
REVISTA MEXICANA DE FÍSICA S53 (4) 51–55 AGOSTO 2007

Deformation quantization for fermionic fields
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The deformation quantization of any Grassmann free field, or fermionic free field, in particular, the Dirac free field is discussed. Stratonovich-
Weyl quantizer, Moyal product and Wigner functionals are obtained for this field by deforming suitable Fermi oscillator variables. In addition
the propagator of the Dirac field is computed in this context.
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Se discute la cuantización por deformacíon de un campo libre de Grassmann, o campo fermiónico libre; en particular, el formalismo es
aplicado al campo libre de Dirac. El cuantizador de Stratonovich-Weyl, el producto de Moyal y las funcionales de Wigner son obtenidos
para este campo, deformando las variables apropiadas del oscilador de Fermi. Además, el propagador del campo de Dirac es calculado en
este contexto.

Descriptores:Cuantizacíon por deformacíon; formalismo de Weyl-Wigner-Moyal; campo de Dirac.
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1. Introduction

The deformation quantization is an alternative and indepen-
dent formulation to the canonical quantization and the path
integral quantization in quantum mechanics. In this formal-
ism, the quantization is understood as a deformation of the
structure of the algebra of classical observables instead of a
radical change in the nature of them, said quantization is orig-
inated from the deformation of the usual product and there-
fore, as a deformation of the Lie algebra determined by the
Poisson bracket. The product deformed is called star product,
particularly we work with the Moyal product.

Since the mathematical point of view, the deformation
quantization is very well posed, nevertheless its application
to physical systems presents large difficulties.

The deformation quantization has been extensively stud-
ied for systems with a finite number degrees of freedom, and
is natural to be asked if is possible quantizer systems with an
infinite number of degrees of freedom, that besides be con-
sistent with the Lorentz invariance and with the gauge invari-
ance.

In this work we present the formalism of Weyl-Wigner-
Moyal for fermionic fields, and it is applied to Dirac field as
an example.

2. Deformation Quantization of Grassmann
Scalar Field

Consider a real scalar Grassmann field on the Minkowski
spacetimeMd+1 of signature(+,−,−, . . . ,−). By a Grass-
mann scalar field we will understand an smooth function
Θ over Md+1 and which takes values in thefield of (anti-
commuting) Grassmann numbersG, i.e., Θ is the mapΘ :
Md+1 → G. Canonical variables of this classical Grass-
mann field will be denoted byΘ(x, t) and πΘ(x, t) with

(x, t) ∈ Md+1 = Rd × R.
We deal with fields at the instantt = 0 and we denote

Θ(x, 0) ≡ Θ(x) andπΘ(x, 0) ≡ πΘ(x). It is worth to men-
tion that some of the functional formulas and their manipu-
lations are formal. It is also important to notice that since
we will deal with Grassmann variables all the computations
and results obtained are valid under the specified conventions
and ordering of factors given in this section. In this section
we study the deformation quantization of these Grassmann
fields, including: Stratonovich-Weyl quantizer, Moyal prod-
uct and Wigner functional [1–5].

2.1. The Stratonovich-Weyl Quantizer

Let F [πΘ, Θ] be a functional on the phase space
ZG ≡ {(πΘ,Θ)}. By analogy to quantum mechanics we
can establish the Weyl quantization rule as follows

F̂ = W (F [πΘ, Θ])

=
∫
D

( πΘ

2π~

)
DΘF [πΘ, Θ]Ω̂[πΘ, Θ], (1)

whereΩ̂ is the Stratonovich-Weyl quantizer (see Refs. [1])
and it is given by:

Ω̂[πΘ,Θ] =
∫
Dη exp

{
− i

~

∫
dxη(x)πΘ(x)

}

×
∣∣Θ +

η

2
〉〈

Θ− η

2

∣∣. (2)

One can check that this operator satisfies the following prop-
erties:

Tr
{
Ω̂[πΘ, Θ]

}
= 1,

Tr
{

Ω̂[πΘ, Θ]Ω̂[π′Θ,Θ′]
}

= δ[Θ−Θ′]δ[πΘ − π′Θ]. (3)
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If one multiplies Eq. 1 bŷΩ[πΘ, Θ] and takes into account
the Eq. 3 one easily gets

F [πΘ, Θ] = Tr
{

Ω̂[πΘ, Θ]F̂
}

. (4)

2.2. The Moyal Product

Now we are in a good position to define the Moyal prod-
uct [5–7] in a theory involving Grassmann scalar fields. Let
F = F [πΘ,Θ] andG = G[πΘ, Θ] be some functionals on
ZG that correspond to the field operatorŝF and Ĝ respec-
tively, i.e. F [πΘ, Θ] = W−1(F̂ ) = Tr

(
Ω̂[πΘ, Θ]F̂

)
and

G[πΘ,Θ] = W−1(Ĝ) = Tr
(
Ω̂[πΘ, Θ]Ĝ

)
. We want to find

the functional which corresponds to the operator productF̂ Ĝ
will be denoted by(F ? G)[πΘ, Θ]. So we have

(F ? G)[πΘ, Θ] := W−1(F̂ Ĝ) = Tr
{

Ω̂[πΘ, Θ]F̂ Ĝ

}
. (5)

Using Eqs. 1 and 5 and performing some simple calculations
one gets

(F ? G)[πΘ,Θ]=
∫
D( π′Θ

2π~
)D( π′′Θ

2π~
)DΘ′DΘ′′ F [π′Θ,Θ′]

× exp
{

2i

~

∫
dx

(
(Θ−Θ′)(πΘ − π′′Θ)

− (Θ−Θ′′)(πΘ − π′Θ)
)}

G[π′′Θ, Θ′′]. (6)

For future convenience let’s introduce new variables
Ψ′=Θ′−Θ, Ψ′′=Θ′′−Θ, Π′=π′Θ−πΘ, Π′′=π′′Θ−πΘ. Using
the expansion ofF [π′Θ, Θ′] = F [πΘ + Π′, Θ + Ψ′] and
G[π′′Θ,Θ′′] = G[πΘ +Π′′, Θ+Ψ′′] in Taylor series and after
some manipulations we obtain

(
F ? G

)
[πΘ, Θ] = F [πΘ,Θ] exp

{
i~
2

↔
PG

}
G[πΘ,Θ], (7)

where

↔
PG:= −(−1)εF εG

∫
dx

( ←
δ

δΘ(x)

→
δ

δπΘ(x)

+(−1)ε
F

ε
G

←
δ

δπΘ(x)

→
δ

δΘ(x)

)
. (8)

is the Poisson operator, which define the Poisson bracket for
two functionalsF andG given by

F
↔
PG G := {F, G}P

= −(−1)εF εG

∫
d3x

{
δF [πΘ, Θ]

δΘ(x)
δG[πΘ, Θ]
δπΘ(x)

+ (−1)ε
F

ε
G

δG[πΘ, Θ]
δΘ(x)

δF [πΘ, Θ]
δπΘ(x)

}
, (9)

with ε = 1, 0 depending if the corresponding functionalsF
andG are even or odd. This is precisely the super-Poisson
bracket reported in the literature [8–12].

This Poisson bracket is associated to the symplectic struc-
ture

ωG =
∫

Σ

dxδπΘ(x) ∧ δΘ(x),

which gives toZG the structure of a symplectic manifold.

2.3. The Wigner Functional

Let ρ̂ = |Φ〉〈Φ| be the density operator of a quantum state.
Then the Wigner functionalρ

W
[πΘ,Θ] corresponding to this

state according to 4, is given by [2–4,13]

ρ
W

[πΘ, Θ] =
∫
Dη exp

{
− i

~

∫
dx η(x)πΘ(x)

}

× Φ∗[Θ− η

2
]Φ[Θ +

η

2
]. (10)

3. Deformation Quantization of the Dirac Free
Field

The aim of this section is to provide an example of the appli-
cation of the deformation quantization of Grassmann fields to
the Dirac free field. In addition we compute the propagator
of the Dirac field in this context. We stress the uses of the os-
cillator variablesb∗ andb which allowed us to perform the
construction (for details, see for instance Ref. 14).

3.1. Dirac Free Field

In this section we discuss the Dirac free fieldψ(x) over
Minkowski spacetimeM = R3 × R with signature
(+,−,−,−) andx = (~x, t) ∈ M . The action is given by

ID[ψ] =
∫

d3xdtL(ψ(~x, t), ∂µψ(~x, t))

=
∫

d3xdtψ(~x, t)
(
i 6∂ −m

)
ψ(~x, t), (11)

where 6∂ = γµ∂µ, γµ are the Dirac matrices (µ = 0, . . . , 3),
ψ(x) ≡ ψ†(x)γ0 andm is the mass parameter. Thus, the
field ψ(x) fulfills the Dirac equation

(
i 6∂ −m

)
ψ(~x, t) = 0. (12)

Its conjugate momentum is given by

πψ(~x, t) =
∂L

∂(∂ψ̇)
= iψ†(~x, t),

whereψ̇(~x, t) ≡ ∂ψ(~x, t)/∂t. Then the hamiltonian can be
written as

HD[πψ, ψ] =
1
2

∫
d3x ψ†(~x, t)i

∂

∂t
ψ(~x, t), (13)
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whereγi = βαi, γ0 = β andj runs over the spatial coordi-
natesj = 1, 2, 3.

According to the definition of the Poisson bracket for
Grassmann fields given by Eq. 9, the Poisson bracket for
ψα(~x, t) andπψα(~x, t) is given by:

{ψα(~x, t), πψβ(~y, t)}P = −δ(~x− ~y)δαβ ,

{ψα(~x, t), ψβ(~y, t)}P = 0,

πψβ(~x, t), πψβ(~y, t)}P = 0, (14)

whereα = 1, 2, 3, 4 runs over the components of the Dirac
spinor.
As usual, the field variableψα(~x, t) can be expanded as plane
waves

ψα(~x, t) =
4∑

r=1

∫
d3p

(2π)3/2

√
m

E~p
b(~p, t, r)wα(~p, r)

× exp
(
i~p · ~x)

, (15)

whereb(~p, t, r) = b(~p, r) exp
{ − iεrE~pt

}
, whereεr = 1

for r = 1, 2 andεr = −1 for r = 3, 4. The functionsw’s
satisfy the following relations,

w†α(~p, r)wα′(~p, r′) =
E~p

m
δrr′δαα′ ,

w̄α(εr~p, r)wα′(ε′r~p, r′) = εrδrr′δαα′ ,

4∑
r=1

wα(~p, r)w†α′(~p, r) =
E~p

m
δαα′ . (16)

Substituting Eq. 15 (and the corresponding to
πψα(~x, t) = iψ†(~x, t)) into Poisson bracket 14 we find that
the variablesb y b∗, must satisfy the following Poisson
brackets

{b(~p, r), ib∗(~p ′, r′)}P = −δ(~p− ~p ′)δrr′ ,

{b(~p, r),b(~p ′, r′)}P = 0,

{b∗(~p, r),b∗(~p ′, r′)}P = 0. (17)

Thus the Grassmann variablesb andb∗, determine precisely
the canonical conjugate variables which we will use to de-
scribe the Dirac field in the Weyl-Wigner-Moyal formalism.
Now if one substitute the expansions for the field variables of
Eq. 15 in the hamiltonian in Eq. 13 one gets

HD[b∗,b] =
4∑

r=1

∫
d3pεrE~pb∗(~p, t, r)b(~p, t, r), (18)

3.2. Stratonovich-Weyl Quantizer

Proceeding like in the previous section, we find that the Weyl-
Wigner-Moyal correspondence for the Dirac field in terms of
the canonical field variables take the following form

F̂ = W (F [b∗,b]) =
∫
D

( b∗

2π~

)
DbF [b∗,b]Ω̂[b∗,b], (19)

and the Stratonovich-Weyl quantizer take the follow form

Ω̂[b∗,b] =
∫
Dξ exp

{
1
~

4∑
r=1

∫
d3pξ(~p, r)b∗(~p, r)

}

× |b +
ξ

2
〉〈b− ξ

2
|, (20)

whereχ andξ are Dirac spinors.

3.3. The Moyal Product

The Moyal product in this case can be defined similarly as
Eqs. 7 and 8. LetF1[b∗,b] andF2[b∗,b] be functionals over
the Dirac phase space defined by:

ZD={(πψα(~x), ψα(~x))~x∈Σ}
={(b∗(~p, r)), (b(~p, r))r=1,··· ,4}

and letF̂1 andF̂2 be their corresponding operators. Then by
a similar computation to that done in the second part of the
previous section, we finally get

(
F1 ? F2

)
[b∗,b] = F1[b∗,b] exp

(
i~
2

↔
PD

)
F2[b∗,b], (21)

where

↔
PD := −(−1)ε1ε2

4∑
r=1

∫
d3p

( ←
δ

δb(~p, r)

→
δ

δb∗(~p, r)

+ (−1)ε1ε2

←
δ

δb∗(~p, r)

→
δ

δb(~p, r)

)
, (22)

is the Poisson operator for any functionalsF1 andF2. The

operator
↔
PD determines the Poisson bracket

{F,G}P = F
↔
PD G defined by the symplectic structure

ωD =
∫

d3x
∑
α

δψα(~x) ∧ δπψ(~x)

= i

∫
d3x

∑
α

δψα(~x) ∧ δψ†α(~x).

This symplectic structure defines the symplectic manifold
structure(ZD, ωD) for the phase space.

3.4. Wigner Functional

The Wigner functional for the Dirac free field is defined in
analogy to the scalar field case. Letρ̂phys be the density oper-
ator corresponding to the quantum physical state of the Dirac
field. Then, the corresponding Wigner functional to this state
is given by

ρ
W

[b∗,b] =
∫
D(

ξ

2π~
) exp

{
− i

~

4∑
r=1

∫
d3p ξ(~p, r)

× b∗(~p, r)
}
〈b +

ξ

2
|ρ̂phys|b− ξ

2
〉. (23)
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In the case when̂ρphys = |Φ〉〈Φ|, the above equation turns
out into

ρ
W

[b∗,b] =
∫
D

(
ξ

2π~

)

× exp
{−i

~

4∑
r=1

∫
d3p ξ(~p, r)b∗(~p, r)

}

× Φ∗[b− ξ

2
]Φ[b +

ξ

2
], (24)

whereΦ∗[b] = 〈b|Φ〉.
For the ground state of the Dirac free field, the Wigner

functional is given by

ρW 0[b
∗,b] = N

× exp
{−2i

~

∫
d3p

4∑
r=1

εrb∗(~p, r)b(~p, r)
}

. (25)

3.5. Dirac Propagator

To compute the propagator of the Dirac field we need to find

iSF (~x− ~y) = 〈0|ψα(~x)ψβ(~y)|0〉 · θ(t− t′)

− 〈0|ψβ(~y)ψα(~x)|0〉 · θ(t′ − t). (26)

Thus we first compute the quantities〈0|ψα(~x)ψβ(~y)|0〉 and
〈0|ψβ(~y)ψα(~x)|0〉. These expectation values, in terms of de-
formation quantization are:

〈0|ψα(~x)ψβ(~y)|0〉

=

∫ Db∗Db ψα(~x) ? ψβ(~y) ρW0 [b
∗,b]∫ Db∗Db ρW0 [b∗,b]

, (27)

whereρW0 [b
∗,b] is the Wigner functional of the ground state

[see Eq. (25)].
Using the following equation:∫
DΘ∗DΘexp

(
−

∫
dxdyΘ∗(x)M(x, y)Θ(y)

)

= det(M) · (M−1(x, y)), (28)

whereΘ andΘ∗ are Grassmann fields, and the relations
2∑

r=1

wα(~p, r)wβ(~p, r) =
( 6 p + m)αβ

2m
,

4∑
r=3

wα(~p, r)wβ(~p, r) =
( 6 p−m)αβ

2m
.

After some straightforward calculations we get

〈0|ψα(~x)ψβ(~y)|0〉

= −i~
∫

d3p

(2π)3
( 6p + m)αβ

2E~p
exp

(
ip · (y − x)

)

〈0|ψβ(~y)ψα(~x)|0〉

= −i~
∫

d3p

(2π)3
( 6p−m)βα

2E~p
exp

(
ip · (x− y)

)
. (29)

Substituting this results in Eq. 26 reproduces exactly the
propagator of the Dirac field obtained by canonical quanti-
zation.

4. Final Remarks

We did the deformation quantization for fermionic systems
with an number infinite of degrees of freedom,i.e. fermionic
fields as an extension of the formalism for Fermi classical
systems [15]. As an example, we applied this theory for the
quantization of the Dirac free field. Besides we compute the
propagator of the Dirac field [16].
Once we have the quantization of the Dirac field, we will cou-
ple the Dirac field to the Maxwell field in this context as a de-
formation of the algebraic structure. In order to perform the
deformation quantization of electrodynamics [17]. We will
be able to show that many well known results of deformation
quantization in quantum mechanics could be extended to the
case of quantum field theory.
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