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Deformations of Rational T-Varieties

Nathan Owen Ilten & Robert Vollmert

Abstract

We show how to construct certain homogeneous deformations for rational normal
varieties with codimension one torus action. This can then be used to construct ho-
mogeneous deformations of any toric variety in arbitrary degree. For locally trivial
deformations coming from this construction, we calculate the image of the Kodaira-
Spencer map. We then show that for a smooth complete toric variety, our homogeneous
deformations span the space of first-order deformations.
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Introduction

There has been much progress made on understanding the deformation theory of toric va-
rieties. The case of toric singularities has been studied extensively by K. Altmann, see for
example [Alt95], [Alt97], and [Alt00]. There have been several results on deformations of
non-affine toric varieties as well. In [Mav04] and [Mav05], A. Mavlyutov constructed certain
deformations of complete weak Fano toric varieties via, respectively, regluing an open cover
with automorphisms, and representing one toric variety as a complete intersection inside of
a larger toric variety. Furthermore, in [Ilt09], the first author constructed toric Q-Gorenstein
deformations for partial resolutions of toric surface singularities.

More recently, the first author has provided a combinatorial description for the space of
first-order deformations T 1

X of a smooth complete toric variety X in [Ilt10b]. Additionally,
in the case that X is a surface, he constructed homogeneous deformations via Minkowksi
decompositions of polyhedral subdivisions and showed that these deformations span T 1

X .
In independent work, Mavlyutov presented a similar construction of certain homogeneous
deformations in all dimensions [Mav09].

The goal of this paper is to generalize the results of [Ilt10b] in several directions. First
of all, we construct multi-parameter deformations of varieties of arbitrary dimension which
are also not necessarily smooth. Secondly, we will look not only at deformations of toric
varieties but also deformations of rational T -varieties of complexity one, that is, rational
normal varieties admitting an effective codimension one torus action.

Much as an n-dimensional toric variety can be described by an n-dimensional fan, an
n-dimensional T -variety X of complexity one can be described by a curve and some n −
1-dimensional combinatorial data. We then construct a deformation of X by somehow
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deforming the corresponding combinatorial data. In section 1, we give a short overview of the
necessary theory of T -varieties. We then show how to construct homogeneous deformations
of affine T -varieties in section 2. Here we also describe the fibers of such deformations
explicitly as T -varieties. Note that the deformation theory of affine T -varieties is being
further developed by the second author in [Vol10]. As a special case, we can of course
consider toric varieties with an action by some subtorus. We describe this in detail in
section 3 and show how to recover the deformations constructed by Altmann. In particular,
we have a very natural description of toric deformations with non-negative degree, which are
essential for constructing homogeneous deformations of complete toric varieties.

In section 4 we then show how to glue the deformations of affine T -varieties together to
construct deformations of non-affine T -varieties. As in the affine case, we can also describe
the fibers of such deformations explicitly as T -varieties. Restricting to the case of locally
trivial deformations, we then calculate the Kodaira-Spencer map in section 5.

Of course, non-affine toric varieties provide again an example where our construction can
be put to use. In section 6 we reformulate our Kodaira-Spencer calculation in nicer terms for
this special case. For a smooth complete toric variety X , we then construct certain special
deformations and show that they in fact span T 1

X . Thus, at least for smooth complete toric
varieties, our deformations provide a kind of skeleton of the versal deformation.

Our approach has some aspects in common with the independent work of Mavlyutov—
both approaches construct deformations via Minkowski decomposition of some combinatorial
data. However, an important difference can be found in the distinct ways in which we trans-
late our combinatorial data into deformations. His construction relies on the homogeneous
coordinate ring of a toric variety. In contrast, our construction utilizes the language of T -
varieties and polyhedral divisors.

Acknowledgements : We would like to thank Hendrik Süß and Klaus Altmann for a num-
ber of helpful conversations. Thanks are also due to the anonymous referee for suggesting
several improvements.

1 T-Varieties

We recall several notions from [AHS08]. As usual, let N be a lattice with dualM and let NQ

and MQ be the associated Q vector spaces. For any polyhedron ∆ ⊂ NQ, let tail(∆) denote
its tailcone, that is, the cone of unbounded directions in ∆. Thus, ∆ can be written as the
Minkowski sum of some bounded polyhedron and its tailcone. Now for u ∈ tail(∆)∨ ∩M ,
denote by face(∆, u) the face of ∆ upon which u achieves its minimum. We will also be
considering the empty set as a polyhedron; any face of the empty set is itself the empty
set. A polyhedron ∆ is nontrivial if it is the empty set, or differs from its tailcone. We
will constantly assume that all polyhedra with which we deal contain no linear subspace of
positive dimension.

Consider any smooth semiprojective variety Y over C; recall that semiprojective means
projective over some affine variety. By C(Y ) we denote its field of rational functions. For
any f ∈ C(Y ), let V (f) denote the divisor of zeros of f in Y .

Let δ ⊂ NQ be a pointed polyhedral cone.
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Definition 1.1. A polyhedral divisor on Y with tail cone δ is a formal finite sum

D =
∑

P

DP ⊗ P,

where P runs over all prime divisors on Y and DP is a polyhedron with tailcone δ. Here,
finite means that only finitely many coefficients are nontrivial. Note that the empty set is
also allowed as a coefficient.

We can evaluate a polyhedral divisor for every element u ∈ δ∨ ∩M via

D(u) :=
∑

P

min
v∈DP

〈v, u〉P

in order to obtain a divisor on Y with coefficients in Q ∪ {∞}, where the minimum over
the empty set is defined to be ∞. We can also consider D(u) as a Q-divisor on LocD :=
Y \

(⋃
DP=∅ P

)
. By an abuse of notation, we shall write H0(Y,D(u)) for H0(LocD,D(u)) :=

H0(LocD,O(D(u))).

Definition 1.2. A polyhedral divisor D is called proper if

(i) Y \ LocD is the support of a semiample divisor on Y ;

(ii) For all u ∈ δ∨ ∩M , D(u) is semiample on LocD;

(iii) For all u ∈ relint δ∨ ∩M , D(u) is big on LocD.

To a proper polyhedral divisor we associate an M-graded k-algebra and consequently an
affine scheme admitting a TN = N ⊗ C∗-action:

X(D) := Spec
⊕

u∈δ∨∩M

H0(Y,D(u)) · χu.

This construction gives a normal variety of dimension dimY + dimNQ together with a TN -
action.

We now wish to glue these affine schemes together; this requires some further definitions.

Definition 1.3. Let D =
∑

P DP ⊗ P , D
′ =
∑

P D
′
P ⊗ P be two proper polyhedral divisors

on Y with tail cones δ and δ′.

(i) We define their intersection by

D ∩D′ :=
∑

P

(DP ∩ D
′
P )⊗ P.

(ii) We say D′ ⊂ D if D′
P ⊂ DP for every prime divisor P ∈ Y .

(iii) For y ∈ Y a not necessarily closed point, set Dy :=
∑

y∈P DP , where summation is via
Minkowski addition.
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(iv) D′ is a face of D i.e. D′ ≺ D if D′ ⊂ D and for each y ∈ Loc(D′) there is a pair
(wy, Dy) ∈ (δ∨ ∩ M) × |D(wy)| such that y /∈ supp(Dy), D

′
y = face(Dy, wy), and

face(D′
v, wy) = face(Dv, wy) for all v ∈ Y \ supp(Dy).

If D′ ⊂ D then we have an inclusion

⊕

u∈(δ′)∨∩M

H0(Y,D′(u)) · χu ⊃
⊕

u∈δ∨∩M

H0(Y,D(u)) · χu

which corresponds to a dominant morphism X(D′) → X(D). This is an open embedding
exactly when D′ ≺ D.

Definition 1.4. A divisorial fan is a finite set S of proper polyhedral divisors such that for
D,D′ ∈ S we have D ≻ D′ ∩ D ≺ D′ with D′ ∩ D also in S. For a not necessarily closed
point y ∈ Y , the slice Sy is defined to be the set of all polyhedra Dy with D ∈ S.

We may glue the affine varieties X(D) via

X(D)← X(D ∩ D′)→ X(D′).

This construction yields a normal scheme X(S) of dimension dim Y + dimNQ with a torus
action by TN . Note that all normal varieties with torus action can be constructed in this
manner.

Remark 1.5. For any prime divisor P , the face condition ensures that SP is in fact a
polyhedral subdivision. If Y is a curve, X(S) is complete if Y is complete and SP is a
complete polyhedral subdivision for all points P . In this case, we also say that S is complete.

We will need the following lemma to construct deformation maps:

Lemma 1.6. Given a map f : Y → B where B is affine, the composition of f with the
rational quotient map X(S) 99K Y is regular.

Proof. The statement is local on X(S), hence we may assume X = X(D) is affine. Then
X is the affine contraction of SpecY

⊕
O(D(u)) · χu which maps to B regularly, inducing a

regular map X → B.

Remark 1.7. If Y is a smooth projective curve, some of the above definitions simplify. We
first define the degree of a polyhedral divisor by

degD :=
∑

P

DP

where summation is via Minkowski addition. A polyhedral divisor D is then proper if and
only if degD ⊂ δ, and for all u ∈ δ∨ with minv∈degD〈v, u〉 = 0 it follows that u /∈ relint(δ∨)
and a multiple of D(u) is principal. Likewise, if D is proper, then D′ ≺ D if and only if D′

P

is a face of DP for every point P ∈ Y and degD ∩ δ′ = degD′, see [IS09] proposition 1.1.
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Remark 1.8. Let N ′ be an n-dimensional lattice with dual M ′, Σ a fan in N ′
Q, and X =

TV(Σ) the associated toric variety. Choose some primitive R ∈ M ′ and let N = N ′ ∩R⊥ ⊂
N ′. Furthermore choose some cosection s : N ′ → N . We can thus consider X as a T -variety
with codimension one torus action by the subtorus TN ⊂ TN

′

. In this case, Y = P1 and the
divisorial fan S consists of polyhedral divisors Dσ for each σ ∈ Σ, where

Dσ = s(σ ∩ [R = 1])⊗ {0}+ s(σ ∩ [R = −1])⊗ {∞}.

Note that we define the set [R = a] to be {v ∈ N ′
Q|〈v, R〉 = a}, that is, the set of points in

N ′
Q for which R takes the value a.
This downgrading procedure can be generalized to consider the action of any subtorus T

of TN
′

. If as above, N is the cocharacter lattice of T with cosection s : N ′ → N , then TV(Σ)
is described as a T -variety by a divisorial fan on TV(ΣY ), where ΣY is the coarsest common
refinement of all cones p(σ) for σ ∈ Σ. Here, p : N ′

Q → (N ′/N)Q denotes the projection. The
divisorial fan S once again consists of polyhedral divisors Dσ for each σ ∈ Σ, where now

Dσ =
∑

ρ∈Σ
(1)
Y

s(σ ∩ p−1(ρ))⊗Dρ.

Σ(1) denotes the set of rays of Σ, and by abuse of notation we denote a ray and its prim-
itive lattice generator by the same symbol. By Dρ we denote the torus invariant divisor
corresponding to a ray ρ.
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Figure 1: Fan and divisorial fan for a toric surface

Example 1.9. Consider the toric variety X attained by blowing up P1 × P1 in all four
fixpoints. The fan Σ ⊂ N ′

Q corresponding to this variety is pictured in figure 1(a). We
choose R = [0, 1] and consider the sublattice N = R⊥; the dashed gray lines in figure 1(a)
mark [R = 1] and [R = −1]. Choosing the cosection s : N ′ → N by s(a, b) = (a) leads to the
divisorial fan S pictured in figures 1(b) and (c). The two-dimensional cones of Σ correspond
to the eight proper polyhedral divisors A,B, . . . ,H. X(S) is thus our original variety X
considered with an action of the subtorus TN .

Example 1.10. Let ΩF1 be the cotangent bundle of the first Hirzebruch surface. Then
X = P(ΩF1) is a T -variety over P1, see example 8.5 in [AHS08]. The corresponding divisorial
fan is pictured in figure 2, where two-dimensional polyhedra with common tailcone are
coefficients for the same polyhedral divisor.
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Figure 2: The divisorial fan for P(ΩF1)

2 Decompositions of Polyhedral Divisors

Let Y be a smooth projective curve and let D be a proper polyhedral divisor on Y with
δ = tail(D). We describe how to construct deformations of X = X(D) with T acting on the
total space and preserving fibers. The construction is based on decomposing a coefficient DP
of D as a sum of polyhedra.

Definition 2.1. An r-parameter Minkowski decomposition of a polyhedron ∆ with tailcone
δ is a decomposition

∆ = ∆0 + . . .+∆r

as Minkowski sum such that tail(∆i) = δ for 0 ≤ i ≤ r.

Definition 2.2. A Minkowski decomposition as above is said to be admissible if it satisfies
one of the following equivalent properties:

(i) For each u ∈ δ∨ ∩M , at most one face(∆i, u) has no lattice vertices.

(ii) For each u ∈ δ∨ ∩M , at most one of the evaluations min〈∆i, u〉 is not an integer.

(iii) For each vertex v ∈ ∆, at most one of the corresponding vertices of the ∆i is not a
lattice point.

For example,

b b b

b b

= b b + b b

b

is an admissible one-parameter decomposition of a non-lattice polyhedron with tailcone 0.

Remark 2.3. We also consider Minkowski decompositions of ∆ = ∅, where we have fixed
some cone δ. In this case, an r-parameter Minkowski decomposition is defined identically to
above; thus, at least one ∆i must be the empty set. Such a decomposition is admissible if
for each u ∈ δ∨ ∩M , there is at most one i with ∆i 6= ∅ and min〈∆i, u〉 /∈ Z.

Let P ⊂ Y be a finite set of points in Y , including all those points P with nontrivial
coefficient DP . Suppose now that for each P ∈ P we have Minkowski decompositions DP =∑rP

s=0D
s
P . We call such data a decomposition of the polyhedral divisor D; it is admissible if

6



each decomposition of the coefficients is admissible. Let r =
∑

P∈P rP ; this is finite since P
is a finite set.

Consider some smooth affine variety B with special point 0 cut out by a regular sequence
t1, . . . , tk. For 0 ≤ j ≤ k, let Bj be the subvariety cut out by tj+1, . . . , tk. Now consider
some family γ : Y tot → B with Y tot smooth such that Y tot

j := V (tj+1, . . . , tk) ⊂ Y tot is equal
to γ−1(Bj), and γ

−1(0) = Y tot
0 = Y . Furthermore, let Dtot(P, i) be a collection of pairwise

different prime divisors on Y tot intersecting the Y tot
j properly, such that Dtot(P, i) restricts

to P in Y . From this information, we then define the polyhedral divisors

Dtot =
∑

P,i

DiP ⊗D
tot(P, i).

Note that since we required the Dtot(P, i) to restrict to P in Y , we have Dtot
|Y = D, since for

each P , the coefficients of the Dtot(P, i) sum up to DP . In particularly, Dtot(u)|Y = D(u) for
all u.

We assume for the moment that all Dtot
|Y tot

i
are proper polyhedral divisors. Let Xtot =

X(Dtot). By lemma 1.6, we get a map π : Xtot → B. We want the special fiber of π to be
X , i.e. π−1(0) = X .

Proposition 2.4. The map of T -varieties X → Xtot induced by Y →֒ Y tot embeds X as the
special fiber π−1(0) if, for each u ∈ δ∨ ∩M , the following two conditions hold:

(i) ⌊Dtot(u)⌋|Y = ⌊Dtot(u)|Y ⌋

(ii) With D = ⌊Dtot(u)⌋, the natural morphisms H0(Y tot
i , D|Y tot

i
) → H0(Y tot

i−1, D|Y tot
i−1

) are
surjective for 1 ≤ i ≤ k.

Proof. The claim is equivalent to the exactness of

0 −−−→ I ·H0(Y tot,Dtot(u)) −−−→ H0(Y tot,Dtot(u))
ν

−−−→ H0(Y,D(u)) −−−→ 0

for each u ∈ δ∨ ∩M , where I = 〈t1, . . . , tk〉. The map ν arises as follows (compare section 8
of [AHS08]):

H0(Y tot,Dtot(u)) // H0(Y,D(u))

H0(Y tot, ⌊Dtot(u)⌋)
ϕ

// H0(Y, ⌊Dtot(u)⌋|Y )
�

� ψ
/ H0(Y, ⌊D(u)⌋)

Since Dtot(u)|Y = D(u), surjectivity of ψ follows from condition (i). Surjectivity of ϕ follows
from condition (ii). Thus, ν is surjective (and X → Xtot is a closed embedding).

We now must check that the kernel of ν is correct; an easy calculation shows that it
contains I ·H0(Y tot,Dtot(u)). Choose some open affine U ⊂ Y tot such that U ∩ Y 6= ∅ and
U is disjoint from the support of D = ⌊Dtot(u)⌋. Then we can expand the above sequence
to

0 −−−→ I ·H0(Y tot, D) −−−→ H0(Y tot, D) −−−→ H0(Y,D|Y ) −−−→ 0y
y

y
0 −−−→ I ·H0(U,OU) −−−→ H0(U,OU) −−−→ H0(Y ∩ U,OY ∩U) −−−→ 0

7



where the vertical arrows are inclusions. If we can show that I ·H0(U,OU) ∩H
0(Y tot, D) =

I ·H0(Y tot, D), we are done by the exactness of the second row.
Assume that k = 1 and take s ∈ I ·H0(U,OU) ∩H

0(Y tot, D); we can thus write s = t1g
for g ∈ H0(U,OU). Furthermore,

div(t1g) +D ≥ 0.

But div(t1g) = div(t1) + div(g) and the order of the components of D along div(t1) = Y are
zero, so g ∈ H0(Y tot, D). Thus I ·H0(U,OU) ∩H

0(Y tot, D) = I ·H0(Y tot, D).
Assume that k > 1. After slight adjustment, the above arguments show that

0→ ti ·H
0(Y tot

i , D|Y tot
i

)→ H0(Y tot
i , D|Y tot

i
)→ H0(Y tot

i−1, D|Y tot
i−1

)→ 0 (1)

is exact for 1 ≤ i ≤ k. Now, consider also the sequence

0→ 〈t1, . . . , tj〉 ·H
0(Y tot

j , D|Y tot
j

)→ H0(Y tot
j , D|Y tot

j
)→ H0(Y,D|Y )→ 0 (2)

and assume that this is exact for some j = l, 1 ≤ l < k. A straightforward diagram chase
shows that the exactness of (1) for i = l+1 and exactness of (2) for j = l gives the exactness
of (2) for j = l + 1. Induction on l completes the proof.

Condition (i) is where admissibility comes in to play:

Lemma 2.5. Suppose D =
∑
aiPD

tot(P, i) is a Q-divisor on Y tot. Then ⌊nD⌋|Y = ⌊(nD)|Y ⌋
for all integers n ≥ 0 if and only if, for each P ∈ Y , at most one of the coefficients aiP is not
an integer.

Proof. Due to our choice of divisors Dtot(P, s), this follows from the following fact: Let p, q ∈
Q \ Z, p, q ≥ 0. Then there exists an integer n ≥ 0 such that ⌊np + nq⌋ > ⌊np⌋ + ⌊nq⌋.

Corollary 2.6. Condition (i) of proposition 2.4 holds for each u ∈ δ∨∩M if and only if the
Minkowski decompositions underlying Dtot are admissible.

From now on, we assume that our base curve Y is P1. For each P ∈ P, let yP ∈ C(Y )
be a rational function with its sole zero at P . Let tP,1, . . . , tP,rP be coordinates on ArP for
P ∈ P, and set tP,0 = 0. Let B be any open affine neighborhood of the origin in

∏
P∈P ArP

such that a divisor on P1×B of the form V (yP − tP,i) doesn’t intersect any divisor of the
form V (yQ − tQ,j) for P 6= Q and P,Q ∈ P.

We now consider the trivial family Y tot = P1×B. As prime divisors, we then take
Dtot(P, i) = V (yP − tP,i); these clearly restrict as desired to P . As an example, such a family
is pictured in figure 3 for Y tot = P1 × A1, with r0 = 1 and r∞ = 0.

For a point λ ∈ B, let D(λ) be the restriction of Dtot to Y tot
λ , the fiber over λ. Since

Y tot
λ
∼= Y , we can view D(λ) as a polyhedral divisor on Y . In fact, we can describe D(λ)

explicitly. Say λ is given by the equations tP,i = λP,i, and set λP,0 = 0 for each P ∈ P. For
0 ≤ i ≤ rP , let D

(λ)(P, i) be the divisor on Y given by the vanishing of yP − λP,i. Then the
polyhedral divisor D(λ) is given by

D(λ) =
∑

P∈P
0≤i≤rP

DiP ⊗D
(λ)(P, i),

8
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∞
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P1

0
A1

Dtot(0, 0)

Dtot(0, 1)

Dtot(∞, 0)

Figure 3: A family of prime divisors Dtot(P, i) on P1 × A1

where the coefficients in front of prime divisors appearing multiple times are added via
Minkowski sums. Note that prime divisors appear multiple times whenever λP,i = λP,j for
i 6= j.

Lemma 2.7. Dtot is a proper polyhedral divisor on Y tot = P1×B. Likewise, D(λ) is a proper
polyhedral divisor on P1.

Proof. For any u ∈ δ∨ ∩ M , consider the Q-divisor Dtot(u). One easily checks that l ·
Dtot(u) ∼ l · D(u) × B for some large l ∈ N, since for each P ∈ Y and i ≤ rP we have
V (yP − tP,i) ∼ V (yP ). Thus, D

tot(u) is semiample or big exactly when D(u) is semiample or
big, so the properness of Dtot follows from the properness of D. A similar argument holds
for D(λ).

Since Dtot is proper it defines an affine T -variety Xtot = X(Dtot) and we have a natural
map π : Xtot → B. If the decomposition of D is admissible, this is in fact a deformation:

Theorem 2.8. If the decompositions of DP for each P ∈ P are admissible, the map π : X(Dtot)→
B gives a flat family with π−1(λ) ∼= X(D(λ)) for λ ∈ B. In particular, π−1(0) = X(D) = X.

Remark 2.9. We call deformations of the above sort T -deformations. We also say that they
are homogeneous since the torus T acts on the total space, preserving fibers and extending
the action of T on the special fiber.

The proof of the theorem relies on the following proposition:

Proposition 2.10. If the decomposition of D is admissible, the map X → Xtot is a closed
embedding given by the ideal generated by all tP,i for P ∈ P, 1 ≤ i ≤ rP .

Proof. Let D = ⌊Dtot(u)⌋ for some u ∈ δ∨ ∩M . We twist the short exact sequence for the
embedding Y tot

i−1 →֒ Y tot
i

0→ IY tot
i−1
→ OY tot

i
→ OY tot

i−1
→ 0

by the locally free sheaf OY tot(D)|Yi. Consider the associated long exact sequence in coho-
mology

H0(Y tot
i , D|Y tot

i
)→ H0(Y tot

i−1, D|Y tot
i−1

)→ H1(Y tot
i , IY tot

i−1
(D)).

Assume that H0(Y tot
i−1, D|Y tot

i−1
) is not zero. We claim that H1(Y tot

i , IY tot
i−1

(D)) vanishes, which
proves the statement by proposition 2.4.
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Indeed, since IY tot
i−1

= ti · OY tot
i

, we then have H1(Y tot
i , IY tot

i−1
(D)) = H1(Y tot

i , D|Y tot
i

). But

this disappears, since D|Y tot
i

is an effective semiample divisor on the product of P1 with some
subset of affine space.

Proof of theorem 2.8. By choice of B ⊂ Ar, the admissible decomposition of D also induces
admissible decompositions of D(λ) which result in the same divisor Dtot on Y tot. Thus,
after coordinate change in B we can apply proposition 2.10 and get that for any λ ∈ B,
X(Dλ) ∼= π−1(λ). Furthermore, X(D(λ)) →֒ Xtot is cut out by a regular sequence so π is
flat.

Remark 2.11. Suppose a Minkowski summand DiP is a multiple k∆ of a lattice polyhedron
∆. Then replacing Dtot(P, i) = V (yP−tP,i) byD

tot(kP, i) := V (ykP−tP,i) and D
i
P by ∆ in Dtot

also gives a deformation of X , after changing B accordingly. Indeed, since ∆ ⊗Dtot(kP, i)
restricts to ∆⊗ kP , Dtot restricts to D as before. The change doesn’t affect the integrality
considerations since ∆ is a lattice polyhedron. The rest of the arguments carry through
unchanged.

We end this section with a corollary of theorem 2.8:

Corollary 2.12. Let D be a proper polyhedral divisor on P1 with affine locus. Consider some
admissible decomposition of D. Then the general fiber of the corresponding deformation π
has exactly the analytic singularities TV(Cone(DiP ×{1})) for P ∈ P and 0 ≤ i ≤ rP , where
TV(Cone(DiP × {1})) is the toric singularity corresponding to the cone over the polyhedron
DiP .

Proof. This follows from the description of the general fiber from theorem 2.8 coupled
with [LS10], theorem 5.3.

Remark 2.13. In section 4 of [Ilt09], explicit equations were used to calculate the singulari-
ties in the general fiber for toric deformations of cyclic quotient singularities. Combining this
with the description of affine toric deformations in the following section, the above corollary
provides a way of doing this without using the equations. Furthermore, the above corollary
can be applied to see whether a toric deformation, or more generally, a T -deformation, is a
smoothing. Note that if D has complete locus and X(D) is singular, no T -deformation can
be a smoothing (see [LS10], proposition 5.1).

3 Deformations of Affine Toric Varieties

We turn now to the case thatX = TV(σ) is a toric variety with embedded torus T ′ = TN
′

and
show how our T -deformations relate to the toric deformations constructed by K. Altmann
in [Alt95] and [Alt00].

We first briefly recall this construction. Consider some k ∈ N and R ∈ M ′ \ {0} and let
N = N ′ ∩R⊥ with cosection s : N ′ → N , as in remark 1.8. We take Q(R) := s(σ ∩ [R = 1])
and Q(R)∞ := s(σ ∩ [R = 0]). Consider some admissible Minkowski decomposition Q(R) =
Q0 + k ·Q1 + . . .+ k ·Qr where if k 6= 1, Q1, . . . , Qr are lattice polyhedra.

For R ∈ σ∨, Altmann constructs a deformation of X as follows. Take Ñ = N ⊕ Zr+1,
and consider the cone σ̃ ⊂ ÑQ generated by Q(R)∞ × 0 and Qi × ei for i = 0, . . . , r, where
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{ei} is the standard basis of Zr+1. We then get a map π from TV(σ̃) to Ar by sending the
coordinate function ti, 1 ≤ i ≤ r, on Ar to χk·e

∗
0 − χe

∗
i , where {e∗j} is the dual basis of {ej},

and for u ∈ M̃ , χu denotes the corresponding character. It turns out that π is flat with
π−1(0) canonically isomporphic to TV(σ).

For R /∈ σ∨, the construction is more complicated since the total space isn’t toric. Con-
sider τ := σ∩ [R ≥ 0]. Then there is a natural map TV(τ)→ TV(σ) presenting TV(τ) as an
open subset of a proper birational modification of TV(σ). Since R ∈ τ∨, we can apply the
above construction to get a deformation of TV(τ). This deformation then maps birationally
to Altmann’s toric deformation of TV(σ), see [Alt00] theorem 3.2 for more details.

Remark 3.1. For fixed k and R, a toric deformation as above is called homogeneous of
degree −kR. This is justified by the fact that the image of such a deformation in T 1

X under
the Kodaira-Spencer map lies in the degree −kR compoment of T 1

X with respect to the
natural M ′-grading. Furthermore, the images of toric deformations completely span T 1

X .

To compare toric deformations with our deformations, we view X as a T -variety for
the subtorus T = ker(R : T ′ → C∗) ⊂ T ′. As mentioned in remark 1.8, the corresponding
polyhedral divisor D has coefficients

D0 = s(σ ∩ [R = 1]) D∞ = s(σ ∩ [R = −1])

on Y = P1, where s : N ′ → N is a cosection. Thus, D0 is Altmann’s Q(R) from above, and
the tail cone is Q(R)∞.

In the case R ∈ σ∨, the coefficient at∞ is empty, and for admissible r-parameter Minkow-
ski decompositions of D0, we recover Altmann’s homogeneous toric deformations in degree
−R. If y = y0 is the coordinate on LocD = A1, a linear change of coordinates t0,i 7→ t0,i + y
moves the supporting prime divisors of Dtot on LocDtot into the invariant divisors of the
toric variety Ar+1 so we see that Xtot is toric. We can also see deformations in non-primitive
degrees by considering decompositions of the form Q(R) = Q0+k ·Q1+ . . .+k ·Qr for some
k > 1 and applying remark 2.11, where we now require that Qi is a lattice polyhedron for
1 ≤ i ≤ r.

In the case R 6∈ σ∨, the total space of a T -deformation cannot be toric. Indeed, if Xtot

were toric, by the downgrading procedure described in remark 1.8, LocDtot would have to
be a toric variety, with the prime divisors in the support of Dtot all being invariant. As an
example, consider the case r = 1 illustrated in figure 3. While P1×A1 is toric, the union
of the three toric divisors {0} × A1, {∞} × A1 and P1×{0} is connected. Since this is not
the case for the three divisors D(0, 0), D(0, 1) and D(∞, 0), Xtot cannot have the structure
of a toric variety. Here, we recover the families which Altmann constructs by deforming
birational modifications of X .

Remark 3.2. While we saw above that Xtot is not necessarily toric, it does retain an action
by the larger torus T ′. We will show this for the case of figure 3; the general cases are
similar. Consider the diagonal action of C∗ on Y tot = P1×A1. The prime divisors in Y tot

on which Dtot is supported are all C∗-invariant. Thus, the C∗ acting on Y tot also acts on
Xtot. Furthermore, Y ⊂ Y tot is invariant under this C∗ action. Thus, T ′ ∼= T × C∗, and the
embedding of X in Xtot is equivariant.
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We can even describe Xtot as a T ′-variety in terms of a proper polyhedral divisor E tot on
P1. Indeed, we take

E tot = E tot0 ⊗ {0}+ E
tot
1 ⊗ {1}+ E

tot
∞ ⊗ {∞}

with

E tot0 = α(D0
0 × {1}) + σ′

E tot1 = α(D1
0 × {0}) + σ′

E tot∞ = α(Conv {D∞ × {−1}, δ × {0}}) + σ′,

where α : N ⊕Z→ N ′ is the isomorphism induced by s, and σ′ = σ ∩ [R ≥ 0] is the positive
part of σ. We leave it to the reader to check that this gives us the total space Xtot = X(E tot)
as a T ′-variety. Note that we still recover the Minkowski decomposition at this level:

E tot0 + E tot1 = σ ∩ [R ≥ 1] E tot∞ = σ ∩ [R ≥ −1].

-3 -2 -1 0 1 2 3
0

1
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3

(a) ∆
-3 -2 -1 0 1 2 3

0

1

2

3

(b) ∆0

-3 -2 -1 0 1 2 3
0

1

2

3

(c) ∆1

Figure 4: Minkowski decomposition for an affine threefold singularity

Example 3.3. We consider an example of a toric threefold with deformations in non-negative
degrees. Let N ′ = Z3 with standard basis e1, e2, e3 and σ generated by (−1, 1, 1), (1, 1, 1),
(−1, 1,−1), and (1, 1,−1). X = TV(σ) is then the cone over the singular projective Fano
surface X ′ whose minimal resolution is the toric surface presented in figure 1 in section 1.

Setting N = 〈e1, e2〉 with cosection s : N ′ → N given by projection, we can consider X
as the T -variety X(D) over Y = P1 with D = ∆⊗ {0}+∆⊗ {∞} and ∆ as in figure 4(a).
The Minkowski decompositions D0 = ∆0 +∆1 and D∞ = ∆0 +∆1 induce a two-parameter
deformation π of X . Restricting to the coordinate axes of the base space gives homogeneous
deformations in degrees −e∗3 and e∗3, neither of which lie in σ∨.

Note that the deformation π has degree zero with respect to the Z = 〈e∗2〉 grading on OX
inducing the quotient X ′. Thus, π induces a two-parameter deformation π′ on X ′ as well.

4 Decompositions of Divisorial Fans

Let Y = P1 and let S be a divisorial fan on Y . We now show how to construct deformations
of the rational non-affine T -variety X(S). For simplicity’s sake, we will restrict to those
deformations which correspond to primitive degrees in the toric case.
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Definition 4.1. Let C be any (nonempty) polyhedral subdivision in NQ and r ∈ N. An
admissible r-term Minkowski decomposition of C consists of admissible r-term Minkowski
decompositions

∆ = ∆0 +∆1 + . . .+∆r

for all ∆ ∈ C such that

(i) If ∆ ∩∇ 6= ∅ with ∆,∇ ∈ C, then (∆ ∩ ∇)i = ∆i ∩∇i for any i ∈ {0, . . . , r}.

(ii) We have ∑

i∈I

⋂

∆∈I

∆i ≺
∑

i∈I

⋂

∆∈J

∆i

for any J ⊂ I ⊂ C and I ⊂ {0, . . . , r}.

Remark 4.2. The above definition guarantees that for fixed i, the set

C i := {∆i | ∆ ∈ C}

is a polyhedral subdivision in NQ. The admissibility of the decompositions of all ∆ in C
is equivalent to the condition that for any vertex v of C, at most one of the corresponding
vertices vi ∈ C i is not a lattice point. As a slight abuse of notation, we will write C =
C0+ . . .+Cr for a Minkowski decomposition; note that the decomposition also includes the
data of which polyhedra in the C i are added together.

Similar to section 2, let P ⊂ Y be a finite set of points in Y , this time including all those
points P with DP nontrivial for some D ∈ S. For each P ∈ P ⊂ Y , consider an admissible
rP -parameter Minkowski decomposition of the slice SP for some rP ∈ Z≥0. We call this a
decomposition of the divisorial fan S.

As before set r =
∑
rP . For each D ∈ S, we get a decomposition of D by decomposing

DP =
∑rP

i=0D
i
P , where if DP 6= ∅, D

i
P comes from the decomposition of SP , and for DP = ∅,

we set DiP = ∅. From the construction in section 2, for each D ∈ S we thus get a proper
polyhedral divisor Dtot on Y tot = P1×B, along with a deformation πD : X(Dtot) → B of
X(D). We wish to glue these deformations together to get a deformation of X(S).

For any I ⊂ S and any λ ∈ B, we set

DI =
⋂

D∈I

D; DI,tot =
⋂

D∈I

Dtot; DI,(λ) =
⋂

D∈I

D(λ).

Note that DI ∈ S. We then set

Stot =
{
DI,tot

}
I⊂S

; S(λ) =
{
DI,(λ)

}
I⊂S

.

Proposition 4.3. Stot is a divisorial fan on Y tot. Likewise, each S(λ) is a divisorial fan on
Y = P1.

We will prove this proposition shortly, but first we wish to construct the corresponding
deformation. As before, there is a natural regular map π : X(Stot)→ B by lemma 1.6.
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Figure 5: A deformation of P(ΩF1)

Theorem 4.4. The map π : X(Stot) → B gives a flat family with π−1(λ) ∼= X(S(λ)) for
λ ∈ B. In particular, π−1(0) = X(S).

We call deformations of the type constructed in the above theorem T -deformations.

Example 4.5. Consider the T -variety X = X(S) = P(ΩF1) as described in the example
at the end of section 1 and in figure 2. We construct a one-parameter deformation over
A1 \ {1} by decomposing the slice S0 = S0

0 + S1
0 as pictured in figure 5. The general fiber

of the deformation is X(S(λ)) for general λ, where S
(λ)
0 = S0

0 , S
(λ)
λ = S1

0 , S
(λ)
1 = S1, and

S
(λ)
∞ = S∞, such that any two-dimensional polyhedra with common tailcones are coefficients

for the same polyhedral divisor.
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Figure 6: A degeneration of P(ΩF1)

On the other hand, P(ΩF1) is the general fiber in a T -deformation of a toric variety.
Indeed, if Ŝ is the divisorial fan on P1 pictured in figure 6 (where once again two-dimensional
polyhedra with common tailcones belong to the same polyhedral divisor), X(Ŝ) is in fact a
toric variety and X(S) is the general fiber of the homogeneous deformation coming from the
decomposition Ŝ∞ = S∞+S1. This is similar to the degeneration of P(ΩP2) to the projective
cone over the del Pezzo surface of degree six constructed in [Süß08], example 5.1.

The remainder of the section is dedicated to proving proposition 4.3 and theorem 4.4.
We split up the proofs into several smaller lemmata. Note that we will only be proving the
claim of proposition 4.3 for Stot. The proof for S(λ) is similar, and left to the reader.

Lemma 4.6. Consider polytopes ∇i ⊂ ∆i for 1 ≤ i ≤ n. Set ∆ :=
∑n

i=1∆
i and ∇ :=∑n

i=1∇
i and let I be any subset of {1, . . . , n}.
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(i) For any w ∈ (tail∆)∨ with face(∆, w) = ∇, we have face(
∑

i∈I ∆
i, w) =

∑
i∈I ∇

i.

(ii) For any w ∈ (tail∆)∨ with face(∆, w) = face(∇, w), we have face(
∑

i∈I ∆
i, w) =

face(
∑

i∈I ∇
i, w).

Proof. Note that the first claim follows from the second. Indeed, if ∇ = face(∆, w), then w
is constant on ∇, and must also be constant on ∇i. Thus, ∇i = face(∇i, w).

For part (ii), observe that ∇i ⊂ ∆i implies min〈∇i, w〉 ≥ min〈∆i, w〉 for 1 ≤ i ≤ n. But
∑

min〈∇i, w〉 = min〈∇, w〉 = min〈∆, w〉 =
∑

min〈∆i, w〉

so we in fact have min〈∇i, w〉 = min〈∆i, w〉. Coupled with ∇i ⊂ ∆i we then get that
face(∇i, w) ⊂ face(∆i, w). Since taking faces commutes with Minkowski sums, we then have
the following diagram:

face(∆1, w) + . . . + face(∆n, w) = face(∆, w)
∪ ∪ ‖

face(∇1, w) + . . . + face(∇n, w) = face(∇, w).

We can conclude that the inclusions must be equalities. The claim then follows by again
using the fact that taking faces commutes with Minkowski sums.

Lemma 4.7. Let D′,D be proper polyhedral divisors on some curve C with D′ ≺ D, Loc(D)
complete, and Loc(D′) not complete. Then for any w ∈ tail(D)∨ with

face(tail(D), w) = tail(D′),

we have deg(D(w)) > 0.

Proof. Let y be the general point of C. Then sinceD′ ≺ D, we find wy such that face(tail(D), wy) =
tail(D′) and deg(D(wy)) > 0, since the fact that some coefficients of D′ are the empty set
implies the existence of a divisor Dy ∈ |D(wy)| with nontrivial support. From this it follows
that deg(D) ∩ tail(D′) = ∅.

Now let w be as in the statement of the lemma. The hyperplane determined by 〈·, w〉 = 0
intersects tail(D) in exactly tail(D′). Thus, it cannot intersect deg(D), since deg(D) ⊂
tail(D). It follows that deg(D(w)) = (deg(D))(w) 6= 0, so it must be strictly positive.

Lemma 4.8. Consider any I ⊂ S.

(i) DI,tot arises from an admissible Minkowski decomposition of DI.

(ii) DI,tot is proper.

Proof. Consider P ∈ P, and set DI,i
P := DI,tot

x for x = V (yP − tP,i). Then clearly DI
P =∑

DI,i
P , and all DI,i

P have the correct tail cone (or are the empty set). Thus, we just need
to check the admissibility of the decomposition. But from definition 4.1(ii) coupled with
4.6(i) we have that for any D ∈ I there exists w ∈ tail(D)∨ such that for 0 ≤ i ≤ rP either
DI,i
P = ∅ or DI,i

P = face(DiP , w). Thus, since the DiP form an admissible decomposition, the
DI,i
P must as well, proving the first claim.
The second claim follows from the first coupled with lemma 2.7.
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The next lemma is the essential point in the proof of proposition 4.3. It is rather technical
in that we must consider a number of different cases, but each case just requires an application
of some of the above lemmata.

Lemma 4.9. For any J ⊂ I ⊂ S, DI,tot ≺ DJ ,tot.

Proof. For any point x ∈ Y tot not necessarily closed, we define a point x̂ ∈ Y as follows. If x
is contained in some V (yP − tP,i) for P ∈ P and 0 ≤ i ≤ rP , then let x̂ be equal to the point
P in P1. Note that such a P , if it exists, is unique due to the way B was constructed. In this
case, we say x is special. Otherwise, if x is contained in any divisor V (yP ) for P ∈ Y \ P,
let x̂ = P . Finally, for any other point x, take x̂ to be the general point in P1. We now
describe DI,tot

x . If x is contained in some V (yP − tP,i), let I be the set of all i for which this
holds. Then one easily sees that DI,tot

x =
∑

i∈I

⋂
D∈I D

i
P . Otherwise, DI,tot

x = DI
x̂ . One can

describe DJ ,tot
x similarly.

Fix now any point y ∈ Loc(DI,tot), not necessarily closed. We must show that the
requirements of definition 1.3(iv) hold for this point y. Now, since DI ≺ DJ , there exists
(wŷ, Dŷ) ∈ M × |D

J (wŷ)| fulfilling the face relation of definition 1.3 for DI ≺ DJ and the
point ŷ. In the remainder of the proof, we will consider several cases:

(a) Loc(DI,tot) = Y tot and deg(Dŷ) = 0;

(b) Loc(DI,tot) = Y tot and deg(Dŷ) > 0;

(c) Loc(DI,tot) 6= Y tot and Loc(DJ ,tot) = Y tot;

(d) Loc(DJ ,tot) 6= Y tot.

Starting with case (a), set wy = wŷ. We take Dy to be the trivial divisor on Y tot. Note
that we have Dy ∈ |D

J ,tot(wy)|. Clearly y /∈ suppDy. Furthermore, we claim

face(DJ ,tot
y , wy) = D

I,tot
y . (3)

Indeed, if y isn’t special, then this follows from DI,tot
y = DI

ŷ and DJ ,tot
y = DJ

ŷ . For y special,
point (i) of definition 4.1 gives us

DI
Q =

rQ∑

i=0

⋂

D∈I

(DiQ)

DJ
Q =

rQ∑

i=0

⋂

D∈J

(DiQ)

whereas we automatically have ⋂

D∈I

DiQ ⊂
⋂

D∈J

DiQ

for all 0 ≤ i ≤ rQ. Since face(DJ
Q , wy) = D

I
Q, we can thus apply 4.6(i) to show equation (3).

Now finally, for all v ∈ Y tot, we claim that face(DJ ,tot
v , wy) = face(DI,tot

v , wy). Indeed, for
all v we have face(DJ

v , wy) = face(DI
v , wy). For v not special the claim is then immediate.
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On the other hand, for v special we use lemma 4.6(ii), where the hypothesis of the lemma
is once again satisfied due to point (i) of definition 4.1. Thus, the pair (wy, Dy) satisfies the
requirements of definition 1.3.

We now move to case (b). Since deg(Dŷ) > 0, clearly we can find some k ∈ N such that
|DJ ,tot(k ·wŷ)| contains a divisor D such that Y tot \suppD contains only those special points
x with x̂ = ŷ. We then set wy = k · wŷ and take Dy = D. Now, we have y /∈ suppDy, and
face(DJ ,tot

y , wy) = D
I,tot
y exactly as in case (a). We claim that we also have face(DJ ,tot

v , wy) =
face(DI,tot

v , wy) for all v ∈ Y tot \ suppDy. If v̂ 6= ŷ, then DI,tot
v and DJ ,tot

v are both trivial
and the claim follows from the properties of wŷ. Likewise, if v̂ = ŷ and y is trivial, then
DI,tot
v = DI

y , D
J ,tot
v = DJ

y and the claim again follows from the properties of wŷ. Finally, if
v̂ = ŷ and y is not trivial, we can apply lemma 4.6(ii) as in part (a). Thus, we again have
that the pair (wy, Dy) satisfies the requirements of definition 1.3.

We now consider case (c). Suppose first that ŷ ∈ Loc(DI). Then one easily sees that
deg(Dŷ) > 0 and one can proceed as in case (b). Thus, we have reduced to the case that
ŷ /∈ Loc(DI), from which it follows that y must be special. Now, we can find w ∈ tail(DJ )
with face(DJ ,tot

y , w) = DI,tot
y by point (ii) of definition 4.1. Furthermore, by lemma 4.7 we

have deg(DJ (w)) > 0 since taking faces and tails commutes. Similar to in case (b), we can
find some k ∈ N such that |DJ ,tot(k ·w)| contains a divisor D such that Y tot\suppD contains
only those special points x with x̂ = ŷ and DI,tot

x 6= ∅. We then set wy = k · wŷ and take
Dy = D. The claim of face(DJ ,tot

y , wy) = D
I,tot
y is satisfied automatically by our choice of

wy. The claim that face(DJ ,tot
v , wy) = face(DI,tot

v , wy) for all v ∈ Y
tot \ suppDy is immediate

for v nonspecial, and follows from lemma 4.6(ii) for v special. Thus, we again have that the
pair (wy, Dy) satisfies the requirements of definition 1.3.

The final case (d) is essentially identical to the case of (c), with the simplification that
since Loc(DJ ) is affine, we needn’t worry about the degrees of evaluations of DJ .

We are now ready to prove proposition 4.3:

Proof of proposition 4.3. First, all elements of Stot are proper polyhedral divisors due to
lemma 4.8(ii). Secondly, we claim that intersections of elements of Stot are themselves
elements of Stot. Indeed, for I,J ⊂ S, we have DI,tot ∩ DJ ,tot = DI∪J ,tot. Finally, from
lemma 4.9 we have the necessary face relations:

DI,tot ≻ DI∪J ,tot ≺ DJ ,tot

We conclude the section with the proof of theorem 4.4:

Proof of theorem 4.4. Since the maps πD arise from a projection of the quotient map, they
agree along intersections of polyhedral divisors and we can clearly glue them together to the
map π. Flatness of π can be checked locally on each X(DI,tot) for I ⊂ S; this follows then
directly from lemma 4.8(i) and theorem 2.8. From this theorem, we also know π−1

|X(DI,tot)
(λ) =

X(DI,(λ)), so we just need to check that everything glues properly. But for I,J ⊂ S,

π−1
|X(DI∪J ,tot)

(λ) = X(DI∪J ,(λ)) = X(DI,(λ)) ∩X(DJ ,(λ)) = π−1
|X(DI,tot)

(λ) ∩ π−1
|X(DJ ,tot)

(λ).

Thus, the gluing on X(Stot) induces the gluing on X(S(λ)).
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5 Locally Trivial Deformations

Let Y = P1 and let S be a divisorial fan on Y . To any locally trivial one-parameter defor-
mation of X(S) we can assign a class in H1(X(S), T X(S)) via the Kodaira-Spencer map: we
pull back the deformation to one over SpecC[t]/t2, and the Kodaira-Spender correspondence
gives a bijection between such first-order deformations and the above-mentioned cohomol-
ogy classes. In this section, we will compute the image of this map for certain special
T -deformations.

Now for some P ∈ Y let SP = S0
P + S1

P be an admissible one-parameter Minkowski
decomposition of SP such that for each ∆ ∈ SP , either ∆0 or ∆1 is a lattice translate of
tail(∆). Note that this is always the case if X(S) is smooth; indeed this follows from [LS10]
proposition 5.1 and theorem 5.3 together with the fact that height-one hyperplane sections
of smooth cones only have trivial admissible Minkowski decompositions. We furthermore
assume that for any D ∈ S with Loc(D) = Y , D has trivial coefficients everywhere except
P and ∞ := V (y−1

P ). The calculations can be carried out under more general assumptions,
but the resulting formula is considerably more complicated, see [Ilt10a] theorem 3.5.1.

We consider the one-parameter deformation π : X(Stot)→ B corresponding to the above
decomposition. We shall describe its image in H1(X(S), T X(S)) as a Čech cocycle and thus
need to choose some open cover U of X(S). By possibly refining the original divisorial
fan S, we can assume without loss of generality that for D ∈ S with affine locus, either
DP = ∅, or DQ = tail(DQ) for all Q ∈ LocD, Q 6= P . We will then use the open cover
U = {X(D) | D ∈ S} provided by this divisorial fan to describe Čech cocycles.

To the above Minkowski decomposition and for every D ∈ S, we can associate aD ∈
{1,−1} and λD ∈ N as follows. Consider first D ∈ S with DP 6= ∅. If we can write
DP = λD + D0

P for some λD ∈ N , let aD = 1. Otherwise set aD = −1 and define λD
by DP = λD + D1

P . Note that one of these conditions must be fulfilled due to our above
assumption on the nature of the decomposition of SP . For D ∈ S with DP = ∅, we take
aD = 1 and λD = 0. Finally, let e∗i be a basis for M and take t = tP,1.

Theorem 5.1. The deformation π : X(Stot)→ S is locally trivial after pullback to SpecC[t]/t2

and its image under the Kodaira-Spencer map is the cocycle defined by

dD,E =
aD − aE

2

∂

∂yP
+ y−1

P

∑

i

〈aDλD − aEλE , e
∗
i 〉χ

e∗i
∂

∂χe
∗
i

for D, E ∈ S.

For the proof of the theorem, we shall use the following two lemmata, which are essentially
special cases of proposition 8.6 in [AH06]:

Lemma 5.2. Let Y be a smooth variety and S a divisorial fan on Y . For some v ∈ N and
D0, D1 ∈ Div(Y ) with D1 −D0 = div(f) let S̃ = {D + v(D1 −D0) | D ∈ S}. Then there is

a canonical isomorphism φv : X(S) → X(S̃) where φ#
v is defined by mapping χu to f 〈v,u〉χu

for u ∈M .
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Proof. We show that locally φv is an isomorphism. Consider D ∈ S with tailcone δ and set
D̃ = D + v(D1 −D0). Then

OX(D̃) =
⊕

u∈δ∨∩M

H0
(
Y, D̃(u)

)
· χu ∼=

⊕

u∈δ∨∩M

H0
(
Y,D(u) + 〈v, u〉 div(f)

)
· χu

∼=
⊕

u∈δ∨∩M

H0
(
Y,D(u)

)
· f−〈v,u〉χu

and thus φ#
v induces an isomorphism OX(D̃)

∼= OX(D), since

OX(D) =
⊕

u∈δ∨∩M

H0
(
Y,D(u)

)
· χu.

Lemma 5.3. Let Y be a smooth variety and γ̄ ∈ Aut(Y ). For a proper polyhedral divisor
D on Y , define γ̄(D) =

∑
DDD · γ̄(D). Then there is a natural isomorphism γ : X(D) →

X(γ̄(D)) induced by γ̄.

Proof. Similar to the proof of the above lemma, we have

OX(γ̄(D)) =
⊕

u∈δ∨∩M

H0
(
Y, γ̄(D)(u)

)
· χu

=
⊕

u∈δ∨∩M

(γ̄#)−1
(
H0
(
Y,D(u)

))
· χu.

To deal with polyhedral divisors with affine locus, we also need the following lemma:

Lemma 5.4. Consider two proper polyhedral divisors E ,F on Y tot supported on divisors
of the form V (yQ − ct) for Q ∈ Y , c ∈ C. Suppose that for any prime divisor D =
V (yQ − ct) ⊂ Y tot of the above form, either ED = FD, or (E|Y )Q = (F|Y )Q = ∅. Then
X(E)×B SpecC[t]/t2 = X(F)×B SpecC[t]/t2.

Proof. If E or F has locus Y tot then the statement is trivial. If not, then the loci are in fact
affine. The claim follows from the fact that if (EY )Q = ∅, then

(yQ − ct)
−1 ≡ y−1

Q (1 + cy−1
Q t) (t2)

is regular on Loc E ×B SpecC[t]/t2 for all c ∈ C.

Proof of theorem 5.1. We calculate the image of the Kodaira-Spencer map as described
in [Ser06]. First, we show that π pulled back to SpecC[t]/t2 is locally trivial with respect to
the cover U by constructing isomorphisms

θD : X(D)× SpecC[t]/t2
∼
−−−→ X(Dtot)×B SpecC[t]/t2
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for each D ∈ S. Let γ−1 : Y
tot → Y tot be the automorphism induced by γ̄#−1 : t 7→ t and

γ̄#−1 : yP 7→ yP+t. Likewise, let γ1 : Y
tot → Y tot be the identity. Furthermore, let γi, i = −1, 1

be the corresponding morphisms from lemma 5.3. We also let φv be as in lemma 5.2 where
we take divisors D0 = V (yP ), D1 = V (yP − t) on Y

tot. We claim that setting

θD = φaDλDγaD

gives the desired isomorphism after taking the fiber product with SpecC[t]/t2 over B.
To begin with, we have that

X(D)× B = X(
∑

Q

DQ ⊗DQ)

maps via γaD to

X

(
DP ⊗

(
D0 +

aD − 1

2
(D0 −D1)

)
+D∞ ⊗D∞ +

∑

Q 6=P,∞

DQ ⊗ γ̄i(DQ)

)
(4)

where DQ = V (yQ). This is equal to

X

(
DP ⊗

(
D0 +

aD − 1

2
(D0 −D1)

)
+D∞ ⊗D∞ +

∑

Q 6=P,∞

DQ ⊗DQ

)
(5)

after taking the fiber product with SpecC[t]/t2 over B. Indeed, for LocD complete or
aD = 1, equality holds outright. For LocD affine and aD = −1, we simply apply lemma 5.4.

We then apply φaDλD to (5) to get

X

(
D0
P ⊗D0 +D

1
P ⊗D1 +

∑

Q 6=P

DQ ⊗DQ

)
= X(Dtot).

Thus, θD gives the desired isomorphism after taking the fiber product with SpecC[t]/t2 over
B.

Now set θD,E = θ−1
D θE . Define a derivation dD,E via θ#D,E = id + t · dD,E . For simplicity of

notation, set bD = aD−1
2

. Now θ#D,E = γ#aEφ
#
aEλE−aDλD

(γ#aD)
−1 and we can calculate

γ#aEφ
#
aEλE−aDλD

(γ#aD)
−1 (yP ) = γ#aEφ

#
aEλE−aDλD

(yP + bDt) = γ#aE (yP + bDt)

= yP + (bD − bE)t = yP +
aD − aE

2
· t

and

γ#aEφ
#
aEλE−aDλD

(γ#aD)
−1 (χu) = γ#aEφ

#
aEλE−aDλD

(χu) = γ#aE

((
yP − t

yP

)〈aEλE−aDλD ,u〉

χu

)

=

(
γ#aE

(
yP − t

yP

))〈aEλE−aDλD ,u〉

χu =

(
yP − (1 + bj)t

yP − bjt

)〈aEλE−aDλD ,u〉

χu

=

(
yP − aEt

yP

)aE 〈aEλE−aDλD ,u〉
χu =

(
1− aEy

−1
P t
)aE 〈aEλE−aDλD ,u〉 χu,
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where the equality at the start of the last line can be seen by considering the cases aE = 1
and aE = −1 separately. Thus,

dD,E(yP ) =
aD − aE

2
dD,E(χ

u) = 〈aDλD − aEλE , u〉 · y
−1
P χu

and the theorem follows.

Remark 5.5. Assume X = X(S) is smooth, and suppose that for some point P ∈ P1, if
for any D ∈ S LocD is complete, then DQ is trivial for all Q 6= P,∞, where ∞ = V (y−1

P ).
Although the above theorem is only stated for one-parameter deformations, it can be used to
calculate the linear Kodaira-Spencer map TB,0 → H1(X, T X) for an r-parameter deformation
coming from a decomposition SP = S0

P + . . .+S
r
P . Indeed, TB,0 = TAk ,0 and each basis vector

of the natural basis of TAk,0 corresponds to a one-parameter deformation as described above.

6 Deformations of Non-affine Toric Varieties

As mentioned in the remark at the end of section 1, a toric variety can be viewed as a
T -variety by considering the action of some subtorus of the big torus. Thus, we can use
the divisorial fan decompositions of section 4 to construct deformations of an arbitrary toric
variety. If in particular the deformation is locally trivial, we can use theorem 5.1 to calculate
the image of the Kodaira-Spencer map. We will use this result to show that T -deformations
span the space of first-order deformations for any complete smooth toric variety.

Let N ′ be an n-dimensional lattice with dual M ′; choose some basis e1, . . . , en of N ′ with
corresponding dual basis e∗1, . . . , e

∗
n. Let Σ be a fan on N ′

Q with corresponding toric variety
X = TV(Σ). We can consider X as a T -variety with respect to the subtorus TN , where N is
generated by the first n−1 basis elements and the cosection s : N ′ → N is simply the natural
projection. In this setting, a T -deformation of X is given by Minkowski decompositions of
the polyhedral complexes S0 = s(Σ∩ [e∗n = 1]) and S∞ = s(Σ∩ [e∗n = −1]). Here, we always
take y0 = χe

∗
n and y∞ = χ−e∗n.

Example 6.1. Consider the toric surface X in the first example in section 1, see figure 1.
A two parameter deformation of X can be constructed by decomposing S0 = S0

0 + S1
0 and

S∞ = S0
∞ + S1

∞ as pictured in figure 7. Note that the coefficients B0
0, C

1
0 ,F

0
∞,G

1
∞ are all

simply the lattice point 0. In this case, the base space B ⊂ A2 is the complement of the set
V (t0,1t∞,1 − 1).

Now take some one-parameter T -deformation π of X coming from a Minkowski decom-
position S0 = S0

0 + S1
0 . Suppose additionally that the decomposition of S0 is such that for

all D ∈ S with D0 6= ∅, D
i
0 is a lattice translate of D0 for either i = 0 or i = 1. As was

previously noted, this must be the case if X is smooth. Let U = {TV(σ) | σ ∈ Σ(n)}; one
can check that this is a subcover of the open affine covering U considered in the previous
section. We can define then vectors λσ ∈ N and integers aσ ∈ {−1, 1} exactly as in the
previous section. Furthermore, set λ′σ = (λσ,

1
2
).
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Figure 7: Slice decompositions for a toric surface

Theorem 6.2. The deformation π is locally trivial and its image under the Kodaira-Spencer
map is the cocycle defined by

dσ,τ =

n∑

i=1

〈aσλ
′
σ − aτλ

′
τ , e

∗
i 〉χ

e∗i−e
∗
n
∂

∂χe
∗
i

.

In particular, π is homogeneous of degree −e∗n.

Proof. The assumption that a polyhedral divisor D with complete locus has at most non-
trivial coefficients for P = 0 and∞ automatically holds for any toric variety, so we can apply
theorem 5.1. The formula follows then directly.

Example 6.3. We revisit the example from the beginning of this section. Restricting in B
to either t∞,1 = 0 or t0,1 = 0 gives one-parameter deformations π0 or π∞ corresponding, re-
spectively, to the decomposition S0 = S

0
0+S

1
0 or S∞ = S0

∞+S1
∞. For the first decomposition,

we have aB = −1, aA = aC = aD = . . . = aH = 1 and λA = −1, λB = λC = . . . = λH = 0.
Using the above theorem, we have that the image of π0 is described by the cocycle d, where

dA,B = −χe
∗
1−e

∗
2
∂

∂χe
∗
1
+

∂

∂χe
∗
2

dA,⋄ = −χ
e∗1−e

∗
2
∂

∂χe
∗
1

dB,⋄ = −
∂

∂χe
∗
2

for any ⋄ 6= A,B, and all other terms vanishing. Likewise, the image of π∞ is described by
the cocycle d, where

dE,F = −χe
∗
1+e

∗
2
∂

∂χe
∗
1
+

∂

∂χ−e∗2
dE,⋄ = −χ

e∗1+e
∗
2
∂

∂χe
∗
1

dF ,⋄ = −
∂

∂χ−e∗2

for any ⋄ 6= E ,F , and all other terms vanishing. Thus, the deformation π combines defor-
mations of degree −e∗2 and e∗2.
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Now, as mentioned in section 3, X is the minimal resolution of a toric Fano surface X ′

whose fan has rays through (1, 1), (1,−1), (−1, 1), and (−1,−1). We can then blow down
the deformation π to a deformation π′ of X ′. One can check that this is in fact the same
deformation π′ constructed in the example in section 3 by deforming the cone over X ′ and
descending to the quotient.

Assume now additionally that X = TV(Σ) is smooth and complete. Our goal is to
construct T -deformations spanning the space of first-order deformations T 1

X , which in this
case is equal to H1(X, T X). Choose some R ∈ M ′ and let ρ ∈ Σ(1) be some ray with
〈ρ, R〉 = 1. Note that by abuse of notation we denote a ray and its primitive generator by
the same symbol. By proper choice of the basis e1 . . . , en above, we can assume that R = e∗n
and that ρ = en.

Let Γρ(−R) be the graph embedded in N ′
Q with vertices consisting of primitive lattice

generators of rays τ ∈ Σ(1) \ ρ fulfilling 〈τ, R〉 > 0; two vertices τ1 and τ2 are connected
by an edge if they generate a cone in Σ. Note that by rescaling with R>0 we can consider
Γρ(−R) to be embedded in the slice S0, with vertices of Γρ(−R) corresponding to non-zero
vertices of S0 and with two vertices connected by an edge if they are in fact connected by a
line segment in S0.

Now for R ∈M ′, define

Ω(−R) =
{
ρ ∈ Σ(1)

∣∣ 〈ρ, R〉 = 1 and Γρ(−R) 6= ∅
}
.

Assume that ρ ∈ Ω(−R) and choose now some connected component C of Γρ(−R). This
leads to a decomposition of the slice S0 as follows. Consider ∆ ∈ S0. If ∆∩C = ∅, then set
∆0 = ∆ and ∆1 = tail(∆). If instead the intersection ∆ ∩ C is nonempty, set ∆0 = tail(∆)
and ∆1 = ∆.

Proposition 6.4. The decompositions ∆ = ∆0 + ∆1 form an admissible one-parameter
Minkowski decomposition of the slice S0.

Proof. Consider ∆ ∈ S. Note that the decomposition ∆ = ∆0 + ∆1 is always admissible.
We now note that if ∆ is nontrivial, then there is exactly one connected component C(∆) of
Γρ(−R) such that ∆∩C(∆) 6= ∅. Indeed, due to nontriviality, ∆ has a vertex corresponding
to a vertex τ ∈ Γρ(−R) with τ 6= ρ. Thus, if C(∆) is the connected component of τ ,
∆ ∩ C(∆) 6= ∅. If for some other connected component C ′ we have ∆ ∩ C ′ 6= ∅, then
some vertex τ ′ must lie in this intersection. Then τ and τ ′ would be rays of some common
simplicial cone in the fan Σ and thus connected in Γρ(−R), so we must have C ′ = C(∆).

For a connected component Ci of Γρ(−R), let S0(Ci) = {∆ ∈ S0 | ∆∩Ci 6= ∅}. Thus, S0
is the disjoint union

S0 =

(⋃̇
i
S0(Ci)

)
∪̇{δ ∈ S0 | δ = tail(δ)}.

Now, S0
0 is obtained from S0 by replacing S0(C) with {tail(∆) | ∆ ∈ S0(C)} and likewise,

we obtain S1
0 by replacing S0(Ci) with {tail(∆) | ∆ ∈ S0(Ci)} for all components Ci 6= C.

We claim that S0
0 is a polyhedral complex; the argument for S1

0 is similar. Indeed, both
S0 \ S0(C) and {tail(∆) | ∆ ∈ S0(C)} are polyhedral complexes. Also, the boundary faces
of {tail(∆) | ∆ ∈ S0(C)} are exactly the boundary faces of S0(C). Indeed, the boundary
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faces of S0(C) clearly are included among the boundary faces of {tail(∆) | ∆ ∈ S0(C)},
but these faces already cover the boundary of {tail(∆) | ∆ ∈ S0(C)}. The claim that S0

0

is a polyhedral complex then follows readily. This implies property (ii) of definition 4.1.
Property (i) of definition 4.1 follows immediately from the construction.

Now let π(C, ρ, R) be the one-parameter deformation associated to the above decompo-
sition. We can now formulate one of our main results:

Theorem 6.5. Let X be a smooth complete toric variety and T 1
X(−R) the space of first-

order deformations in degree −R for some R ∈ M ′. Then the one-parameter deformations
π(C, ρ, R) span T 1

X(−R), where ρ ranges over all rays ρ ∈ Ω(−R) and C ranges over all
connected components of the graphs Γρ(−R).

Proof. To prove the theorem, we simply calculate the Kodaira-Spencer map for the above
deformations and then use the description of T 1

X(−R) from [Ilt10b]. For ρ ∈ Ω(−R), let
∂(R, ρ) be the derivation taking χv 7→ 〈ρ, v〉χv−R. If we choose the basis e1, . . . , en such that
en = ρ and R = e∗n, then ∂(R, ρ) =

∂

∂χe∗n
. Applying theorem 6.2 we then have that the image

of π(C, ρ, R) is given by

dσ,τ =
a′σ − a

′
τ

2
∂(R, ρ)

where a′σ = 1 if Dσ0 ∩ C = ∅ and a′σ = −1 otherwise. Indeed, it follows from the above
construction that aσ = a′σ. Furthermore, λσ = 0 for all σ ∈ Σ(n).

Now let f ∈ H0(Γρ(−R),C), where H
0(Γρ(−R),C) is the group of global sections of the

locally constant sheaf C on the embedded graph Γρ(−R). Consider σ ∈ Σ(n). If Γρ(−R)∩σ =
∅, set fσ = 1, otherwise set fσ = f(v) for any v ∈ Γρ(−R)∩σ. From the proof of proposition
2.1 in [Ilt10b] together with the (dualized) generalized Euler sequence, see [CLS10] theorem
8.1.6, we then have the exact sequence

0 −−−→
⊕

ρ∈Ω(−R)

C −−−→
⊕

ρ∈Ω(−R)

H0(Γρ(−R),C)
Φ
−−−→ H1(X, T X)(−R) −−−→ 0

where Φ maps f ∈ H0(Γρ(−R),C) to the Čech cocycle fσ,τ = 1
2
(fσ − fτ )∂(R, ρ). Now, for

ρ ∈ Ω(−R) and any connected component C in Γρ(−R) let f(C, ρ, R) ∈ H0(Γρ(−R)) be
defined by f(C, ρ, R)|C ≡ −1 and f(C, ρ, R)|Γρ(−R)\C ≡ 1. Then we have that Φ(f(C, ρ, R))
is equal to the image of π(C, ρ, R) in H1(X, T 1

X) by the above calculation. Furthermore, one
easily sees that the f(C, ρ, R) form a basis of H0(Γρ(−R),C)/C, where C ranges over all
connected components of Γρ(−R) except one. Thus, if we allow ρ to vary over the elements
of Ω(−R) as well, the π(C, ρ, R) span T 1

X(−R).

Remark 6.6. Using essentially the same proof, the above result can be extended to the case
where X = TV(Σ) for Σ a smooth fan with convex support of full dimension, see [Ilt10a]
theorem 4.3.2. In particular, T -deformations span T 1

X when X is an equivariant resolution
of a toric singularity with no torus factors.

Example 6.7. We shall now construct the versal deformation of a certain toric threefold
X . Let X be represented as a T -variety via the divisorial fan S whose slices are shown in
figure 8, where polyhedra in S0 and S∞ with equal full-dimensional tailcones belong to a
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Figure 8: Slices of S for a toric threefold

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

(a) S0
0

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

(b) S1
0

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

(c) S2
0

Figure 9: The versal deformation of a toric threefold

single polyhedral divisor and full-dimensional polyhedra in S0 with one-dimensional tailcone
belong to a polyhedral divisor with coefficient ∅ at ∞. If we require that all D ∈ S have
trivial coefficients everywhere except possibly 0 and ∞, the above uniquely determines S as
a divisorial fan.

We can also describe X in toric terms via a fan Σ: Let ρ1 = (1, 0, 1), ρ2 = (1, 1, 0), ρ3 =
(0, 1, 1), ρ4 = (−1, 0, 0), ρ5(−1,−1, 1), ρ6 = ρ0 = (0,−1, 0), ρ7 = (0, 0, 1), and ρ8 = −ρ7.
The fan Σ has top-dimensional cones generated by ρi, ρi+1, ρ7 or by ρi, ρi+1, ρ8 for 0 ≤ i < 6.

In [Ilt10b], the first author stated that dimT 1
X = dimT 1

X(−R) = 2 for R = [0, 0, 1]. Now,
consider the two-parameter deformation π corresponding to the decomposition of S0 = S

0
0 +

S1
0 +S

2
0 in figure 9. This is in fact the versal deformation of X . Indeed, restricting to t0,i = 0

for i = 1, 2 gives deformations π(C(i), ρ7, R), where C(1) = (−1,−1) and C(2) = (0, 1) are
two of the three connected components of Γρ7(−R). Thus, the map TA2,0 → T 1

X determined
by π is surjective and so π is versal.
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