H is a homogeneous manifold of
reductive type. Semisimple symmetric spaces such asSL(n,R)/SO(p,n − p) are
typical examples (see [3, 7] and references therein).

If G/H is of reductive type, then there exists a naturalG-invariant indefinite-
Riemannian metric onG/H . On the other hand,G/H does not always admit
compact Clifford-Klein forms. In fact, it can happen that only finite discrete sub-
groups ofG can act properly discontinuously onG/H . This is so called the
Calabi-Markus phenomenonnamed after their first discovery in the Lorentzian
manifold SO(n,1)/SO(n − 1,1) ([6, 13, 21, 35]). The existence problem of com-
pact Clifford-Klein forms of indefinite-Riemannian homogeneous manifolds has
been actively studied in the last decade by various methods, such as the criterion
of the Calabi-Markus phenomenon, characteristic classes, cohomology of dis-
crete groups, symplectic geometry, ergodic actions, decay of matrix coefficients,
and so on (cf. [1, 2, 13–15, 18, 19, 21, 23, 32, 36]). But the classification of homo-
geneous manifolds having compact Clifford-Klein forms is still unsolved even
for semisimple symmetric spaces (we recall that the classification of semisimple
symmetric spaces was done by Berger [3] about 40 years ago).

1.4. We recall the known construction of a compact Clifford-Klein form of a
homogeneous manifold of reductive type. Assume that there exist subgroupsΓ
andL of G such that the following three conditions are satisfied:
i) L acts properly onG/H .
ii) The double coset spaceL\G/H is compact.
iii) Γ is a torsion free, cocompact discrete subgroup ofL.

Then,Γ\G/H is a compact Clifford-Klein form ofG/H . If L is a reductive
subgroup, then simple criteria for (i) and (ii) are obtained in [13] (see Sect. 2.2)
and there always existsΓ satisfying (iii). A list of homogeneous manifoldsG/H
admitting compact Clifford-Klein forms by this method is presented in [18].
Conversely, it is conjectured that there exists a reductive subgroupL satisfying
(i) and (ii) if G/H (of reductive type) admits a compact Clifford-Klein form.
The conjecture is true for all examples known so far (including Riemannian cases
and group manifold cases).

1.5. Let us introduce a rigorous definition of thelocal rigidity for the ho-
mogeneous manifoldG/H . Let G be a Lie group andΓ a finitely generated
group. We denote byA(Γ,G) the set of all homomorphisms ofΓ to G. We
equipA(Γ,G) with the topology of pointwise convergence.A(Γ,G) is a real
analytic variety ifΓ is finitely presented. LetH be a closed subgroup ofG. We
define

R(Γ,G,H ) := {u ∈ A(Γ,G) : u is injective, and

u(Γ ) acts properly discontinuously onG/H }.
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Then the double coset spaceu(Γ )\G/H forms a family of Clifford-Klein forms
parametrized byu ∈ R(Γ,G,H ), providedΓ is torsion free.

There is a natural action ofG on A(Γ,G) by inner automorphisms:

(g · u)(γ) = gu(γ)g−1, g ∈ G, γ ∈ Γ,u ∈ A(Γ,G).

This action stabilizesR(Γ,G,H ). We say that a homomorphismu ∈ R(Γ,G,H )
is locally rigid as a discontinuous groupacting onG/H if the G-orbit through
u ∈ R(Γ,G,H ) is open in R(Γ,G,H ). This terminology coincides with the
standard one ifH is compact (e.g. [29, 34]).

1.6. Our object of study is the local rigidity of a compact Clifford-Klein form.
The failure of local rigidity leads to a theory of the moduli space of specific
geometric structures that model on a homogeneous manifoldG/H . Previous to
this, a few examples where local rigidity fails were studied in low dimensions:
1) The Poincaŕe diskG/H = SL(2,R)/SO(2).
2) G/H = G′ × G′/diagG′ with G′ = SL(2,R) ([9, 22]).
3) G/H = G′ × G′/diagG′ with G′ = SL(2,C) ([8]).

These cases concern with the deformation of complex structures of a closed
Riemann surface with genus≥ 2 (the Teichm̈uller space), 3 dimensional Lorentz
structures, and 3 dimensional complex structures, respectively.

The failure of local rigidity might be also of interest in connection with spec-
tral geometry for indefinite-Riemannian manifolds (e.g. an indefinite-Riemannian
analog of the Phillips-Sarnak conjecture [28]).

1.7. This paper proves that there exists non-trivial deformation of a uniform
lattice even in higher dimensional compact Clifford-Klein formsΓ\G/H con-
structed in Sect. 1.4.

Our main results are Theorem 2.4 and Corollary 2.6. With minimal notation,
we just illustrate here by typical cases in the following two theorems:

Theorem A. Suppose G/H = G′ × G′/diagG′ with G′ a simple linear Lie
group. Then the following two conditions are equivalent.
i) There exists a uniform latticeΓ of G′ such thatΓ × 1 ∈ R(Γ,G,H ) is not
locally rigid as a discontinuous group acting on G/H .
ii) G′ is locally isomorphic to SO(n,1) or SU(n,1).

Theorem B. The following homogeneous manifolds admit uniform lattices that
are not locally rigid (n≥ 1):
SO(2n,2)/SO(2n,1), SU(2n,2)/Sp(n,1), SO(4,3)/G2(R), SO(4,4)/Spin(4,3).

All of the above homogeneous manifolds carryG-invariant indefinite-Rie-
mannian metric. It is in sharp contrast to the Selberg-Weil local rigidity theorem
in the Riemannian case.

We note that known examples in (2) and (3) in Sect. 1.6 deal withG′ =
SL(2,R) ≈ SO(2,1) ≈ SU(1,1), G′ = SL(2,C) ≈ SO(3,1), respectively
(namely,n = 1, 2 or 3 in the condition (ii) in Theorem A). Much more than
Theorems A and B, we shall give a quantitative estimate of the deformation
parameter that allowsΓ to deform without destroying properly discontinuous
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actions. The quantitative estimate will be described in terms of the diameter of
a certain compact Riemannian manifold and the “angle” betweenH andL with
notation in Sect. 1.4. This is stated in Theorem 2.4 and Sect. 3.7. The proof of our
main results contains the affirmative solution of a generalization of a conjecture

of Goldman [9] (see Remark 2.5), which was originally posed for̃SL(2,R). In
particular, there are at leastb1(Γ ) rankG′ parameters for the codimension of the
G-orbit throughΓ×1 ∈ R(Γ,G,H ), namely, parameters for non-trivial deforma-
tions preserving properly discontinuous actions. Our proof is based on the recent
progress on properly discontinuous actions ([1, 17]) and on classical results of
Milnor about the fundamental group of a negatively curved manifold ([26]).

We note that the deformation given in this paper produces new compact
Clifford-Klein forms Γ\G/H , namely, the manifolds that enjoy the same local
properties and the same fundamental groups. A distinguished feature is thatΓ
does not necessarily have the property:
(1.7) the Zariski closure ofΓ acts properly onG/H ,
whereas previous examples in [13, 21] (see Sect. 1.4) have the property (1.7).

It should be noted that the property (1.7) is also important in the non-reductive
case such as the Auslander Conjecture whereG/H = GL(n,R) n Rn/GL(n,R).

1.8. We remark that there also exist compact Clifford-Klein forms with
indefinite-Riemannian metric where local rigidity holds.

Proposition. The following homogeneous manifolds admit uniform lattices that
are locally rigid (n ≥ 1, m ≥ 2):

SU(2n,2)/U (2n,1),SO(4m,4)/SO(4m,3),SO(4n,4)/Sp(n,1).

2 Deformation of a uniform lattice for G/H

2.1. Let G be a real reductive linear Lie group,K a maximal compact sub-
group ofG, andθ the corresponding Cartan involution. Then we have a Cartan
decomposition

g = k + p

of the Lie algebrag of G. We fix a maximal abelian subspacea of p. We put

R- rankG := dimR a, d(G) := dimR p.

Let A be the analytic subgroup ofG corresponding toa and we write

log : A → a,

for the inverse map of the diffeomorphism exp :a → A. Let

WG := NK (a)/ZK (a)

= {g ∈ K : Ad(g)a = a} / {g ∈ K : Ad(g)Y = Y for Y ∈ a} .
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Then WG acts ona effectively. The finite groupWG is isomorphic to the Weyl
group for the restricted root systemΣ(g, a) if G is connected. Associated to a
subsetC of G, we define aWG-invariant subset ofa by

a(C) := log(A ∩ KCK). (2.1)

2.2. We recall how we find a uniform lattice for an indefinite-Riemannian
homogeneous manifoldG/H whereH is non-compact.

Suppose thatH is a θ-stable closed subgroup of a real reductive linear Lie
group G with finitely many connected components. ThenH is also a real re-
ductive linear Lie group with Cartan involutionθ|H . The corresponding Cartan
decomposition of the Lie algebrah of H is given by

h = (h ∩ k) + (h ∩ p).

We have d(H ) = dim(h ∩ p). We take a maximal abelian subspaceb in h ∩ p.
Thenb is not necessarily contained ina, but there exists an elementg of K such
that Ad(g)b ⊂ a. We fix suchg and putaH := Ad(g)b. ThenaH is a subspace of
a that is unique up to conjugation byWG. The definition (2.1) amounts to

a(H ) = WG · aH .

Analogous notation is used for aθ-stable closed subgroupL of G.
Now, we consider the following conditions:

(2.2.1) H , L are θ-stable closed subgroups of a real reductive linear Lie group
G with finitely many connected components.

(2.2.2) a(H ) ∩ a(L) = {0}.
(2.2.3) d(H ) + d(L) = d(G).
(2.2.4) Γ is a cocompact discrete subgroup ofL without torsion.

Under the above four conditions,Γ acts properly discontinuously and freely
on G/H such thatΓ\G/H is a compact Clifford-Klein form ofG/H (see
[13], Theorem 4.1 and Theorem 4.7). The assumption (2.2.1) assures that there
exists a G-invariant (indefinite-)Riemannian metric onG/H with signature
(dimp−dim(p∩h),dimk−dim(k∩h)). For instance,SO(2n,2)/U (n,1) carries an
SO(2n,2)-invariant indefinite-Riemannian metric of signature (2n,n2 − n). If H
is a maximal compact subgroup ofG (i.e. k = h) so that the metric is Riemannian,
then we can takeL := G satisfying (2.2.1)–(2.2.3), which explains the well-known
result ([4, 5, 27]) on the existence of compact Clifford-Klein forms of Rieman-
nian symmetric spaces in the framework here. A typical indefinite-Riemannian
example satisfying (2.2.1)–(2.2.3) is given byG/H = SO(2n,2)/U (n,1) and
L = SO(2n,1). We refer to [18], Corollary 4.7 for a list of (L,G,H ) satisfying
the above assumptions (cf. [13, 21]).

2.3. In the setting (2.2), we putL′ := ZG(L), the centralizer ofL in G. For
ρ ∈ Hom(Γ,L′), we form a subgroup ofG by

Γρ := {γρ(γ) ∈ G : γ ∈ Γ} .
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Denoting by1 the trivial representation ofΓ , we have obviouslyΓ1 = Γ .

Example. SupposeG′ is a semisimple Lie group having no center, and we set
G := G′ × G′, H := diagG′, and L := G′ × 1. Then the conditions (2.2.1)–
(2.2.3) are satisfied. SupposeΓ is a countable subgroup ofG′. We note that
L′ = 1 × G′ and A(Γ × 1,L′) ' Hom(Γ,G′). Any torsion free discontinuous
group (⊂ G′ × G′) acting on a group manifoldG′ ' G/H is of the formΓρ

up to switch of factor if and only ifR- rankG = 1 (see [22] forSL(2,R); [16],
Corollary 3.4 for the general case).

2.4. Here is our main theorem:

Theorem. Suppose we are in the setting (2.2) and retain the notation as above.
There exists an open neighbourhood W⊂ A(Γ,L′) of the trivial representation1
such thatΓρ acts properly discontinuously and freely on G/H and thatΓρ\G/H
is a compact Clifford-Klein form of G/H for anyρ ∈ W .

The quantitative estimate ofW will be given in (3.7) and an easiest case of
W is illustrated in Sect. 3.8.

2.5. Remark.W. Goldman constructed “non-standard Lorentz space forms” by
proving a similar result to Theorem 2.4 in the special case where

G/H = G′ × G′/diagG′ with G′ = S̃L(2,R)

under the assumption that the image ofρ is contained in a one dimensional
abelian group ([9]). He conjectured that this assumption on Imageρ could be
removed (see Remarks (i) in loc. cit.). Theorem 2.4 affirms his conjecture (for
any linear real reductive groupG′), with an explicit estimate of the open setW
(see (3.7)).

2.6. Corollary. Suppose we are in the setting (2.2.1), (2.2.2) and (2.2.3). Assume
that l containsso(n,1) (n ≥ 2) or su(n,1) (n ≥ 1) as a normal factor and that
l′ /= 0. Then there exists a discrete subgroupΓ of G which is not locally rigid as
a cocompact discontinuous group acting on G/H .

3 Proof of Theorems

3.1. Suppose we are in the setting of Sects. 2.2 and 2.3. In particular, we recall
θL = L and L′ = ZG(L). We take a maximal abelian subspacea of p such that
aL := a ∩ l andaL′ := a ∩ l′ are maximal abelian subspaces ofp ∩ l andp ∩ l′,
respectively. Note thata(L) = WG ·aL. We fix an Ad(G)-invariant non-degenerate
bilinear form 〈 , 〉 on g, which is positive definite onp and negative definite on
k such thatk is orthogonal top (e.g. the Killing form if G is semisimple). We
define the norm onp by

|Y | := 〈Y ,Y〉 1
2 , for Y ∈ p.
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We identify the tangent space ato = eK ∈ G/K with p. Then〈 , 〉|p×p induces a
G-invariant Riemannian metric on the homogeneous spaceG/K , which makes
G/K into a Riemannian symmetric space. We writed(x, y) for the distance
between two pointsx, y in G/K , and d̄(A,B) for the distance between two
compact subsetsA,B ⊂ G/K . Let X := L/L ∩ K , which is a totally geodesic
submanifold ofG/K . We set

B(o; R) := {x ∈ X : d(x,o) ≤ R} .
SupposeΓ is a cocompact discrete subgroup ofL without torsion. Letδ be the
diameter of the compact Clifford-Klein formΓ\X ' Γ\L/K ∩ L, on which the
Riemannian metric is induced fromX. We define:

F := {γ ∈ Γ : γB(o; δ) ∩ B(o; δ) /= ∅} ,(3.1.1)

νΓ := min
γ∈Γ\F

d̄(γB(o; δ),B(o; δ)).(3.1.2)

We note thatF is a finite set of generators ofΓ . We write

l ≡ lF : Γ → N

for the word length with respect to the generating setF .

3.2. We define a function onG by

ϕ : G → R, g = k1 exp(X)k2 7→ |X|,
wherek1, k2 ∈ K andX ∈ a. Here are some elementary facts aboutϕ:

Lemma.
1) ϕ is well-defined andϕ(g) = d(g · o,o) for g ∈ G.
2) ϕ(gg′) ≤ ϕ(g) + ϕ(g′) for g, g′ ∈ G.
3) ϕ(g) ≥ 0 for anyg ∈ G. Furthermore,ϕ(g) = 0 if and only ifg ∈ K .

Proof. Supposeg = k1 exp(X)k2 with k1, k2 ∈ K andX ∈ a. Then we have

d(g · o,o) = d(k1 exp(X)k2 · o,o) = d(exp(X)k2 · o, (k1)−1 · o)

= d(exp(X) · o,o) = |X|,
proving (1). Next, we have

ϕ(gg′) = d(gg′ · o,o) ≤ d(gg′ · o, g · o) + d(g · o,o)

= d(g′ · o,o) + d(g · o,o) = ϕ(g′) + ϕ(g),

showing (2). The statement (3) is clear.�
3.3. Lemma (cf. [26]). For R ≥ 0, there exists a constant TR ∈ N such that

d(x1, g · x2) ≥ νΓ (l (g) − TR)

for any x1, x2 ∈ B(o; R) and for anyg ∈ Γ . Furthermore, if R= 0, we can take
TR = 1.
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Proof. We take a finite subsetΓR ⊂ Γ such that

B(o; R) ⊂
⋃

γ∈ΓR

γ · B(o; δ)

and define
TR := 2KR + 1, KR := max

γ∈ΓR

l (γ) ∈ N.

Let x1, x2 ∈ B(o; R) andg ∈ Γ . We putk := [ d(x1,g·x2)
νΓ

] + 1. Thend(x1, g · x2) <
νΓ k. We choose pointsy1, . . . , yk+1 along the minimal geodesic fromx1 to x2

such thaty1 = x1, yk+1 = g · x2 and thatd(yi , yi +1) < νΓ for 1 ≤ i ≤ k. We take
γi ∈ Γ with yi ∈ γi · B(o; δ) (1 ≤ i ≤ k + 1). We may assumeγ1, g

−1γk+1 ∈ ΓR.
Because

d̄(B(o; δ), γi
−1γi +1 · B(o; δ)) = d̄(γi · B(o; δ), γi +1 · B(o; δ)) ≤ d(yi , yi +1) < νΓ ,

we haveγi
−1γi +1 ∈ F from the definition ofνΓ . In view of

g = γ1(γ1
−1γ2) . . . (γk

−1γk+1)(g−1γk+1)−1

we havel (g) ≤ KR + k + KR = k + TR − 1 ≤ d(x1,g·x2)
νΓ

+ TR. �
3.4. For Y ∈ a and r ≥ 0, we define a ball byB′(Y , r ) :=
{Z ∈ a : |Z − Y | ≤ r }, and a closed cone containing the subspaceaL in a by

aL(r ) :=
⋃

Y∈aL

B′(Y , r |Y |).

With notation in Sect. 3.1, we put

Mρ := max
f ∈F

d(ρ(f ) · o,o),

for ρ ∈ Hom(Γ,L′). Here is an upper estimate of the Cartan projection ofΓρ:

Lemma. With the notation as above, ifρ ∈ Hom(Γ,L′), then we have

a(Γρ) ⊂ WG ·
(

aL(
Mρ

νΓ
) + B′(0;Mρ)

)
.

Proof. Supposeγρ(γ) ∈ Γρ. We writeγ = k1 exp(Y)k2 (k1, k2 ∈ L ∩ K , Y ∈ aL)
andρ(γ) = k′

1 exp(Z)k′
2 (k′

1, k
′
2 ∈ L′ ∩ K , Z ∈ aL′ ). Then

γρ(γ) = k1k′
1 exp(Y + Z)k2k′

2

becauseL andL′ commute. It follows from Lemma 3.2 and Lemma 3.3 that

|Y | = d(γ · o,o) ≥ νΓ (l (γ) − 1). (3.4.1)

It follows from Lemma 3.2 (1) and (2) that
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|Z | = d(ρ(γ) · o,o) ≤ l (γ)Mρ. (3.4.2)

Hence we have|Z | ≤ (1 + |Y|
νΓ

)Mρ = Mρ|Y|
νΓ

+ Mρ, namely,

Y + Z ∈ B′(Y ;
Mρ|Y |
νΓ

) + B′(0;Mρ) ⊂ aL(
Mρ

νΓ
) + B′(0;Mρ).

This completes the proof. �
3.5. Lemma. In the setting (2.2), if Mρ < νΓ , thenΓ is isomorphic toΓρ.

Proof. It suffices to show the injectivity of the map ˜ρ : Γ → Γρ, γ 7→ γρ(γ),
providedMρ < νΓ . Supposeγ ∈ Ker ρ̃. By (3.4.1) and (3.4.2), we have

νΓ (l (γ) − 1) ≤ d(γ · o,o) = d(o, γ−1 · o) = d(o, ρ(γ) · o) ≤ l (γ)Mρ.

Hence, ifMρ < νΓ , then we have

Ker ρ̃ ⊂
{
γ ∈ Γ : l (γ) ≤ νΓ

νΓ − Mρ

}
.

Since the right side is a finite set and since a torsion free groupΓ does not
contain a finite subgroup except for{e}, Ker ρ̃ = {e}. �
3.6. We recall the criterion for the proper actions:

Fact ([17], Corollary 1.2; see also [1]).Let G be a real reductive group, H a
closed subgroup, andΓ a discrete subgroup. ThenΓ acts properly discontinuously
on G/H if and only if a(Γ ) ∩ (a(H ) + V ) is relatively compact for any compact
subset V ofa.

3.7. Proof of Theorem 2.4.First we note thata(L) (resp.a(H )) is a finite union
of theWG-orbit of the subspace inaL (resp.aH ) (see Sect. 2.2). Letψ ≡ ψ(H ,L)
be the minimum of the angle betweenw · aL and aH wherew runs over the
Weyl groupWG. The assumption (2.2.2) impliesψ > 0. If sinψ > r > 0, then
aL(r ) ∩ a(H ) = {0} and (aL(r ) + V1) ∩ (a(H ) + V2) is relatively compact for any
compact subsetsV1,V2 of a. With notation in Sect. 3.1, we define an open set in
A(Γ,L′) by

W := {ρ ∈ A(Γ,L′) : d(o, ρ(f ) · o) < νΓ sinψ for any f ∈ F} . (3.7)

Clearly the trivial representation1 ∈ W. If ρ ∈ W, thenMρ < νΓ sinψ ≤ νΓ .
Then

a(Γρ) ∩ (a(H ) + V )

is relatively compact for any compact subsetV of a by Lemma 3.4. Therefore
the action ofΓρ on G/H is properly discontinuous by Fact 3.6.

BecauseΓ is isomorphic toΓρ by Lemma 3.5,Γρ is torsion free. Hence the
action ofΓρ on G/H is free because it is properly discontinuous.

We recall that the cohomological dimension ofΓ over R denoted by cdR(Γ )
is the projective dimension ofR as a leftR[Γ ]-module. Equivalently,
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cdR(Γ ) = sup{n ∈ N : H n(Γ ; A) /= 0 for some leftR[Γ ]−moduleA}.

BecauseΓ is a uniform lattice ofL, we have cdR Γ = d(L) ([31]). As Γ ' Γρ

as an abstract group, we have cdR Γρ = cdR Γ. Hence, we have

cdR Γρ = d(L) = d(G) − d(H )

by (2.2.3). BecauseΓρ acts properly discontinuously onG/H , Γρ\G/H is com-
pact because of Corollary 5.5 in [13]. Hence we have completed the proof of the
Theorem. �

3.8. Although our concern here is with non-abelian case, it is illustrative to
see how the general proper discontinuity condition (3.7) works in the easiest
(trivial) case, namely, in the abelian case. LetG := R2 equipped with standard

Riemannian metric andH := R−→e1 = R

(
1
0

)
. We fix −→a :=

(
a1

a2

)
∈ R2 \ {0},

and define subgroups ofG by

Γ := Z−→a ⊂ L := R−→a .

In view of a(L) = R−→a and a(H ) = R−→e1 , the condition (2.2.2) is satisfied if
and only if a2 /= 0, which we shall assume from now on. Then the conditions
(2.2.1) – (2.2.4) are satisfied since d(H ) = d(L) = 1 and d(G) = 2. The angle
ψ ≡ ψ(H ,L) (see Sect. 3.7 for definition) satisfies|−→a | sinψ = |a2|.

With notation in Sect. 3.1, the diameterδ of Γ\L/(L ∩ K ) = Z−→a \R−→a /{0}
equals|−→a |, a generating subsetF of Γ is given by{0,±−→a }, andνΓ = |−→a |.
For each

−→
b ∈ R2, we define a homomorphism

ρ−→
b : Γ → G, n−→a 7→ n

−→
b (n ∈ Z).

SinceL′ = ZG(L) = G becauseG ' R2 is abelian, we have a diffeomorphism

R2 ∼−→ A(Γ,L′) = A(Z−→a ,R2),
−→
b 7→ ρ−→

b .

Now, the open setW of A(Γ,L′) given in (3.7) has the form

W =
{
ρ−→

b ∈ A(Γ,L′) : d(o, ρ−→
b (f ) · o) < |−→a | sinψ, for any f ∈ F

}
=

{
ρ−→

b ∈ A(Γ,L′) : d(o, ρ−→
b (−→a ) · o) < |a2|

}
'

{−→
b ∈ R2 : |−→b | < |a2|

}
.

For ρ−→
b ∈ A(Γ,L′), the subgroupΓρ−→

b
of G (Sect. 2.3) is given by

Γρ−→
b

=
{
γρ−→

b (γ) ∈ G : γ ∈ Γ = Z−→a }
=

{
n(−→a +

−→
b ) : n ∈ Z

}
.

Theorem 2.4 asserts thatΓρ−→
b
\G/H = Γρ−→

b
\R2/R−→e1 is a compact Clifford-Klein

form if ρ−→
b ∈ W, namely, if |−→b | =

√
b1

2 + b2
2 < |a2|. One can observe that the
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action ofΓρ−→
b

on G/H = R2/R−→e1 is properly discontinuous because−→a +
−→
b

and−→e1 are linearly independent if|−→b | < |a2| (i.e. if ρ−→
b ∈ W).

However, this is not always the case ifρ−→
b 6∈ W. In fact, let us put

−→
b :=(

ε
−a2

)
. Then,ρ−→

b 6∈ W because|−→b | ≥ |a2|. We have:

i) Γρ−→
b
\G/H is non-compact ifε + a1 is rational.

ii) Γρ−→
b
\G/H is not Hausdorff ifε + a1 is irrational.

In either case,Γρ−→
b
\G/H fails to be a compact Clifford-Klein form. This shows

that the conditionρ−→
b ∈ W is critical for Theorem 2.4 in this abelian example.

3.9. Proof of Corollary 2.6.Let Lsn be the maximal semisimple normal sub-
group of L. There exists a unique connected normal subgroupLn of L with the
following properties:L/Ln is compact andLn is the direct product ofLsn andRd

for somed. We note thatlsn ∩ l′ /= 0. There is a finite covering

$ : L̃n → Ln

such that the analytic subgroup̃Lsn with Lie algebralsn is a direct product of
non-compact simple linear Lie groups, say,G1 × · · · × Gk . We note that at least
one of the factorsGj is locally isomorphic toSO(n,1) or SU(n,1) from our
assumption. We take a cocompact, torsion free subgroupΓj of Gj for each j .
Here, we can and do chooseΓj such thatb1(Γj ) := dimR H 1(Γj ; R) /= 0 if Gj is
locally isomorphic toSO(n,1) or SU(n,1) by a theorem of Millson and Kazhdan
[25, 12]. We define

Γ̃ := Γ1 × · · · × Γk

Γ := $(Γ̃ × Zd).

We note thatb1(Γ̃ ) /= 0. ThenΓ is a cocompact torsion free subgroup ofLn.
We take an open neighbourhoodW ⊂ A(Γ,L′) of the trivial representation1
as in Theorem 2.4. We fix an arbitrary Cartan subgroupJ ′ of L′, and write the
inclusion ι : J ′ ↪→ L′ and the projectionπ : Γ → Γ/[Γ, Γ ]. The dimension
of J ′ is denoted by rankL′ as usual. We note that the abelianizationΓ/[Γ, Γ ] is
isomorphic toZb1(Γ ) modulo torsion. In view of the inclusion

i : Hom(Γ/[Γ, Γ ], J ′) ↪→ A(Γ,L′), τ 7→ ι ◦ τ ◦ π,
there exists a neighbourhoodW ′ of 1 in Hom(Γ/[Γ, Γ ], J ′) with i (W ′) ⊂ W,
whereW ′ is homeomorphic to a Euclidean ball of dimensionb1(Γ ) rankL′(> 0).

SupposegΓg−1 = Γρ for someρ ∈ i (W ′) andg ∈ G. The Zariski closure of
Γ , denoted byΓ , equalsLn, while Γρ is contained inLnJ ′. Therefore, we have
gLng

−1 ⊂ LnJ ′, which leads to

gLsng
−1 = Lsn

becauseLsn is the unique maximal connected semisimple subgroup ofLnJ ′. If
ρ ∈ i (W ′) is generic, then
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rank
(
ΓρLsn/Lsn

)
= b1(Γ̃ ) + d.

On the other hand,

ΓLsn/Lsn ' gΓLsng
−1/gLsng

−1 = (gΓg−1)(gLsng
−1)/gLsng

−1 = ΓρLsn/Lsn .

The left side is isomorphic toZd. Hence the equality holds only ifb1(Γ̃ ) = 0,
which contradicts to our choice of̃Γ . Thus,Γ is not conjugate toΓρ. This shows
thatΓ is not locally rigid as a discontinuous group acting onG/H by Theorem
2.4. �
3.10. Before proving Theorem A, we make some remarks on local rigidity in
Sect. 1. AssumeH ′ ⊂ H . Then the following is immediate from definition.
(3.10.1) R(Γ,G,H ) ⊂ R(Γ,G,H ′).
(3.10.2) If u ∈ R(Γ,G,H ) is locally rigid for G/H ′, then it is locally rigid for
G/H .

We denote byH 1(Γ,Ad ◦u) the cohomology ofΓ with coefficients in the Lie
algebrag regarded as aΓ module under Ad◦u. u ∈ R(Γ,G, {e}) is said to be
infinitesimally rigid if H 1(Γ,Ad ◦u) = 0. A theorem of Weil ([34]) asserts that
(3.10.3) if u is infinitesimally rigid, thenu is locally rigid for G/{e}.

Proof of Theorem A.
(2) ⇒ (1) As in Example 2.3, we putL = G′ × 1. We apply Corollary 2.6.
(1) ⇒ (2) SupposeΓ is a torsion free, cocompact discrete subgroup of a

simple Lie groupG′, which is not locally isomorphic toSO(n,1) or SU(n,1).
We write ι := id ×1 : Γ → G′ × G′ so that ι(Γ ) = Γ × {e}. Then ι ∈
R(Γ,G′ × G′,diagG′). By using the local rigidity theorem due to Weil:

H 1(Γ, g′) = 0 if g′ /= sl(2,R),

and the vanishing theorem of the first Betti number due to Matsushima, Kaneyuki-
Nagano, Kazhdan, Wang and Kostant ([10, 11, 20, 24, 33]):

H 1(Γ,R) = 0 if g′ /= so(n,1), su(n,1),

we have
H 1(Γ,Ad ◦ι) = H 1(Γ, g′) ⊕ dimg′H 1(Γ,R) = 0

(note thatsl(2,R) ' so(2,1) ' su(1,1)). Henceι ∈ R(Γ,G′ × G′, {e}) is
infinitesimally rigid, and therefore locally rigid as a discontinuous group acting
on G′ × G′/diagG′ by (3.10.2) and (3.10.3). �
3.11. Proof of Theorem B.We define a subgroupL of G as follows:
Case 1) L := SU(n,1) if G/H = SO(2n,2)/SO(2n,1), (n ≥ 1),
Case 2) L := SU(2n,1) if G/H = SU(2n,2)/Sp(n,1), (n ≥ 1),
Case 3) L := SO(4,1) if G/H = SO(4,3)/G2(R),
Case 4) L := SO(4,1) if G/H = SO(4,4)/Spin(4,3).

The triple (L,G,H ) satisfies the conditions (2.2.1), (2.2.2) and (2.2.3) (see
Corollary 4.7 in [18]). Then the Lie algebra of the centralizerL′ = ZG(L) is given
by
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l′ '




sl(2,R) (n = 1 in Case 1),

R (n ≥ 2 in Case 1, Case 2, Case 3),

so(3) (Case 4).

Therefore all the assumptions of Corollary 2.6 are satisfied. Hence Theorem B
is proved. �
3.12. Proof of Proposition 1.8.We define a subgroupL of G as follows:
Case 1) L := Sp(n,1) if G/H = SU(2n,2)/U (2n,1), (n ≥ 1),
Case 2) L := Sp(n,1) if G/H = SO(4n,4)/SO(4n,3), (n ≥ 2),
Case 3) L := SO(4n,3) if G/H = SO(4n,4)/Sp(n,1), (n ≥ 1).

Then the triple (L,G,H ) satisfies the conditions (2.2.1), (2.2.2) and (2.2.3).
We take a torsion free cocompact discrete subgroupΓ of L. As we remarked in
3.10, it suffices to show thatΓ is infinitesimally rigid inG, that is,

Lemma. Suppose(L,G) is one of the above. IfΓ ⊂ L is a torsion free cocompact
discrete subgroup, then H1(Γ, g) = 0.

Proof. We take a fundamental Cartan subalgebrah of l, and denote byF (L, λ)
by the irreducible finite dimensional representation ofL with extremal weight
λ ∈ h∗

C
.

Case 1 and Case 2) L= Sp(n,1). We fix a suitable base{f1, . . . , fn+1} in√−1h∗, and fix a positive system∆+(l, h) such thatΣ2 := ∆+(l, h) ∩∆(p, h) =
{fi ± fn+1 : 1 ≤ i ≤ n}.
Case 3) SupposeL = SO(4n,3) and G = SO(4n,4). We fix a suitable
base{f1, . . . , f2n+1} in

√−1h∗, and fix a positive system∆+(l, h) such that
Σ2 := ∆+(l, h) ∩∆(p, h) = {f2n+1} ∪ {fi ± f2n+1 : 1 ≤ i ≤ 2n}.

The adjoint representation ofL on gC is decomposed as follows:

gC ' F (L, f1) ⊕ F (L, f1 + f2), (Case 1),
gC ' F (L, f1) ⊕ 3F (L, f1 + f2) ⊕ 3F (L,0). (Case 2),
gC ' F (L, f1 + f2) ⊕ F (L, f1), (Case 3).

In any of the above cases, we have

] {α ∈ Σ2 : 〈α, f1〉 /= 0} = ]{f1 ± fn+1} = 2> 1
] {α ∈ Σ2 : 〈α, f1 + f2〉 /= 0} = ]{f1 ± fn+1, f2 ± fn+1} = 4> 1,

and then

H 1(Γ,F (L, f1)) = 0, H 1(Γ,F (L, f1 + f2)) = 0,

by the vanishing theorem of Raghunathan ([29], Theorem 1). On the other hand,
we have

H 1(Γ,C) = H 1(Γ,F (L,0)) = 0

in the case (2), namely, whereΓ is a uniform lattice ofSp(n,1) with n ≥ 2
([20]). Thus,H 1(Γ, gC) = 0. Hence,H 1(Γ, g) = 0. �
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