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1 Introduction and summary

Conformal field theories famously possess a convergent, associative operator product alge-

bra of local operators. Unfortunately, an analytic handle on this algebraic structure appears

well out of reach in dimensions larger than two. If the symmetry algebra of the theory ad-

ditionally includes supersymmetry, however, one can attempt to perform a cohomological

truncation with respect to one of its nilpotent supercharges and aim to study the necessar-

ily simpler, still associative algebra of cohomology classes instead. This approach has met

with great success. In the seminal paper [1], it was shown that a construction of precisely



this type defines a correspondence between four-dimensional N’ = 2 superconformal field
theories (SCFTs) and vertex operator algebras (VOAs):!1:2

V: {4d N = 2 SCFTs} — {VOAs} . (1.1)

Similarly, three-dimensional N' = 4 superconformal field theories can be mapped to topo-
logical algebras [34, 35]. What’s more, these topological algebras have been shown to be
a deformation quantization of the ring of holomorphic functions over the Higgs branch of
vacua My [35].> Three-dimensional N = 4 superconformal symmetry dictates that the
Higgs branch is a hyperkahler cone, so we have

DQ: {3d N =4 SCFTs} — {deformation quantizations of hyperkéahler cones} . (1.2)

It is important to remark that the image of DQ is a C*-equivariant, even deformation
quantization satisfying two additional properties. The first one states that the deformed
multiplication truncates sooner than C*-equivariance demands, while the second one im-
plements the physical condition of unitarity. The aim of this note is to investigate the
following question

Question 1. Can one recover from the vertex operator algebra associated with a four-
dimensional N' = 2 superconformal field theory 74 the deformation quantization corre-
sponding to the dimensional reduction 734 of that SCFT?

An obvious first clue that this may be possible is the common lore that the Higgs
branch of vacua remains unchanged under dimensional reduction: Mg[Tiq] = Mg[Tz4]-
Furthermore, in the past few years it has become clear that Higgs branch physics is intri-
cately encoded in V[T44]. Indeed, given V[T44], one can (conjecturally) recover Mg [Taq4]
by taking the so-called associated variety [21], while free-field realizations mirroring the
effective field theory description of the SCFT in a Higgs vacuum allow one to reconstruct
the vertex operator algebra itself [24, 29]. All in all, we thus have interconnections as in
figure 1, and we aim to fill in the question mark in this figure.

Our strategy to answer question 1 was suggested in our previous paper [23] and is as
follows. An important entry of the SCFT/VOA dictionary states that the vacuum charac-
ter of the VOA equals a particular limit of the superconformal index of the SCFT — the
so-called Schur limit. This index can be defined as the partition function of 744 placed su-
persymmetrically on a manifold with topology S% x S'. In [23, 27], this equality of the torus
partition function of the vertex operator algebra and the Schur index of the SCFT was made
explicit using supersymmetric localization techniques. Indeed, for Lagrangian theories it
was proved that the path integral can be localized to a slice of field configurations describ-
ing the VOA living on a torus T? C S% x S'. What’s more, the computation was extended

!This SCFT/VOA correspondence has resulted in a large number of interesting results. For example,
many SCFT/VOA pairs have been identified in, e.g., [2-8], and, more remarkably, the correspondence has
inspired the construction of novel vertex operator algebras [9-13]. It has also served as a useful tool to
acquire new insights in SCFTs and VOAs, see for example [14-32].

2 Also six-dimensional N = (2,0) SCFTs participate in a truncation to vertex operator algebras [33].

3 A similar construction exists for the Coulomb branch of vacua.
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Figure 1. Interconnections between various objects associated with the four-dimensional theory
Tiq and its three-dimensional dimensional reduction 734.

to efficiently compute torus correlation functions of fields of the vertex operator algebra.
Similarly, in [36] a supersymmetric localization computation of correlation functions defin-
ing the topological algebra was performed on the three-sphere S2.* The key observation
is now that, roughly speaking, upon dimensionally reducing the former computation along
the circle S!, one lands on the latter. Moreover, although localization techniques are not
available for non-Lagrangian theories, there is no a priori obstruction to formalizing this
procedure and to apply it to non-Lagrangian theories as well. It amounts to, still roughly
speaking, taking the high-temperature limit 8 — 0 of torus correlation functions of the ver-
tex operator algebra. The qualifiers “roughly speaking” refer to various subtleties. First of
all, the fields of the vertex operator are strictly larger in number than those participating
in the deformation quantization. To remove the spurious fields, we accompany the high-
temperature limit with a particular rescaling of the fields of the VOA. In detail, if a(z) is
a field of conformal weight h,, we rescale as a(z) — B"a(z). Second, the results on the
three-sphere suffer from operator mixing, which can be disentangled by a Gram-Schmidt
process that aims to diagonalize the matrix of two-point functions. Third, by moving out-
side the realm of Lagrangian theories, we have opened the door for the IR R-symmetries
of the three-dimensional SCFT being realized as a mixture of the four-dimensional UV
R-symmetries and accidental (topological) symmetries emerging along the renormalizaton
group flow from the four-dimensional UV SCFT to the three-dimensional IR, SCFT. This
type of mixing leaves an imprint on the three-dimensional theory on the three-sphere that
takes the form of imaginary Fayet-Iliopoulos parameters [39].° These directly affect the de-
formation quantization and ultimately spell an end to any hopes of answering our question

4See [37, 38] for a localization computation of the deformation quantization of the Coulomb branch.
5Recall that Fayet-Iliopoulos parameters are mass parameters for topological symmetries and that on
the three-sphere imaginary parts of mass parameters encode R-symmetry admixtures [40].



in the positive in all generality — at least not in any obvious manner. Only if such mixing
does not occur will our procedure produce DQ[734] from V|[T4]. In all other cases, we do
find a deformation quantization, but at different values of its parameters than DQ[734].

This note is organized as follows. In section 2, we briefly review the SCFT/VOA and
the SCFT /deformation quantization correspondences. In section 3 we present in detail our
proposal for recovering DQ[73,4] from V[T44]. Section 4 contains the proof of our proposal
in Lagrangian theories and section 5 various tests and examples for non-Lagrangian theo-
ries. We collect various useful functions and their properties in appendix A. Appendix B
contains explicit results for torus correlation functions of current algebras and their result-
ing deformation quantizations. In appendix C, we present an analysis of Virasoro torus
correlation functions based on Ward identities. Finally, appendix D collects characters of
various vertex operator algebras studied in sections 4 and 5.

Note added: when this note was being finalized, the paper [41] appeared on the arXiv,
which addresses the same question.

2 Algebraic structures in 4d and 3d SCFTs

The aim of this note is to relate vertex operator algebraic structures one can carve out in
four-dimensional A/ = 2 superconformal field theories to topological algebras appearing in
their three-dimensional N' = 4 superconformal dimensional reduction. In this section we
start by briefly reviewing how these algebras emerge.

2.1 SCFT/VOA correspondence

Four-dimensional N/ = 2 superconformal field theories, i.e., quantum field theories whose
symmetry algebra contains the superalgebra su(2,2|2), take part in a remarkable corre-
spondence with vertex operator algebras [1, 9]:

V:{4d N =2 SCFTs} — {VOAs} . (2.1)

The vertex operator algebra arises as a cohomological reduction of the operator product
algebra of local operators of the SCFT. The cohomology is computed with respect to a
nilpotent supercharge Q € su(2,2|2) that takes the schematic form of the sum of a Poincaré
supercharge and a special conformal supercharge: @ = QQ +.S. At the origin of space, har-
monic representatives of @cohomology classes are characterized by a linear relation among
their quantum numbers. They were dubbed “Schur operators”, because they are precisely
the operators counted by the Schur limit of the superconformal index [42]. Concretely,

O(0) is a Schur operator = E—-2R—ji1—j2=0, (2.2)

where E denotes the conformal dimension of the operator O, (j1,j2) its su(2); x su(2)y ro-
tational quantum numbers, and R the value of its SU(2)r Cartan charge. Unitarity of the
theory implies that these operators automatically satisfy r+ j; —js = 0, where r denotes the
U(1), charge. They can be transported away from the origin while remaining in cohomol-
ogy by @Q-closed translation operators. It is an algebraic fact that only motion in a complex



plane C|, 7 is possible, and, moreover, that the (twisted) translation in the z-direction is
Qexact.5 Therefore, cohomology classes depend only on the holomorphic coordinate z.
The operator algebra of the four-dimensional SCFT endows these holomorphic cohomol-
ogy classes with the structure of a vertex operator algebra. Note that the (holomorphic)
conformal weight of a Schur operator is measured by the eigenvalue of Ly, the Cartan gen-
erator of the sl(2), algebra of M&bius transformations of z. Upon embedding this algebra
in the four-dimensional conformal algebra, one finds on any Schur operator O(0) that

_ B+t

[Lo,O0)] = hO0),  with :

=F—-R. (2.3)
To arrive at the second equality, we used the relation among quantum numbers of (2.2).
The set of Schur operators is non-empty for any local SCFT. Indeed, the four-
dimensional stress-energy tensor, which is guaranteed to exist in a local quantum field
theory, resides in a superconformal multiplet of su(2,2|2) that contains a Schur operator
— a certain component of the Noether current of the SU(2) g symmetry. Its twisted trans-
lation defines a holomorphic cohomology class whose operator product expansions identify
it as the Virasoro stress tensor of the VOA. The Virasoro central charge cyq is related
to the Weyl anomaly coefficient c4q of the above-lying superconformal field theory by the
universal relation
Cod = _12040! . (2.4)

A collection of additional Schur operators are related to the Higgs branch geometry of
the SCFT.” Four-dimensional A = 2 superconformal field theories come equipped with a
(possibly empty) Higgs branch of vacua M, which can be defined as the branch of the
moduli space of vacua preserving the U(1), symmetry. Its geometric structure is that of a
hyperkihler cone.® Its coordinate ring C[M ], i.e., the ring of holomorphic functions over
the cone, can be identified with the Higgs branch chiral ring.? The elements of the latter

5The subalgebra of the four-dimensional conformal algebra so (4,2) that preserves the complex plane
Cyz,z) set-wise is s[(2). x s[(2). x u(1)L. The sl(2) factors generate the standard Mobius transformations
on the respective complex coordinate and u(1) 1 contains rotations orthogonal to C[. z;. While the @-closed

translation of z is simply generated by L_i, the Qexact translation of the coordinate z is generated by
L_1 + R™, where R~ is the su(2)r lowering operator. Due to the presence of the SU(2)r generator, one
often speaks of “twisted translation”.

"By no means do the operators associated with Higgs branch chiral ring operators exhaust the full set
of Schur operators. See [1] for a complete dissection of the body of Schur operators.

8Recall that a hyperkéahler cone features three complex structures J;, ¢ = 1,2, 3, that anticommute with
one another, satisfy J? = —1 and J;J2 = Js, and are compatible with the metric g(X,Y) = g(J; X, J;Y).
The three complex structures are rotated as a triplet by an SU(2) isometry. Their associated Kahler forms w;
are closed dw; = 0. The conical structure further implies that the metric takes the form ds? = dr? +r2ds? ..

°To define the coordinate ring C[Mg] of the hyperkihler cone My, we have singled out one of the
complex structures, say Js. Thanks to the SU(2) isometry acting on the complex structures, all choices are
equivalent. The other two Kéhler forms organize themselves into a holomorphic symplectic form 00 =
w1 +iw2, turning the coordinate ring C[M ] into a commutative, associative Poisson algebra. Note that the
SU(2) isometry of the hyperkéahler cone is identified with the R-symmetry SU(2)r. The choice of complex
structure is correlated with the Cartan decomposition of this SU(2) group. Finally, for future purposes,
it is worth mentioning that the coordinate ring admits a C* grading, which is the complexification of the
dilatation symmetry with the U(1)r C SU(2)r Cartan subalgebra.



are defined as
O(0) is a 4d N = 2 Higgs branch chiral ring operator = E=2R, (25)

and their multiplication is obtained from the coincident limit of their standard operator
product expansion. Note that Higgs branch chiral ring operators are automatically Lorentz
scalars j; = jo = 0 and U(1), neutral, and thus are special instances of Schur operators.
What’s more, one can prove that all Higgs branch chiral ring operators give rise to Virasoro
primary operators in the vertex operator algebra and that the generators of the ring are
strong generators of the VOA.

Of particular importance in this class of Schur operators are the moment map operators
associated with flavor symmetries Gr of the SCFT, or, equivalently, with hyperkahler
isometries of the Higgs branch. Their twisted-translated counterparts satisfy meromorphic
operator product expansions defining an affine current algebra gr. The level kog of this
Kac-Moody algebra is related to the four-dimensional flavor central charge k4q via

1
de = —§k4d . (26)

It is clear from the preceding discussion that the vertex operator algebra is intimately
related to the geometry of the Higgs branch of vacua. This relationship was fleshed out
and made precise in [21] (see also [43, 44]). In that paper, it was conjectured that the
Higgs branch can be recovered (as a holomorphic symplectic variety) from the vertex op-
erator algebra as the so-called associated variety of the VOA. This variety is defined as
the spectrum of the ring one obtains by performing a certain quotient of the ring of VOA
operators whose multiplication is the standard normal ordered product. Vice versa, strong
evidence has been obtained in [24, 29] that the VOA can be given a (generalized) free-
field construction mirroring the effective field theory description of the SCFT in a Higgs
vacuum.'? Schematically, the situation is thus as follows

We conclude this subsection by expressing in formulae the statement made implicitly
above that the vacuum character of the vertex operator algebra x((¢q) equals the Schur
limit of the superconformal index Is(q)

Xo(q) := STr qLO*C?Ul/24 = qc‘*”l/2 TrH(S3)(—1)FqE7R =:1Is5(q) . (2.7)

Here STr denotes the supertrace over the space of states of the VOA and H(S?) is the
Hilbert space of states on the three-sphere of the four-dimensional SCFT. In the trace over

198ee also [12] for a different kind of free-field realizations.



the latter, many cancellations take place and ultimately only Schur operators contribute.
As we will review in more detail below, both sides of this identification can be decorated
with (Schur) operator insertions. For Lagrangian theories, the Schur index dressed with ad-
ditional insertions can be computed explicitly using supersymmetric localization techniques
as a correlation function of the four-dimensional SCFT placed on S3x St [23] (see also [27]).

2.2 SCFT/deformation quantization correspondence

Both the Coulomb branch MVC and Higgs branch M of vacua of three-dimensional N = 4
superconformal field theories are hyperkéhler cones. They are singled out as the loci of the
moduli space of vacua kept invariant by the R-symmetry algebras SU(2)y and SU(2)c,
respectively.'! In this note we will focus on the Higgs branch. Higgs branch chiral ring
operators of three-dimensional N' = 4 SCFTs are characterized as follows:

O(0) is a 3d N = 4 Higgs branch chiral ring operator = E=Ry, (28)

where E denotes the conformal dimension and Ry the SU(2) g Cartan charge of the opera-
tor O(0). They are Lorentz scalars and singlets under SU(2)¢. As before, the Higgs branch
chiral ring is identified with the coordinate ring C[M]. What’s more, trivially dimension-
ally reducing a four-dimensional A' = 2 SCFT with Higgs branch My and flowing towards
the infrared results in a three-dimensional A’ = 4 SCFT with Higgs branch M g =Mgpg.
Very similarly to the SCFT/VOA correspondence of the previous subsection, three-
dimensional A/ = 4 superconformal field theories admit a cohomological truncation to a
one-dimensional topological algebra, i.e., an associative algebra additionally endowed with
an evaluation map [34, 35]. As was uncovered in [35], this algebra is a noncommutative
deformation of the coordinate ring (C[/W 1).'2 Moreover, it was shown in that same pa-
per that the leading term of this deformation is determined by the Poisson bracket: the

topological algebra thus defines a deformation quantization:'3

DQ : {3d N =4 SCFTs} — {deformation quantizations of hyperkéhler cones} . (2.9)

Various other properties of this deformation have been established in [35] and can be
summarized as follows. Let f € A,,g € A, be elements of the pth and ¢th C*-graded
component of the coordinate ring A = (C[/T/T #]. In other words, f and g are holomorphic
functions over the Higgs branch that correspond to Higgs branch chiral ring operators

" Recall that three-dimensional A = 4 superconformal field theories are defined by the requirement that
their symmetry algebra contain the superalgebra osp(4|4,R). Its bosonic subalgebra is given by (su(2)c &
su(2)g) x sp(4,R), where one recognizes the R-symmetry algebras and the three-dimensional conformal
algebra sp(4,R) ~ s0(3,2).

12Tndeed, harmonic representatives of cohomology classes at the origin are characterized by the require-
ment that their quantum numbers satisfy E = Ry, i.e., that they are Higgs branch chiral ring operators.
While remaining in cohomology, these operators can only be (twisted) translated away from the origin
along a line, and the coordinate dependence along this line is exact. Thus, only the ordering of the
twisted-translated cohomology classes along the line is retained. Their algebraic properties descend from
the three-dimensional operator product algebra: they form an associative, but not necessarily commutative,
algebra, and taking vacuum expectation values provides the above-mentioned evaluation map.

13Recall from footnote 9 that the coordinate ring of a hyperkéhler cone is naturally a Poisson algebra.



of SU(2)y charge Ry = & and £ respectively. Then the multiplication of their twisted-

translated cohomology classes ordered along the line, which we denote by %, reads

25

<- 2
frxg=f-g+{f.atpa+ Y ¢"CM(f.9), (2.10)
k=2
where f - ¢ is simply the multiplication in the ring A and {f, g} pp denotes the Poisson
bracket. Here ( is an immaterial book-keeping device that keeps track of one unit of
SU(2) g-charge. Moreover, the x-product satisfies the following properties:

1. associativity of the OPE = f*x(gxh)=(f*g)*h (associativity)

2. SU(2) g-charge conservation = C%: A, ® A; — Apq_2k (C*-equivariance)
3. SU(2) g selection rules — C*(f,g) =0 for k > min(p,q) (truncation)

4. symmetry properties OPE = C¥(f,g) = (-1 C*(g, f) (evenness)

A fifth property is related to unitarity. Let p be a rotation over 7 in SU(2)y followed by
complex conjugation, then for fi, fo € A,

5. unitarity = 0(f1, f2) := CP(p(f1), f2) is a positive definite Hermitian form

The general form (2.10) of the x-product together with properties 1, 2 (and 4) are the
mathematical definition of an (even) C*-equivariant deformation quantization of the Pois-
son algebra (A, -, {.,.}pp). As explained in [35], properties 3 and 5 are gauge fixing condi-
tions for an infinite-dimensional group of gauge equivalences. They were conjectured to be
perfect in [35]. All in all, the deformation quantization thus depends on a finite number
of intrinsic parameters, the so-called period of the quantization. This period is in one-to-
one correspondence with elements of H?(my,C)/W, where my is a smooth symplectic
resolution of M g and W the Namikawa-Weyl group [45, 46]. In more physical terms, the
Namikawa-Weyl group is simply the Weyl group of the Coulomb branch flavor symmetry
of the theory, while H?(m, C) can be identified with the space of real mass parameters of
topological Coulomb branch symmetries, i.e., Fayet-Iliopoulos terms, one could in principle
turn on in the theory [35].14 Exciting progress towards proving this conjecture has recently
been made in the mathematics literature [47].

3 From VOA to deformation quantization

As we have explained in the previous section, both the vertex operator algebras associated
with four-dimensional N/ = 2 SCFTs and the deformation quantizations corresponding to
three-dimensional NV = 4 SCFTs are intimately related to the geometry of their Higgs
branches of vacua — the latter in an obvious manner, as they are the quantizations of the
coordinate ring of the Higgs branch, while the former in a slightly less manifest manner.
Moreover, it is a well-known fact that the Higgs branch of vacua remains invariant under

14YWe do not, however, actually turn on these parameters as they would break conformal invariance. The
identification of spaces is only meant to clarify its definition.



(trivial) dimensional reduction. A natural question to ask is then if one can fill in the
question mark in the following diagram:

A%
Taa —— V[Ta4]

dim. red. ?

DQ
T3q ——— DQ[T34]

In this section, we will attempt to answer this question by formalizing the dimensional
reduction of the four-dimensional theory 74 placed supersymmetrically on the (warped)
product-manifold S x,S1. The partition function on this background computes the Schur
limit of the superconformal index:

Zgsre,5 [Taal = 15 (). (3.1)

In other words, using (2.7), it computes the torus partition function of the vertex operator
algebra associated with the SCFT. The relevant torus T? C S° Xq S 1 arises as the point-
wise fixed set of a certain spatial U(1) rotation; its complex structure 7 is determined
by ¢ = €*™". Moreover, it was shown in [23] (see also [27]) that one can enrich the
computation with (twisted-translated) Schur operators inserted at points on said torus
T2.1° The resulting S® x, S! correlators equal torus correlation functions of the associated
fields of V[T44]. What’s more, for Lagrangian SCFTs one can leverage supersymmetric
localization techniques to arrive at an effective and efficient computational method of these
correlation functions.

If 734 admits a UV Lagrangian description in terms of vector and hypermultiplets, it
was shown in [36] that the correlation functions defining the one-dimensional topological al-
gebra associated with (the Higgs sector of) T34 are accessible via a localization computation
on the three-sphere. Note however that operators on the three-sphere may mix, see [36, 49)].
The correct flat-space basis can be determined by diagonalizing the matrix of two-point
functions. As we suggested in [23], and will show in detail in section 4, dimensionally
reducing the Lagrangian setup on S° Xq S1 along S' allows one to make direct contact
with these computations. Moreover, by observing that this S'-reduction is nothing but the
high-temperature limit 7 — 440, i.e., 8 := —iT — +0, of the torus correlation functions of
V[T4d4], it can be phrased purely vertex operator algebraically. This formulation is helpful
because the VOA is often known even in the absence of a Lagrangian description of 7y4.

Simply considering the high-temperature limit of torus correlators cannot be the com-
plete story, since, as explained above, the set of Schur operators is strictly bigger than the
collection of Higgs branch chiral ring operators. Taking a cue from the notion of contract-
ing algebras, we propose a rescaling of the four-dimensional Schur operators by powers
of S that ensures that only correlation functions of Higgs branch chiral ring operators

15 A similar result with vertex operator algebra insertions restricted to a two-sphere can be obtained on
the four-sphere, see [48].



survive in the 8 — 0 limit. Finally, one should observe that the R-symmetries of the
three-dimensional theory in the IR may be realized as a mixture of the four-dimensional
UV R-symmetries and accidental (topological) symmetries. A simple criterion for when
this must be the case was put forward in [39], namely if the Coulomb branch chiral ring
has generators of U(1), charges that are not quantized in half-integer units. Such mixing
is encoded in the three-sphere partition function as imaginary parts of the Fayet-Iliopoulos
parameters. Such parameters directly modify the period of the resulting quantization, thus
taking us away from the specific superconformal deformation quantization DQ(734).

3.1 Torus correlation functions

We start by putting the vertex operator algebra V[T;4] on the torus T? = C/(Z+7Z). The
modular parameter 7 takes values in the upper half plane H; it is acted on by the modular
group PSL(2,Z) in the usual fashion: 7 — g:i‘g, where (‘é Z) € PSL(2,Z). The quantities
of our interest are normalized torus correlation functions. Concretely, for primary fields

Or of conformal weight hr, one finds'®

T miwy )M cog
(01(21)O02(22) . .. Op(2n))12 = H1:1>iz(q) 1) Str O (w1)Oa(ws) . .. Op(wn) gho~H |
(3.2)

where w; = e?™% relates the coordinates zj on the torus to coordinates w; on the plane.
The normalization is provided by the unnormalized one-point function of the identity op-
erator Op = 1, in other words, the vacuum character:

<]]->']I'2,unnorm. = Str qL07C22f‘fl = XO(Q) . (33)

2mit Tt will be useful later

In these equations we have used the nome ¢ defined as g := e
on to also recall that one-point functions are position independent and easily expressed in

terms of the operator’s zero-mode 0(Q) := Oy

g . 5 _ (27ri)ho ro Lo— 34
TGN =0, (0@ =20 s 00) 4

If the field is not integer-moded or has odd statistics the result is zero. In particular, for

(3.4)

the stress-energy tensor T', which transforms as T'(z) = (2miw)?(T(w) , one finds

= au7)
(T'(z))r2 = 2mi O; log x0(q) - (3.5)

Let us introduce some notation for the quantities of our most direct interest, namely
the torus two-, and three-point functions

b[J(Zl,ZQ;T) = <O[(Z1) OJ(Z2)>']1-2 y C[JK(Zz‘;T) = <O[(Z1) OJ(ZQ) OK(Z3)>’]1‘2 . (36)

Note that by j(z1,22;7) = cry1(z1, 22, 2; 7). We also use the notation ay(7) = bry(z1, 22;7)
for the one-point functions.

18Tn writing this equation we have slightly abused notation by giving the same name to both the operator
on T? and C. Their coordinate-dependence distinguishes them. Also note that (...)z2 denotes the correla-
tion function of fields that are periodic along the temporal cycle, as implemented by the supertrace, and
(anti)periodic along the spatial cycle depending on their (two-dimensional) spin.

~10 -



3.2 High temperature limit and deformation quantization

Implementing the intuition outlined above, we would like to take the high-temperature limit
B := —iT — 40 of the torus correlation functions of (3.6). To ensure that only correlators
of Higgs branch chiral ring operators survive, we accompany this limit with a specific
[B-dependent rescaling of all Schur operators. To find the correct rescaling, we argue as
follows. Let us recall that the space of states of the vertex operator algebra or equivalently
the vector space of all Schur operators of the four-dimensional superconformal field theory
is triply graded by (two-dimensional) conformal weight h, SU(2)r Cartan charge R, and
U(1), charge r: V = D, R Vh,Rr- Note however that the operator product expansions
of the associated fields do not respect the R-grading, but they do respect an R-filtration
Furr = Di>o Vh,r—kr- See [21] for more details. Higgs branch chiral ring operators
reside in Vg = @D i Vi=r Rr,r=0- It is clear then that a measure for the deviation of a Schur
operator from being in the Higgs branch chiral ring is h — R. We should additionally take
into account that the four-dimensional conformal dimension of a Higgs branch chiral ring
operator, F = 2R, is one unit of SU(2)r charge larger than that of a three-dimensional
one E = R.X In total we thus put forward the rescaling of Schur operators to be

O — Bh—R+En = gho (3.7)

Quite elegantly, this rescaling can be phrased in terms of the conformal weight of the
fields of the VOA, which are known as soon as the vertex operator algebra itself has been
identified.

Applying this rescaling to one-point functions, we define

= lim BM 3.8
ar ﬁggob’ ar(r) , (3.8)
and trivially find from (3.4)
. (2mip) Lo €2
aj = lim ——~—Str o(O 0724 3.9
I 6540 xo(q) (O1) q (3.9)

Next, we define, for Re(z1) > Re(z2),

bry = ,Bliero ﬁhﬁ—hJ bry(z1,29;7) , (3.10)

which constitutes a matrix of real numbers. Using Zhu’s recursion relations [50], we can
indeed prove explicitly that the position dependence drops out in our limit:

1ot (27Ti)h0+hol N Lo—& / ’
(0(2)0' ()2 = T(T)SU" 0(0)0(0')¢" "2 +> " Pry1(z—=2'[7) ({00 111 (0))72 ,
e (3.11)
where
Pr(zlr) = —mi— 0,01 (2]7) P (z|r) = —%a;nﬂ mo(zlr),  m>1 (3.12)

"Here we use that upon dimensional reduction the non-abelian R-symmetry can be identified between
the four-dimensional UV SCFT and the three-dimensional IR theory.
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and we used the standard notation for the various terms in the operator product expansion

0(2)0'(d)=> " {00 () (3.13)

(z— 2"
Using the high-temperature behavior (A.9) of the functions P,,+1 and of normalized one-
point functions (O) ~ 37" it is now easy to convince oneself that the second term does
not contribute in the limit (3.10). We thus find

. (2mip)hith Lo—c/24
bry= lim ————— Str o(Oy) 0o(O 0—¢/24 3.14
IJ Py Yo(7) (Or)o(0J) q ( )
Note that this equality for the high-temperature limit of two-point functions is in some

sense a trivial extension of (3.9). Finally, we define for Re(z1) > Re(z2) > Re(z3)

cryi = lim BRIFTRIthT p (2, 20, 255 T) | (3.15)
B—+0
which we expect to be explicitly calculable as'®
- (2mip)hrthathe Lo—c/24
=1 Str o(O @ O 0e/ 2% 3.16
CIIK ﬁgﬂo Xo(7) r o(Or) 0(0y) o(Ok) q ( )

The computation of the limit (3.16) defining the coefficients ¢y (and its special cases
involving one or two identity operators (3.10) and (3.9)) can be further simplified. Let us
start by considering the vacuum character xo(7). Under an S-transformation 7 — 7 =
—1/7 it can be written as

Xo(’i‘) = Z S()j Xj(%) s (3.17)
J

where the sum runs over the elements of the vector-valued modular form of weight zero
under PSL(2,Z) or T'°(2) in which the vacuum character of any vertex operator algebra
that occurs as the image of the SCFT/VOA map V transforms.!® The characters y;(7)
start off as x; () = €27 (=¢/24+h;) (14-. ), but possibly also involve logarithmic terms. The
coefficients Sp; are rational numbers. The high-temperature limit of the vacuum character

is then easily derived

B—+0 Ti(c — 24hmin)
127 ’

where hpin = min; h;. For VOAs associated with four-dimensional SCEF'Ts, this Cardy

log x0(7) (3.18)

behavior can be related to four-dimensional Weyl anomaly coefficients as [14, 21, 51-53]2%21

Ceff :— C — 24hmin = 48(C4d — a4d) . (3.19)

18We have not attempted to prove this statement from first principles, for example again using Zhu’s
recursion relations.

19Tt was shown in [21], as a consequence of the conjecture that the Higgs branch of vacua can be recovered
as the associated variety of the vertex operator algebra, that the vacuum character of the vertex operator
algebras appearing in the context of the SCFT/VOA correspondence satisfies a modular differential equa-
tion. As a result, under modular transformation, the vacuum character is mapped to a linear combination
of solutions of that modular differential equation or, in the T'°(2)-modular case, the conjugate one.

20Here and in the rest of the paper, we assume that ceq > 0 to avoid divergent high-temperature behavior.

2INote that if one finds only free hypermultiplets in a generic point of the Higgs branch My of the SCFT,
then 24(caqg — asaq) = dimu Mpy.
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Let us denote the space of states of conformal weight Ay, as My, Assuming that My,
is finite-dimensional,??> spanned by Grassman-even states of integer spin, we can straight-

forwardly write
hithythi M 0(Or1) 0(0) 0(Ok)
trMmin ]]' '

CilJK = (27Ti) (320)

The generalization to more general state-content of My, requires more care in the trace,
as the periodicity properties along the two cycles of the torus are exchanged by the S-
transformation. (See also footnote 16.) It is worth noting that expression (3.20) makes
contact with Zhu’s non-commutative algebra [50]. Indeed, the product of zero-modes acting
on a highest weight state |¢)) can be re-expressed as o(a)o(b)|1)) = o(a * b)|¢), where * is
Zhu’s non-commutative product, turning the argument of the trace in the numerator into
0(O; ¥ Oy x Ok).22 We leave a more detailed study of this structure for future work.
Having computed the one-, two-, and three-point coefficients ay,byy, and cjjx, our
next task is to find a new basis of operators @1 that diagonalizes by ;. This Gram-Schmidt
process is a recursive task that can be easily performed. Note that the new basis still
respects the R-filtration, i.e., the new operator can only be different from the original one
by operators of lower R-charges. In particular the diagonalization ensures that in the new
basis the one-point functions a; = by = 0, for I # 1. In fact, even stronger, we claim that
in the new diagonal basis
b;r=0 if  O;¢Vvm . (3.22)

Implementing the change of basis on the constants cjyx, which we denote in the new
basis as ¢k, we further claim that

¢ryr =0 if Or¢VyorOy¢Vygor Og ¢ Vy . (3.23)

We do not currently know how to prove these claims in all generality. For Lagrangian
theories, however, it is easy to convince oneself that they are true. See the next section for
more details. Together, the inverse of the (non-zero part of the diagonal) matrix brs and
the collection of numbers ¢ i allow one to define

e =) (b7 e (3.24)
L

Here the indices can be understood to only range over Vy. Other operators have zero
three-point constants ¢y, anyway. At last, these define the desired algebra

Or+x0;=> ¢, Ok . (3.25)
K

220ne could speculate that the modules of interest here belong to category @, and thus, upon fully
grading, possess finite-dimensional weight spaces. Perhaps this property can be brought to bear to deal
with the case of infinite-dimensional, not fully graded spaces Mmin.
Z3This product is defined as
1 ha
axb= %dz a(z)@b
z

for two states a,b. It is associative, but non-commutative. Zhu’s algebra additionally involves a quotient

0, (3.21)

with respect to a certain ideal.
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The algebra defined by (3.25) is a C*-equivariant deformation quantization. These
properties immediately follow from the construction presented so far. In particular the
R-filtration guarantees C*-equivariance, and the antisymmetric part of the leading term is
the Poisson bracket as follows from an easy computation:

X hy—1
[o(a), 0(b)] =) _ ( ) (@—hq+p+10)o, (3.26)

p=0 p

whose leading p = 0 term gives a_p,+1b = {a,b}pp if a,b € Vg [21]. The other properties
we would like this deformation quantization to possess are less obvious. For Lagrangian
theories, they follow indirectly from the arguments presented in the next section. We will
assume that they all hold also for non-Lagrangian cases, but it would clearly be desirable
to prove this statement.

Our next task is to answer the question if this algebra is some deformation quantization
or precisely the one that follows from the SCFT /Deformation quantization correspondence.
Note that even if the algebra satisfies all five properties listed in subsection 2.2, and there-
fore all gauge freedom is (conjecturally) fixed, it still has finitely many free parameters in
its period, and it is not a priori clear that the procedure outlined in this section selects the
superconformal values. In fact, as remarked above and as we will see explicitly in examples
below, this is not the case if the Coulomb branch R-symmetry of the three-dimensional IR
theory is a mixture of the UV U(1), symmetry with accidental (topological) symmetries.
This situation arises whenever the U(1), charges of the four-dimensional UV theory are
not quantized in half-integer units. Given the discussion at the end of subsection 2.2 stat-
ing that Fayet-Iliopoulos parameters (modded out by the Weyl group of Coulomb branch
flavor symmetries) are in one-to-one correspondence with the period of the quantization, it
comes as no surprise that having to turn on imaginary Fayet-Iliopoulos parameters directly
affects the period.

4 Lagrangian proof of proposal

Our proposal to extract from the vertex operator algebra associated with a four-dimensional
N =2 SCFT the deformation quantization of the Higgs branch of vacua of its dimensional
reduction is in essence based on taking the high-temperature limit of torus correlation func-
tions of the VOA. Computing torus correlators is a difficult task in general, although tools
like Zhu'’s recursion relations are often helpful [50]. There is, however, a subset of VOAs
whose torus correlation functions can be computed relatively easily, namely those asso-
ciated with four-dimensional Lagrangian theories. As mentioned before, supersymmetric
localization techniques applied to the four-dimensional theory placed on S3 Xq S ! lead one
to a computational recipe of torus correlators in terms of explicit contour integrals [23, 27].
Their integrands have a transparent structure that allows one to extract the deformation
quantization of the dimensionally reduced theory. In particular, in this section we will
show in detail that the high-temperature limit of these torus correlation functions directly
reduces to twisted Higgs branch correlation functions of the three-dimensional theory on
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the three-sphere. From these one can straightforwardly deduce the desired deformation
quantization [36]. In fact, a detailed understanding of the Lagrangian procedure is what
allowed us to formulate our general proposal.

4.1 Lagrangian proof

Recall from (2.7) that the unflavored Schur index Iéﬁd)(q) of any four-dimensional N' = 2
superconformal field theory Tzq equals the vacuum character of the associated vertex op-
erator algebra V(74q). Standard arguments further identify the Schur index with the par-
tition function of Ty4 placed supersymmetrically on an S® x, S! background, see (3.1).%
Concretely, for an N’ = 2 superconformal gauge theory with gauge algebra g and hypermul-
tiplets transforming in the representation R of g, the Schur index Ig/vacuum character of
the associated VOA yo/partition function on S x,S! can be written as a contour integral®®

rankg da
A
% 27m'aA Zone-loop(a§ Q) (4'1)

rankg
dCLA ( Z)rank g-dimg 3rankg—dimg 9 T
. () [1 7 (a@in) IT g2
27TZCLA ‘W| wEA PER 4 Cl

Here the gauge fugacity a takes values in the Cartan torus, i.e., a = ¢?™® with a in the
Cartan subalgebra of g. Furthermore, A denotes the (nonzero) roots of g and [],.n
denotes a product over all weights in the representation R. Finally, |W| is the order of
the Weyl group of g.

Torus correlation functions of vertex operators of V[T44] are identified with those of
the corresponding twisted-translated Schur operators, i.e., a representative of the coho-
mology class defining the vertex operator in question, inserted on a torus T? C S3 Xgq St
Localization techniques provide an explicit contour integral expression for these correlation

functions [23],

rank g da
A
<HO Zz T2 = 27’[’1& one loop a; q <HO ZZ QT * (42)
Here the coordinates z = ¢ + 7t parameterize the torus T? with complex modulus 7;

they are doubly-periodic with periods 1 and 7. We require the z;’s to have distinct ¢; =
Re z;. Furthermore, (O)ar is the correlation function of the vertex operators in a Gaussian
theory defined in terms of a bcBvy system. In more detail, the corresponding twisted-
translated Schur operators are gauge-invariant composites of the vector multiplet gaugini

24 As explained in detail in [23], the supersymmetric background is described by the metric ds* =
2 cos? 0(dp — iBdt)? + £2sin® O(dx — if—dt)® + (2dO? + (—ilr + £B1)%dt?, for some constants Si and
7 such that Re7 + i+ = 0. To ensure the background preserves supersymmetry one should also turn on
an SU(2)r and U(1), background gauge field. The locus 6 = 0 defines a torus T? C S* x, S'. On this
torus one can insert (almost-)BPS operators: the curved-space counterpart of the twisted translated Schur
operators on flat space. Correlation functions of these operators admit a localization computation [23],
leading to the integral formula we present in the main text.

25GSee appendix A for details on Jacobi theta and Dedekind eta functions.
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/\,5\, hypermultiplet scalars Q4, A = 1,2, and the holomorphic covariant derivative D,.
Note that the letters A, X and Q4 transform in the adjoint representation and the matter
representation R of the gauge algebra g respectively. Using Wick’s theorem, the Gaussian
theory is fully defined by specifying the propagators of these letters:

Ghp(2 95 = Q4 (2)QB,(0))ar

__Geap amipayz== Y1(0]7) Va(z + p(a)|7) o
A 1 R o
GTQ(sz)ww’ = <5‘w’(0))‘(z)w>GT
R s [ () +2lr)
— —?277(7') € z 291(z|7')191(w(a)]7') 5ww’- (44)

As before, a is defined by a = 2™, p, p/ are weights of R, while w,w’ are weights of the
adjoint representation Adj,.

With these ingredients one can compute any torus correlation function of vertex op-
erator algebras associated with Lagrangian SCFTs. According to our proposal, we should
consider their high-temperature limit. Let us thus take ¢ = e 2™ and @ = e~ 2™#?. Then
parameterizes the radius of the temporal circle of S3 XqS 1. Sending 3 — +0 while keeping
o fixed shrinks that circle and effectively dimensionally reduces 74q to a three-dimensional
theory 7T3q on the three-sphere. Indeed, one easily computes the high-temperature behavior
of the contour integral in (4.1):

rank g

B—+0 T (dim R—dim g) aGA 2sinh 7 a(o )
3 6B do s 4.5
X0 (q) € / | | pe 2 cosl ( ) ) ( )

where we recognize the prefactor as capturing the Cardy behavior (3.18). Here, & 8 (dim R —
dim g) = 4424 which matches the expected effective central charge in (3.19).26 The

leftover integral is precisely the S3 partition function Z7S-33d of a three-dimensional N' = 4
supersymmetric theory T3q with UV Lagrangian description in terms of a gauge theory
with hypermultiplets transforming in representation R of the gauge group G with Lie
algebra g. More generally, we can take the high-temperature limit of any correlation
function computed as in (4.2).2” To do so, it clearly suffices to analyze the high-temperature
behavior of the Gaussian propagators (4.3) and (4.4), and their spatial derivatives.

We proceed in two steps: first we show that the high-temperature limit of correlation
functions of Higgs branch chiral ring operators results in the desired deformation quan-
tization. Next we argue that correlation functions involving any other type of operator
ultimately do not play a role in the quantization, as expected. Let us thus consider the
Higgs branch chiral ring operators, i.e., composites of the hypermultiplet scalars ()4 with-

26Recall that for a Lagrangian theory with nj hypermultiplets and n, vector multiplets one has a4q =
m and cqg = M Hence ciq — asqg = 0.
27Note that the numerator and denominator in (4.2) share the same Cardy behavior which thus cancels

in the high temperature limit.
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out any derivatives. When >Rez = >0,

r B—+0 1€AB . — (o ;o 1 sl ) ’
Gz, 2)" ~ Gt ﬁ[&gn((p)—}—tanhwp(a) e = SGhn(pio)y s (46)

where G5 B(go, )pl is the twisted Higgs branch propagator of [36]. Note that the high-
temperature limit of G AB(z, %) exhibits the singularity 8~! = g~ "e*"@). Hence, upon
rescaling by 82", the torus correlation functions of Higgs branch operators have nontrivial
high-temperature limit, and precisely equal those computed in [36]. Let us give a few more
details. The authors of [36] performed a localization computation of N' = 4 supersymmetric
theories on the three-sphere S3 that allows additional insertions of twisted-translated Higgs
branch chiral ring operators on a circle S* C 2. Their result mirrors the expression (4.2)
in the obvious manner

rank g

c 2sinh ra(o ~
<HO ('DZ g1 - ZS3 / H doa a 2 ))<1;Ioi((pi)>GT’ (4.7)

[I,er 2coshmp(o

and we have just confirmed that we recover the propagator defining this effective one-
dimensional Gaussian theory. Moreover, as was shown in [36], the resulting two- and three-
point functions precisely capture the deformation quantization satisfying all five properties
that we are aiming to recover after performing a Gram-Schmidt process (if necessary) to
diagonalize the two-point functions.

Next we consider correlators ([[; O;(z;))qr involving non-Higgs branch chiral ring
operators, i.e., composites containing derivatives of @, CNQ and/or involving gaugini. We will
refer to these ingredients as non-Higgs branch letters; naturally, @, @ themselves will be
called Higgs branch letters. To show that these correlators ultimately do not contribute
to the deformation quantization, we analyze the high-temperature limit of all possible
cross-contractions, i.e., contractions between letters belonging to different operators, and
self-contractions, i.e., contractions among letters belonging to the same operator. Cross-
contractions lead to the quantities D?G(z, z) or D?G sp(z, Z) with ¢ = Rez # 0 and n > 0,
while self-contractions involve these quantities for ¢ = 0.

The high-temperature behavior of the gaugino propagator can be easily obtained,

1

2 _— [COth 7o + sign(y) e Oy = EGSI (@5 0)wur - (4.8)

GY (2, 2)ww

20283

It is crucial to note that it exhibits a 87! singularity, milder than 8~ ("»*"3) by a factor of
/3. Moreover, as long as ¢ # 0, we also find 3! singularities in the presence of derivatives,

1
OO, DG (@) - (4.9)

¢ B0 1o o nAT20 =
-D G (@), DZGT (2, Z) ww Ak

DGYp(2, %), 50

Thus, upon rescaling with the appropriate 8" factors and taking the limit 8 — +0, cross-
contractions of non-Higgs branch letters are all suppressed.

28The result is similar for —% < <0.
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Subtleties arise when we consider self-contractions of non-Higgs branch letters. Indeed,
when Re z = 0, one can verify that

. -1
SOAT2 [ g B0 1€AB 9 O\" 1 ,
DG (2, 2)), = G2 ( - ZE)t) Llnzm opeap,  (410)
nAT2 B—+0, €AB 9 ON\"[ 1
DZG (Z, Z)ww/ — Bn+2(271-)€27r ( — Zat) |:Sn127-rt (Sww/ s (411)
which contain the singularities
B—(?’H—l) _ B_(hQ"‘hQJ"ha") ’ ﬁ—(ﬂ-&-?) — B_(h/\""h;'i‘ha") ] (412)

Upon introducing the appropriate factors 8", the singularities in 8 cancel. The t-
independent pieces of the above expressions are used in the standard point-splitting proce-
dure. Hence, we find a nontrivial high-temperature limit when performing self-contractions.

After performing all possible Wick contractions, each term in the computation of
(I; Oi(zi))aT can be factorized into three types of factors: factors arising from i) self-
contractions of non-Higgs branch letters, ii) cross/self-contractions solely between Higgs
branch letters, and iii) cross-contractions involving non-Higgs branch letters. The former
two types of contractions contain precisely the necessary singularities in 8 to ensure their
own survival in the high-temperature limit, while the third type does not. Consequently,
terms that contain non-Higgs branch cross-contractions vanish in the limit. In other words,
in the computation of the correlator ([[; O;(z;))cr only those terms containing solely the
first two types of factors actually survive the limit, and in particular, every non-Higgs
branch letter must engage in some self-contraction to ensure that.

To continue the argument, we bring to bear the Gramm-Schmidt process, which in-
structs us to diagonalize all two-point functions. In particular, for any non-Higgs branch op-
erators Opon-HB, this means that we should subtract all possible maximal self-contractions
involving non-Higgs branch letters,

~

Ohnon-#HB = Opon-u — maximal non-Higgs branch self-contractions . (4.13)

Indeed, the two-point function of a non-Higgs branch operator @HOH_HB with a Higgs branch
operator Opp can then be computed to be trivial,

; hnon-up+hus / A _
ﬁli}ﬂlo ﬁ <Onon-HB (Z)OHB (w)> =0 s (4.14)

since all the non-Higgs branch letters in O,,-gp contribute only via self-contractions which
are already subtracted away in @non_HB. The same goes for two-point functions between
two non-Higgs branch operators. The net result is then the decoupling of non-Higgs branch
operators in two-point functions, and in fact in more general correlators. This then com-
pletes the proof that our proposal works for all Lagrangian four-dimensional theories.

4.2 Lagrangian examples

Before moving on to non-Lagrangian tests in the next section, let us quickly summarize
a few simple Lagrangian examples where the relevant vertex operator (sub)algebras are
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current algebras. We perform the general analysis of current algebras g, in appendix B;
the final result of the current-current star product is given by?

k E+hY)ee
(+ )cff>/€ab’

- — 4.1
3 3dimg (4.15)

Tk I = (JOT) + i f T+ P <
where fabc denotes the structure constants and £ the Killing form. Furthermore, we used
the effective central charge defined in (3.19), h" is the dual coxeter number of g, and dim g
denotes its dimension. Let us introduce a convenient parameter capturing the ¢? coefficient:

3 [k (k + hv)Ceff
_3(k_ AN 4.1
a <3 3dimg (4.16)

For su(2) current algebras, it is customary to reorganize the currents as

1
(J'—iJ?,  Z= ﬁf”, (4.17)

i i
——(J'+iJ?), Y=
zﬂ( i) 2v/2

leading to the star products

X =

Zx7 =(22) + éu@
ZxX=(ZX)+ %X (4.18)
¢

ZxY =(2Y)=2Y
XxY =(22)-¢Z —%u@

A first elementary example is $u(2)_1, the Zs-invariant vertex operator subalgebra of
2
the associated VOA of a free four-dimensional hypermultiplet. In this case the vacuum

1 () n(7)
xo(@) = 5 (193(0|T) + 794([)'7)) , (4.19)

whose high-temperature behavior can be easily computed using the formulas in appendix A,

resulting in ceg = 2 and thus yielding p = —1%.30 This indeed agrees with the deformation

character reads

quantization of the Zy gauge theory of the free hypermultiplet [35]. Note that no diagonal-
ization is required in this example, and that both the 5Au(2)7% torus correlation functions
and the star products can also be analyzed directly using the Lagrangian machinery intro-
duced above.

A second example serves to probe the validity of our results in cases where ceg < 0.
We focus on the boundary case ce = 0, realized most simply in four-dimensional N = 4
super Yang-Mills theory with gauge group SU(2). Its associated VOA is the small N = 4
superconformal algebra at ¢ = —9 [1]. We can focus on its current subalgebra su(2)_ 3
generated by Higgs branch chiral ring operators, if we assume that our derivation that all

29We use conventions in which the longest root has length squared * = 2.
39The value of ceg could also have been obtained by using footnote 21 in combination with formula (3.19),
as of course the quaternionic dimension of the relevant Higgs branch is one.
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VOA correlators involving fermionic letters (or derivatives) vanish in our high-temperature
limit still holds. Then the supercurrents are effectively removed, and similarly the canonical
stress-energy tensor ultimately decouples.?! The VOA’s character reads

1% da  ¥91(2a|7)91(—2a|7)n(7)?

XO= 9 T 2ria 94(2a|7)9a(—2a| )94 (0] )

5 (4.20)

Its leading Cardy behavior is indeed trivial, but the subleading behavior is logarithmic,
as can be verified explicitly by solving the conjugate modular differential equation (see
footnote 19). This logarithmic term, however, is not sufficiently singular to survive our

B — 40 limit in (B.7)-(B.8). Indeed, %loglog§ = Llog =2 = —1  Computing p
dr dr T T
defined in (4.16) then results once again in the value p = —13—6.

The naive dimensional reduction of four-dimensional ' = 4 super Yang-Mills theory
is three-dimensional N' = 8 super Yang-Mills theory with the same gauge group. The
S3-partition function then reads

7 - tim u;/\ /*2 1 28inh(270)2 sinh(—270) (4.21)
~5

B—+0 2 cosh(270)2 cosh(—2m0)2 cosh(0)

This integral suffers from an obvious 37! divergence as 8 — 0, which reflects the subleading
logarithmic divergence of the high-temperature limit of the Schur index. The divergent na-
ture of the three-sphere partition function also indicates that the naive dimensional reduc-
tion of four-dimensional N'=4 SYM is a bad theory. Nevertheless, keeping the parameter
0 as a regulator, one can easily compute the relevant normalized correlation functions of
Higgs branch operators. The end-results of these computation admit a finite 8 — 0 limit,
which naturally agree with the high-temperature behavior of the corresponding Schur cor-
relation functions. However, this procedure does not seem to have a clear, intrinsically
three-dimensional interpretation. A more physical approach would be to consider a good
three-dimensional A/ = 4 UV description of the same IR fixed-point instead. For example,
up to a decoupled free hyper, an SU(2) x U(1) gauge theory with bifundamental matter and
an adjoint SU(2) hypermultiplet. Computations in this theory, however, do not agree with
the high-temperature limit of the Schur correlation functions we have presented above. We
leave a careful analysis of this example and other theories with c.g < 0 for future work.

5 Non-Lagrangian examples

In this section, we turn our attention to non-Lagrangian SCEFTs with known VOAs. In
particular we analyze a class of examples with trivial Higgs branches to probe the decou-
pling of non-Higgs branch operators in the non-Lagrangian setting — we will see that an
argument that parallels the one given in the Lagrangian case applies once again, — and
study various instances of theories whose associated VOAs are current algebras. We com-
pute a variety of star-products of the resulting deformation quantization and confirm that

31Recall that the stress tensor is cohomologous to the Sugawara stress tensor in the small ' = 4 super-
conformal algebra at ¢ = —9. Its status as zero in the deformation quantization thus implies that the Higgs
branch relation £qJ%J° = 0 indeed holds.
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their period takes different values than their superconformal values if the R-symmetries
mix with accidental symmetries.

5.1 (A1, A2,) Argyres-Douglas theories

As a first non-Lagrangian test of our proposal we consider the (Aj, Aa,) Argyres-Douglas
theories. Their associated vertex operator algebras are the Virasoro minimal models
Virg on43 [2, 21]. As these theories have a trivial Higgs branch, we should find a triv-
ial deformation quantization. In other words, this example will test if the Virasoro stress
tensor is removed properly in our high-temperature limit.

The vertex operator algebra Vir o3 is strongly generated by the stress tensor 7'(z).

Its central charge is ¢ = —%. On the torus, the stress tensor always has a non-zero
one-point function t := (T'(z))y2, which can be computed in terms of the derivative of

the vacuum character, see (3.5). Combined with the Cardy behavior of (3.18), we find a
non-zero high-temperature limit:

2
lim 5215 = 7(2%1) Ceff

5.1
B—+0 24 7 (5-1)

and thus a non-diagonal by, as clearly bpy # 0. A Gram-Schmidt procedure is thus needed
to diagonalize the matrix byy, instructing us in particular to study correlation functions of
T(z) =T(z) —t.

From (3.14) and (3.16), the high-temperature limit of the rescaled stress tensor corre-
lation functions reads (n = 2,3 for our purposes)

: 2n < ) (27Ti5)2n _CN\" Ly-=<
ﬂlg?—oﬁ <i1:IIT(ZZ)>T2 N Bl—>+0 Xo(7) Str (LO 24) U (5.2)
) (27Ti)n52n
=1 — o 9.3
,BLH—&O X0 (7_) TXO(q) ) ( )

where we have used that 0, = 2migd,. Combined with the Cardy behavior of x¢, we obtain

n ) n
lim 62”<HT(Zi)>T2 = <(2m)ceﬂ> = lim (%", (5.4)

B—+0 ey 24 B—+40

This equality immediately leads to a trivial high-temperature limit of all correlation func-
tions of 7', thanks to the identity (C.2). Moreover, the vanishing behavior remains true
when including composites of T , constructed as the regular part of the coincident limit of
products of T, or in the presence of spatial derivatives. We conclude that any Virasoro
algebra results in a trivial deformation quantization and in particular so does Virg 2,,43.

In fact, we can prove the stronger statement that the stress tensor 1" of any VOA triv-
ializes when considering our high-temperature limit and thus decouples from the resulting
deformation quantization. Indeed, let us first write as before

lim ( HB 104(2§)) g2 = Sim 0(27”5 StrHo —u (5.5)
B—+

B—+0
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Additionally inserting a collection of stress tensors [[/2; 82T () simply produces an m-fold
derivative with respect to 7 on the supertrace Str [[, 0(O;)g 021 [21, 50]

n . Z,h- .
lim HﬂzT 2 H TQ: lim M(Qmﬁ)maﬁl StrHo((’)j)qLO_ﬂ

B—+0 B—+0  xo(T) j

(5.6)
The high-temperature behavior of the latter can be inferred from its properties under S-
transformation. A reasoning similar to the one above then allows us to conclude that all
(IT%y BT (2;) T1; 8" Oi(2)) vanish in the § — +0 limit. In appendix C we present an
alternative analysis of the decoupling of the stress tensor based on Ward identities.

5.2 (A1, D2n41) Argyres-Douglas theories

The next class of examples we consider are the (A1, Da,11) Argyres-Douglas SCFTs. Their
associated VOAs are given by su(2),__ 4n_ current algebra [2, 21]. Their vacuum charac-
2n+1

e read Ba(al(2n+ )7) s a((20+ 1)7)?
n 1(a|l(2n + 1)1 o N((2n+1)7
X(() )(Cl) = = 3 ’ (5'7)
Y1 (al7) n(r)
which have Cardy behavior determined in terms of
6n
Celt = 1o (58)

Using the results of appendix B on the deformation quantization to which current algebras
reduce, and the redefinition of currents as in (4.17), we find the elementary star products

Zx7Z=(22) — 3(1(1:232C

ZxX = (ZX)+ gx

ZxY = (ZY) - gY (5.9)
X«xY =(22)-(Z +32(1(+2))26

These results can be compared against a three-dimensional computation. Let us

start with identifying the three-dimensional N = 4 supersymmetric theory to which the
(n)

(A1, Dap1) theory flows. The circle reduction of the vacuum characters x ’ can be easily

performed: .
nmi_ sin 2sin 5%
lim ¢~ Z¥inr X(n)( ,q) = () antl . (5.10)
B—+0 2v/1+ 2n sinh(mm) smh(an)

where we removed the Cardy behavior and set a = Sm. Up to prefactors irrelevant for
our current purposes,>? this result can be recognized as the S3-partition function of three-
dimensional N = 4 SQED with two flavors in the presence of an imaginary FI-parameter

32These factors indicate the presence of additional free twisted hypermultiplets, besides the interacting
N =4 SQED with two flavors, in the infrared [54, 55]. Computationally, however, they cancel when calcu-
lating normalized correlation functions of the SU(2) flavor symmetry moment maps of the interacting part.
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(see, e.g., [56]),

Qi
_nmi_ 1 3 e 2n+1

l. T 244n T (n) ~ ZS =1 2 1 -1 = /d .

o Xo (§=in+1)7m) Ucosh(wa + %) cosh(mo — )

(5.11)
Note that the appearance of an imaginary FI-parameter is the hallmark of the mixing of the

UV R-symmetries with accidental Coulomb branch flavor symmetries [39] along the flow
from four dimensions to three.?®> This is guaranteed to occur whenever the four-dimensional
theory contains a Coulomb branch chiral ring operator of non-half-integer U(1),-charge.

Denoting the twisted translated Higgs branch operator as @ 4;, we define the moment
map operators of the su(2) flavor symmetry

X = %QllQQQ, Y = %QuQm, Z = %(Qn@m — Q12Q22) . (5.12)

Turning off the mass parameters, these operators have vanishing one-point functions, while
their two-point and three point functions can be computed with ease following the methods
of [36],

2 2 2
i)z = - U xven = - (xevezo) = L
(5.13)
The resulting elementary star-products take the form,
ZxZ=(Z7) ! ;’252 ¢? (5.14)
ZxX = (ZX)+ gx (5.15)
ZxY =(ZY) - gy (5.16)
X+Y=(2z2)-¢z + 1252& (5.17)

As expected, once we substitute in £ = #'H, this is precisely the same star product as
obtained from the VOA. Note that, for example, for n = 1 the value £ = 0 would have
reproduced the star-product DQ[dim. red. of (A1, D3)], see [35]. We conclude that the
nonzero value of the Fayet-Iliopoulos parameter has modified the period of the quantization.

5.3 (A1, D4) Argyres-Douglas theories

The analysis of an arbitrary member of the series of (A1, Da,12) Argyres-Douglas theories
is beyond the scope of this paper, as their associated vertex operator algebras (the so-called
Wh1 algebras [57]) do not easily lend themselves to the computation of torus correlation
functions. However, the n = 1 member of this series, the (A1, Dy) theory, is amenable to a
detailed analysis as its associated VOA is simply su(3)_3/5 [1, 2, 14]. Using the results of
appendix B and the vacuum character

(5.18)

33The paper [39] analyzed in detail the case n = 1.
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we immediately find the elementary star product
3
JO % JV = (JOTb) + Cifrege — Z@aab : (5.19)
We can verify this result directly against the computations of the relevant star-products
in [58]. Alternatively, we can use the dimensional reduction of this theory, which is N' =4
SQED with three flavors. Note that in this case there is no mixing between R-symmetries
and accidental symmetries [39], thus we expect to find the correct period. In fact, as
was shown in [35], the minimal nilpotent orbit of SU(3) admits only a unique even, C*-
equivariant deformation quantization, so there was no room to modify the period to start
with. The star product in the three-dimensional setting was computed in [36],

3 1
" Ty = T+ (G T = 88T, = ¢ (5315;; - 35;;5;) . (5.20)

Of course it agrees with the results of [58], and it also matches (5.19) by identifying J* =
I (T*)™,, with properly chosen su(3) generators 7% in the fundamental representation,
such that [T, T?] = i f®°T¢ and tr T*T® = §9.
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A Special functions

The standard Jacobi theta functions are defined as

) 2 2
Vi(z|T) == —i Z (—l)r*%e%“ﬂzq?, Va(z|T) == Z gy (A1)
r€Z+i reZ+3:
. n2 . n?
I3(z|T) == Ze%mqu, Vy(z|T) = Z(—l)"e2mmq 7. (A.2)
ne’ nez
2miT

Here we have used the nome ¢ := e“™". To access their 7 — +10 behavior, it is useful to

note their S-transformation properties,

z 1 z 1
(2= 1) = miaennGln, daaa(Z1- 1) = alemasaeln, (A3)
miz2
where a(z,7) = v/—iTe®™ = . As a result we have the high-temperature behavior with
T=1p

uy 27

~ip 7( e 4 (2cosh ™2 +o(e 7
I1(2|T) ~ 67“2(2 sinh —— + 0(67%))7 Va(2|T) ~ ( ﬁmQ ( ) (A.4)

VBe B p VBe B
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The Dedekind n-function is defined as n(7) := q2i4 [T525(1 — g™). Tt is related to ¥4
through
91(0]7) = 2m(7)? | (A-5)

and transforms elegantly under the S-transformation

n( - i) = V—ir n(r). (A.6)

We can easily deduce its high-temperature behavior

p(r) T2, ¢ P (A7)

—1T

Another useful series of functions Py, (z|7) is related to 91 (z|7) as
1
Pmti1(z|T) = —Wa;”“ InvY(2|7) — midm o, m>0. (A.8)

They have high-temperature asymptotics (assuming Re z > 0)

2 m
B+ m(—1+2Rz) B0 2m F+0 (_F) _2nme
- g
Pi(z|T) 5 , Pa(zlT) —— 5 Pms2(z|T) (m = 1)!6
(A.9)
Note the exponential suppression as § — +0 for Pp,>o.
The Weierstrass g-function is defined as
d
o(z,7) = =02 In oy (2|7) + 47rz'd— Inn(r). (A.10)
T

It is an elliptic function with double poles at z = m + nrt for m,n € Z, which is manifest
from its alternative definition

p(z,7) = Z% + Y [( ! ! : (A.11)

2 2
() T\ (0.0) zZ+m+nr) (m+nT)

In particular, its expansion in z around the origin reads
1
p(z,7) = o) +0+0(z2%), (A.12)

without constant term. The high-temperature behavior of p is

B—+0 7T2

p(z,ip) —— 35 Rez #0. (A.13)

To conveniently write down torus correlation functions of current algebras, we also

define

_ 1(0l7) 9i(z]7) a4 9i(0f7)
Si(z|T) = 191(0|7') ) ei(1) = —4md—7_ In o)

The functions S; are referred to as genus-one Szegd kernels [59]. They are related to the

(A.14)

Weierstrass gp-function by
Si(zI7)* = p(z,7) — ei(r). (A.15)
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Notice that
U2(0|7)93(0|7)04(0|7)
3

d
> eiln) = —dmi——In =0 (A.16)

i=2,3,4 n(7)

thanks to the standard identity 92(0|7)93(0|7)94(0]7) = 2n(7)3. We thus have
D Si(zlT)? =3p(z,7) . (A.17)

i=2,3,4
B Current algebras and star product

In this appendix we present explicit expressions for torus correlation functions of g cur-
rents, derive their high-temperature behavior, and compute the resulting x-products. An
affine current algebra g; is defined by the basic operator product expansion

kab 'abJCO
R i I(0)

22 z

J(2)J°(0) +..., (B.1)

where f“bC are the structure constants of the underlying Lie algebra g, i.e., [T% T =
i fabCT"’, and k% is the Killing form.

Two- and three-point current correlation functions on a torus T? with complex modulus
7, for algebras that do not possess a cubic casimir, read [59]34

(J(2)J°(0)) = kx® |:p(2’,7’) + mi In xo (B.2)
<Ja(21)Jb(22)JC(0)> = —ik‘fabc Z Wz(T)Sl(Zl — Z2|7‘)SZ’(2’2’7)S¢(—21|7‘) . (B.3)
i=2,3,4

Here x( denotes the vacuum character of gy and we used the genus-one Szegd kernels,
see (A.14). The p(z,7) function in the two-point function provides the z=2 pole at the origin
as mandated by the OPE (B.1), while the second term accounts for the Sugawara relation

> lim [(ﬁabJ“(z)J“(OD - 52] = 2(k + hY){T(0)) = 4mi(k + hv)% In xo . (B.4)

Here we also used (3.5) expressing the one-point function of the stress tensor in terms of
the derivative of the vacuum character. The three functions W;(7) are defined by solving
the equations

4ri(k +hY) d

Wo+W3+Wy=1 W % Wiey = ——2L—1 B.5
2+ W3+ Wy ) 2€2 + Waesz + Wyey kdimg  dr nxo, (B.5)

leaving one immaterial degree of freedom undetermined. To avoid clutter, we have also
omitted the subscripts T? in (O)r2.
To extract a star product, we consider the high-temperature limit of the rescaled

correlation functions of the currents. To this end, we assume the Cardy behavior captured
by the effective central charge (see also (3.18) and (3.19))

. T . 27r7lce
Yo(g=e¥™™) 20 =5 (14 ..), ceg€R, (B.6)

34Note that by g-symmetry (J*(z)) = 0.
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which holds for all examples we consider. We also commute the high-temperature asymp-
totic with 9, at will. In the end, we find

: a ko (k+hY)ece a
lim 52(7%().7°(0)) = (3 - 3dmgff) R, (B7)
3 a C k (k + hv)ce - abc
Yim 52T%(2).1°(w)1%(0)) = (3_3dimgﬁ> s (B2

Note that using (3.14) and (3.16), the fact that the two-point and three-point function are
controlled by the same combination of quantities could also be seen from the results in
appendix C of [60].

Finally, defining J= %J , the above correlation function leads to the star product

~ \Y%
k (kf‘i’h )Ceff> /{/ab.

a , Tb a 7b - rabc e 2
_ B.
JOx I = (J )+ Cif*de+ ¢ <3 3dimg (B.9)

We expect this result to remain valid even if the algebra has a cubic casimir. Note that for
a current algebra, the central charge is given by the Sugawara central charge,

kdimg

— -3 B.1
kE+hvV’ (B.10)

C2d

while the effective central charge is related to the minimal conformal weight Api, of the
modules appearing in the S-transformation of yg by

Ceff = C2d — 24hmin - (B]_l)

The star product can thus be rewritten as

T (k + hv)hmin ﬁab

= = 8
JOx JP = (JOT) 4 Cif® Je 4 ¢ (B.12)

dim g
C Stress tensor and Virasoro VOA

In this appendix we analyze torus correlation functions of stress tensors making use of
Ward identities [61, 62]. In particular, we provide an alternative proof that in the high-
temperature limit

n
tim ([ 7)), =0, C.1
S P E i) o (C.1)
where T(z) := T(z) — (T'(2))r2. We often denote t = (T'(2))q2.
First of all, we note that T-correlation functions can be reorganized as

n

<ﬁf(zi)> =) |t <<T(Zil)...T(zip)>—tp> . (C.2)
=1

pzl {ilr"vip}

Hence, the high-temperature limit of (', 7(z)) can be deduced from the high-
temperature behavior of t"? and the combinations ([[?_; T'(z;)) — ¥ with p < n. The
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latter piece of information can be extracted by carefully analyzing the relation [62] (slightly
rearranged as compared to that reference)

<T(z) ﬁT(zj)> gt (C.3)
P P
—}—Z 2(p(z—zj)+2m) —i—(C(z—zj)—{—Zmz] 8} [<H (2 >—ti”] (C.4)

p
E Z Z]

Here 1, and ((z) are defined as

27i 094 (0|7)

m = —TWa C(z) =

- + 227]1 . (05)

It is straightforward to work out the high-temperature behavior of the various building
blocks of (C.4) when Re z # 0, Re(z — z1) > Rez; > 0

2 o272
o(z) + 2m 2% 2 o—m)—2am 2% 222 (e
27| Rz|
1 A

pto

while the vacuum character g exhibits Cardy behavior as before.

To proceed, we allow ourselves to pass 9, and 0, acting on the correlation functions
past taking the leading term in the high temperature limit with impunity.?® First off,
(T'(z)) — t vanishes identically. Next we have, requiring Re(z — z1) > 0,

(T(2)T(z)) —t* = <2m'd In XO) t+ 2m’i<T(z1)> —t?

dr dr
+2(p(z — 21) + 2m)t + (((z — 25) + 2m121) 0z, t (C.8)
+ ip”(z —2z1).
12

The first and last term in the first line cancel by the relation between ¢t and Inyg. The
remaining terms exhibit high-temperature behavior (here we have dropped irrelevant nu-

35For correlation functions in VOAs associated with Lagrangian SCFTs, one can explicitly verify that
these actions indeed commute.
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merical factors to avoid clutter)

. . . d g—+0 1 . d g—+0 1
t= @) =2mig| o B 0 2miTe) 5
1
(@(Z—Zl)‘f'%?l)tﬁ_)%JrO 7 (C(z — 21) — 221)0,41 =0, (C.9)
— 22| R(z—21)]
e B
p”(z _ 21) B—+0 54

Apparently, terms in (T'(z)T(z1))—t? either have at most f~2 = 3~ (2*2=1 singularity or are
exponentially suppressed; once rescaled by 3%, the correlation function vanishes as 3 — +0.

This observation, combined with (C.4), initiates a recursive argument ensuring that
higher correlation functions 82+ ((T(z) ?:1 T(z;)) —tPT1), for p > 2, also vanish in the
high-temperature limit. Indeed, assuming the high-temperature behavior of ( ?:1 T(z))—
t? has at most 3~ (2~ singularity, terms on the right hand side of (C.4) either have at most
a g2+l singularity, like 9-tP, or are exponentially suppressed, like the p”(z — z;) terms.
Once rescaled by %12 they go away in the high-temperature limit. Finally, this observa-
tion is to be applied back to (C.2), which clearly shows that 82" ([ T(z)) vanishes in
the same limit. Furthermore, inserting spatial derivatives or forming composites of 1" by
taking the regular part of coincident limits will not make the correlation functions nonzero.

To conclude, the set of correlation functions only involving the stress-energy tensor
decouples. Moreover, slightly modified, we expect the above argument to extend to all

correlation functions containing a stress energy tensor.

D Characters

In this appendix we collect characters of various VOAs used in the main text.

The Virasoro minimal models Vir, , are labeled by two coprime natural numbers

N2 . . .
p,p’ > 2 with central charge ¢ = 1 — 6%. The spectrum of Vir, ,y contains a finite
ot N2 (/)2
number of primaries of conformal dimensions h, s = w, 1<r<p,1<s<p,

4pp’
each parenting a degenerate Virasoro representation. The characters of these representa-

tions are given by
1 [ s X
Xr,s(Virpp) = e g7 I3( A\ s7)20p'T) — ¢ P I3 (N —sT|2p0'T) | (D.1)
where A, s = pr — p's. For iafh Virp, v, Xr=1,s=1 is the vacuum character.
The current algebra su(2)_, /2 18 the Zp-orbifold of the Sv system, the latter being

the associatei_z OA of a four-dimensional free hypermultiplet. The (flavored) vacuum
character of su(2)_, s, is given by [63]

x(ﬁu/(E)l/z)=;< n(r) _n) ) (D.2)

Us(alt)  Da(alr)
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The (flavored) vacuum characters of su(2)_ . series associated with the (A1, Dopt1)
2n+1

Argyres-Douglas theories are given by [2]

X(A >(a) _ 9@l +1)7) a0 n((2n+ D7)? (D3)

st (@ Gk

With the S-transformation properties summarized in appendix A, it is easy to extract the
Cardy behavior

— min 1 . 1
111)((511(2)_2;511 ) (a) — yresE e 47i(cqq — a4d); , (D.4)
for the central charges of (A1, Da,1) theories
n 8n2 + 3n
- - D.5
C4d 27 a4qd 160 + R ( )

Four-dimensional N' = 4 SYM with gauge group SU(2) is associated to the two-
dimensional small A = 4 superconformal algebra at central charge ¢ = —9. The vacuum
character can be computed by the contour integral

1?{ da 91 (2a|7)91(—2a|7)n(r)?

X0= 5 7 2ria 04(2a|r)94(—2a]7)04(0|7)

su(2) 11 su(2) 15

3
=q3 + X3 (a2)q? — 2X5 (aQ)q? 4+

Its leading Cardy behavior can be accessed by analyzing its integrand, and as expected the
leading 7~ !-Cardy behavior vanishes.
Finally, the vacuum character of su(3)_j , is given by [64]

leading to the Cardy behavior In xo — g—i
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