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Abstract

We study the effect of primordial scalar curvature perturbations on the propagation of grav-
itational waves over cosmic distances. We point out that such curvature perturbations deform
the isotropic spectrum of any stochastic background of gravitational waves of primordial ori-
gin through the (integrated) Sachs-Wolfe effect. Computing the changes in the amplitude and
frequency of the propagating gravitational wave induced at linear order by scalar curvature
perturbations, we show that the resulting deformation of each frequency bin of the gravitational
wave spectrum is described by a linearly biased Gaussian with the variance σ2 ≃

∫

d lnk∆2
R
,

where ∆2
R
(k) denotes the amplitude of the primordial curvature perturbations. The linear bias

encodes the correlations between the changes induced in the frequency and amplitude of the
gravitational waves. Taking into account the latest bounds on ∆2

R
from primordial black hole

and gravitational wave searches, we demonstrate that the resulting O(σ) deformation can be
significant for extremely peaked gravitational wave spectra. We further provide an order of
magnitude estimate for broad spectra, for which the net distortion is O(σ2).

ar
X

iv
:2

00
2.

11
08

3v
3 

 [
as

tr
o-

ph
.C

O
] 

 2
9 

Ju
n 

20
20



Contents

1 Introduction 1

2 Overview 3
2.1 Assumptions and approximations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Intuitive explanation of the results . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

3 Deformation of the GW spectrum 5

4 Constraints on the curvature perturbations 9

5 Observational implications 13
5.1 Spiky spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
5.2 Broad spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

6 Discussion and conclusions 16

A Derivation of the spectral deformation 18
A.1 GW spectrum . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
A.2 Step 1: GW spectrum at the sourcing time . . . . . . . . . . . . . . . . . . . . . . . 20
A.3 Step 2: Evolution from the sourcing time to the observation time . . . . . . . . . . . 22
A.4 Combining the two steps . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24



1 Introduction

After the first direct measurement of gravitational waves (GWs) by the LIGO/VIRGO collabora-
tion [1], a next milestone in GW astronomy will be the discovery of the stochastic gravitational
wave background (SGWB). This background will contain unresolved astrophysical sources (such
as black hole mergers beyond the resolution limit of the detector) but may also contain cosmo-
logical contributions from the very early Universe, such as from inflation, preheating, first-order
phase transitions, and topological defects (for a review, see e.g. Ref. [2] and references therein).
Any GW emitted (or entering the causal horizon) at these early times will be modified by scalar
perturbations along its line of sight. In the geometrical optics limit, i.e., in the regime where the
wavelength of the GW is much shorter than the wavelength of the scalar perturbation, this will
modify the amplitude, frequency and phase of the propagating GW [3]. Our goal in this paper is to
demonstrate how these effects deform the spectral shape of a SGWB sourced in the Early Universe.

Analogously to the case of CMB photons, mapping an observed GW to the initially emitted GW
requires taking into account Doppler, Sachs-Wolfe [4], integrated Sachs-Wolfe (or Rees-Sciama [5])
and lensing effects [3]. For transient events, the resulting modification of the GW waveform has
been studied e.g. in [6]. For the stochastic background, these effects have been shown to modify
and generate anisotropic contributions of the SGWB [7–14] and to lead to a decoherence of the
phase information in the SGWB which becomes relevant when probing the three-point function of
GWs [15,16].♦1

Here, given the limited angular resolution of GW detectors, we instead focus on the isotropic
component of the GW power spectrum. As we will see, in this case the dominant contribution
comes from the Sachs-Wolfe and integrated Sachs-Wolfe effect. The latter modifies only the GW
frequency, whereas the former changes both the frequency and amplitude of the propagating GW,
leading to a correlated modification of frequency and amplitude. We ignore changes to the phase of
the GW since the phase information drops out in the power spectrum. As one of the main results
of our work, we provide a master formula encoding the deformation (calculated from the amplitude
and frequency changes induced at linear order in the scalar perturbations) of any primordial GW
spectrum by the (integrated) Sachs-Wolfe effect in terms of linearly biased Gaussian kernel. The
model-independent linear bias reflects the correlation between amplitude and frequency change
inherent to the (integrated) Sachs-Wolfe effect, whereas the variance of the Gaussian is proportional
to the integrated scalar curvature power spectrum over the relevant length scales.

The effects in question are of the order (tensor)×(scalar) in the GW equation of motion in the
language of scalar-vector-tensor decomposition and are consequently extremely small for a scale
invariant primordial scalar power spectrum constrained to the value measured at CMB scales ∆2

R ∼
10−9.♦2 However, little is known about the primordial scalar power spectrum at smaller scales [18].
A dramatic enhancement may occur e.g. for specific shapes of the inflaton potential [19] or if
particle production during inflation yields an additional source term for scalar perturbations [20].
These scenarios have recently received a lot of interest in the context of primordial black hole
(PBH) formation, and upper bounds on PBHs can be used to (mildly) constrain the scalar power
spectrum at small scales [19].

In this context, our results can be interpreted in several ways: One the one hand, if the prop-
erties of the primordial GW source are well understood by other means, then the comparison with

♦1Our work is moreover related to but distinct from GW production from large scalar perturbations, which is a
(scalar)2 source term in the GW equation of motion [17].

♦2The resulting effect in the GW power spectrum is of order (scalar)2 for sufficiently broad initial GW spectra, in
complete analogy with the CMB. On the contrary, very peaked spectra can experience larger effects, see Sec. 5.
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Figure 1: Sketch of the length and time scales considered in this paper. At large scales (small k), the scalar and tensor
perturbations are well measured/constrained by the CMB. We study the impact of enhanced intermediate-scale scalar
perturbations (labeled Φ,Ψ) on the spectrum of high frequency GWs (labeled hij). Schematically, the gray band
indicates the epoch when the decay of the scalar perturbations upon horizon crossing induces a sizable ISW effect
on the propagating, sub-horizon GWs. In addition, at the time of sourcing of hij , the scalar perturbations Ψ,Φ are
super horizon, leading to a modification of the locally sourced spectrum through the Sachs-Wolfe effect.

the observed spectrum can be seen as a probe of the primordial scalar power spectrum at the
relevant scales. On the other hand, in the more realistic case that the precise source properties are
unknown, we compute the degeneracy between the source properties and the propagation effects
in the presence of a strongly enhanced scalar spectrum, which could lead to a miss-estimation of
the source parameters. Finally, our results can also be used to quantify the smallness of these
propagation effects, which become irrelevant if the scalar power spectrum is sufficiently small or if
the primordial GW power spectrum is sufficiently broad.♦3 Our results will be particularly relevant
for future GW detectors such as LISA [21], the Einstein Telescope [22] or DECIGO [23], which will
be able to measure the SGWB with high accuracy.

The organization of this paper is as follows. In Sec. 2 we give an overview of our main results. We
first clarify our setup and then give an intuitive explanation of the results we obtain in the following.
In Sec. 3 we derive our master equations for the deformation of a primordial GW spectrum, with
technical aspects relegated to App. A. We in particular demonstrate that the deformation of the
GW spectrum is sensitive to the integrated scalar perturbation

∫

d lnk∆2
R. In Sec. 4 we discuss

constraints on this quantity in terms of primordial black hole constraints. In Sec. 5 we illustrate
the spectral deformation of a spiky GW spectrum and discuss the limitations of our analysis for
broad spectra. In Sec. 6 we discuss implications for future GW experiments and conclude.

♦3We caution that in the latter case, our master formula only serves as an estimate for the magnitude of the effect,
since we omit O(σ2) effects in the amplitude and frequency changes. See Sec. 5.

2



2 Overview

2.1 Assumptions and approximations

In this section, we first clarify our assumptions and then give an intuitive explanation for the results
we obtain in the following sections. The hierarchy of the length and time-scales relevant to our
discussion is sketched in Fig. 1.

Our starting point is any high-frequency source of GWs in the early Universe, i.e. GWs with a
wavelength much shorter than the wavelengths probed by the CMB. We label the spectrum of these

GWs by Ω
(s)
GW(f), where “s” stands for “source”. We assume that these GWs are already inside

the horizon when we refer to the spectrum Ω
(s)
GW(f) (see also Sec. 2.2). For a rigorous definition of

the sourcing time in the velocity-orthogonal isotropic gauge and the conformal Newtonian gauge,
see App. A.2.

Our goal is to investigate the impact of primordial scalar perturbations (sourced during cosmic
inflation) on the propagation of these high-frequency GWs. In particular, we will consider scalar
perturbations with a characteristic length scale which is much larger than the wavelength of the
GWs but much smaller than the horizon size at CMB decoupling. The former criterion enforces a
scale separation which will allow us to treat the propagation of the GWs in the geometrical optics
limit. It also ensures that the scalar perturbations enter the horizon only after the GWs have
been sourced. The latter criterion enables us to consider scalar perturbations which are enhanced
compared to the scalar two-point correlation function measured in the temperature anisotropies
of the CMB. Note that this second criterion also ensures that the scalar perturbations enter the
horizon in the radiation dominated epoch. We will moreover for simplicity assume that the scalar
fluctuations can be described by a Gaussian spectrum. See Fig. 1 for a visualization of our setup.

As is well known in the context of the propagation of the CMB photons, the (time-dependent)
Newtonian potentials Φ = Ψ encoding the scalar (metric) perturbations induce several effects
on the amplitude and frequency of propagating relativistic degrees of freedom, and GWs are no
exception. As we will see later, their amplitude and frequency are modified by Doppler, Sachs-
Wolfe, integrated Sachs-Wolfe and lensing effects. In this paper, given the poor angular resolution
of GW detectors, we will focus on the isotropic component of the power spectrum of the stochastic
GW background.♦4 In this case, the frequency and amplitude of each individual GW is shifted
by O(Φ,Ψ), leading to significant net (i.e. spatially averaged) deformation of strongly peaked GW
spectra whereas the deformation is suppressed for sufficiently broad GW spectra.

2.2 Intuitive explanation of the results

Our main result, quantifying the spectral distortion, can intuitively be understood a randomization
or smearing of the GW frequency and amplitude induced by the scalar perturbations. This is
qualitatively visualized in Fig. 2: The GW spectrum observed today originates from many different
causally disconnected Hubble patches in the early Universe (indicated by the small empty circles).♦5

Assuming adiabatic initial conditions, the scalar perturbations correspond to locally overdense
and underdense regions of the Universe (indicated by the blue/red patches). Once these metric
perturbations re-enter into the horizon, they quickly decay, leading to a more uniform Universe
(indicated by the green patch). In close analogy to the analysis of CMB photons, we can now

♦4 See Refs. [7–13] for related analysis of the anisotropies of the SGWB.
♦5 For inflationary GWs, we take “source time” labeled by “s” to be when the relevant GWs are well inside the

horizon.
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Figure 2: A qualitative sketch of the origin of the (integrated) Sachs-Wolfe effect for GWs. The Sachs-
Wolfe effect is induced by the super-horizon scalar perturbations at the time of GW production. It can be
interpreted as the sum of two effects: the redshift induced when escaping the local Newtonian potential and
a local time-delay. The integrated Sachs-Wolfe effect comes into play later, due to the decay of curvature
perturbations upon their horizon entry.

identify two distinct physical effects:♦6

• Sachs-Wolfe effect. At the time when the GWs are sourced, the (at this point in time super-
horizon) scalar perturbations distort the sourced GW spectrum. Assuming adiabatic initial
conditions, all inhomogeneities can be re-parametrized as a local shift in the time variable,
as is characteristic for single-field (single-clock) inflation. In this sense, the event sourcing
the GW spectrum (such as the horizon entry of a primordial metric fluctuation or a phase
transition) occurs slightly earlier or later in different patches of the Universe, determined by
the (super-horizon) scalar perturbations. On top of this, GWs are redshifted according to the
value of the Newtonian potential induced by the super-horizon scalar perturbation in a given

patch. When computing the isotropic primordial SGWB Ω
(s)
GW(f) at some fixed time t(s), we

have to average over all these patches. The total SW term is the sum of both effects [7].

• Integrated Sachs-Wolfe effect. When the metric perturbations decay after entering the
horizon, the resulting change in the Newtonian potentials induces a frequency shift in the
propagating high frequency GWs, described by the integrated Sachs-Wolfe effect.

Adopting the line-of-sight approximation, the comoving frequency of a GW wave is modified by the
Sachs-Wolfe and integrated Sachs-Wolfe effect, whereas the amplitude is modified by the Sachs-
Wolfe effect as well as by lensing [3]. At leading order, these changes can be expressed as linear
functions of the Newtonian potentials Φ and Ψ, evaluated at the source time and along the line
of sight. Consequently, the dimensionless GW power spectrum ∆2

h (see Sec. 3 for the definition)

♦6 In the language of scalar-vector-tensor decomposition, the effects we consider correspond to the second order
terms (tensor)×(scalar) in the equation of motion.
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is smeared as the GWs propagate through the inhomogeneous Universe. Gravitational waves ar-
riving from different directions experience a different “random walk” in frequency and amplitude
space, statistically determined by the two-point function of the scalar perturbations on their path.
Assuming scalar perturbations of different wavelength to be described by independent Gaussian
distributions, we thus expect the net effect to be parametrized as

∆
2(o)
h (f) ≃

∫

d lnf ′ ∆
2(s)
h (f ′) K(f, f ′) . (2.1)

As we will see, the smearing kernel K is given by a linearly biased Gaussian:

K(f, f ′) =
1√
2πσ2

[

1 + b (lnf − lnf ′)
]

e−
(lnf−lnf ′)2

2σ2 , (2.2)

on top of the usual redshift induced by the homogeneous background expansion. The variance σ2

is given by the integrated curvature perturbation
∫

d lnk∆2
R up to an O(1) factor, and the linear

coefficient b is determined by the correlation between the amplitude and frequency changes,

σ2 ≃ 0.91×
∫

d lnk ∆2
R , b ≃ −0.52 . (2.3)

Postponing the derivation to Sec. 3 and App. A, we can interpret Eq. (2.2) intuitively: The random
walk in the frequency gives the Gaussian part of the smearing kernel, while the linear bias arises
because the same scalar perturbations cause a correlated change in the amplitude.

In the following we derive these expressions including the values of the parameters b and σ, and
discuss possible implications for GW observations.

3 Deformation of the GW spectrum

In this section we summarize the derivation of the spectral deformation. We direct the readers to
App. A for the full derivation.

We define GWs by decomposing the metric ds2 = gµνdx
µdxν as

gµν = ḡµν + hµν , (3.1)

with hµν denoting the two degrees of freedom of the GW tensor [24, 25] (see App. A). Here ḡµν is
the background metric including the scalar perturbations. We further decompose hµν (at a fixed
~x) into each frequency f , line-of-sight direction n̂, and polarization λ as

hµν(t, ~x) =

∫ ∞

0
f2 df

∫

dΩ e−2πift
∑

λ=+,×

h(λ)(f, n̂)e(λ)µν (n̂) + c.c. , (3.2)

with the polarization tensor e
(λ)
µν normalized as e

(λ)
µν e(λ

′)µν = δλλ′ . The Fourier component h(λ)(f, n̂)
is further decomposed into the amplitude A(λ) and phase φ(λ):

h(λ)(f, n̂) = A(λ)(f, n̂)eiφ
(λ)(f,n̂) . (3.3)

The power spectrum is defined by the oscillation average over a certain period as

〈h(λ)(f, n̂)h(λ′)∗(f ′, n̂′)〉 = 1

f2
δ(f − f ′) δ2(n̂, n̂′) δλλ′

1

2
P

(λ)
h (f) , (3.4)
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which gives

〈hµν(t, ~x)hµν(t, ~x)〉 =
∫

d lnf 4πf3
∑

λ=+,×

P
(λ)
h (f) . (3.5)

We further define the dimensionless power spectrum ∆2
h through

∆2
h(f) =

∑

λ=+,×

∆
2(λ)
h (f) = 4πf3

∑

λ=+,×

P
(λ)
h (f) , (3.6)

so that the two-point function of the SGWB is simply given by the integration of ∆2
h over the

logarithmic frequency

〈hµν(t, ~x)hµν(t, ~x)〉 =
∫

d lnf ∆2
h(f) . (3.7)

The energy density of GWs per logarithmic frequency interval (normalized by the critical energy
density of the Universe) then becomes

ΩGW =

∫

d lnf ΩGW(f) =
1

12H2

∫

d lnf f2∆2
h(f) , (3.8)

with H denoting the Hubble parameter. Hereafter we will for notational brevity mostly omit the
label for polarization (λ).

Our goal is to discuss how the various GW spectra calculated with the FRW background in the
literature are deformed by the existence of long-wave scalar modes. As explained in the beginning of
Sec. 2.2, the GW spectrum we observe is a superposition of GWs coming from different directions,
each of which has experienced different propagation history depending on the realization of the
scalar mode along the path of propagation. Since we consider direction-insensitive GW detectors,
this direction-dependent effect results in the average of such a scalar-dependent GW spectrum over

the scalar mode.♦7 Identifying ∆
2(s)
h with the initial GW spectrum in the comoving gauge and

using logarithmic representation for the frequency, we can show (see App. A)

∆
2(o)
h (lnf) =

〈

e2∆lnA∆
2(s)
h (lnf −∆lnf)

〉

ens(s)
, (3.9)

where ∆lnA and ∆lnf are the changes in the logarithmic amplitude and frequency induced by the
scalar modes, and “ens(s)” denotes an ensemble over the scalar modes. These quantities denote
changes along the line of sight of the propagating GW, but we can safely replace them with the
scalar ensemble average, which thus encodes the sky average over GWs arriving from different
directions (see App. A). In this paper we use linear order results for ∆lnA and ∆lnf in terms of
the scalar perturbations, and consider the deformation induced by

∆
2(o)
h (lnf) ≃

〈(

1 + 2∆lnA(1)
)

∆
2(s)
h

(

lnf −∆lnf (1)
)〉

ens(s)
, (3.10)

where the superscript (1) denotes linear order in the scalar perturbations. As we will see below,
this expression accurately describes the deformation of an individual frequency bin or equivalently,

♦7 Recall that in this paper we consider scalar perturbations with a horizon entry well before the CMB epoch,
which means l & lmin ∼ 102 for the multipole l. On the other hand, the resolution of future detectors is the order
of (sub-)degrees, ldet ∼ 10 − 100, at best (e.g. Ref. [26, 27]). Therefore, even such a high-resolution detector sees
≫ (lmin/ldet)

2
∼ 1− 100 horizon patches within its resolution.
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the deformation of sufficiently peaked source spectrum. See discussion in Sec. 5 for contributions
from higher order terms.

We take the conformal Newtonian gauge for the scalar modes and expand the background metric
(including the scalar perturbations) as

ḡµνdx
µdxν = −a2(1 + 2Φ)dτ2 + a2(1− 2Ψ)δijdx

idxj , (3.11)

and consider the effect of Φ and Ψ on the propagation of GWs with infinitesimal amplitude. Such
propagation effects of GWs in inhomogeneous background are discussed in e.g. Refs. [3,6,9,10,28].
Ref. [3] discusses the amplitude and frequency change for point-source GWs, and we partly use
their results. However, in our setup we need special care concerning the initial time slice as we
explain below. For this purpose we define two eras (see also Fig. 8 in App. A):

• Sourcing time (labeled by “s”):
This refers to the era when the GWs of our interest become sufficiently sub-horizon. For
GW production mechanisms after inflation, this is the time when the sub-horizon GWs are
actually produced, while for inflationary GWs this is the time when all the relevant modes
enter the horizon and become sufficiently sub-horizon.

• Observation time (labeled by “o”):
This refers to the present time when we observe the GWs. As we explain later, we neglect
the proper velocity of the observer and scalar perturbations around this time.

We use the result of Ref. [3] to estimate the effect due to the GW propagation from a given
sourcing time in the conformal Newtonian gauge to the observation time, while we separately
need to take account of the effect of local time shifts modifying the sourcing time. We will label
the former with “prop” while we will refer to second one as “init”. The situation is exactly the
same as the Sachs-Wolfe effect in the CMB: the well-known result for the temperature change
(∆T/T )SW = (1/3)ΦLS = ΦLS − (2/3)ΦLS (in the matter-dominated Universe) can be interpreted
as the sum of the local Newtonian potential on the last scattering (LS) surface which the photon
has to climb out of, (∆T/T )prop = ΦLS, and the local time shift with respect to the time coordinate
of conformal Newtonian gauge, (∆T/T )init = −(2/3)ΦLS [29].

Similarly, the effect on the amplitude and frequency of the GWs can be decomposed as

∆lnA(1) ≡ [ln(As/Ao)− 1](1) = (∆lnA(1))init + (∆lnA(1))prop , (3.12)

∆lnf (1) ≡ [ln(fs/fo)− 1](1) = (∆lnf (1))init + (∆lnf (1))prop . (3.13)

Note again that the superscript (1) indicates first order in the scalar perturbations. Also note that
we are working in conformal coordinates, factoring out the trivial redshift in the FRW background.

Now we discuss the two effects in turn (see App. A for details). The effect of the local time
shift at the sourcing time is given by

(∆lnA(1))init = −1

2
Φs, (3.14)

(∆lnf (1))init = −1

2
Φs . (3.15)

This is the same as the−(2/3)Φs term in CMB as explained above, except that we consider radiation
domination a ∝ t1/2 instead of matter domination a ∝ t2/3.

7



The effect due to propagation can be calculated in the geometric optics limit. The relative
changes in the comoving amplitude and comoving frequency to linear order are given by [3]

(∆lnA(1))prop = (Ψo −Ψs) , (3.16)

(∆lnf (1))prop = n̂ · (~vo − ~vs)− (Φo − Φs) +

∫ λo

λs

dλ ∂τ (Φ + Ψ) , (3.17)

Here λ is the affine parameter along the path of GWs, which takes d/dλ = ∂τ − ni∂i at the unper-
turbed level. Note that this unperturbed relation is enough for our purpose, since the integrand in
Eq. (3.17) is already first order in the perturbations.

In Eq. (3.16) the term on the right-hand side encodes the Sachs-Wolfe effect, while we neglected
the lensing term. This is because the lensing is just a rearranging effect of the propagation direction,
and does not affect the isotropic part of the stochastic GW background (see App. A). Moreover,
since we are interested in the distortion of the GW spectrum we can ignore Ψo, the Newtonian
potential at the position of the observer, since this is universal for all GWs, independent of their
frequencies.

In Eq. (3.17) the three terms correspond to Doppler, Sachs-Wolfe, and integrated Sachs-Wolfe
effects, respectively. The vector ~v is the spatial component of the fluid velocity uµ = (1− Φ, ~v)/a.
Among the terms in the right hand side of Eq. (3.17), we will neglect Φo and ~vs. The former is
again universal for all GWs and, in the cosmic rest frame, the latter is suppressed by the factor
of (wavelength)/(horizon size), which we assumed to be ≫ 1 at the sourcing time. Moreover, we
will in the following neglect the effect of the observer’s velocity ~vo. In the case of the CMB, this
term (describing the motion of the observer with respect to the cosmic rest frame) gives rise to the
observed CMB dipole with |~vo| ∼ 10−3. Here we assume that when relevant, the angular resolution
of future GW detectors will be sufficient to isolate this dipole contribution [30,31].

Now, the relevant terms are

∆lnA(1) ≃ −Ψs −
1

2
Φs , (3.18)

∆lnf (1) ≃ 1

2
Φs +

∫ λo

λs

dλ ∂τ (Φ + Ψ) . (3.19)

We impose Φ = Ψ, assuming that the anisotropic stress is negligible. We also recall that the small-
scale scalar perturbations in question enter the horizon during the radiation-dominated epoch.
Then the time evolution of the scalar field is given by [32]

Φ(τ,~k) = Ψ(τ,~k) =
2

3
Rpr(~k)T (kτ) , T (kτ) =

9

k2τ2

[

sin(kτ/
√
3)

kτ/
√
3

− cos(kτ/
√
3)

]

, (3.20)

and Rpr(~k) = R(τpr, ~k) is the curvature perturbation outside the horizon. We assume that the
scalar perturbations Φ and Ψ originate from the Gaussian primordial curvature perturbation Rpr.
Its power spectrum is defined as

〈

R(~k)R∗(~k′)
〉

ens(s)
= (2π)3δ3(~k − ~k′)

2π2

k3
∆2

R(k) . (3.21)

Now, since ∆lnA and ∆lnf have a nonvanishing correlation, we rotate the basis to eliminate it:
(

∆lnA(1)

∆lnf (1)

)

=

(

c −s

s c

)(

∆1

∆2

)

, (3.22)
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with c ≡ cos θ and s ≡ sin θ, and θ is chosen so that ∆1 and ∆2 satisfy

〈∆1∆2〉ens(s) = 0 . (3.23)

This condition gives the value of θ in terms of the variances of ∆lnA(1) and ∆lnf (1). Numerically
we find θ ≃ −0.696, see App. A. Note that this number does not depend on any details of the scalar
or tensor power spectrum, but is an intrinsic property the GW propagation encoded in Eqs. (3.18)
and (3.19). After performing the Gaussian integrations with respect to ∆1 and ∆2, we find that
the GW spectrum is deformed by the kernel (see App. A),

K(f, f ′) ≃ 1√
2πσ2

[

1 + b (lnf − lnf ′)
]

e−
(lnf−lnf ′)2

2σ2 , (3.24)

as

∆
2(o)
h (f) =

∫

d lnf ′ ∆
2(s)
h (f ′) K(f, f ′) . (3.25)

In terms of the GW energy fraction, ΩGW ∝ f2∆2
h, we have

Ω
(o)
GW(f) =

∫

d lnf ′ Ω
(s)
GW(f ′) (f/f ′)2K(f, f ′) . (3.26)

Here the variance σ and linear coefficient b are given by

σ2 = s2σ2
1 + c2σ2

2 , b ≡ 2cs(σ2
1 − σ2

2)

s2σ2
1 + c2σ2

2

, σ2
1 =

〈

∆2
1

〉

, σ2
2 ≡

〈

∆2
2

〉

. (3.27)

Numerically we find

σ2 ≃ 0.91×
∫

d lnk ∆2
R , b ≃ −0.52 . (3.28)

We study implications of Eqs. (3.25) and (3.26) on the deformation of the GW spectrum. We
emphasize that to linear order in the scalar perturbations the results of this section, including
the numerical prefactors in Eq. (3.28) are generic consequences of the SW and ISW effects and in
particular apply (frequency bin by frequency bin) to any cosmological GW spectrum.

Note that since 〈Ψ〉 = 0 = 〈Φ〉, we expect the resulting deformation of ∆2
h and ΩGW to be

O(σ2). An exception to this occurs for initial GW spectra with a width smaller than σ, since
in this case the width of the observed spectrum is to leading order set by the induced frequency
change ∆lnf , and is consequently O(σ). See Sec. 5 for details.

4 Constraints on the curvature perturbations

As we saw in the previous section, the variance for the spectral broadening (3.28) is given by
the integrated scalar power spectrum. The latter is measured by the CMB at large scales and is
constrained by primordial black hole (PBH) bounds on smaller scales. In this section we review
the allowed parameter space for the scalar perturbations.

The present-day mass function of the PBH – the fraction of dark matter contained in PBH per
logarithmic bin of mass – can be parametrized as [19]

fPBH(M) ≡ 1

ρDM

dρPBH

d lnM
≈
(

β

6.6 · 10−9

)

( γ

0.2

)
1
2

(

106.75

g∗

)
1
4
(

M⊙

M

)
1
2

, (4.29)
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in which g∗ is the effective number of light degrees of freedom, ρDM is the energy density of dark
matter today and γ is the fraction of the horizon mass (at the time of PBH formation) which
collapsed into a BH,

M = γMH = γ

(

3H2

8πG

)(

4π

3
R3

Ha3
)

=
γ

2G
aRH . (4.30)

The last equality clearly displays the one-to-one relation between the PBH mass the comoving
horizon radius RH = 1/(aH). γ is analytically calculated to be 0.2 [33] and G denotes Newton’s
constant. Assuming a gaussian overdensity field δ = (ρ − ρ̄)/ρ̄, the fraction of the energy density
collapsed into PBHs at the time of formation, β, is given by ♦8

β(M) =

∫ ∞

δc

dδ√
2πσδ

eδ
2/2σ2

δ =
1

2
erfc

(

δc√
2σδ

)

, (4.31)

where δc is the critical density above which local overdensities collapse into black holes, measured
in simulations as 0.5 [34] and σδ is the variance of the overdensity field smoothed by the gaussian
filter W (k,RH) = exp

[

−(kRH)2/2
]

defined as♦9

σ2
δ (RH) =

∫ ∞

0
d ln kW 2(k,RH)∆2

δ(k) , (4.32)

with ∆2
δ(k) being the power spectrum of the overdensity, defined analogously to equation (3.21).

One can relate the matter fluctuations with the curvature perturbations through the Poisson equa-
tion

∆2
δ(k) =

(

4k2

9a2H2

)2

∆2
R(k) . (4.33)

Note that, taking all of this together, the PBH fraction in Eq. (4.29) or (4.31) depends exponentially
on the amplitude of fluctuations ∆2

R.
Now we proceed to calculating the bounds for two types of initial conditions for ∆2

R: one
monochromatic, defined as a Dirac delta at a scale k∗ and one scale invariant spectrum in an
interval [kmin, kmax]. To translate the constraints from fPBH(M) to the amplitude of the primordial
spectrum (As and k∗ for the monochromatic and Aθ and kmax/kmin for the scale invariant case, as
defined below), we follow [37] and use the criteria

∫

d lnM
fPBH(M)

fobs(M)
≤ 1 , (4.34)

with fobs being the observational constraints, which we extracted from [37].

♦8fPBH, the fraction of PBH today, is simply a rescaling of β. The M−1/2 dependence in Eq. (4.29) takes into
account the fact that PBH density scales as matter, whereas the total energy density is diluted as radiation.

♦9There are several points regarding the need for a filter. First, δ(x) is implemented as a random field, which
is neither continuous nor differentiable [35, 36]. Second, once we are dealing with scale dependent initial curvature
perturbations, the variance of the overdensity will depend on the perturbation mode entering the horizon. In that
sense, the filter ensures the correct probability density function for the field on the horizon scales. For a detailed
discussion about the need of a filter, see [36]. Ref. [36] also highlights that an additional filtering at scales outside
the horizon is needed, which is beyond the scope of the present work.
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Figure 3: Exemplary spectra of primordial black holes. Left panel: fraction of energy β collapsed into PBHs at the
time of formation. For the monochromatic initial condition (with As = 0.033, k∗ = 2 × 1012 Mpc−1) β is strongly
peaked; for a Heaviside initial condition (Aθ = 0.033, kmin = 105 Mpc−1 and kmax/kmin = 1010) it is scale invariant
in between the threshold masses. Right panel: present fraction of PBH fPBH. For the PBH constraints, we use [37]
(with HSC constraints cut following [38]). For the supernovae bounds (SN) we used [39] and we also included LIGO
O2 constraints from [40]. The dotted curve displays the expected LIGO O5 [41] bound, while the gray hatched band
is the expected bound by LISA [42].

Monochromatic Gaussian scalar fluctuations

Monochromatic PBHs are generated by a Dirac delta function

∆2
R(k) = Ask∗δ (k − k∗) , (4.35)

for which it is possible to calculate the variance of the overdensity field at a scale RH analytically
through Eq. (4.32) as♦10

σ2
δ (RH) =

16

81
Ask

4
∗R

4
H exp

[

− (k∗RH)2
]

. (4.36)

For this case, the variance of the kernel smearing the GW spectrum, see Eq. (3.28), is

σ2 ≃ 0.91As . (4.37)

Notice that while σ2
δ denotes the variance of the density field, σ2 with no subscript refers to the

broadening of the GW spectrum due to line-of-sight distortions.

Extended mass PBH mass function / scale invariant scalar fluctuations

As a second exemplary case, we consider a scale invariant curvature perturbation spectrum within
an interval [kmin, kmax]

∆2
R(k) = Aθ Θ(k − kmin)Θ (kmax − k) . (4.38)

This yields for the variance of the overdensity field at a scale RH

σ2
δ (RH) =

16

81

Aθ

2

(

e−k2minR
2
H (1 + k2minR

2
H)− e−k2maxR

2
H (1 + k2maxR

2
H)
)

. (4.39)

♦10Notice that even though the initial condition is a Dirac delta, the filter effect leads to a gaussian variance. The
choice of the filter of course introduces an additional uncertainty in the prediction. Different filter effects in the PBH
constraints are discussed in [35].
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Figure 4: Constraints on the amplitude of the primordial curvature power spectrum ∆2
R and on the resulting

smearing of the GW power spectrum induced by the (integrated) Sachs-Wolfe effect, encoded in the width of the
smearing kernel σ2. Left panel: monochromatic primordial curvature power spectrum peaked at k∗. Right panel:
Extended primordial curvature power spectrum between kmin and kmax with kmin fixed to 105 Mpc−1.

For this case, the variance of the kernel smearing the GW spectrum is given by

σ2 = 0.91Aθ ln (kmax/kmin) . (4.40)

In the left panel of Fig. 3, we display the fraction β of energy density that collapsed into
PBH calculated through Eq. (4.31) for both the Heaviside and delta function initial conditions.
In the right panel, we display the PBH dark matter fraction today as predicted by both models,
together with different PBH bounds. For both plots we chose the parameter examples As =
0.033, k∗ = 2 × 1012 Mpc−1 for the monochromatic case and Aθ = 0.033, kmin = 105 Mpc−1 and
kmax/kmin = 1010 for the Heaviside case.

In order to translate the constraints on fPBH to the parameter space of our two exemplary
models, we use equation (4.34). In the left panel of Figure 4, we explore the parameter space
{As, k∗} for the delta function initial condition. In the right panel, we explore the parameter
space {As, kmax/kmin} for the Heaviside spectrum fixing kmin = 105 Mpc−1 (this corresponds to
the minimal value that is not constrained by µ distortions [42]).♦11 The solid blue line indicates
when the PBH abundance coincides with 100% of the dark matter (above this the overproduction
of PBHs overcloses the Universe), the red shaded region shows the bounds on fPBH from the right
panel of Fig. 3. The exponential sensitivity of PBH production on the amplitude of the scalar
perturbations leads to a nearly scale-invariant bound on As and Aθ, well approximated by the
overclosure bound.

In both panels we display contour lines for σ2, characterizing the broadening of the initial GW
spectrum, which is given by equations (4.37) and (4.40). We can see that for the monochromatic
initial condition with k⋆ = [105, 1015] Mpc−1, we can find the maximum smearing effect in the
range σ2 = [0.031, 0.060]. For the extended configuration with kmax/kmin = [101, 109], the max-
imum smearing can reach values in the range σ2 = [0.14, 0.66]. For reference, the vertical green
line indicates when the frequency of the scalar perturbations extends to the frequency of the peak
sensitivity of LISA, kLISA = 2πfLISA = 2 · 1012 Mpc−1. For GW spectra probed by LISA, the

♦11Notice that our constraints based on the mass function (4.29) are slightly different than Ref. [42], which uses
different definition for fPBH. Their definition is based on Ref. [43], which considers corrections due to large fluctuations
in density. Notice that this change does not lead to any significant differences in σ.
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geometrical optics limit restricts our analysis to scalar perturbation spectra with wavenumbers
well below this value. We note that within the geometric optics limit, the relevance of the maxi-
mally possible smearing of the spectrum increases logarithmically with the frequency of the GW
experiment. E.g., for the LIGO experiment, the sensitivity peak is at kLIGO = 2 · 1016 Mpc−1.

It is important to note that for this analysis we used the linear theory. Recently, Ref. [36] found
that using non-linear calculations for the BH collapse, the PBH bounds on ∆2

R can be improved
by one order of magnitude. From Eq. (3.28) , we see that this would reduce the maximally allowed
value of σ2 by an order of magnitude. Furthermore we note that larger values of σ2 are possible if
there is entropy injection from a hidden sector after the spectral deformation has occurred, diluting
both GWs and PBHs. In the following, we will thus illustrate the impact of the (integrated)
Sachs-Wolfe effect on some exemplary GW spectra for different values of σ2.

5 Observational implications

In this section we discuss observational implications of the spectral deformation of the GW spec-
trum. We first discuss the deformation of a spiky spectrum (localized much more than σ in
logarithmic frequency), and then discuss a broad spectrum.

5.1 Spiky spectrum

We first consider the limiting case in which the original GW spectrum is spiky. This serves as a toy-
model to illustrate the maximal possible effect of the smearing kernel in Eq. (3.26), though concrete
models with such spectra have been proposed [15, 44, 45].♦12 This also helps us understand how
the frequency reshuffling occurs for each frequency bin. We model the spectrum with the Gaussian
shape

∆
2(s)
h (f) =

∆2
h,∗√
2πε2

exp

[

−(lnf − lnf∗)
2

2ε2

]

. (5.1)

This spectrum reduces to the δ function in ε → 0 limit. The resulting ∆
2(o)
h from Eq. (3.25) becomes

∆
2(o)
h (f) =

∆2
h,∗

√

2π(ε2 + σ2)

[

1 +
σ2

ε2 + σ2
b (lnf − lnf∗)

]

exp

[

−(lnf − lnf∗)
2

2(ε2 + σ2)

]

. (5.2)

We plot the resulting distortion of the spectrum in Fig. 5 for the two limiting cases ǫ ≪ σ and
ǫ ≫ σ. To quantify the distortion, we consider the width, the maximal value and the bias of the
spectrum. Comparing Eqs. (5.1) and (5.2), the width characterizing the horizontal broadening of
the spectrum changes as ǫ 7→

√
ǫ2 + σ2 while the decrease in the maximal amplitude, describing the

leakage of the central frequency bin into the neighbouring frequency bins, is given by 1/
√
2πǫ2 7→

1/
√

2π(ǫ2 + σ2). The respective relative changes are thus

max. amplitude, width:

√

ǫ2

ǫ2 + σ2
≃
{

ǫ/σ for ǫ ≪ σ

1− σ2/(2ǫ) for ǫ ≫ σ
, (5.3)

♦12In these works on GWs induced by larger scalar perturbations a sizable GW spectrum is necessarily accompanied
by enhanced scalar perturbations of the same length scale. Accounting for these scalar perturbations would require
an analysis beyond the geometrical optics limit, which is beyond the scope of this paper.
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Figure 5: Comparison of the spectral deformation calculated in Eq. (5.2) for ε ≪ σ and ε ≫ σ. The solid blue lines
are the original spectrum (5.1), while the dotted red lines are the deformed one (5.2). We fix σ2 = 0.01, and take
ε2 = 0.001 and 0.1 for the peaked and broad Gaussians, respectively.

illustrating that significant changes only occur for σ > ǫ. To quantify the bias, we evaluate the
second term in the square brackets of Eq. (5.2) at | lnf− lnf∗| ≃

√
σ2 + ǫ2, i.e. around the transition

to the Gaussian tail. This yields

bias:
bσ2

√
ǫ2 + σ2

≃ b×
{

σ for ǫ ≪ σ

σ2/ǫ for ǫ ≫ σ
. (5.4)

Therefore the spectral deformation is O(σ) for a sufficiently localized spectrum (ε . σ) (in the
sense that the relative changes in the width, maximal amplitude and bias are all linear in σ), while
we need a more careful analysis for a broad spectrum ε ≫ σ, as we will see in Sec. 5.2.

Fig. 6 illustrates the distortion (left panel) and the bias towards lower frequencies (right panel)
for ǫ → 0 for different values of

∫

d lnk∆2
R. In agreement with the discussion above, we observe a

spectral broadening and a bias of order σ ∼
√

∫

d lnk∆2
R. We note that the spectral deformation

is O(10)% in the horizontal direction for the maximal value of
∫

d lnk∆2
R allowed by the PBH

constraint,
∫

d lnk∆2
R . 0.4.

We also comment on the frequency resolution of GW detectors. The maximal frequency resolu-
tion of a GW detector is given by its observation period T as ∆fbin = 1/T . An observation period
of one year thus yields ∆fbin ≃ 3 · 10−8 Hz. Technical requirements may enforce cutting the data
stream into shorter chunks, e.g. a day would correspondingly yield ∆fbin ≃ 10−5 Hz. We conclude
that for GWs with f & mHz, the detector resolution is not a fundamental obstacle.

5.2 Broad spectrum

In a realistic setup, we expect a broader spectrum than the one discussed in the previous subsection.
Such a broad GW spectrum can arise for example from cosmic inflation, cosmic strings, preheating
or a first-order phase transition, see Ref. [2] for a review.

As we saw in the previous subsection, our deformation kernel (3.24) leads to a reshuffling of the

frequency with variance σ ∼
√

∫

d lnk∆2
R for each logarithmic frequency bin. However, in the case
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Figure 6: Spectral deformation of a spiky GW spectrum. Left panel: Original (solid blue) and broadened
(red) spectrum (with ε → 0). The dashed, dotted, and dot-dashed red lines are for

∫

d lnk∆2
R

= 0.001, 0.01,

and 0.1, respectively. Right panel: Asymmetry of the spectrum |∆2(o)
h

(f/f∗)−∆
2(o)
h

(f∗/f)| in the left panel

normalized by the height ∆
2(o)
h

(f = f∗).

of continuous GW spectra, the change in the spectrum for a fixed frequency is O(σ2). This can
be seen explicitly by e.g. considering a source spectrum approximated with the power law around
f = f∗

∆
2(s)
h (f) = ∆

2(s)
h,∗

(

f

f∗

)n

, (5.5)

for which the convolution with the smearing kernel gives

∆
2(o)
h (f) = ∆

2(s)
h,∗

(

f

f∗

)n

×
(

1− b nσ2
)

e
n2σ2

2 = ∆
2(s)
h (f)×

[

1 +O(σ2)
]

. (5.6)

This can be interpreted as a cancellation between the leakage from and into the fixed frequency
bin.

We can also see this in more generality from a careful inspection of Eq. (3.9). Let us decompose
the changes in the amplitude and frequency into different orders in the scalar perturbations

∆lnA = ∆lnA(1) +∆lnA(2) + · · · , (5.7)

∆lnf = ∆lnf (1) +∆lnf (2) + · · · , (5.8)

where the superscript (i) denotes i-th order in the scalar modes. For a broad spectrum we can
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expand the observed spectrum as

∆
2(o)
h (lnf) =

〈

e2∆lnA∆
2(s)
h (lnf −∆lnf)

〉

ens(s)

=
〈(

1 + 2∆lnA(1)
)

∆
2(s)
h

(

lnf −∆lnf (1)
)〉

ens(s)
(5.9)

+

〈

2
(

∆lnA(1)
)2

+ 2∆lnA(2)

〉

ens(s)

∆
2(s)
h (lnf) (5.10)

+
〈

∆
2(s)
h

(

lnf −∆lnf (2)
)〉

ens(s)
−∆

2(s)
h (lnf) (5.11)

+O(σ3) . (5.12)

We have discussed the effect of the term (5.9) and seen that its effect can be written in a simple
form involving a linearly biased Gaussian kernel with a clear physical interpretation. This term

gives a dominant frequency reshuffling of order σ ∼
√

∫

d lnk∆2
R (as seen from ∆lnf (1) in the

argument) compared to the second term (5.10) (which just gives an overall shift in amplitude) and
the third term (5.11) (which induces O(σ2) frequency reshuffling). This is why the term (5.9) gives
the dominant effect when the source spectrum is localized within σ in logarithmic frequency, as we
saw in the previous subsection. However, since

〈

∆lnA(1)
〉

ens(s)
= 0 =

〈

∆lnf (1)
〉

ens(s)
, the change in

∆2
h for a fixed observed frequency induced by the term (5.9) starts from second order in σ, which

is the same order induced by the terms (5.10) and (5.11). Therefore, we need to take account of
second order contributions in ∆lnA and ∆lnf in order to fully pin down the shape of the deformed
spectrum.

With this said, it is also true that there is no a priori reason for the three terms (5.9)–(5.11)
to cancel out. Therefore, to give an impression of the expected magnitude of the distortion, we
show the deformation of a broad spectrum, calculated from the kernel (3.24), in Fig. 7. The source
spectrum is chosen as

∆
2(s)
h (f) =

∆
2(s)
h,∗

(f/f∗)−nL + (f/f∗)−nH
∝ ∆

2(s)
h,∗ ×

{

(f/f∗)
nL (f ≪ f∗)

(f/f∗)
nH (f ≫ f∗)

. (5.13)

This spectrum has spectral indices nL and nH for low and high frequencies, respectively. We
take (nL, nH) = (1,−3) as an example (which arises e.g. from bubble collisions with thin-wall and
envelope approximations [46–51] in first-order phase transitions). However, we emphasize that all
the second order contributions in ∆lnA and ∆lnf must be taken into account in order to accurately
quantify the deformation.

6 Discussion and conclusions

In this paper we point out the impact of density perturbations on the isotropic component of a
stochastic gravitational wave background sourced at cosmological distances. With special emphasis
on the Sachs-Wolfe effect and the integrated Sachs-Wolfe effect, we show that the linearized scalar
perturbations at the sourcing time and along the line-of-sight modify the amplitude and frequency
of the propagating GW in a correlated way. Consequently, we can estimate the observed GW
spectrum by the convolution of the primordial GW spectrum with a linearly biased Gaussian
kernel. The variance of this kernel function is determined by the integrated scalar power spectrum,
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Figure 7: Deformation of the source spectrum (5.13) with (nL, nH) = (1,−3) calculated from the kernel
(3.24). The dashed, dotted, and dot-dashed red lines are for
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= 0.01, 0.05, and 0.1, respectively.
Note however that we need to take account of second order terms in the scalar perturbations appearing in
amplitude and frequency changes. See the discussion in Sec. 5.2.

σ2 ≃
∫

d lnk∆2
R, whereas the bias encodes the correlation between frequency and amplitude changes

and is fully determined by propagation equation for the GW and the background geometry.
Equipped with this result, we can immediately quantify the impact on narrow spectra (whose

width in logarithmic frequency is small compared to σ). For a scale invariant scalar power spectrum
normalized to the measured value at CMB scales, the effect is negligibly small. A strong enhance-
ment of the scalar power spectrum on small scales, poorly constrained by current observations,
can however leave a significant trace in the observed GW spectrum. Extending these result to
broader spectra, we give an estimate of the expected magnitude of the deformation, but argue that
a quantitative calculation requires the inclusion of higher order corrections (in terms of the scalar
perturbations) in the GW propagation, which is beyond the scope of this paper. The reason for
this obstacle is that to O(σ), a frequency reshuffling within an approximately flat spectrum does
not alter its shape. This immediately implies that distortion effects will be suppressed by a factor
of O(σ2) for broad spectra.

Our results are particularly relevant for future detectors while simultaneously demonstrating
that such a distortion will be negligibly small for the initial discovery of the SGWB, expected
in the near future. A precise determination of the spectral shape of the SGWB will, at best,
be achievable with the next generation of GW detectors. The high frequency band, i.e. Hz and
beyond, is particularly relevant for early cosmological sources, entailing a long time of propagation
during which scalar perturbations on many different scales enter the horizon. If not appropriately
considered, sizable propagation effects could then lead to an incorrect reconstruction of the model
parameters within a given cosmological model. We note that quite often, cosmological models
which produce sizable tensor fluctuations also simultaneously produce sizable scalar fluctuations,
which consequently will deform the GW spectrum. Typically these two types of fluctuations have
a similar frequency, and their interaction can hence not be analyzed in the geometrical optics limit.
We hope that our results trigger further investigation in this direction.

The analysis presented here is subject to several simplifying assumptions. Most importantly,
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our analysis only includes corrections to the amplitude and frequency of propagating GWs to
linear order in the scalar perturbations, and we also insist on a separation of scales between the
GW frequency and the scalar perturbations. Moreover, we restricted ourselves to Gaussian scalar
perturbations and neglected the Doppler contribution. In this sense, the present work should be
seen as a proof of principle of the distortion of GW spectra by density perturbations, leaving several
interesting open avenues to refine in the future.
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A Derivation of the spectral deformation

In this appendix we derive Eq. (2.2), describing the deformation of the GW spectrum. Our as-
sumptions are

• FRW background with vanishing spatial curvature.

• adiabatic perturbations.

• separation of scales between the horizon size at the GW “sourcing time” (in the sense used in
the main text, that is, the time when they become sufficiently sub-horizon) and the typical
wavelength of the scalar mode (see Figs. 1 and 2).

• negligible anisotropic stress.

We also assume that the cosmic fluid consists of a single radiation component in order to simplify
the calculation. With these assumptions, we calculate the effect of the long-wavelength scalar
modes on the propagation of the short-wavelength GWs. We regard the latter as infinitesimal,
while we treat the former to be finite and calculate its effect at the linear order.

In the following, we first derive a general relation between the GW spectrum at the sourcing and
the observation time slices, and then study the changes in GW amplitude and frequency induced
by linear order terms in scalar modes.

A.1 GW spectrum

We define the frequency and amplitude of GWs following Refs. [24, 25]. We decompose the metric
ds2 = gµνdx

µdxν as

gµν = ḡµν + hµν , (A.1)

where ḡµν is the background metric including the scalar perturbations. From the assumptions stated
above, ḡµν is a slowly varying function of spacetime compared to hµν . To extract the two tensor
degrees of freedom of the GW, we take the Lorenz gauge ∇ν h̃

µν = 0 with h̃µν ≡ hµν − ḡµνh/2
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and h ≡ hµµ, where the indices are raised and lowered using ḡµν . We then take the traceless part
h̃ ≡ h̃µµ = 0 (implying h = 0 and h̃µν = hµν). We may further impose h̃µ0 = 0 to fix the gauge
completely (though we do not necessarily have to). Now, along the line of sight from the observer,
we decompose the GWs hµν as

hµν(f, n̂) =
∑

λ=+,×

h(λ)(f, n̂)e(λ)µν (n̂) =
∑

λ=+,×

A(λ)(f, n̂)eiφ
(λ)(f,n̂)e(λ)µν (n̂) . (A.2)

with the polarization tensor e
(λ)
µν normalized as e

(λ)
µν e(λ

′)µν = δλλ′ . Here the unit vector n̂ specifies
the line-of-sight direction, and f denotes the frequency of the GWs. In this expression the label
for time is implicit: we consider the sourcing time (s) or observation time (o) in the following. The
real functions A(λ) and φ(λ) give the amplitude and phase for the polarization λ. In the following
we omit the label (λ) for simplicity.

We next derive the relation between the GW spectrum at the sourcing and observation time
slices. Let us define the changes in the logarithmic amplitude and frequency ∆lnA and ∆lnf as
(see App. A.2 for a precise definition of the sourcing time slice)

∆lnA ≡ ln(aoAo/asAs) , (A.3)

∆lnf ≡ ln(aofo/asfs) . (A.4)

In the following we omit the scale factor whenever the redshift in FRW background is trivial. From
Eq. (3.2), GWs at the two time slices are related as

ho (fo, n̂o) f
2
odfo = e∆lnA hs (fs, n̂s) f

2
s dfs , (A.5)

where the frequencies fo and fs are related as fo = e∆lnffs. The propagation directions n̂o and n̂s

are also related (via lensing) as n̂o = n̂s +∆n̂. As a result, we have

〈

ho(f, n̂)h
∗
o(f

′, n̂′)
〉

ens(s,t)

=
〈

e∆lnA e∆lnA′

e−3∆lnf e−3∆lnf ′

×
〈

hs

(

e−∆lnff, n̂−∆n̂
)

h∗s

(

e−∆lnf ′

f ′, n̂′ −∆n̂′
)〉

ens(t)

〉

ens(s)

=
〈

e2∆lnA e−6∆lnf

×
〈

hs

(

e−∆lnff, n̂−∆n̂
)

h∗s

(

e−∆lnff ′, n̂′ −∆n̂′
)〉

ens(t)

〉

ens(s)

. (A.6)

Here 〈· · · 〉ens(s) and 〈· · · 〉ens(t) denote the scalar and tensor ensemble averages, respectively. We
assume that both averages are independent. In the first equality ∆lnA = ∆lnA(n̂, {Rpr}) and
∆lnA′ = ∆lnA(n̂′, {Rpr}) are understood. In the second equality we replaced n̂′ with n̂ except
where δ2(n̂, n̂′) appears later. From Eqs. (3.4) and (3.6) we can relate the ensemble average to the
GW power spectrum as

〈

ho(f, n̂)h
∗
o(f

′, n̂′)
〉

ens(s,t)
∝ 1

f5
δ(f − f ′) δ2(n̂, n̂′) ∆

2(o)
h (f) , (A.7)

〈

hs(f
′′, n̂−∆n̂)h∗s (f

′′′, n̂′ −∆n̂′)
〉

ens(t)
∝ 1

f ′′5
δ(f ′′ − f ′′′) δ2(n̂, n̂′) ∆

2(s)
h (f ′′) . (A.8)
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Therefore, taking into account the scaling dimensions of the delta function in frequency space, the
overall factor of e−6∆lnf in Eq. (A.6) cancels out when we write the deformation in terms of the
power spectrum:

∆
2(o)
h (f) =

〈

e2∆lnA∆
2(s)
h

(

e−∆lnff
)〉

ens(s)
. (A.9)

Now, since the changes in the amplitude and frequency come from the scalar perturbations at
the intermediate scales, we can expand ∆lnA and ∆lnf as

∆lnA = ∆lnA(1) +∆lnA(2) + · · · , (A.10)

∆lnf = ∆lnf (1) +∆lnf (2) + · · · , (A.11)

with the superscript (i) denoting i-th order in the scalar perturbations. These quantities denote
changes along the line of sight of the propagating GW, but we can safely replace them with the
scalar ensemble average, as we see below. In this paper we study the effect of first order terms
∆lnA(1) and ∆lnf (1) on the deformation of the GW spectrum. With a slight abuse of notation,
∆2

h(lnf) = ∆2
h(f), to simplify expressions below, we study the implications of the equation

∆
2(o)
h (lnf) ≃

〈(

1 + 2∆lnA(1)
)

∆
2(s)
h

(

lnf −∆lnf (1)
)〉

ens(s)
. (A.12)

For a monochromatic GW spectrum or for each individual frequency bin of a broader spectrum,
this expression accurately describes the deformation. See Sec. 5 for the discussion on the effect of
the ∆lnA(2) and ∆lnf (2) terms.

We derive Eq. (3.24) for the Gaussian kernel from Eq. (A.12). Our derivation proceeds in two
steps. We first identify the GW spectra typically computed in the literature (calculated assuming
a flat, homogeneous FRW Universe) as the one on the constant-time hypersurface in so-called
comoving [52] or velocity-orthogonal isotropic [53] gauge (hereafter called comoving gauge), and
calculate the changes in the GW frequency and amplitude when we move from this gauge to
the conformal Newtonian gauge (step 1 in Fig. 8, subscript “init” below). We start from the
former gauge because the density fluctuation vanishes and the fluid proper time coincides with the
coordinate time in the large scale limit. This procedure basically follows the derivation of the SW
effect in Ref. [29]. We then calculate the propagation effect from the initial to the final hypersurface
in the conformal Newtonian gauge (step 2 in Fig. 8, subscript “prop” below). We use the results
of Ref. [3] on the frequency and amplitude change for GWs from point sources.

A.2 Step 1: GW spectrum at the sourcing time

This subsection closely follows Ref. [29], in which the SW effect is derived by moving from the
comoving gauge to the conformal Newtonian gauge. The former is defined by the conditions B = v
and HT = 0 in the general decomposition of the metric

ḡµνdx
µdxν = a2

[

−(1 + 2A)dτ2 − Bidτdx
i + [(1 + 2HL)γij + 2HT ij ] dx

idxj
]

, (A.13)

and the energy-momentum tensor

T 0
0 = −(ρ+ δρ) , T 0

i = −(ρ+ p)(vi − Bi) , T i
0 = (ρ+ p)vi , T i

j = (p+ δp)δi j + pΠi
j .

(A.14)
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Figure 8: The two steps in the derivation of the deformation equation.

Here dτ ≡ adt is the conformal time, and all the three-quantities are raised and lowered with
the spatial metric γij , which is equal to δij in our setup. Also, the scalar components are de-

fined like A ⊃ A(~k)Q(0)(~k), Bi ⊃ B(~k)Q(0)
i (~k), HT ij ⊃ HT (~k)Q

(0)
ij (~k) and so on using the di-

mensionless eigenfunctions defined through (γij∇i∇j − k2)Q(0) = 0, Q
(0)
i = −(∇i/k)Q

(0), and

Q
(0)
ij = (∇i∇j/k

2 + γij/3)Q
(0) with k2 ≡ kik

i.
Useful properties of this gauge are (1) the density fluctuation δρ (and thus δp) vanishes in the

k → 0 limit, and (2) the proper time of the fluid coincides with the coordinate time in the k → 0
limit. Indeed, the Poisson equation

k2HL + kHB = 4πGδρ , (A.15)

gives δρ → 0 for k → 0 with H being the Hubble parameter. Also, the Euler equation

(ρ+ p)A = −δp+
2

3
pΠ , (A.16)

givesA → 0 for k → 0 in the absence of the anisotropic stress Π. Therefore, we identify the standard
GW spectrum, derived in the FRW background, as the one at the constant-time hypersurface in
this comoving gauge.

Now let us see how the GW frequency and amplitude change when we move to the confor-
mal Newtonian gauge. Since in our setup the Newtonian potential is effectively constant inside
each Hubble patch at the sourcing time, the relation between the time variables in the conformal
Newtonian (CN) and the comoving (com) gauges is given by

dtcom = (1 + Φs)dtCN → tcom = (1 + Φs)tCN . (A.17)

Note that this relation applies at a fixed spacetime point. This means that temperature fluctuations
exist on the equal-time hypersurface in the conformal Newtonian gauge. Using a ∝ t1/2 in radiation
domination, and also using the fact that GWs redshift as a radiation component, we have

(∆lnA(1))init ≡ [lnAs,CN − lnAs,com]
(1) = −1

2
Φs , (A.18)

(∆lnf (1))init ≡ [lnfs,CN − lnfs,com]
(1) = −1

2
Φs , (A.19)
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on the initial conformal Newtonian hypersurface.♦13

A.3 Step 2: Evolution from the sourcing time to the observation time

In this subsection, we discuss how perturbations affect the GW propagation through the (I)SW
effect and through lensing. This subsection closely follows Refs. [3, 24].

Adopting the geometric optics limit, we decompose h into the amplitude A and the phase φ as
in Eq. (A.2). The GW wave vector kµ is a vector normal to surfaces of constant phase

kµ = ∇µφ . (A.20)

Then the equation of motion for the GWs gives kµk
µ = 0. We introduce an integration curve

parametrized by l as

dxµ

dl
= kµ , (A.21)

then l becomes an affine parameter because ∇ν(kµk
µ) = 2(∇νkµ)k

µ = 2kµ(∇µkν) = 0 implies
dkν/dl = 0. Next we use the fact that null geodesics with the background metric ḡµν with the
affine parameter l are the same as the ones with the rescaled metric ˜̄gµν ≡ ḡµν/a

2 with the affine
parameter dλ = dl/a and the wave vector k̃µ = a2kµ. Writing the derivative with respect to λ as
dλ ≡ d/dλ = akµ∇µ, we have

1

a
dλ lnA

(1) = −1

2
∇ak

a . (A.22)

We expand the rescaled wave vector k̃µ in terms of the scalar perturbations

k̃µ(λ) = k̃(0)µ(λ) + k̃(1)µ(λ) , (A.23)

and take k̃(0)0 = 1 unit in the following, since we are interested only in the fractional shift in the
frequency. The zeroth-order solution is just a constant propagation in the line-of-sight direction n̂
with k̃(0)µ = (1,−ni), and the first-order solution is given by the geodesic equation

dλk̃
(1)µ + Γ̃(1)µ

νρ k̃(0)ν k̃(0)ρ = 0 . (A.24)

Adopting the conformal Newtonian gauge as in Eq. (3.11), we have the following expressions for
the connection

Γ̃
(1)0
00 = Φ′ , Γ̃

(1)0
0i = ∂iΦ , Γ̃

(1)i
00 = ∂iΦ , (A.25)

Γ̃
(1)0
ij = −Ψ′δij , Γ̃

(1)i
0j = −Ψ′δij , Γ̃

(1)i
jk =

(

δjk∂
i − δij∂k − δik∂j

)

Ψ , (A.26)

where the prime denotes the conformal time derivative. Denoting k̃
(1)i
‖ = ninj k̃

(1)j and k̃
(1)i
⊥ =

(δi j −ninj)k̃
(1)j ≡ ⊥i

j k̃
(1)j , and also noticing that dλΦ = Φ′+ni∂iΦ at the unperturbed level (this

is enough since other terms are already first order in perturbations), we find for the temporal and
spatial parts of Eq. (A.24)

dλk̃
(1)0 = −2dλΦ+ (Φ′ +Ψ′) , (A.27)

dλk̃
(1)i
‖ =

[

dλ(−Φ+Ψ) + (Φ′ +Ψ′)
]

ni , (A.28)

dλk̃
(1)i
⊥ = −⊥i

j∂
j(Φ + Ψ) . (A.29)

♦13 Note that “s,com” and “s,CN” refer to different points along the time direction.
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Integrating along the line-of-sight, we obtain

k̃(1)0(λ) = −2Φ|λλs
− (Φ + Ψ)|λs +

∫ λ

λs

dλ′ (Φ′ +Ψ′) , (A.30)

k̃
(1)i
‖ (λ) =

[

(−Φ+Ψ)|λλs
+

∫ λ

λs

dλ′ (Φ′ +Ψ′)

]

ni , (A.31)

k̃
(1)i
⊥ (λ) = −⊥i

j

∫ λ

λs

dλ′ ∂j(Φ + Ψ) . (A.32)

Amplitude change. From Eq. (A.22), we have

dλ(∆ lnÃ(1))prop

= −1

2

[

∂τ k̃
(1)0 + ∂ik̃

(1)i
‖ + ∂ik̃

(1)i
⊥ + Γ(1)µ

µν k̃(0)ν
]

=
1

2
∂τ (Ψ + Φ)− 1

2
dλ

[

−2Ψ +

∫ λo

λs

dλ′ (Φ′ +Ψ′)

]

+
1

2
⊥ij

∫ λo

λs

dλ′ ∂i∂j(Φ + Ψ) . (A.33)

The tilde on (∆lnA(1))prop marks this as an auxiliary quantity, as we will be able to drop some of
these contributions in our final expression, see below. Integrating along the line-of-sight, we find

(∆ lnÃ(1))prop ≡ [ln(aoAo)− ln(asAs,CN)]
(1)

= (∆lnA(1))SW + (∆lnA(1))lens

= (Ψo −Ψs) +
1

2
⊥ij

∫ λo

λs

dλ

∫ λ

λs

dλ′ ∂i∂j(Φ + Ψ) . (A.34)

The first term can be identified as the Sachs-Wolfe contribution♦14 and the second as the gravita-
tional lensing term. Note that the ISW term has canceled out.

Next we argue that only (∆lnA(1))SW should be taken into account when discussing the am-
plitude change in the power spectrum of stochastic GWs. The lensing contribution (∆lnA(1))lens
simply comes from the change in the cross section of the light rays at the sourcing and observation
points. Indeed, parallel light rays with an infinitesimal area Ss converges to the area So given by

So = Ss ×
[

1 +

∫ λo

λs

dλ ∂ik̃
(1)i
⊥ (λ)

]

= Ss ×
[

1−⊥ij

∫ λo

λs

dλ

∫ λ

λs

dλ′ ∂i∂j(Φ + Ψ)

]

, (A.35)

at the leading order in the scalar perturbations. The lensing term (∆lnA(1))lens can be understood
as keeping (area)×(amplitude)2 constant. This effect is just a rearranging of the propagation
direction, and can be neglected when discussing the isotropic component of the stochastic GWs.
Therefore the amplitude change we need is

(∆lnA(1))prop = (∆lnA(1))SW = Ψo −Ψs . (A.36)

♦14 One may wonder why the amplitude decreases (∆lnA)SW = Ψo −Ψs < 0 when the GW escapes from a positive
Newtonian potential Φs = Ψs > 0 to the observer’s position Φo = Ψo = 0. Here, we have to be careful about
the normalization condition of the polarization tensor eµνe

µν = eije
ij = 1, which gives eij ∝ 1 − 2Ψ in our setup

(here we assumed the gauge condition hµ0 = 0). The combination Aeij increases from the source to the observer:
(∆lnAeij)SW = Ψs −Ψo.
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Frequency shift. We can calculate the frequency by contracting with the fluid velocity uµ =
(

1− Φ, vi
)

/a as

ω(λ) = 2πf(λ) = −uµkµ =
1

a

[

1 + n̂ · ~v − Φ|λλs
−Ψ|λs +

∫ λ

λs

dλ′ (Φ′ +Ψ′)

]

. (A.37)

Therefore, the logarithmic shift in the comoving frequency af is calculated as

(∆lnf (1))prop ≡ [ln(aofo)− ln(asfs,CN)]
(1)

= (∆lnf (1))Doppler + (∆lnf (1))SW + (∆lnf (1))ISW

= n̂ · (~vo − ~vs)− (Φo − Φs) +

∫ λo

λs

dλ ∂τ (Φ + Ψ) . (A.38)

A.4 Combining the two steps

Now we combine the two steps Eqs. (A.18) and (A.19), and Eqs. (A.36) and (A.38), to derive the
Gaussian kernel for the deformation of the power spectrum. From App. A.2 and A.3, we have

∆lnA(1) = [ln(aoAo)− ln(asAs,com)]
(1) = (∆lnA(1))init + (∆lnA(1))prop , (A.39)

∆lnf (1) = [ln(aofo)− ln(asfs,com)]
(1) = (∆lnf (1))init + (∆lnf (1))prop . (A.40)

The result for the SW term in ∆lnf (1) is in particular consistent with the results derived in Refs. [7,
12].

In the following we neglect the Doppler term and the scalar perturbations at the observer Φo

and Ψo, as explained in Sec. 2. We rewrite Eq. (A.12) using a δ-function as

∆
2(o)
h (f) ≃

∫

d lnf ′ ∆
2(s)
h (f ′)

×
〈(

1 + 2∆lnA(1) (n̂, {Rpr})
)

δ
(

lnf − lnf ′ −∆lnf (1) (n̂, {Rpr})
)〉

ens(s)
. (A.41)

The second line in Eq. (A.41) corresponds to the case with a δ-function source peaked around lnf ′:

∆
2(s)
h (lnf) = δ(lnf − lnf ′). We first calculate the deformation for this δ-function spectrum and

then substitute the result into Eq. (A.41).
To eliminate the correlations between the two variables ∆lnA(1) and ∆lnf (1), we perform a

change of basis using an orthogonal matrix:
(

∆lnA(1)

∆lnf (1)

)

=

(

c −s

s c

)(

∆1

∆2

)

, (A.42)

with c ≡ cos θ and s ≡ sin θ, and 0 ≤ θ < π is chosen so that ∆1 and ∆2 satisfy

〈∆1∆2〉ens(s) = 0 . (A.43)

This condition gives the value of θ in terms of the variances of ∆lnA(1) and ∆lnf (1):

tan 2θ =
2
〈

∆lnA(1) ∆lnf (1)
〉

ens(s)
〈

(∆lnA(1))2
〉

ens(s)
−
〈

(∆lnf (1))2
〉

ens(s)

. (A.44)
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We assume the curvature perturbation {Rpr} to be Gaussian. In this case, the scalar ensemble
average reduces to the Gaussian integrations with respect to ∆1 and ∆2. Defining the variances
σ2
1 ≡

〈

∆2
1

〉

ens(s)
and σ2

2 ≡
〈

∆2
2

〉

ens(s)
, the spectral deformation for the δ-function case is calculated

as
〈(

1 + 2∆lnA(1)
)

δ
(

lnf − lnf ′ −∆lnf (1)
)〉

ens(s)

=

∫

d∆1

∫

d∆2
e−∆2

1/2σ
2
1

√

2πσ2
1

e−∆2
2/2σ

2
2

√

2πσ2
2

(

1 + 2∆lnA(1)
)

δ
(

lnf − lnf ′ −∆lnf (1)
)

=
1

√

2π(s2σ2
1 + c2σ2

2)

[

1 +
2cs(σ2

1 − σ2
2)

s2σ2
1 + c2σ2

2

(lnf − lnf ′)

]

e
− 1

2
(lnf−lnf ′)2

s2σ2
1+c2σ2

2

≡ 1√
2πσ2

[

1 + b(lnf − lnf ′)
]

e−
(lnf−lnf ′)2

2σ2 , (A.45)

where

σ2 ≡ s2σ2
1 + c2σ2

2

(

=
〈

(∆lnf (1))2
〉

ens(s)

)

, (A.46)

b ≡ 2cs(σ2
1 − σ2

2)

s2σ2
1 + c2σ2

2

(

= 2

〈

∆lnA(1) ∆lnf (1)
〉

ens(s)
〈

(∆lnf (1))2
〉

ens(s)

)

. (A.47)

The final expression in Eq. (A.45) is instructive: The original δ-function localized at lnf ′ is smeared
by the last Gaussian factor, while the correlation between ∆lnA(1) and ∆lnf (1) introduces a linear
bias for the Gaussian. As a result, we obtain the following deformation equation

∆
2(o)
h (lnf) ≃

∫

d lnf ′ ∆
2(s)
h

(

lnf ′
)

× 1√
2πσ2

[

1 + b(lnf − lnf ′)
]

e−
(lnf−lnf ′)2

2σ2 . (A.48)

Finally we calculate the numerical values of θ, σ2
1 and σ2

2. We write ∆lnA(1) and ∆lnf (1) as

∆lnA(1) = ∆lnA(1)(n̂, {Rpr}) =
∫

k
Rpr(~k)A(~k, n̂) , (A.49)

∆lnf (1) = ∆lnf (1)(n̂, {Rpr}) =
∫

k
Rpr(~k)F(~k, n̂) , (A.50)

where
∫

k ≡
∫

d3k/(2π)3. From Eqs. (A.39)–(A.40), and from the transfer function [32]

Φ(τ,~k) = Ψ(τ,~k) =
2

3
T (kτ)Rpr(~k) , T (kτ) =

9

k2τ2

[

sin(kτ/
√
3)

kτ/
√
3

− cos(kτ/
√
3)

]

, (A.51)

we find that A and F have the following forms

A(~k, n̂) = −e−i(~k·n̂)(τo−τs) T (kτs) , (A.52)

F(~k, n̂) =
1

3
e−i(~k·n̂)(τo−τs) T (kτs) +

2

3

∫ τo

τs

dτ e−i(~k·n̂)(τo−τ)∂τT (kτ) , (A.53)
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where we used Φ = Ψ. Since kτs ≪ 1 ≪ kτo holds in our setup, A and F are simplified as

A(~k, n̂) ≃ −e−ick(kτo−kτs) , (A.54)

F(~k, n̂) ≃ e−ick(kτo−kτs)

[

1

3
+

2

3

∫ ∞

0
d(kτ) eick(kτ) T ′(kτ)

]

, (A.55)

with ck ≡ k̂ · n̂ ≡ (~k/k) · n̂. Note that the quantities in the square brackets depend only on ck.
Using these expressions, we numerically obtain

〈

(∆lnA(1))2
〉

ens(s)
≃ 1.00×

∫

d lnk ∆2
R , (A.56)

〈

∆lnA(1) ∆lnf (1)
〉

ens(s)
≃ −0.240×

∫

d lnk ∆2
R , (A.57)

〈

(∆lnf (1))2
〉

ens(s)
≃ 0.914×

∫

d lnk ∆2
R . (A.58)

As a result, the rotation angle θ is calculated as θ ≃ −0.696, and the variance σ and the linear bias
b in Eq. (A.48) become

σ2 ≃ 0.914×
∫

d lnk ∆2
R , b ≃ −0.524 . (A.59)
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