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DEFORMATION OF SASAKIAN METRICS

HIRAKU NOZAWA

ABSTRACT. Deformations of the Reeb flow of a Sasakian manifold as trans-
versely Kahler flows may not admit compatible Sasakian metrics. We show
that the triviality of the (0, 2)-component of the basic Euler class characterizes
the existence of compatible Sasakian metrics for given small deformations of
the Reeb flow as transversely holomorphic Riemannian flows. We also prove
a Kodaira-Akizuki-Nakano type vanishing theorem for basic Dolbeault coho-
mology of homologically orientable transversely Kéahler foliations. As a conse-
quence of these results, we show that any small deformations of the Reeb flow
of a positive Sasakian manifold admit compatible Sasakian metrics.
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1. INTRODUCTION

1.1. Characterization of the stability of Sasakian metrics. The Reeb flow of
the contact form n of a Sasakian manifold has a transverse Kéahler structure, which
is one of the important underlying structures of Sasakian manifolds as well as C'R-
structures. In this paper, we investigate under which conditions given families of
deformation of the Reeb flow of n as transversely holomorphic Riemannian flows
have compatible Sasakian metrics. Although any small deformations of the complex
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2738 HIRAKU NOZAWA

structure of a compact Ké&hler manifold admit compatible Kahler metrics by a
theorem of Kodaira and Spencer [33], there exists a Sasakian manifold whose Reeb
flow can be deformed so that it does not admit a compatible Sasakian metric. We
present an example of such a Sasakian metric on a circle bundle over a complex
torus in Section Seeing the example we note that the nontriviality of the (0, 2)-
component of the basic Euler class of flows gives an obstruction for the existence
of compatible Sasakian metrics. Our main result shows that this obstruction is
unique, that is, small deformations of the Reeb flow admit compatible Sasakian
metrics, if the basic Euler class is of degree (1,1). Note that Boyer and Galicki
discussed a similar problem in [8, Section 8.2]. Van Coevering [I3] proved the
stability of Sasaki-extremal and Sasaki-Einstein metrics by using our main result in
a part of his proof. The product of S with a Sasakian manifold admits geometric
structures called Vaisman manifolds or locally conformal Kéhler manifolds (see
Ornea and Verbitsky [39]). Belgun [B] showed that both of these structures are
not stable under small deformations of complex structures. Note that Ornea and
Verbitsky [40] discovered the stability of another class of geometric structure under
small deformations of complex structures, which they call locally conformal Kéahler
manifolds with potential.

A 1-dimensional foliation is called a flow in this article in accordance with the
references. Our main result is stated as follows: Let V' be an open neighborhood
of 0 in R and {(F*, J¢, g}) }tev be a smooth family of transversely holomorphic Rie-
mannian flows on a closed manifold M. Assume that (F°, J% ¢%) is the underlying
transversely Kéhler structure of the Reeb flow of a Sasakian metric (g, 7).

Theorem 1.1. If the basic Euler class of (F*, J*) is of degree (1,1) for everyt in 'V,
then there exists an open neighborhood Vi of 0 in'V and a smooth family of Sasakian
metrics {(g*,n') }ev, on M such that the underlying transversely holomorphic flow
of the Reeb flow of (g*,n') is (Ft,Jt) for every t in Vy and (¢g°,n°) = (g,n).

For the existence of a smooth family of compatible Sasakian metrics, it is neces-
sary that the basic Euler class of (F*, J*) is of degree (1,1) (see Lemma 319). In
this sense, Theorem [[T] characterizes the stability of the Sasakian metric (g, 7).

The difficulty in proving Theorem [[.1] comes from the noncontinuous change of
the complex of basic differential forms of foliations. The families of the partial
differential equation that we need to solve to prove Theorem [[I] is discontinuous
with respect to the parameter ¢ because of this discontinuous change of the basic de
Rham complex. To avoid this difficulty, we will apply the invariance of geometric
tautness of Riemannian flows obtained in [38]. This result allows us to convert
problems on families of basic de Rham complexes to problems on families of the de
Rham complexes, where we can apply the Kodaira-Spencer theory [33] on smooth
families of self-adjoint strongly elliptic differential operators.

1.2. Vanishing theorem for basic cohomology of positive Sasakian man-
ifolds. We show the following result, which was independently obtained by Goto
[24):

Theorem 1.2. Let (M, F) be the underlying transversely Kihler flow of a positive
Sasakian manifold. Then we have

H(M/F)=0
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for ¢ >0 and
H(M/F)=0
forp>0.

Theorem is a generalization of a part of Proposition 2.4 of Boyer, Galicki and
Nakamaye [10], where they assume that Sasakian manifolds are quasi-regular, that
is, every leaf of F is closed. In this case, the leaf space M/F is a complex orbifold.
Thus they deduced Theorem from the Kodaira-Baily vanishing theorem for
complex orbifolds due to Baily [4].

To show Theorem for general positive Sasakian manifolds, there are two
problems: The first problem is that the Kodaira-Akizuki-Nakano vanishing theorem
was not known for general Sasakian manifolds whose Reeb flow has a nonclosed
orbit. The second problem is that H}*?(M/F, E) may not be isomorphic to the
sheaf cohomology H?(M, Q) ® E), where Qf is the sheaf of basic holomorphic p-
forms on (M, F) as we will mention in Remark[BTTl Because of these difficulties, the
classical argument to show Theorem for Fano manifolds did not work for basic
cohomology of positive Sasakian manifolds. The second problem was pointed out by
Boyer, Galicki and Nakamaye before Proposition 2.4 in [10]. We show Theorem [[.2]
by solving these two problems: We will show that the Kodaira-Akizuki-Nakano
vanishing theorem is true for general homologically orientable transversely Kahler
foliations as mentioned in the next section. We will solve the second problem by
a simple observation on isomorphisms between the spaces of harmonic forms (see

Section [6.1T]).

1.3. Kodaira-Akizuki-Nakano vanishing theorem for transversely Kéhler
foliations. Let (M, F) be a closed manifold with a homologically orientable trans-
versely Kahler foliation of complex codimension n. Let F be an F-fibered Hermitian
holomorphic line bundle over (M, F).

Theorem 1.3. If E is positive, then
HP(M/F,E)=0
forp+q>n.

In the special case where the leaves of F are compact, Theorem [[.3] is the
Kodaira-Baily vanishing theorem [4]. Theorem is proved by the application
of the work of El Kacimi Alaoui and Hector [20] and El Kacimi Alaoui [19] on
transversely elliptic operators on Riemannian foliations. Their theory allows us
to reduce the proof to consider differential operators on transversals of foliations,
where the classical argument of Nakano-Akizuki [I] for Kahler manifolds can be
applied following Demailly [14].

1.4. Stability of positive Sasakian metrics. We obtain the following corol-
lary of Theorems [[1] and Let V be an open neighborhood of 0 in R¢ and
{(F", J")}tev be a smooth family of transversely holomorphic Riemannian flows
on a closed manifold M. Assume that (F°,J°, ¢%) is the underlying transversely
holomorphic structure of the Reeb flow of a positive Sasakian metric (g, n).

Corollary 1.4. There exists an open neighborhood Vi of 0 in V' and a smooth
family of Sasakian metrics {(g*,n")}tevy, on M such that g' is a Sasakian metric
such that the underlying transversely holomorphic flow of the Reeb flow of (g*,n')
is (Ft, Jt) for every t in V4 and (¢°,n°) = (g,7).
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Corollary [[4] is deduced from Theorems [L.1] and as follows: Since the posi-
tivity of the anticanonical line bundles of transversely holomorphic foliations is pre-
served under small deformation, the assumption of the positivity of (g,n) implies
that HEQ(M/F) =0 for ¢ in an open neighborhood V' of 0 in V' by Theorem
Hence the basic Euler class of (F?,J') is of degree (1,1) for ¢ in V' by definition.
Thus Theorem [I.1] concludes the proof.

1.5. Stability of K-contact structures in families of Riemannian flows.
We obtain a K-contact variant of Theorem [LTt Let M be a closed manifold. Let
(g9,m) be a K-contact structure on M (see Definition [Z 12l for K-contact structures).
Let V be an open neighborhood of 0 in R’. Let {F'};cy be a smooth family of
Riemannian flows on M such that F is the Reeb flow of 7.

Theorem 1.5. There exists an open neighborhood Vi of 0 in' V' and a smooth family
{(¢",n") }iev, of K-contact structures on M such that F* is the Reeb flow of n* for
every t in Vi and n° = 1.

1.6. Moduli space of Sasakian metrics with a fixed transversely Kéahler
flow. We describes the difference between moduli spaces of Sasakian metrics and
their underlying transversely Kéhler flows. Let M be a closed manifold. Let S
be the set of Sasakian metrics on M. We assume that S is nonempty. Let I be
the isomorphism classes of transversely Kéhler flows on M. There exists a natural
map M: S — K, which maps each Sasakian metric to the isomorphism class of the
underlying transversely Kéahler flow. We take a point €, on K. Let Diff(¢y) be the
subgroup of Diff (M) consisting of diffeomorphisms which preserve the transversely
Kaéhler flow £,. Let Diffo(£g) be the identity component of Diff () with the Fréchet
topology. Note that n — f*n is a closed form for f in Diffy(£y) because f preserves
the transverse Kéahler form dn. We define

1) Ham(t) = {f € Diffo(to) |[n — /"] = 0 € H' (M;R)}.
Then we have
Theorem 1.6. There exists a homeomorphism
M~ (¢y)/Ham(ty) — H'(M;R).
Thus we have the following

Corollary 1.7. Let M be a closed manifold whose first Betti number is zero. If the
underlying transversely Kahler flows of two Sasakian metrics (g1, 1) and (ga, a2)
are isomorphic, then (M, g1, 1) and (M, ga, a3) are isomorphic.

Note that Diffy(¢)/ Ham(tg) is an abelian group (see the second paragraph of
Section [7). Thus M~1(&)/ Diffo(£o) is a quotient of a vector space by an abelian
group in general.

2. SASAKIAN STRUCTURES AND THEIR UNDERLYING STRUCTURES

2.1. Sasakian metrics. Let M be an odd-dimensional smooth manifold. We recall

Definition 2.1. A pair of a contact form 1 and a Riemannian metric g on M is
a Sasakian metric on M if the Riemannian metric r2g + dr @ dr on M x Ry is a
Kiihler metric with Kihler form d(r2n), where r is the standard coordinate on R .
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Basic examples of Sasakian manifolds are circle bundles associated to positive
holomorphic line bundles over Kéhler manifolds, links of isolated singularities of
complex hypersurfaces defined by weighted homogeneous polynomials and contact
toric manifolds of Reeb type (see Boyer and Galicki [7] and Blair [6]).

2.2. Foliations with transverse structures. The Reeb flow F of a Sasakian
manifold (M,n,g) is the orbit foliation of the flow on M generated by the Reeb
vector field & of n, which is defined by equations n(§) = 1 and tedn = 0. In
Section [2.2] we recall the definition of certain transverse structures of F which are
given by the Sasakian metric.

We denote the tangent bundle of F by T'F. By the integrability of F, the Lie
bracket on C'*°(T'M) induces the Lie derivative with respect to vector fields tangent
to the leaves

C=(TF) ® O ((TM/T;E)W ® (T*M/T*}')®s>

— C=((TM/TF)®" & (T*M/T* F)**)
for every r > 0 and s > 0.
Definition 2.2. A foliation F of M with a tensor g, in C°°((T*M/T*F)%?) is
called a Riemannian foliation of M if
(i) g, is symmetric, positive definite and
(ii) Lzg, =0 for every Z in C>*(TF).
We call such g, a transverse metric of F. A Riemannian foliation of dimension one

is called a Riemannian flow.

Example 2.3. A foliation defined by a one parameter family of isometries of a
Riemannian manifold is a Riemannian flow.

We recall some terminology to define transversely holomorphic foliations.

Definition 2.4. A local vector field X of TM is basic with respect to F if [Y, X]
is tangent to F for every local vector field Y tangent to F.

It is easy to see that a local vector field X is basic if and only if the flow generated
by X maps each leaf of F to a leaf of . Let m : TM — TM/TF be the canonical
projection.

Definition 2.5. A local section X of TM/TF is transverse with respect to F if
7m(X) = X for some basic local vector field with respect to F.

The subspace X (F) of C>°(TM) consisting of basic vector fields is a Lie subal-
gebra of C°(TM). The subspace of C*°(T'M/TF) consisting of transverse vector
fields admits a Lie bracket [-, -] which satisfies [x(X), 7(Y)] = 7[X, Y] for any basic
vector fields X and Y, because C°°(T'F) is an ideal of X' (F). We recall

Definition 2.6. A foliation F of M with a tensor J in Aut(TM/TF) is called a
transversely holomorphic foliation of M if
(i) J? = —id,
(ii) LzJ =0 for every Z in C*°(TF) and
(iii) the Nijenhaus tensor N;(X,Y) = [JX,JY]-J[JX,Y]-J[X,JY]-[X,Y]
of J vanishes on any local transverse vector fields X and Y with respect
to F.
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2742 HIRAKU NOZAWA

We call such J a transverse complex structure of F. A transversely holomorphic
foliation of dimension one is called a transversely holomorphic flow.

Example 2.7. Let B™ be the unit disk of C™. Consider a foliation Fysq on R™ x B™
given by a decomposition R™ x B" = [ | g, R™ x {z}. This foliation Fgq has a
transverse complex structure Jgq given by the complex structure of C™. We call
(R™ x B™, Futd, Jsta) the standard transversely holomorphic foliation of R™ x B™.

Example 2.8. The total space of a fiber bundle over a complex manifold has a
transversely holomorphic Riemannian foliation whose leaves are fibers.

A fundamental result of Gémez Mont [23] is as follows:

Theorem 2.9. Any complex codimension n transversely holomorphic foliation of
dimension m is locally isomorphic to (R™ x B™, Fyta, Jstd)-

By this result, transversely holomorphic foliations are described in terms of Hae-
fliger 1-cocycles (see Section for such a description).
The following is relevant in Sasakian geometry:

Definition 2.10. A triple (F, J, g,) is called a transversely Kdahler foliation of M
if
(i) (F,g,) is a Riemannian foliation of M,
(ii) (F,J) is a transversely holomorphic foliation of M and
(iii) the tensor field w defined by w(X,Y) = ¢, (X, JY) is antisymmetric and
closed when regarded as a 2-form on M by the injection A*(T*M/T*F) —
N> T*M.
We call the 2-form w in (iii) the transverse Kahler form of (F, J, g,). A transversely
Kahler foliation of dimension one is called a transversely Kdhler flow.

We will regard the transverse Kahler form w of a transversely Kéhler flow as a 2-
form on M by the injection A*(T*M/T*F) — A° T*M throughout this article.

Boyer, Galicki and Nakamaye [9] proved that the Reeb flow of a Sasakian mani-
fold has a transversely Kahler structure:

Lemma 2.11. The Reeb flow of a Sasakian manifold (M,n,g) is transversely
Kahler whose transverse Kdhler form is dn.

2.3. K-contact structures. Let ) be a contact form on a closed manifold M with
a Riemannian metric g. We recall

Definition 2.12. (M,n, g) is called a K -contact manifold if

(i) g is preserved by the Reeb flow of n and
(ii) there exists an almost complex structure ® on kern such that g(X,Y) =
dn(X,®Y) for X, Y in C®(kern).

A Sasakian structure is a K-contact structure (see Proposition 6.5.12 of [§]). In
particular, the Reeb flow of 7 is Riemannian by condition (i). The converse is true
by an observation of Yamazaki:

Proposition 2.13 (Yamazaki [45] Proposition 2.1]). A closed manifold with a
contact form whose Reeb flow is a Riemannian flow admits a structure of the K-
contact manifold.
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The characterization of Sasakian metrics in terms of K-contact structure in the
last sentence of Section 6.4 of Blair [6] (see also [8, Proposition 6.5.14] is as follows:

Proposition 2.14. A K-contact structure is a Sasakian metric if the C R-structure
(kern, @) is integrable.

By Propositions 2.3l and 214l we get

Lemma 2.15. A pair of an integrable C R-structure (H,®) and a contact form n
determines a Sasakian metric if H = kern and the Reeb flow of n is Riemannian.

2.4. A characterization of Sasakian structures. We have the following char-
acterization of Sasakian metrics in terms of transversely Kéahler flows and contact
forms:

Proposition 2.16. A pair of a transversely Kahler flow (F,J,g,) and a contact
form n determines a Sasakian structure on M if dn = w, where w is the transverse
Kdhler form of (F,J, g,)-

Remark 2.17. Tt is well known that, conversely, the contact form and the underlying
transversely Kéhler structure of the Reeb flow of a Sasakian manifold satisfy the
relation in Proposition 2.16]

Proof of Proposition 210, By Lemma [ZT5] it suffices to show that a pair of a
transversely Kahler flow (F,J, g,) and a contact form 7 such that dn = w deter-
mines a pair of a C'R-structure and a contact form which satisfy the conditions of
Lemma 215l Let H = kern and

7 TM — TM/TF

be the canonical projection. Letting ® = (7|g)~! o J o (7|g), we have a CR-
structure (H,®) on M. Clearly the Reeb flow of 7 is Riemannian by assumption.
Thus the unique nontrivial part of the proof is the integrability of the C R-structure
(H, D).

By H = kern, we get

%n([X, Y] - [@X,DY]) =dn(X,Y) — dn(®X, DY)

for local sections X and Y of H. The right hand side is zero, because dn is a
transverse Kahler form, which is ®-invariant. It follows that [@X, ®Y] — [X,Y] is
a local section of H for any local sections X and Y. This implies the first half of
the integrability condition.

We will show that the Nijenhaus tensor

Ng(X,Y) = [0X,®Y] — &([®X, Y] + [X, ®Y]) — [X,Y]

vanishes for any local sections X and Y of H. Fix a point x on M. Let (R x
B"™, Fitd, Jsta) be the standard transversely holomorphic flow of R x B™ mentioned in
ExampleZ7 By a theorem of Gémez Mont (Theorem [2:9)), we have an open neigh-
borhood U, of x such that (U, Fly,,J|y,) is isomorphic to (R x B™, Fstd, Jstd)-
We identify U, with R x B™ by this isomorphism. By the product structure of
R x B™, we can decompose a vector field X on R x B" as X = X; + X5, where X;
is the TR-component and X5 is the T'B™-component. We take a section X of H|y,
so that the T'B"-component Xs of X is projectable to a linear vector field on B™.
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We take another section Y of H|y, in the same way. Clearly X and Y are basic
vector fields. Let H' be the kernel of the differential map of the first projection
R x B" = R. Let ® = (7|g) ' o J o (7|g). Since the T B™-components of X and
Y are linear, we get [X,®'Y] € C°(TF). Since (P — @)Y € C*(TF) and X is
basic, we get [X, (& — ¥')Y] € C®(TF). By [X,dY] = [X, (® — &)Y] + [X, Y],
it follows that [X, ®Y] € C°(TF). Similarly, [0X,Y] € C*(TF). Thus we have

O([OX, Y]+ [X,Y]) = 0.

Hence we have
No(X,Y)=[2X,9Y] - [X,Y].

Thus, by the last paragraph, Ng(X,Y") is a section of H|y,. On the other hand,
by the integrability of J, we have

T(Na(X,Y)) = Ny (x(X), 7(Y)) = 0,

Thus N¢(X,Y) is tangent to F. Since Ng(X,Y) is a section of H|y, tangent to
F, we have Ng(X,Y) = 0.

The value of Ng(X,Y) at x is determined only by vectors X, and Y,. Thus the
argument above shows Ng(X,Y) = 0 for any local section X and Y of H. Hence
(H, ®) is integrable. O

2.5. Families of flows with transverse structures. Let VV be an open subset
of RY. We define smooth families of flows with various transverse structures whose
parameter space is V' to give the formalism to consider the deformation of flows.
Note that our definition of smooth families of flows with transverse structures is
equivalent to that of smooth families of deformation given in terms of families of 1-
cocycles used in Kodaira-Spencer theory [32] or deformation theory of transversely
holomorphic foliations [22].

Definition 2.18. (i) A smooth family of flows on M over V is a flow FamP
on a smooth manifold M x V' such that M x {t} is saturated by the leaves
of Famb_ We denote the restriction of F2™P to M x {t} by Ft. We will
denote such a family of flows on M by {F*}sev .

(i) For a smooth family {F*};cy of flows on M, the kernel of the differential
map of the second projection pry: T(M x V)/TF*™P — TV is called the
family of normal bundles of {F'}icy .

(iii) A smooth family of Riemannian flows on M is a pair of a smooth family of
flows F* and a smooth Riemannian metric g®™P on the family of normal

bundles of {F*}cy such that (F*, g*™|prx f¢}) is a Riemannian flow on M

for each t in V.

(iv) A smooth family of transversely holomorphic flows on M is a pair of a
smooth family of flows {F*};cy and a complex structure J*"> on the fam-
ily of normal bundles of {F'}icy such that (F*,J™P|y/, (1) is a trans-
versely holomorphic flow on M for each ¢ in V.

A smooth family of transversely Kahler flows on M is similarly defined.
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3. BAsic EULER CLASSES
OF TRANSVERSELY HOLOMORPHIC ISOMETRIC FLOWS

3.1. Isometric flows. It is well known that the Reeb flow of a Sasakian manifold
preserves the Riemannian metric (see [8, Proposition 6.5.6]. We recall

Definition 3.1. A Riemannian flow (F,g,) on M is called isometric if there exist
a Riemannian metric g on M and a nowhere vanishing vector field £ tangent to F
such that the flow generated by & preserves g.

We will call (g,€) in this definition a Killing pair on F. A Riemannian metric g
on M is called a Killing metric on (M, F) if there exists a vector field £ such that
(g,€) is a Killing pair on F. Note that the terminology “Killing pair” and “Killing
metric” are not standard. We also recall

Definition 3.2. A foliated manifold (M, F) is geometrically taut if there exists a
Riemannian metric g on M such that every leaf of F is a minimal submanifold of
(M, g). Such g is called a minimal metric on (M, F).

Geometric tautness of Riemannian foliations was characterized in terms of basic
cohomology by a theorem of Masa [34] in general, or a theorem of Molino and
Sergiescu [37] in the case of flows. By the following lemma due to Carriere [12], the
isometricity of oriented Riemannian flows is equivalent to the geometric tautness:

Lemma 3.3. Let (M, F) be a closed manifold with an oriented Riemannian flow.
Then a minimal metric g is Killing if and only if g is bundle-like.

Recall that a Riemannian metric g on (M, F) is called bundle-like if the metric
induced on TM/TF from g through the identification TM/TF = (TF)* is a
transverse metric of F.

3.2. F-fibered Hermitian vector bundles and basic Dolbeault cohomol-
ogy. El Kacimi Alaoui [19] defined an F-fibered Hermitian vector bundle on (M, F)
by a Hermitian vector bundle (E,h) on M such that the Chern connection is ba-
sic and V§h = 0 for any X in C>(TF), where V® is the connection induced on
E*®FE . We will give another equivalent definition of F-fibered Hermitian vector
bundles on foliated manifolds (M, F) which is convenient in this article. We use C
as the coefficient field of differential forms throughout Section

Let (F, J) be a transversely holomorphic foliation of real dimension m and com-
plex codimension n on a closed manifold M. Let B™ be the unit disk in C". Let
(Fsta, Jsta) be the standard transversely holomorphic foliation of R™ x B™ men-
tioned in Example 71 At each point z on M, we have an open neighborhood
U of x such that (U, Fly, J|v) is isomorphic to (R™ x B", Fud, Jsta) by a theo-
rem of Gémez Mont (Theorem 2.9). So we take a covering {U;} of M such that
(Uj, Flu;, Ju;) is isomorphic to (R™ x BY, Fd, Jsta) as transversely holomorphic
foliations, where B7' is the unit ball in C". We denote the composite

Uj — R™ x B} — B}
by ¢;, where the second map is the second projection.

Definition 3.4. A Hermitian vector bundle (F,hg) on M is called F-fibered if
there exists a Hermitian vector bundle (£j,h;) on B} such that (E|y,, helu;) =
(o5 Ej, gb;hj) for every j. An F-fibered Hermitian vector bundle is holomorphic if
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2746 HIRAKU NOZAWA

such (E;, h;) can be taken so that transition functions Ej |¢j(Uijj,) —Ej |¢j/(Uijj,)
are holomorphic on ¢;(U; NUj.) for each j and j' satisfying U; N U, # 0.

This definition of F-fibered Hermitian vector bundles is equivalent to the original
definition of El Kacimi Alaoui as follows:

Lemma 3.5. For a Hermitian vector bundle (E,h), the Chern connection is basic
and VGh = 0 for any X in C®(TF) if and only if (E,h) is F-fibered in the
meaning of Definition [3.4l

Proof. Let m: P — M be the GL(r, C)-principal bundle of E, where r is the rank
of E. By [31, Example 5.2 on p. 76], we can identify h with a function f: P —
C™ ® T such that f(ug) = p(g~!)f(u) for any g in GL(r,C) and any u in P,
where p: GL(r,C) — GL(C™ @ C"") is the canonical action. By [3I, Lemma on
p. 115], we have V$h(r(u)) = u(Xf) for a point u on P, and a vector field X,

where u is regarded as an isomorphism C™* ®C — Er () and X is the horizontal
lift of X. The formula implies the equivalence. O

Example 3.6. \"(T*M/T*F)"0 — M is a holomorphic F-fibered vector bundle
on (M, F).

A foliated manifold has a cohomology called basic cohomology, which can be
regarded as the de Rham cohomology of the leaf space in a sense. We refer to
Masa [34] or El Kacimi Alaoui and Hector [20] for the basic cohomology of Rie-
mannian foliations. We will recall the definition of a Dolbeault version of basic
cohomology for holomorphic F-fibered vector bundles E.

Definition 3.7. A differential form o on M with values in E is a basic (p, q)-form
on (M, F) with values in E if there exists a (p, g)-form a; on B} with values in E
such that o|y, = ¢jay for every j. We denote the space of basic (p, q)-forms on
(M, F,J) with values in E by Q)'(M/F,E).

This notion is also independent of the foliated atlas {U;}. In the case where
F is the trivial bundle of rank 1, it is easy to see that the space of basic k-form
QF(M/F) is given by

(2) Q(M/F) = {ac QM) |ixa=0,ixda = 0,YX € C°(TF)}.
We also recall

Definition 3.8. A section s of E is basic if there exists a section s; of E; such
that sy, = ¢}s;.

Let (E, hg) be a holomorphic F-fibered Hermitian vector bundle on (M, F).
Definition 3.9. The basic Dolbeault operator
Op: QWUM/F,E) — Q"™ (M/F,E)
is defined by

3) @palo, = 65 ( D (08,) @ 5:)

K3

for o in Q)"9(M/F, E), where s; is a local holomorphic section of Ej, and aly, is
written as aly, = ¢7(3; i ® si), and dpn is the Dolbeault operator on B™.
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Then (Q2°(M/F,E),0g) is a differential complex.

Definition 3.10. The p-th basic Dolbeault cohomology H}*(M/F,E) of (F,J)
with values in E is defined by

HP*(M/F,E)=H*(Q)*(M/F,E),0).

Remark 3.11. If the leaves of F are not closed, the sheaf of (p, ¢)-forms with values
in E may not be acyclic. Hence we may not have an isomorphism H}"(M/F, E)
between H?(M,Q} ® E), where Qf is the sheaf of holomorphic basic p-forms on
(M, F,J). Here the situation is different from the case of complex manifolds or
complex orbifolds, where we always have H,"Y(M/F,E) = H1(M,Q} @ E).

3.3. Basic Euler classes of isometric flows. Let (F,g,) be an isometric Rie-
mannian flow on a closed smooth manifold M. We recall the definition of the basic
Euler classes of (M, F) due to Saralegui [43]. We denote the space of basic k-forms
on (M, F) of a complex coefficient by QF (M /F)c. We denote the basic cohomology
of (M,F) by Hy(M/F).

Definition 3.12 (Saralegui [43]). Let (g,&) be a Killing pair on F. We define
a 1-form n on M by n(Y) = ¢g(£,Y). Then dn is a basic 2-form on (M, F). The
basic Euler class of F is defined by R*[dn] in HZ(M/F) up to multiplication of
nonzero real numbers.

Saralegui [43] proved that the basic Euler class of F depends only on the smooth
type of the flow F (see Royo Prieto [41] for the generalization of the definition of
basic Euler classes for Riemannian flows).

Example 3.13. If F is an isometric flow defined by fibers of a circle bundle,
the basic cohomology of F coincides with the de Rham cohomology of the base
manifold. In this case, the basic Euler class of F coincides with the Euler class of
the circle bundle up to multiplication of real numbers.

3.4. The (0,2)-component of the basic Euler class of transversely holo-
morphic flows. Let M be a closed smooth manifold. Let (F,g,,J) be a trans-
versely holomorphic Riemannian flow on M. We assume that (F,g,) is isometric
with a Killing pair (g,£). Let n be the characteristic form of (M, F,g) defined by
n(X) = g(&, X). Then the basic cohomology class of dn is the basic Euler class of
(M, F) by Definition 312 Note that the (0, 2)-component (dn)%? of dn is d-closed,
because 9(dn)*? = (ddn)®3 = 0.

Definition 3.14. We define the (0, 2)-component of the basic Euler class of (F, g, J)
by R*[(dn)*?] in H,"*(M/F) up to multiplication of nonzero real numbers. If

the (0, 2)-component of the basic Euler class of (F, g, J) is trivial, we say the basic
Euler class of (F,g,J) is of degree (1,1).

We will show the well definedness of the (0, 2)-component of the basic Euler class
in the following. We will use the leafwise cohomology of (M, F). Let Q*(F)c =
C>=(\*T*F)® C. The differential on each leaf of F yields the leafwise differential

dr : QF(F)e — Q" (F)c.

The cohomology of the differential complex (Q°*(F), dr) is called the leafwise coho-
mology of (M, F). We denote it by H*(F).
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Remark 3.15. The leafwise cohomology may be of infinite dimension even for linear
flows on tori (see El Kacimi Alaoui [19]).

The restriction n|rr of a characteristic form n of F to T'F satisfies dz(n|rx) = 0,
thus it determines a leafwise cohomology class [n|r7] in H(F). We get

Lemma 3.16. Let n; be the characteristic forms of (M, F, g;) for a Killing metric
g; for j =1 and 2. Then there exists a nonzero real number r such that

[m|rx] = rinalrF]
in HY(F).

Proof. H'(F) can be identified with the (0,1)-th Ej-term EY''(F) of the spectral
sequence canonically associated to F (see Kamber and Tondeur [30]). We can
identify the (0,1)-th Ep-term Ey''(F) with a subspace of E{"'(F) consisting of
di-closed elements. By [30, Corollary 4.7], we get dim EY"' (F) = 1, and EY'(F)
is generated by the leafwise cohomology class of the characteristic form of any
minimal metric under these identifications. Since g; is minimal by Lemma [33]

for j = 1 and 2, we get nonzero real number r such that [ni|rr] = r[n2|rF] in
HL(F). O

Let Diff (M, F) be the subgroup of Diff (M) consisting of diffeomorphisms which
map each leaf of F to itself. Let Diffq(M, F) be the identity component of Diff (M, F)
with respect to the Fréchet topology.

Lemma 3.17. Let n; be the characteristic form of (M, F,g;) for a Killing metric
g; for j =1 and 2. There exists r in R and f in Diffo(M, F) such that

mlrr =rf*(n2lrr).

Proof. By Lemma we have a real number r such that [m|rz] = rna|rz]
in H'(F). By the leafwise version of Moser’s argument (see Hector, Macias and
Saralegui [29]), we have a diffeomorphism f of M in Diffo(M, F) such that |7 =

rf*(na2lrF). U

Lemma 3.18. The (0,2)-component of the basic Euler class is well defined for
(F,J) up to multiplication of nonzero real numbers.

Proof. Let (g1,&) and (g2,&2) be two Killing pairs on (M,F). Let n; be the
characteristic form of (M, F, g;) for j = 1 and 2. By Lemma [B.17], there exist a real
number r and a diffeomorphism f in Diffo(M, F) such that ni|rr = rf*(n2|rF).
Thus f.&1 = r&. Here 11 — rf*nq is a basic 1-form by (51 — rf*n2)|rF = 0 and
Le, (m — rf*12) = 0. Hence we get [(dn1)*?] = rf*[(dn2)"?] by

5((771 - Tf*772)0’1) = (dn1)°’2 - Tf*(dm)O’Z-
Since f belongs to Diffo(M, F), Proposition II.1.c of El Kacimi Alaoui [18] implies

that f trivially acts on the leafwise cohomology. Then f*[(dn2)®?] = [(dn2)"?].
Thus we get [(dn1)%?] = r[(dn2)%?], which concludes the proof. O

By Lemma 21T the underlying transversely holomorphic Riemannian flow of a
Sasakian manifold (M, g,7) is transversely Kéhler with transverse Kéhler form dn.
Since a transverse Kéhler form is always of degree (1, 1), we have

Lemma 3.19. The basic Euler classes of the underlying transversely holomorphic
isometric Riemannian flows of Sasakian manifolds are of degree (1,1).
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4. EXISTENCE OF EXTENSIONS OF SASAKIAN METRICS

4.1. A differential operator D. Let (M,F,J,g,) be a closed manifold with a
transversely holomorphic Riemannian flow. We extend ¢, to a J-invariant Her-
mitian metric on (TM/TF) ® C. We introduce a triple grading of Q*(M)c =
Q*(M) ® C, which is known for researchers of CR geometry. The triple grading
is the complex version of the double grading mentioned in Section [£2] which is
well known to researchers of foliation theory. Then we will introduce a differential
operator D to be used later in the proof of Theorem [I11

Let (g,&) be a Killing pair on F such that the transverse metric on TM/TF
induced from g is equal to g,. Let n be the characteristic form of (M, F, g) defined
by n(X) = g(&,X). Let H = kern and denote the orthogonal projection TM — H
by m. We have a CR-structure (H, ®) defined by ® = (7|g) " toJo(n|y). Let HO!
(resp. H™?) be the vector subbundle of H ® C whose fibers are the (—i)-eigenspaces
(resp. i-eigenspaces) of ®.

The coefficient ring of differential forms is C in Section @Il By the decomposition
TM ®C = H'YY @ H*!' @ (TF ® C), we define a triple grading Q*(M)c = Qp_j x»
where

h J k
(4) Qnj = C™ (/\(HLO)* ® NH") @ \(TF® <c>*> :
By the integrability of F, we can decompose the differential d as

(5) d=dpo1+do10+dioo+do2—-1+di1,—1+d2o-1,

where dp jr i is the (Qpyn jtj7 k+k)-component of d on Qy ;5. Note that the
space of basic (p, ¢)-forms is embedded to Q, 4.0. We define a differential operator

(6) D=d—dy,-1.
Let D* be the formal adjoint of D with respect to the inner product on Q°*(M)c
defined by (o, a2) = fM a1 Axag for a; and ag in QF(M)c. Let
(7) Ap =DD* + D*D
and

HY = ker{Ap: Q"(M)c — Q¥ (M)c}, H* =ker{A: Q¥(M)c — Q*(M)c},
where A = dd* + d*d.

We collect fundamental properties of D as follows:

Lemma 4.1. (i) Ap is a self-adjoint strongly elliptic operator.
(i) D* = —%Dx.
(iii) Any d-closed form is D-closed, and any d*-closed form is D*-closed.
(iv) H* C HY,.
(v) HY% = ker D Nker D*.

Proof. For a in Qy, 1, we have
d1,1,7104(X1,-.- Xh+1>Y1>~-~7Yj+1)
=3 (1) ((X,, V), X, Xy, Xngn, Yoo Ve, V)

s<t

for X1, ..., Xpt1in C®(HY) and Y1, ..., Y41 in C°(H%1). Thus d; 1, satisfies
dy1,-1(fa) = fdi1,—1a for any smooth function f on M, which means that d; 1 _1
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is a differential operator of degree 0. This implies that the symbol Ap is equal to
the symbol A. Thus (i) is proved. We have (ii) by integrating both sides of

d(a; A¥Fas) = Doy AFag + (=1)%a; A D¥as

on M for (65} in Qh,j,k and Q9 in thl,j,kry Qh,jfl,k or Qh’j’kfl. Note that ;(Qj,k,h) g
Qy—jn—k,1—h, where 2n is the real codimension of F. By *(; x.n) € Qp—jn—k1-h
and the definition of D, we get (iv). By the definition of Ap, it follows that
ker DNker D* C HY . Conversely HY, C ker DNker D* by the equality (Apa,a) =

(Da,, Da)) + (D*a, D*«t). Thus (v) is proved. O
Lemma 4.2. Assume that (1,9) is a Sasakian metric on M. Then we have an
equality

HL =H'oCy
m Ql (M)C

Proof. We show H! & Cn C H},. Since dn is a basic (1, 1)-form on (M, F), we have
d?] = d1717_1’l7. Thus

(8) Dn=0.

Since *7 is a basic volume form on (M, F) by Equation 2.8 of Kamber and Ton-
deur [30], we have d¥n = 0. It follows that

(9) D*n=0.

Hence 7 is Ap-harmonic. We get H' C HL, by Lemma [L1] (iv). Since 7 is not
d-closed, 7 is not contained in H'. Thus H! & Cn C H},.

We show HL, C H' @ Cn. Let a be a Ap-harmonic 1-form. By Lemma EET] (v),
we get Da = 0 and D*a = 0. Let {®y}uecr be the flow generated by the Reeb
vector field & of . Since ¢, preserves any of J, H and g, we have

Appy, = ¢, Ap.

Thus ¢}, preserves H},. Since t¢ is the zero map on Q; k0, we have tgdy 1,1 = 0.
It follows that tedav = teDov = 0. Then

(10) Lea = d(a(€)).

By ([0), we have
u d u
* — — _— * d == E ’
puo—a /Odr _ (prajds /Osos ca)d ( >

which implies that ¢} o —cv is an exact 1-form. Since dy 1,—1%(
of the degree, we have

—a) = 0 because

d*(pja — a) = D*(gha —a) = 0.

By the Hodge decomposition of Q'(M)c, a d-exact and d*-closed form is zero.
Hence

pna—a=0.
Thus « is invariant under the flow generated by £, which implies «(&) is a leafwise
constant function on (M, F). Letting = o — a(&)n and f = (&), we decompose
« as

(11) a=p+fn.
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Here (3 is a basic 1-form on (M, F), because ¢} 5 — 5 = 0 and satisfies 5(§) = 0.
By differentiating both sides of (II]) and operating ¢, we have

df =0.
Thus f is a constant. Since D = d on €); 1 ¢ by definition, we have
0= Da=D(B+ fn)=dB+ fDn.
By @), we have d8 = 0. We have
0=D*a=—%Dxp+ fD*n = —%dx3 + fD*n,

because D = d on @D, o, $%j,k,1, Where 2n is the real codimension of 7. By (@),
we have d*3 = 0. Hence 3 is a harmonic 1-form. Thus we get H, CH!' @ Cn. O

4.2. Mean curvature forms of Riemannian flows. We will make an introduc-
tion to the description of mean curvature forms of Riemannian foliations by Alvarez
Lépez [3] in the special case of Riemannian flows to prove a preliminary result nec-
essary in the proof of Theorem [Tl in the next section. Let (M, F) be a flow. Let
g be a Riemannian metric on M. We recall

Definition 4.3. The mean curvature form of (M, F,g) is a 1-form x on M defined
by

K(X) = g(§ VeX)
for X in C*°(TM), where V is the Levi-Civita connection of (M, g) and & is a
vector field tangent to F such that g(&, &) = 1.

For a point z on M, the 1-form &, is the mean curvature form of the leaf of F
which goes through z. Thus x = 0 if and only if every leaf of F is a geodesic with
respect to g under the length parametrization.

Let 7 be the characteristic form of (M, F, g), which is defined by n(X) = g(¢, X).
Then Rummler’s formula (see the second formula in the proof of [42], Proposition
1] or [II, Lemma 10.5.6] gives

(12) R(X) = dn(&, X)

for X in C°(TM). Thus k is determined only by g|rrgrs and the orthogonal
plane field (TF)=+, because 7 is clearly determined only by g|rrerF and (TF)*.

In the case where F is Riemannian and g is bundle-like, Alvarez Lépez [3] cal-
culated the change of k when glrrgrz and (TF)* are changed. To state his
calculation, we introduce a well-known double grading of Q*(M). In Section F2]
we consider only real differential forms. Let Q = (TF)* and

J k
Ajp=C> </\Q* ®/\T*;f> :
Then Q°*(M) is decomposed as
Q* (M) =P Ajx.
j.k

By the integrability of TF, we see that the differential d is decomposed as
(13) d=do1+dio+dz-1,
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where the subscripts correspond to the double grading of Q°*(M). Since g is bundle-
like, the formal adjoint d* of d is decomposed as

(14) d* =do y+d" o +d"s,

by the double grading of Q°*(M) in a similar way.

Let g1 be another bundle-like metric on (M, F) with characteristic form 7. Let
k1 be the mean curvature form of (M, F,g;). Let Q1 be the orthogonal plane field
of TF with respect to g1. If @ = @1, then there exists a smooth function f on M
such that 7 = e/n;. Then, by Rummler’s formula (I2)), we get

Proposition 4.4 (Alvarez Lépez [3, Eq. 5.3]). If @ = Q1, then
(15) Rl — R = dl,Of

for some f in Ago. Conversely, for any f in Ag,o, there exists a bundle-like metric
g1 on (M, F) such that Q1 = Q and ([I8)) is satisfied. Moreover, if f is C*-close
to 0, then we can take such g1 so that g1 is C*°-close to g.

Alvarez Lépez calculated the effect of the change of Q; to k1 in terms of dg 4
as follows:

Proposition 4.5 (Alvarez Lépez [3l Proposition 4.3]). If gi|lrrerr = glrrers,
then

(16) K1 — K =dj 17

for some v in Ay 1. Conversely, for any v in A1 1, there exists a bundle-like metric
g1 on (M, F) such that g1|rrerr = 9lrrerr and [IQ) is satisfied. Moreover, if v
is C*°-close to 0, then we can take such g1 so that g1 is C*°-close to g.

The last sentence of Proposition follows from the proof of Proposition 4.3
of Alvarez Lopez [3].

Let (M, F) be a geometrically taut Riemannian flow. Let g be a bundle-like
metric on M. Let xx : Ag1 — Ao and *r : Ago — Ap,1 be the leafwise Hodge
star operators with respect to g|rrerr. We extend xx on Q°(M) by the double
grading of Q°(M) so that %z acts trivially on @Q*. Thus *z(Ag1) = Ako and
*«r(Apo) = Ar1. We show

Lemma 4.6. The restriction of dy _1: A11x — A1 to do1(A1) is a bijection
do,1(Ar,0) = d _1 (A1)

Proof. By [3l, Theorem 2.1], we get

(17) A1 zﬂi(M/]:)@da_l(Al,l).
By operating *x to both sides of (I7), we get
(18) A171 = (Qg(M/]:) A 77) D dO,l(Al,O)-

The definition of basic forms implies that the kernel of do 1 : A1,0 — Aj,1 is the space
Q;(M/F) of basic 1-forms on (M, F). By [3, Eq. 1.13], we get df _; = —xxdo,1%F

on A; ;. Thus
(19) kerdy = Qu(M/F) An.
The proof is concluded by ([IT), (I8) and [I9). O
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We will use the leafwise cohomology H®(F) in the proof of the following lemma
(see Section [B4). As in the proof of Lemma [316] we will regard the (0,1)-th
Ey-term EY'(F) as a subspace of H'(F).

Proposition 4.7. If k is C*°-close to 0, then there exists a Killing metric g1 on
(M, F) which is C*-close to g.

Proof. First we show that there exists a bundle-like metric g, on (M,F) with
characteristic form 79 such that go is C*°-close to g and 7|7 # is the restriction of
the characteristic form of a minimal bundle-like metric on (M, F). By definition,
there exists a minimal metric g3 on (M, F). Let 03 be the characteristic form of
(M, F,gs). We will consider the leafwise cohomology classes [n|rz]| and [n3|r 7]
in H'(F). Here Ey'(F) is generated by [ns|r#] by [30, Corollary 4.7]. Let 0
be the closure of 0 in H'(F), which may be nontrivial because H'(F) may be
non-Hausdorff. Since (M, F) is geometrically taut, [2, Proposition 3] implies that
Ey°(F) — H'(F)/0 is surjective. Thus there exists ¢ in C°(T*F) such that  is
C*>-close to 0 and [n|rx] + [s] = [93|7#]. Here n|rx + < is nonzero at every point
on M, because ¢ is C*-close to 0. Thus we get a smooth function f on M such
that fnlrr = n|lrr + <. Here f is C*°-close to 1, because ¢ is C*°-close to 0. Since
[7s]77] belongs to ES (F), we get that [fn|7#] belongs to By (F). Thus Rummler-
Sullivan’s criterion implies that fn|pz is the restriction of the characteristic form
of a minimal bundle-like metric (see Sullivan [44], Rummler [42] and the Theorem
in the introduction of Haefliger [26]). We take a bundle-like metric g2 on (M, F) so
that the characteristic form is fn and ga|ker n@kern = 9lker n@kern- Then go is C°-
close to g and the characteristic form fn|rz is the restriction of the characteristic
form of a minimal bundle-like metric on (M, F).

By the last paragraph, it is sufficient to show Proposition .7 in the case where
7|75 is the restriction of the characteristic form of a minimal metric. Proposition 4.3l
implies that there exists v in A;; such that k = dj ;7. By Lemma and
the open mapping theorem, there exists a continuous inverse p of d37*1|m :

do1(Aro) — dy _1(A11). Letting v = p(k), we get v in Ay ;1 such that x is C°°-
close to 0 and k = dj _,v. Proposition implies that we can take a minimal
bundle-like metric g; which is C*°-close to g. Thus we get a minimal bundle-like
metric g; which is C*°-close to g. Lemma [3.3] implies that g; is Killing. O

4.3. Proof of Theorem [I.971 We recall a result in [38], which is essential in the
following proof of Theorem [L.I}

Theorem 4.8. Let V be a connected open set of RY and {F'}icy be a smooth
family of Riemannian flows on a closed manifold. Then one of the following two
cases occurs:

(i) F* is geometrically taut for every t in V.
(ii) F*t is not geometrically taut for every t in V.

Proof of Theorem [T We extend the smooth family of transverse metrics {g% };cv
to a smooth family of Riemannian metrics {g*};cy on M so that g* is bundle-like
with respect to ! and g° = g. Here (M, F!) is geometrically taut by Theorem E8l
Let V7 be a sufficiently small open neighborhood of 0 in V. By Proposition 7]
for ¢ in V3, there exists a minimal metric g} on (M, F*) for ¢ in V; such that gt is
sufficiently close to gt.
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We denote the formal adjoint operator of d on (M, g") by d*!. We will show that
there exists a 1-form ¢? such that

(I) ¢! is sufficiently close to n°,
(IT) d**¢*=0 and

(ITT) d¢* is a basic (1, 1)-form on (M, F").

Let 7! be the characteristic form of (M, F* gt), which is close to n°. Here drt
represents the basic Euler class of (M, F") by the definition. Since the (0,2)-
component of the basic Euler class is trivial by the assumption, there exists a basic
(0,1)-form o such that 9ot = (drt)%2. We consider o' + ot as a real 1-form on M.
Let ' =7 — (o' +at). Then df' is a basic (1, 1)-form. We consider a decomposition
0t =0t + 0%, where 0 is an exact 1-form and 6 belongs to ker d*! by the Hodge
decomposition of Q'(M)¢c with respect to gt. Let ¢t = 6%. It follows that 6} is
close to 0, because 7! is close to 7°, which belongs to ker d*". Then condition (I) is
satisfied. Condition (IT) is clearly satisfied by the construction. Since d¢t=df? is a
basic (1, 1)-form, condition (III) is satisfied.

We consider differential operators df ; _;, D" and A}, on (M, F*) as in @), (@), (@)
and () using a splitting TM = (H)'? @ (H")*! @ (TF! @ C) determined by H*
and J'. Let H},(¢) be the space of Al -harmonic 1-forms. Let H'(¢) be the space
of harmonic 1-forms on (M, g"). We show that dim H} () is constant with respect
to t on Vi. By Lemma [L2] we have

(20) dim H},(0) = dim H'(M;C) + 1.

Here D! is a self-adjoint strongly elliptic operator by Lemma [T (i). Hence Theo-
rem 4 of Kodaira and Spencer [33] implies that dim H} (¢) is upper semicontinuous
with respect to t. Thus we have

(21) dim HY (t) < dim H},(0)

for t in Vi. Here H'(¢t) C H},(¢) by LemmalT] (iv). By the previous paragraph, we
have a 1-form ¢* which satisfies conditions (I), (IT) and (III) above. Condition (IT)
implies D*!¢* =0. Condition (III) implies D!¢* =0. Note that ¢* is not d-closed
by condition (I) and the nontriviality of dn°. It follows that ¢* is not contained in
H(t). Thus we have

(22) dim H*(M;C) + 1 < dim H}(¢).

By 20), 1)) and ([22)), we have
dim H'(M;C) + 1 = dim H, (¢).

Thus dim H}, (¢) is constant with respect to ¢.

Since dim H}, () is constant with respect to ¢ by the consequence of the previous
paragraph, the projection F': Q'(M)c — H}(¢) maps a smooth family of 1-forms
to a smooth family of 1-forms by [33, Theorem 5]. Letting w’= Ft(n'), we have
a smooth family {w’}icy, of Al -harmonic 1-forms such that @® = F°(n%) = n°.
We show that dw' is a basic (1,1)-form on (M, F"). By D'w'!=0, we have dw’=
diy @' Thus teedw’ =0. Tt follows that dw' is basic. Hence dw' is a basic (1,1)-
form on (M, F?). Letting Rew® = wt;ﬁt, we have a smooth family Rew® of
real 1-forms such that d Rew! is a basic (1,1)-form. Since dn® is nondegenerate
on TM/TF°, dRew! is also nondegenerate on TM/TF* for t in V;. Thus J and

dRew® determine a transverse metric on TM/TF*. By Proposition 2.I6] a pair
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of a transversely Kahler flow (F*, J') and a contact form Rew’ whose transverse
Kéhler form is d Re w! determines a Sasakian metric on M. (]

Remark 4.9. We remark that we can show the existence of a Sasakian metric
on M which is compatible with (F*, J*) for ¢ close to 0 directly by the triviality
of the (0, 2)-component of the basic Euler class without considering the Laplacian
of D. But we need the operator D to show the existence of a smooth family of
compatible Sasakian metrics, which has a certain advantage compared with the
existence of compatible Sasakian metrics at each parameter.

5. STABILITY OF K-CONTACT STRUCTURES

Let M be a closed manifold with a Riemannian foliation F and a bundle-like
metric g. In this section we consider only real differential forms. Let Q = (T.F)*
We use the well-known double grading Q°*(M) = €D, ;, Ajx of the real de Rham
complex Q°*(M), where A, = C*(N\ Q* @ ® N T*F) instead of the triple grading
considered in Section Bl Then d is decomposed in terms of the double grading
as d = d1 o+ do1 + do,—1 as in ([3). Let D= dio + do1. Since d — D= da 1
is a differential operator of degree 0 by [3, Lemma 1.1], it follows that Ag is a
self-adjoint strongly elliptic operator with the same symbol as the Laplacian of d.
Let H% be the space of Az-harmonic 1-forms. An argument similar to the proof
of Lemma shows

Lemma 5.1. If (M, F) admits a K-contact structure whose Reeb flow is F, then
we have an equality
1 _ oyl
Hy=H ©Rp
in QY (M).

Theorem is proved by an argument similar to the proof of Theorem [T We
only describe the outline as follows:

Outline of the Proof of Theorem [LE. Let {g'};cv be a smooth family of Riemann-
ian metrics on M such that g% = ¢° and the transverse metric of F* induced from
9" is g%, Theorem 8 and Proposition F7] imply that there exists a Killing metric
gt of (M, F?) sufficiently close to g* for ¢ in a sufficiently small neighborhood V;
of 0in V.

Let Q" = (TF*)*. We consider a double grading Q*(M) = @, , A}, of Q*(M),
where A%, = C*(N' Q™ @ A" T*F). We decompose d by double grading on
(M, F') and let D' = dio+do,. As in the second paragraph of the proof of
Theorem [Tl we can show that there exists a 1-form ¢* on M such that

(I') ¢! is sufficiently close to 7° and

(D) d*t¢t =0,
where d*'is the formal adjoint of d on (M, g").

We see that ¢t is a Dt-harmonic form which is linearly independent of harmonic 1-
forms by an argument similar to the third paragraph of the proof of Theorem 11
Lemma [5.1] implies dim HL (¢) = dim H!(M;R) + 1, where HL,(¢) is the space of
A p.-harmonic 1-forms.

Since dimH} (¢) is constant with respect to ¢, by [33, Theorem 5|, we get a
smooth family of 1-forms w® by projecting 7' to H} (). Then dw! is basic. Since
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@ = 1 is a contact form, w! is contact for ¢ in V;. Thus @' is a contact form

whose Reeb flow is a Riemannian flow F°. O

6. KODAIRA-AKIZUKI-NAKANO VANISHING THEOREM
FOR TRANSVERSELY KAHLER FOLIATIONS

6.1. Basic Hodge star operator and basic Lefschetz operator. We recall a
fundamental notion of Lefschetz theory for basic cohomology of transversely Kahler
foliation introduced by El Kacimi Alaoui [19]. Let (F,J, g,) be a complex codimen-
sion n transversely Kéhler foliation with transverse Kahler form w. We consider
complex differential forms Q*(M)c = Q*(M) ® C throughout Section [fl At each
point z on M, we have the Hodge star operator
k 2n—k
et NTEM/T;F)@C— N\ (T;M/T;F) @ C
determined by the transverse metric g on T, M/T,F. A basic k-form on (M,F)
can be regarded as a section of A"(T*M/T*F). Thus we have the basic Hodge
operator
x5 QF (M) F)e — Q" F(M/F)c.
Composing %, with complex conjugation, we have
Fp: QUUM/F) — QP UMF).
Let (E, hg) be a holomorphic F-fibered Hermitian line bundle over (M, F). Let
h: E— E*

be a C-antilinear isomorphism defined by h(s) = hg(s,-). The complex conjugation
of the basic Hodge star operator on the basic Dolbeault complex with values in F,

*pp: WIM/F,E) — Q""" Y(M/F,EY),

is defined by % g(a ® s) = *pa @ h(s) for sections of the form a ® s, where « is
a basic (p, ¢)-form and s is a local holomorphic section of E. We define the basic
Lefschetz operator

L: Q§(M/F, E)c — Q"3 (M/F, E)c
by La = a A w, where w is the transverse Kahler form of (M, F, J, g,).

6.2. Chern connections of F-fibered Hermitian holomorphic line bundles.
Let (E, hg) be a holomorphic F-fibered Hermitian line bundle over (M, F). Let

Ve: Q(M/F,E)c — QT (M/F,E)c
be a basic connection of (E, hg). Recall that
Ve(QPY(M/F,E)) C QT (M/F,B) @ QP (M/F, E).
We define the (1,0)-component V' and the (0, 1)-component V%, of Vg by
Via =tttV pa, Via =171 Vga

for o in QP9(M/F, E), where 7% is the projection to Q7 (M/F,E) for (i,j) =
(p+1,q) and (p,q+ 1), respectively. Throughout Section [f] we assume that Vg is
the Chern connection of (E, hg), that is, Vg is the unique connection on F such
that Vgh = 0 and V. = EE, where 0 is the basic Dolbeault operator defined in
Definition In particular, (V/4)% = 0.
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Regarding the curvature form ©(Vg) of Vg as a basic 2-form on (M, F) by a
natural isomorphism

O (M/F)c @ End(E) = Q(M/F)c © C°(M/F)c = Q(M/F)c,
we define the curvature operator
O(Ve): U (M/F, E)e — 4 (M/F, E)c

of VE by ©(Vg)a=aANO(Vg).
Note that there exists a unique connection Vg+ on E* which satisfies

(23) d(s,s*) = (Vgs,s*) + (s, Vg«s™),

for s in C*°(FE) and s* in C*°(E*) where (-, -) is the coupling F ® E* — C.
Let A be the wedge product defined by the composite of
(24)
QP (M/F, E) x Q""" 1M/ F,E*) —"> Q)" (M/F,E ® E*) —— Q" (M/F),

where the second map is induced by the coupling £ ® E* — C.

6.3. Homological orientability of transversely Kéahler foliations. Here we
recall a terminology due to El Kacimi Alaoui [19]. Let (F,J, g,) be a transversely
Kahler foliation of complex codimension n on a closed manifold M.

Definition 6.1. (F,J, g,) is homologically orientable if the basic cohomology group
HZ"(M/F) of degree 2n is nontrivial.

We refer to Masa [34] or El Kacimi Alaoui and Hector [20] for the basic cohomol-
ogy of Riemannian foliations. Since the basic cohomology is determined only by the
underlying foliation F, it is independent of the transverse structures. By a theorem
of Masa [34] in the general case, or by a theorem of Molino and Sergiescu [37] in the
case of flows, (F,g,) is homologically orientable if and only if F is geometrically
taut (see Definition B2).

Example 6.2. The Reeb flow F of a Sasakian manifold is isometric (see Defi-
nition B)). Then it is geometrically taut by Lemma B3] due to Carriere. Thus
F is homologically orientable by a theorem of Masa or a theorem of Molino and
Sergiescu.

6.4. An inner product of El Kacimi Alaoui—-Hector. We assume that (M, F)
is homologically orientable in the sequel (see Definition [6.1]). We will use the Molino
theory, which is one of the fundamental tools in the work of El Kacimi Alaoui and
Hector [20] and El Kacimi Alaoui [T9]. We refer to Molino [36] for the Molino theory.
We define an inner product on Qf(M/F, E)c under the assumption of homological
orientability following the argument of El Kacimi Alaoui and Hector in [20, Section
4.5] (see also El Kacimi Alaoui [19]), where they consider the case of trivial line
bundles Let p: M' — M be the orthonormal frame bundle of the normal bundle
of F. Let m: M' — W be the basic fibration of F. Let m = dim SO(2n) and Xi,
Xo, ..., X, be the vector fields on M which generate the principal SO(2n)-action
on M*. Let 6; be the basic 1-form on (M!, F!) dual to X;. We define an m-form
x on M! by
X=01 N0 N N\Op,.
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If W is orientable, an inner product (-, ) is defined by
(25) (al, 042) = / I(p*(Oq?'\?b’EOéQ) A X)
w

for a; and g in Qf (M /F, E)c. Here Z: QF(M/F)c — QF~4(W)c is the integration
along fibers of 7 defined under the assumption of the homological orientability of
F by El Kacimi Alaoui and Hector (see [20, Proposition 3.2]). This Z commutes
with d as shown there. If W is not orientable, the orientation cover of W can be
used to define an inner product in the same equation as ([25]). In what follows, we
also assume the orientability of W for simplicity.

Lemma 6.3. We have
(26) (Vear,az) = (o1, —(Fo,p+) V= (Fo,5)az2)

for aq in QFH(M/F,E)c and ag in QF(M/F, E)c, where V- is the connection
dual to Vg mentioned in (23).

Proof. We closely follow the argument in [20, Proposition 4.6] or [19] Section 3.2.4],
where they consider the case of trivial bundles. Letting 81 = *, pas, we have

(27) d(p (@A) A )
= (p*(VEar AB)AX) +(=1)" 1 (p* (1 AV g+ B1)AX) +(=1)" " (p* (cn AB1)AdX),

where 2n is the real codimension of F. Recall that p: M — M is the projection.
Let A; x(M?') = C>= (N (ker x)* ®/\k(ker Tp)*), where Tp is the differential map of
p- Then we get a double grading Q*(M"')c = @), ;, Ajx(M"). Here d is decomposed
into d = do,1 + d1,0 + d2,—1, where the subscripts means the grading. Recall that
we let m = dim SO(2n). Since x is of degree (0,m), we can decompose dy as

dx = do1x +diox +d2,1X,

where d; ;x belongs to Am#m(Ml). We get do1x = 0, because Aq ni1(M) = 0.
By Rummler’s formula (see the second formula in the proof of [42] Proposition 1] or
[11, Lemma 10.5.6]), we get di,0x = —x A kp, where &, is the mean curvature form
of the foliation defined by the fibers of p. By the definition of x, we get x, = 0,
which implies d1 ox = 0. Thus dy is of degree (2,m — 1). Since As,i1.e(M') =0,
we get dxy A a =0 for any « in Ag,_1o(M?!), which implies that the third term of
the right hand side of (1) is zero. Composing Z and fW to both sides of ([21), we

have (24]). O

6.5. Formal adjoint operators with respect to (-,-). Recall that the formal
adjoint D* of a C-linear map D: Qf(M/F, E)c — Q¢F(M/F,E)c is a C-linear
map D*: QO (M/F,E)c — Q¢ "(M/F, E)c such that (Day, as) = (a1, D*a) for
a1 in QY(M/F,E)c and ag in Q0(M/F, E)c. The following lemma shows that
the formal adjoint operators with respect to (-,-) are given by conjugation by the
Hodge star operators as in the case of complex manifolds. This is an advantage of
the inner product (-, -), which allows us to apply the classical argument for complex
manifolds to show vanishing theorems:
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Lemma 6.4. Letting A = L*, we get

(28) A= (%p,p-) L (%o.0),
(29) Ve = —Gope) Vi (Fo,1),
(30) B =—Gpp) Vi Gog).

Proof. For oy in QF(M/F,E)c and oy in QFP2(M/F, E)c, we get
(a1, Aag) = (Lo, ) = (g Aw, a2) = (o, % g (WAFp pa2)) = (o1, Fy g« LFp, pog)
by the definition of (-,-). Then (28) is proved. Take ag in QY9 (M/F, E) and ay

in QVYM/F,E). We get (Vigas, au) = 0 and (ag, %, g« Vg %, pou) = 0 because
of the degree. Thus Lemma implies

(Vihas,aq) = (Veas, ) = (a3, —Fp, g« VE-Fp poy) = (a3, —Fp, g Vi Fp, pos).
Thus @9) is proved. Take as in Q¥ Y(M/F,E) and ag in QP4(M/F,E). Be-

cause of the degree, we get (Viias, as) = 0 and (s, %p, g+ Vi %y pag) = 0. Thus
Lemma implies

(Vigas,ap) = (Veas, ag) = (a5, —%p, 5« V% pag) = (a5, —Fp, 5+ Vi Fp, 5.
Thus (30) is proved. O

Remark 6.5. Q)*(M/F,E) has another natural inner product obtained by the
restriction of the inner product on Q°(M, E)¢c. In this case, the formal adjoint of
Vg may be different from —%p g«Vg-%, g. The difference is given by the mean
curvature form of F (see Proposition 3.6 of Kamber and Tondeur [30] for the case
where F is trivial).

6.6. Bochner-Kodaira-Nakano identity. For each integer k, let
gk = {A S End(c_vect (QZ(M/]:, E)(c) |A(Qg(M/f, E)(C) - Qg+k(M/]:, E)(c}

It is well known that g = €, ., g has a bracket operation [-,-]: g x g — g defined
by [A,B] = AB — (=1)**BA for A in g, and B in gy. The Laplacian of V/, and
'z is defined by
ASIE = [ /é’v/];?*]v A/E = [VSEWV/E*]

The Bochner-Kodaira-Nakano identity describes the difference of two Laplacians
by the curvature of E. For the proof of the identity, we recall our notation on
the local description of basic forms on (M, F) in Section Let (M, F,J,g,) be
a transversely Kéhler foliation. Let (E,h) be a holomorphic F-fibered Hermitian
line bundle on (M, F). As in Section B.2] we take a covering {U;} of M so that
(Uj, Flu,) is isomorphic to the standard transversely holomorphic foliation defined
by a decomposition R™ x B} =| |, cpn R™ x {z}, where B} is the unit ball of C".
Let ¢;: U; — B} be the composite of U; = R™ x B} — B}, where the second
map is the second projection. By definition of holomorphic F-fibered Hermitian
line bundle (see Definition B4, there exists a Hermitian holomorphic line bundle
(Ej, h;) and a Kéhler metric g; on B which determines g,, E' and h by

gu‘Uj = Qs;gja
Ely, = ¢;Ej,
h\U]. = (b;‘hj
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We consider the Chern connection V; of (Ej, h;), the Lefschetz operator L; on B}
and the complex conjugate of the Hodge star operator g, on B} with values in E;.
We denote the curvature operator of V; by ©(V,). Clearly we get

(*b,5)0; 8 = ¢} (*g,0),
Lo = ¢;(L;PB),
(31) 206 = ¢;(ViB),
2958 =65 (ViB),
O(Ve)¢is = ¢;(0(V;)P)

for a differential form S on B} valued in Ej. We have the following Bochner-
Kodaira-Nakano identity for homologically orientable transversely Kéhler foliations:

Lemma 6.6. We get

(32) F=Ap + [V-16(Vg), A,

where A, = [V, V'] and Ay = [V, V5]

Proof. We consider U; and ¢;: U; — B} mentioned above in this subsection. Since
the formula is local, we can consider each U;. By the Bochner-Kodaira-Nakano

identity (see Sections 4.5 and 4.6 of Demailly [I5] or Theorem 1.1 of Chapter VII
of Demailly [I6]) for the Hermitian holomorphic line bundle E; on B}, we have

(33) B, = A, + [V-10(V;),Aj],
where A; = ¥pg:L;%g,. Note that (B3) is proved only by local calculation on a
complex coordinate chart, which can be applied to E; and B} in our situation.

Then ([B2)) is proved by pulling back (B3] by ¢, by (I?EI) 29), (BIII) of Lemmam
and the five equations in (BIJ).

6.7. Hodge decomposition for the basic Dolbeault complex valued on E.
The Hodge decomposition theorem of El Kacimi Alaoui is as follows in this context:

Theorem 6.7 (El Kacimi Alaoui [I9] Theorem 2.8.7]). There is an orthogonal
decomposition
WM/ F,E) =ker AL, ®Im V' & Im V'
with respect to the inner product (-,-), where A% = [V, V.
Outline of the proof of Theorem [671 Let
EPY = NP(T*M/T* F)'? @ AY(T*M/T*F)*' @ E.

Then QfY(M/F, E) is identified with the space C*°(EP9, F) of global basic sec-
tions of EP? on (M, F). Let p: M* — M be the orthonormal frame bundle of
TM/TF. We denote the horizontal lift of F to M! by F!. Let M' — W be
the basic fibration of F. Let E! = p*EP4. Here E! is Fl-fibered. C*°(EP,F)
is identified with the space C(E', F1)SO(n) of the SO(2n)-invariant basic sec-
tion of E'. The restriction of a global basic section s of E' to the closure L of
a leaf of F! is determined by s(x) at a point x in L. Thus C*°(E?!, F!) can be
identified with the space C53(F) of global sections of a vector bundle E over W.
The inner product (-,-) induces a Hermitian metric of E. El Kacimi Alaoui con-
structed a differential operator D’: C"X’(El,]:l)_—> C"X’(El,]ﬂ), which is identi-
fied with a self-adjoint strongly elliptic operator D: Cyp(E) — Cjp(E) and whose
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restriction to C>(E', F1)SO(") is identified with A’,. Then the Hodge decom-
position C>®(EP4, F) = ker Al @ Im AY; for A’ is obtained by the restriction of
the classical Hodge decomposition C*(E) = ker D @ Im D for D to C>®(E)SCZm),
The equality Im A%, = Im V%, & Im ViFin QFY(M/F, E) follows from the decom-
positions ;7 (M/F,E) = ker A, & Im A%, for (i,5) = (p,q — 1), (p,q¢ + 1) and
Ny = (Vi 4 VET 0
6.8. Serre duality valued on E. By (28) in Lemma [6.3] the pairing A defined
in ([24) induces a product on basic Dolbeault cohomology

(34) HPY(M/F,E) x H' P""(M/F E*) — C.

The Serre duality follows from the Hodge decomposition Theorem and the for-
mula of formal adjoint operators in Lemma [6.4] as in the case of complex manifolds:

Theorem 6.8. The pairing (34)) is nondegenerate, which implies Hy'*(M/F,E) =
thp’nfq(]\/[/]:, E*)*.

Proof. Let HY'*(E) (resp. H}*?(E*)) be the space of basic harmonic (p, ¢)-forms val-
ued on E (resp. E*). For each a in H)'?(E), we have [, Z(aA%, paix) # 0. Equa-
tion ([29) of Lemma [6.4] implies A% = % g+ AL % g. Thus %, pa € H) P 9(E*).
Then the pairing H??(E) x H* P""4(E*) — C defined by the restriction of (B4)
is nondegenerate, which concludes the proof of Theorem [6.8 O

6.9. F-fibered positive line bundles. Let (E, hg) be a holomorphic F-fibered
Hermitian line bundle on (M,F). We recall the definition of the positivity of
(E, hg) due to Boyer, Galicki and Nakamaye [10], which is defined in a way similar
to the case of line bundles on complex manifolds:

Definition 6.9. F is called positive if there exists a Hermitian metric h on E such

that the basic first Chern form ge(v g) is a transverse Kéhler form of (F,J)
for a transverse metric on (M, F).

The positivity of E is determined by the first Chern class as follows:

Proposition 6.10 ([19, Section 3.5.6]). If there exists a transverse Kdhler met-
ric on TM/TF with transverse Kdhler form w such that [%@(VE)] = [w] in
HZ(M/F), then there exists a Hermitian metric ' on E such that (E,E) is a holo-
morphic F-fibered Hermitian line bundle whose curvature form 9(@13) satisfies
§®(§E) = Ww.

6.10. Proof of vanishing theorems of Kodaira-Akizuki-Nakano, Girbau
and Grauert-Riemenschneider. Theorem [[3]follows from (B2]) of Lemmal6.6] as
in the case of complex manifolds. The proof below is essentially taken from Sec-
tion 4.9 of Demailly [15].

Proof of Theorem [L3l. We use the notation in Section Let x be a point on M
and ¢; : U; — B}’ be a member of the defining 1-cocycle of F which contains . Let
w; be a Kéhler form on B} which satisfies wly, = ¢jwj, where w is the transverse
Kéhler form of (M, F, J, g,,). We can modify ¢; so that (w;)g, ) = iy V—1dzi A
dz; at ¢;(z) by the holomorphic coordinate change of B}'. We regard the curvature
form (vV=10(V;))g, () of E; at ¢;(x) as a Hermitian matrix. By diagonalizing this
Hermitian matrix (v/=10(V}))4,(2) by a unitary matrix, we get a holomorphic
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coordinate (wi,ws,...,wy,) of B} such that wy () = Z?Zl v —1dw; N dw; and

(V=10(V)) g, (@) = doieq V—1Xi(z)dw; A dw; for some real numbers X;(z). The
assumption of the positivity of E implies that A;(x) is positive. We reorder \;(x)

so that Aj(x) < Ag(x) < -+ < Ay(x). We consider a vector bundle

p q
Pt = \(T"M/T*F)* @ N(T"M/T*F)*' @ E

over (M,F). Then EP9 is F-fibered, and basic (p, ¢)-forms are regarded as basic
sections of EP4. Let

P q
Ef’q _ /\(T*B;L)I,O ® /\(T*Bgz)o,l ® Ej
be a vector bundle over BY. Then we get EP1|y;, = ¢5EP?. Let g»? be the metric

on EP? induced from g and hg. Let gj*? be the metric on EP'? which satisfies
¢3g7? = g7?. By an argument of linear algebra on (EY'),. (., we get

min{p,q} n
PUVETONT)), Agla, a5) = ( > A S @) ey, a)

i=max{p,q}+1

for o in (Ef’q)%.(m). Then, for a basic (p, g¢)-form « valued in E, we get
(35)
min{p,q} n
EUVTOVE) Mo aa) = (D M) = D Al@))gb o, )
i=1 i=max{p,q}+1
at each point z on M. Note that \;(x) is a leafwise constant continuous function

on M. Since azx¥b7E6m = ¢P(ay, B,;)w™ at each point  on M for o and § in
QPI(M/F,E), we get

(V-16(Vg), A / (Z)\ — Z )x) *(ansp pa) AX)

i=p+1
by [B3) (see Section for the definition of the inner product (-,-) and the right
hand side). Since (A%, a) = ||Via|]? +]||VEal|? and (Alza, «) > 0, the Bochner-
Kodaira-Nakano identity (B2) of Lemma [6.6] implies

IVEal® +[[VEall* > (V-16(VE), Ala, ).

By Proposition [6.10] we fix a transverse Kéahler metric on (M, F, J) whose trans-
verse Kéhler form is equal to v/—10(Vg). Then A;(z) = 1 for every j and x. We
get

IVEal® + [[VEall* > (p+ g —n)lal/*.
Thus if « is harmonic and p + ¢ > n, we get a = 0. ]

The analog of Grauert-Riemenschneider’s vanishing theorem [25] (Theorem [6.17])
and Girbau’s vanishing theorem [21] (Theorem [6.12)) also follow from the Bochner-
Kodaira-Nakano equality as in [I4]: Let (M,F) be a closed manifold with a ho-
mologically orientable transversely Kéhler foliation. Let (E, hg) be a holomorphic
F-fibered Hermitian line bundle on (M, F). The rank of ©(Vg) at a point z on M
is defined by the number of positive eigenvalues as a Hermitian matrix.
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Theorem 6.11. If ©(Vg) has rank at least equal to s at some point on M, then
H(M/F,E*) =0

for g <s.

Theorem 6.12. If ©(Vg) has rank at least equal to s at every point on M, then
HPY(M/F,E*) =0

forp+q<s.

We omit the proof of Theorems [6.11] and [6.12] which are similar to the argument
of Demailly in the proof of [14], Proposition in Section 2].

Remark 6.13. We remark on the other possibility of the inner product on the basic
de Rham complex. Alvarez Lépez [3] proved the Hodge decomposition theorem for
a basic de Rham complex with respect to the inner product ((-,-)) defined by the
restriction of the usual inner product of the de Rham complex. Note that the formal
adjoint of d with respect to ((-,-)) is not given by the basic Hodge star operator as
noted in Remark Hence Lemma is not true in general for ({-,-)). To show
Theorem [[3 using ((-, -)), one can apply Masa’s theorem in [34] for the existence of
a minimal metric on homologically orientable foliations. Since the mean curvature
form is zero for a minimal metric, the adjoint of d with respect to ((-,-)) is given
by its conjugation of d by the basic Hodge operator. Then Lemma [6.4] is true for
({-,+)). Then the rest of the argument is the same as above.

6.11. Proof of the vanishing theorem for positive Sasakian manifolds. We
will prove Theorem by Theorem Let (F,J,g,) be a complex codimension
n transversely Kahler foliation on a closed manifold M. We recall

Definition 6.14. A holomorphic F-fibered Hermitian line bundle

Kr= \(T*M/T*F)"°

on M is called the canonical line bundle of (M, F,J). The dual of the canonical
line bundle of (M, F,J) is called the anticanonical line bundle of (M,F,J). A
Sasakian manifold is called positive if the anticanonical line bundle of the underlying
transversely Kahler flow is positive.

We refer to Boyer, Galicki and Nakamaye [I0] for more detailed information on
positive Sasakian manifolds.

We assume the homological orientability of F to apply the results in this section.
Let K7 be the canonical line bundle of (M,F). We fix a transverse Hermitian
metric on (TM/TF) ® C. Let hg, be the Hermitian metric on Kr induced from
the metric on (T'M/TF) @ C. We recall a C-antilinear isomorphism

defined by h(s) = hk,(s,-). Note that the canonical line bundle (K, hg,) of F
is a holomorphic F-fibered Hermitian line bundle.
Let 1k, be the identity in End(Kr) = C*°(Kr ® K3). We have natural maps

E1: QUM/F) — QPUM/F,Ky),
Ep: QU (M/F) — Q) (M/F, Kr)
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defined by Z1(a) = a A1k, and Z2(B A a) =a® S for §in Qg’q(M/]-') and S in
Q) °(M/F) = C®(Kx). Clearly Z; and E, are bijective.

Let HY'? be the space of basic harmonic (p, ¢)-forms. Let H} Y (K% ) be the space
of basic harmonic (p, ¢)-forms with values in K.

Lemma 6.15.

E1(Hy) = Hy “(K5).
Proof. Tt is easy to see
(36)
(37) 200 = V/[/(}_EQ7

(1]

0=V} 2
1 K}_ 1,

where ([B6]) follows from the fact that 1x, is a holomorphic section of Kr ® K.
By ([B6) and the bijectivity of =1, we get

(38) Z1(ker 9) = ker K-
Let s be a local basic section of Kz such that h(s,s) = 1. It is easy to see
s®h(s) =1k,.
By the definition of %, and h(s,s) = 1, we have

xpa = (—1)" s A%p(s A ).

Thus we get
¥b,K;El(a) =%p,K% (a A le)
=% (N5 @ D(s))
(39) =%(aAs)®s
=S (s AFp(a N s))
= Zy*par.

By substituting %, to v in (89)) and composing %, . to both sides of the equation,

we get

(40) Ei¥p = ¥y k20,

By ([J), we get & = —%,0%,. Hence, by equations (37), 39) and (@T), we get
:—*_ - - A _ = 7 - % =

(41) E10 = —Erxd% = =%k, Vi, %bk351 = V2 Er.

By (Il and the bijectivity of =1, we get
(42) Ei(kerd") = ker V. .
Since Hy'? = kerd n kerd" and H}%(K3%) = ker Vics Nker Vi by the Hodge

decomposition theorem of El Kacimi Alaoui (see Theorem [6.7]), the proof is done

by B8) and [{#2]). O
Remark 6.16. We can prove Zy(H»?) = HYY(K 5) similarly.

Lemma [6.T5] allows us to prove Theorem by Theorem [[.3] without using the
sheaf cohomology of basic holomorphic forms.
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Proof of Theorem [L2 Tt is known that the Reeb flow of a Sasakian manifold is
homologically orientable as we saw in Example Let H'? be the space of Ag-
harmonic basic (p, ¢)-forms on (M, F). By the Kahler identity for homologically
orientable transversely Kahler foliations by El Kacimi Alaoui (Proposition 3.4.5
of [19]), H}"? is equal to the space of Ag-harmonic (p, ¢)-forms, where Ay = [d, d*].
Since Ay commutes with the complex conjugation, we get
HYO ~ H)?
by the complex conjugation. By Lemma [B.15] we get
HYP S KPR,

where H;"?(K %) is the space of A’[’(;—harmonic basic (n, p)-forms on (M, F) valued
in K%. Since K% is positive, Theorem [[3] implies that H,"”(K3%) vanishes for
p>0. U

7. MODULI SPACE OF SASAKIAN METRICS
WITH A FIXED UNDERLYING TRANSVERSE KAHLER FLOW

We will prove Theorem

Let M be a closed manifold with a Sasakian metric with contact form 7. Let
£y be the underlying transversely Kahler flow. Recall that Diffy(€g) is the identity
component of the subgroup of Diff (M) consisting of diffeomorphisms which preserve
€, and Ham() is defined in (). Obviously we have an exact sequence

0 — Ham(ty) — Diffo (k) —— H'(M;R),

where II is defined by II(f) = [p — f*n] for f in Diffy(ty). Note that n — f*n is
closed, because f preserves the transverse Kahler form dp.

Recall that we denote the subgroup of Diff (M) consisting of diffeomorphisms
which map each leaf of F to itself by Diff(M,F). The identity component of
Diff (M, F) with respect to the Fréchet topology is denoted by Dift(M, F). Note
that Diffo(M, F) is a subgroup of Ham(%).

Lemma 7.1. Let £ be a nowhere vanishing vector field on a closed manifold M
which is tangent to a flow F. Let n be a 1-form on M which satisfies Len = 0
and n(§) = 1. Let h be a leafwise constant smooth function on (M,F). Then there
exists f in Diffo(M, F) such that

(43) f*n=n+dh.
Proof. Let {ys}scr be the flow generated by £&. We consider maps
I'nr MxR — MxR,
(x,8) +— (z,h(x)s)
and
v: MxR — M xR,
(z,5) — (ps(),9).
Let
f=prio¥ol |y,
where pry: M x R — M is the first projection. The differential map T'f of f at
(x,s) is

(44) Tf=T(pryoVol|yxy) =Te1 + s(dh ®E).
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Then T'p; 4+ sdh ® £ is nondegenerate, because h is constant on each leaf of . So f
is an open immersion. Since an open immersion from a closed manifold to a closed
manifold of degree 1 is a diffeomorphism, f is a diffecomorphism of M. By (@), we
have

) =n((Ter +dh @ §)(Y)) = ¢1n(Y) + dh(Y) = n(Y) + dh(Y)
for a vector field Y on M. Thus f satisfies equation (E3)]). O

Recall that a Sasakian metric on M is determined by a contact form n whose
Reeb flow has a transversely Kéhler structure such that dn is the transverse Kahler
form (Proposition [ZT6]). Let (M,n,g) be a closed Sasakian manifold. We denote
the Reeb flow of n by F. We denote the underlying transversely Kéhler foliation
by €. For a basic closed 1-form S on (M, F), we can construct a Sasakian metric
o determined by a contact form 7+ 3 and the same transversely Kahler structure
of F as (n,g). We consider the set of Sasakian metrics

S1={os | € Hy},
where H} is the space of basic harmonic 1-form on (M, F).
Proposition 7.2. Fvery orbit of the action of Ham(ty) on S intersects Sy.

Proof. Take a Sasakian metric (11, ¢1) whose underlying transversely Kahler flow
is isomorphic to ;. The isomorphism of transversely Kahler flows means dn = dm
and the transverse metrics on F induced by g and g; are equal. By Lemma 317
there exist a real number r and a diffeomorphism f; of M in Diffo(M, F) such that

nrr =rfi(mlrr)

Let ne = fymi. Since (n — rn2)|rz = 0 and d(n — rng) is basic, n — rny is basic.
Hence we have

[dn] = r[dnz] = r{dm]

in H?(M/F). Note that Diffo (M, F) trivially acts on the basic forms by the defini-
tion. Since we have [dn;] = [dn] by the assumption, we have r = 1. Thus n—12 is a
closed basic 1-form. By the basic Hodge decomposition for Riemannian foliations
(see El Kacimi Alaoui and Hector [20] or Alvarez Lépez [3]), there exists a basic
harmonic 1-form 8 and a smooth basic function hs such that

7’] — 7’]2 = ﬂ —|— dhg
Let & be the common Reeb vector field of n and 7o. By Lemma [[LI] we have a
diffeomorphism f of M in Diffy(M, F) such that

fane = n2 + dha.
Hence we have

fame=n—5.

Thus f3n2 belongs to Sy. Since f372 is on the same orbit as the action of Diffo (M, F)
as 11, it follows that Sy intersects with every orbit on the action of Diffo(M,F). O

Proposition 7.3. Every orbit on the action of Ham(ty) on S intersects Sy in at
most one point.
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Proof. Assume that we have
(45) n—>581=f"(n—p5)
for 1, B2 in H} and f in Ham(¥)). We will show (1 = S».

Here f* [, is a basic harmonic 1-form cohomologous to 82, because f is isotopic to
the identity and preserves the transverse metric of F. Since each basic cohomology
class is represented by a unique harmonic form by the Hodge decomposition theorem

for basic cohomology (see El Kacimi Alaoui and Hector [20] or Alvarez Lépez [3]),
we have

(46) B2 = 2.
We take an isotopy {ys}sefo,1] such that ¢, belongs to Hamg(£) for every s

in [0,1], and o = id and p; = f. Let X, = %|u:5gpu. Since n — @in is exact,
Lx.n=tx.dn+d(n(X,)) is exact. Thus we have a smooth function hs on M such

that

(47) tx.dn = dhs

for each s in [0,1]. Since Lpen = dh for any smooth function h on M, [{@T) implies
(48) LX .~ (hoan(x.)eN = tx,dn + d(n(Xs)) — d(hs +1(Xs)) = 0.

Let {0} }sejo,1) be the isotopy generated by vector fields { X+ (hs —1(X5))E sef0,1]-
We have

(49) (1) =n

by @8). Letting f3 = (¢}) ! o f, we have

(50) frn=f3(e0)"n = f3n

by (@J). The difference of the two vector fields which generate {¢s}sc(o,1) and
{©.}sepo,1) is (hs 4+ n(X,))E, which is tangent to F. Thus ¢, and ¢/ induce the
same map on the leaf space of (M, F). Thus {(¢,)" Lo ©s}sejo,1] gives an isotopy
such that () " tope = id, (¢}) " tops = f3 and (¢,) " top, belongs to Diffo(M, F).
Let ¢s = (L) Lo ps. Let Yy = %}uzswu. Since v belongs to Diffo(M, F), this
Y, is tangent to F for each s. Hence we have

(51) ty,dn = 0.

By (&1)), we have

1 d 1
fin-n= [ 4] winds= [ iy

u=s

= /01 Yid(n(Ys))ds = d(/olw;*(n(Ys))dS)-

Hence, letting hs = fol P2 (n(Ys))du, we have

(52) fin—n=dhs.
By (), (@), () and (E2), we have
B2 — B1 = dhs.
Since the right hand side is a harmonic form, we have g1 = (. |

Theorem follows from Propositions and [7.3
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Remark 7.4. We remark that we obtain the following result by the proof of Propo-
sition

Proposition 7.5. Let 1 and n2 be the underlying contact forms on a closed mani-
fold M of two K -contact structures. If H*(M;R) = 0 and the Reeb flows of 1 and
1o are equal, then there exists a real number r and a diffeomorphism f: M — M
such that rf*n, = ny.

8. EXAMPLES

8.1. Standard Sasakian metrics on spheres. We recall the standard Sasakian
metric on S?"~1. Consider a function 7 on R?" defined by

T(xlay17x27y2a"'7xn7yn) = \/$%+y%+$%+y%++$%+y%,

where (21,1, 22,Y2,...,Tn,Yn) is the standard coordinate on R?". Let S?"~! =
7‘_1(1) be the unit sphere of R?”. We consider the standard metric gsiq and the
standard contact form of nsq on R?" — {0} defined by

n

gsta = »_(dai @ dv; + dy; @ dy;),  Tsea =
i=1

n

> (widy; — yida;).

i=1

1
2r(x1, .-y Yn)?

Then (S?"~ 1) gsal|g2n—1, Nstd|g2n—1) is a Sasakian manifold by definition, because
the Kihler manifold (R?" — {0}, gstd, d7sta) is isomorphic to (S?7~1 x Ry, dr? +
r2gstd|52"’1>d(rznstd|82"*1))'

The flow generated by the Reeb vector field of 74| g2n—1 is given by the principal
Sl-action whose orbits are tangent to the fiber of Hopf fibration. The base space
of the Hopf fibration is CP™ 1.

To describe the deformation of transversely holomorphic flows, we use the fol-
lowing

Proposition 8.1 (Girbau, Haefliger and Sundararaman [22, Proposition 6.1]). The
Kuranishi space of the deformation of the transversely holomorphic flow defined
by fibers of a circle bundle over a complex manifold X is identified with an open
neighborhood of 0 in H°(X,T4°X), the space of holomorphic vector fields on X, if
X satisfies both of the following:

(53) HY(X)=0, H(X,T*°X) = 0.

Here CP" ! satisfies H0(CP" 1) = 0 and H*(CP"~ !, T*°CP"~1!) = 0. Hence
Proposition BJlimplies that the Kuranishi space as a transversely holomorphic flow
is identified with an open neighborhood of 0 in H°(CP"~! T*0CP"~1), which is
of complex dimension n? — 1. Among them, infinitesimal deformation of trans-
versely holomorphic Riemannian flows form a union of real vector subspaces of real
dimension n — 1.

Since H%2(CP"~1)=0, Corollary [L4limplies that the Sasakian metric (gstd, Nsta)
is stable, that is, a family of compatible Sasakian metric exists for any small de-
formation of the Reeb flow as transversely holomorphic Riemannian flows. Since
S27=1 is simply connected, Corollary [[7] implies that the space of isomorphism
classes of Sasakian metrics are identified with the isomorphism classes of the un-
derlying transversely Kahler flows.
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We can apply Proposition 8Iland Corollaries[[.4] and [T to a Sasakian metric on
the circle bundles associated to positive line bundles over Fano manifolds X which
satisfies H1 (X, T1°X) = 0 in a similar way.

Remark 8.2. We note that deformation of the Hopf fibration as transversely holo-
morphic foliations is studied by Duchamp and Kalka [I7] and Haefliger [27]. Other
results related to Proposition [8] is obtained by Boyer and Galicki in [8, Section
8.2.2].

8.2. Circle bundles over complex tori. We present an example of deformations
of the Reeb flow of a Sasakian manifold which does not admit compatible Sasakian
metrics.

Let X be a projective complex torus with a positive holomorphic line bundle FE.
We fix a Hermitian metric on E so that its curvature form is positive. Let M
be the unit circle bundle of E. Then M has a Sasakian metric whose underlying
transversely Kéhler flow is defined by the fibers of the S'-bundle by the Boothby-
Wang construction due to Hatakeyama [28] Corollary of Theorem 4]).

It is well known that there exists a smooth family of complex tori {X*};¢j_1 1
and a dense subset K in ] — 1,1[ such that X° = X and X! is not projective for
every t in K. It is easy to see that every complex torus is Kihler. So X! is Kihler.

We denote the total space of the family of complex tori by 7. We fix a trivial-
ization 0: T = X x| —1,1] as a smooth fiber bundle over | — 1, 1[. We pull back the
complex Hermitian line bundle £ on X to T by pr; of, where pry: Xx]—1,1[— X
is the first projection. We define M? as the unit circle bundle associated to the
complex line bundle (0* pri E)|x: — X'. Let F' be a flow on M! defined by the
fibers of the circle bundle M* — X!. Since the leaf space X! is Kihler, F! is a
transversely Kahler flow for ¢ sufficiently close to 0.

There exists a compatible Sasakian metric on M° by definition. But, for ¢ in K,
M? does not have any compatible Sasakian metric. Indeed, if M? has a compatible
Sasakian metric, then X* must be projective by Theorem 4 of Hatakeyama [28].
This is a contradiction.

In this example, the basic Euler class of F¢ is the Euler class of circle bundles
M? — X' and can be considered as an element of H%(X;Z). Clearly this class
is of a topological nature and independent of t. On the other hand, the Hodge
decomposition H?(X%; C) =2 H*°( X))o H" (X))@ H%2(X") changes when ¢ varies.
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